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PREFACE  TO  SIXTH  EDITION. 


The  present  edition  of  this  work  constitutes  almost  a 
new  book,  one-half  or  more  of  the  entire  voltime  being  new 
matter.  Much  of  the  latter  contains  original  matter  not 
hitherto  published.  Portions  of  those  chapters  on  combined 
bending  and  direct  stress  and  on  the  theory  and  design  of 
concrete-steel  members  are  of  this  nature.  The  effort  has 
been  to  set  forth  the  treatment  of  concrete-steel  beams  and 
other  members  with  complete  ftilness  to  meet  the  require- 
ments of  that  rapidly  extending  field  of  engineering  con- 
struction. 

It  is  believed  that  the  value  of  the  book  is  greatly  en- 
hanced by  the  tables  which  the  author  is  permitted  to  in- 
clude in  this  volume  through  the  generotis  courtesy  of  the 
Cambria  Steel  Company.  These  practical  tables,  found  at 
the  end  of  the  book,  are  taken  directly  from  the  Cambria 
Steel  Company's  Handbook,  and  they  will  not  only  enable, 
any  instructor  to  give  with  the  greatest  facility  extended 
practical  exercises  of  computations  and  design  in  his  in- 
struction work,  but  they  will  also  be  found  of  great  value 
in  structural  practice. 

The  advanced  analytic  matter  relating  to  the  general 
theory  of  elasticity  in  amorphous  solid  bodies,  and  the 
exact  theories  of  torsion  and  flextire,  have  been  placed  at 
the  end  of  the  voltmie  in  Appendix  I.    While  this  matter 
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may  not  be  of  immediate  use  to  the  ordinary  practitioner, 
every  real  student  of  the  subject  of  resistance  of  materials 
shotdd  be  familiar  with  the  treatment  of  these  general 
problems,  special  solutions  of  which  only  are  required  in 
the  every-day  practice  of  the  engineer. 

The  author  desires  to  express  his  indebtedness  to  Lieut.- 
Col.  John  W.  Buder,  Ord.  Dept.  U.  S.  A.,  commanding 
Watertown  Arsenal,  Watertown,  Mass.,  for  photographs  of 
the  400-ton  Emery  machine  at  the  Watertown  Arsenal  and 
material  tested  to  destruction  in  that  machine,  half-tones 
of  which  will  be  found  at  a  ntmiber  of  places  in  the  book; 
also  to  Mr.  John  Sterling  Deans,  Chief  Engineer,  The 
Phoenix  Bridge  Company,  for  similar  courtesies,  and  to  Mr. 
Myron  S.  Falk,  C.E.,  M.E.,  for  st^estions  and  assistance  in 
preparing  the  manuscript,  for  proof-reading  and  other 
courtesies  of  substantial  character. 

W.  H.  B. 

Columbia  Univsrsity,  April  7,  1903. 
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ELASTICITY    AND    RESISTANCE 
OF    MATERIALS. 


PART  I.— ANALYTICAL 


CHAPTER  I. 

ELEMENTARY  THEORY  OF  ELASTICITY  IN  AMORPHOUS 

SOLID    BODIES. 

Art.  I. — General  Statements. 

The  molecules  of  all  solid  bodies  known  in  natiire  are 
more  or  less  free  to  moye  toward,  or  from,  or  among  each 
other.  Resistances  are  offered  to  such  motions,  which 
vary  according  to  the  circumstances  under  which  they 
take  place  and  the  nature  of  the  body.  This  property 
of  resistance  is  termed  the  elasticity  of  the  body. 

The  summation  of  the  displacements  of  the  molecules 
of  a  body,  for  a  given  point,  is  called  the  distortion  or 
strain  at  the  point  considered.  The  force  by  which  the 
molecules  of  a  body  resist  a  strain,  at  any  point,  is  called 
the  stress  at  that  point.  This  distinction  between  stress 
and  strain  is  fundamental  and  important. 

Stresses  are  developed,  and  strains  caused,  by  the 
application  of  force  to  the  exterior  surface  of  the  material. 
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These  stresses  and  strains  vary  in  character  according  to 
the  method  of  application  of  the  external  forces.  Each 
stress,  however,  is  accompanied  by  its  own  characteristic 
strain  and  no  other.  Thus  there  are  shearing  stresses  and 
shearing  strains,  tensile  stresses  and  tensile  strains,  com- 
pressive stresses  and  compressive  strain^.  Usually  a 
number  of  different  stresses  with  their  corresponding 
strains  are  coexistent  at  any  point  in  a  body  subjected  to 
the  action  of  external  forces. 

It  is  a  matter  of  experience  that  strains  always  vary- 
continuously  and  in  the  same  direction  with  the  corre- 
sponding stresses.  Consequently  the  stresses  are  con- 
tinuously increasing  functions  of  the  strains,  and  any 
stress  may  be  represented  by  a  series  composed  of  the 
ascending  powers  (commencing  with  the  first)  of  the  strains, 
multiplied  by  proper  coefficients.  When,  as  is  usually 
the  case,  the  displacements  are  very  small,  the  terms  of 
the  series  whose  indices  are  greater  than  unity  are  ex- 
ceedingly small  compared  with  the  first  term,  whose  index 
is  imity.  Those  terms  may  consequently  be  omitted 
without  essentially  changing  the  value  of  the  expression. 
Hence  follows  what  is  ordinarily  termed  Hooke's  law: 

The  ratio  between  stresses  and  corresponding  strains,  fo^ 
a  given  material,  is  constant. 

This  law  is  susceptible  of  very  simple  algebraic  repre- 
sentation. If  a  piece  of  material,  whose  normal  cross* 
section  is  A,  is  subjected  to  either  tensile  or  compressive 
stress,  its  length  L  will  be  changed  by  the  amount  JL, 
If  P  be  the  external  force  or  loading  which  produces  that 
deformation  or  change  of  length,  the  amotmt  of  force  or 
stress,  supposed  to  be  uniformly  distributed,  acting  on  i 
square  in^  of  normal  cross-section  of  the  piece,  will  be 
fotind  by  dividing  the  total  force  P  by  the  area  of  cross- 
section  A,     This  amount  of  uniformly  distributed  stress 
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IS  called  the  ' '  intensity  of  stress, ' '  and  it  is  a  most  impor- 
tant quantity.  In  dealing  with  the  effects  of  forces  or 
stresses  in  all  engineering  work,  the  amount  of  such  force 
or  stress  on  a  sqiiare  unit  of  area,  usually  a  square  inch  in 
American  practice,  and  called  the  intensity,  is  often  the 
main  object  sought,  for  it  determines  the  question  whether 
material  is  carrying  too  much  or  too  Uttle  load,  as  well  as  * 
many  other  related  questions. 

Again,  the  important  consideration  as  to  strain  is  the 
iractional  change  in  length  of  the  entire  piece,  and  not  the 
total  change  in  length  expressed  in  the  tmit  adopted,  ordi- 
narily an  inch.  This  fractional  change  of  length  is  the  same 
as  the  amoimt  of  actual  change  of  each  linear  unit  of  the 
piece,  as  is  found  by  dividing  dL  by  L.  Inasmuch  as  that 
fraction  expresses  the  amount  of  change  in  length  for  each 
imit,  it  is  frequently  called  the  rate  of  change  of  length  or 
rate  of  deformation.  Hooke's  law  is  to  the  effect  that 
the  intensity  of  stress  is  proportional  to  the  rate  of  strain, 
and  its  analytic  expression  may  readily  be  written. 

Let  p  represent  the  intensity  of  any  stress  and  /  the 
strain  per  imit  of  length,  or,  in  other  words,  the  rate  of 
strain.  If  JE  is  a  constant  coefficient,  Hooke's  law  will  be 
given  by  the  following  equation : 

P=j-fE^El (I) 

If  the  intensity  of  stress  varies  from  point  to  point  of  a 
body,  Hooke's  law  may  be  expressed  by  the  following 
differential  equation: 

t-^- (») 

If  p  and  /  are  rectangular  coordinates,  eqs.  (i)  and  (2) 
are  evidently  equations  of  a  straight  line  passing  through 
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the  origin  of  coordinates.  It  will  hereafter  be  seen  that 
the  line  under  consideration  is  essentially  straight  for 
comparatively  small  strains  in  any  case,  and  for  some 
materials  it  has  no  straight  portions. 

Art.  2. — Coefficients  of  Elasticity. 

In  general  the  coefficient  £'  in  eq.  (i)  of  the  preced- 
ing article  is  called  the  coefficient  of  elasticity,  or,  some- 
times, modulus  of  elasticity.  The  coefficient  of  elasticity 
varies  both  with  the  kind  of  material  and  kind  of 
stress.  It  simply  expresses  the  ratio  between  stress  and 
strain. 

The  characteristic  strain  of  a  tensile  stress  is  evidently 
an  increase  of  the  linear  dimensions  of  the  body  in  the 
direction  of  action  of  the  external  idrces. 

Let  this  increase  per  unit  of  length  be  represented  by 
/,  while  p  and  E  represent,  respectively,  the  correspond- 
ing intensity  and  coefficient.  Eq.  (i)  of  the  preceding 
article  then  becomes 

p^El,     or    £=f     Xa<.     .     U) 

E  is  then  the  coefficient  of  elasticity  for  tension. 

The  characteristic  strain  for  a  compressive  stress  is 
evidently  a  decrease  in  the  linear  dimensions  of  the  body 
in  the  direction  of  action  of  the  external  forces.  Let  l^ 
represent  this  decrease  per  unit  of  length,  p^  the  intensity 
of  compressive  stress,  and  E^  the  corresponding  coefficient. 
Hence 

p,  =  £,/„     or    £,  =  ^J- (2) 

Ej  consequently  is  the  coefficient  of  elasticity  for 
compression. 
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The  characteristic  strain  for  a  shearing  stress  may  be 
determined  by  considering  the  effect  which  it  produces 
on  the  layers  of  the  body  parallel  to  its  plane  of  action. 

In  Fig.  I  let  ABCD  represent  one  face  of  a  cube,  another 
of  whose  faces  is  fixed  along  AD.     If  a  shear  acts  in  the 
face  BC,  whose  plane  is  normal  to  the  plane 
of  the  paper,  all  layers  of  the  cube  parallel 
to  the  plane  of  the  shearing  stress,  i.e.,  EC, 
will  slide  over  each  other,  so  that  the  faces 
AB  and  DC  will  take  the  positions  AE  and 
DF.     The  amount  of  distortion  or  strain 
per  unit  of  length  will  be  represented  by 
the  angle  EAB=^<t>.     If  the  strain  is  small, 
there  may  be  written   <t>,  sin  0,  or  tan   <f>         ^^o-  *• 
indifferently. 

Representing,  therefore,  the  intensity  of  shear,  coeffi- 
cient, and  strain  by  5,  G,  and  ^,  respectively,  eq.  (i)  of 
Art.  i  becomes 

5 
S--G<t>,    OT    G^-^ (3) 

It  will  be  seen  hereafter  that  there  are  certain  limits 
of  stress  within  which  eqs.  (i),  (2),  and  (3)  are  essentially 
true,  but  beyond  which  they  do  not  hold ;  this  limit  is 
called  the  limit  of  elasticity,  and  is  not  in  general  a  well- 
defined  point. 

The  line  Okghn  exhibited  in  Fig.  2  represents  the  actual 
strains  in  a  piece  of  structural  steel  i  inch  in  length  with 
I  square  inch  of  cross-section.  O  is  the  origin  of  coordi- 
nates, and  the  loads  per  square  inch,  i.e.,  intensities  of 
stresses,  are  shown  by  the  vertical  ordinates  drawn  parallel 
to  OC  from  OD  to  the  strain  curve,  while  the  strains  per 
unit  of  length,  that  is,  per  inch,  are  laid  off  as  horizontal 
ordinates  of  the  curve  parallel  to  OD.    If  Of/  is  the  in- 
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tensity  of  stress,  p'  corresponding  to  the  point  k  of  the  strain 
curve,  while  01'  is  the  resulting  strain  per  unit  of  length, 
then  {/  =EV,  Again,  if  g  is  at  the  upper  Umit  of  the  straight 
portion  of  the  curve  for  which  the  intensity  of  stress  and 
rate  of  strain  are  p  and  /  respectively,  the  relation  between 
those  two  quantities  is  shown  by  eq.  (i).      Since  E,  also  as 


Fig.  2. 

shown  by  eq.  (i),  is  equal  to  the  quotient  of  p  divided 
by  /,  Fig.  2  shows  that  it  is  equal  to  the  tangent  of  the 
angle  between  OD  and  the  straight  portion  Og  of  the  strain 
curve,  it  being  supposed  that  the  rates  of  strain  are  laid 
down  at  their  actual  or  natural  sizes.  If  the  strain  line  is 
curved,  the  first  term  of  eq.  (2)  of  Art.  i,  the  differential 
ratio,  will  represent  the  tangent  of  the  angle  between  the 
curve  and  the  horizontal  axis  OD  in  Fig.  2.  The  point  g, 
being  at  the  upper  limit  of  constant  proportionality  be- 
tween intensity  of  stress  and  rate  of  strain,  is  called  the 
elastic  limit,  above  which  it  is  seen  that  the  strains  in- 
crease far  more  rapidly  than  the  stresses  imtil  the  point  n 
is  reached,  where  actual  rupture  takes  place.  The  nearly 
horizontal  portion  of  the  curve  between  g  and  h  and  a  little 
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above  g  indicates  the  "stretch  limit/*  an  intensity  of 
stress  where  the  material  is  said  first  to  *  *  break  down ' '  or 
stretch  rapidly  imder  tensile  stress  without  much  increase 
of  the  latter. 

Art.  3. — Direct  Stresses  of  Tension  and  Compression. 

The  direct  stresses  of  tension  and  compression  always 
produce  shearing  stresses  and  strains  on  all  planes  in  the 
interior  of  a  body  except  those  perpendictilar  and  parallel 
to  those  direct  stresses.  If,  in  Fig.  i,  a  straight  piece  of 
material  CD  is  subjected  to  the  tensile  stress  induced  by 
the  forces  P  equal  and  opposite  to  each  other,  there  will  be 
pure  tension  only  on  all  planes  or  sections  of  the  piece  at 
right  angles  to  the  direction  of  the  forces  P,  such  as  HK. 
On  all  planes  passing  through  the  longitudinal  axis  of  the 
piece  there  will  be  no  stress  whatever,  if,  as  is  supposed, 
the  forces  P  are  uniformly  distributed  over  the  sections 
of  application  DF  and  BC. 
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On  every  oblique  plane  or  section  in  all  parts  of  the 
piece  as  //'/C',  supposed  to  be  perpendicular  to  the  plane 
of  the  diagram,  there  will  be  shear  as  well  as  direct 
stress  of  tension  normal  to  it,  the  intensities  of  both  the 
shear  and  the  normal  stress  being  dependent  upon  the 
angle  a  between  HK  and  H^K'.  The  force  P  may  be 
resolved  by  the  triangle  of  forces  into  two  components, 
one  at  right  angles  to  H'K\  represented  by  N,  and  the 
other  along  or  tangential  to  H'K\  represented  by  5.     If 


8  ELASTICITY  IN  AMORPHOUS  SOLID  BODIES,         [Ch.   I^ 

A  represents  the  area  of  the  normal  section  HK,  the  area 

of  the  oblique  section  H'K'  will  be  .4  sec  a.     The  value 

of  the  normal  stress  N  will  be  iV  =P  cos  a,  but  wS  =  P  sin  a. 

The  intensity  of  the  normal  tensile  stress  on  H'K'  will  be^ 

therefore, 

I  -^  N  P  cos  a  _ 

n  =  P^-i =- -i =/>cos^a.        .     .     (i> 

A  sec  a      A  sec  a     ^ 

The  intensity  of  shear  on  the  same  plane  H'K'  will  be 

5  P  sin  a  . 

s^-i =-^i ==/?smacosa.       .     .     (2) 

/l  sec  a     /i  sec  a     '^  ^ 

When  the  angle  a  is  zero,  s  in  eq.  (2)  becomes  zero, 
while  «  in  eq.  (i)  becomes  equal  to  p,  i.e.,  the  intensity  of 
direct  tensile  stress  on  the  normal  section.  On  the  other 
hand,  when  the  angle  a  has  the  value  of  90°,  both  n  and  5^ 
become  zero,  i.e.,  there  is  no  stress  whatever  on  a  longi- 
tudinal, axial  plane. 

Inasmuch  as  the  angle  a  may  have  any  value  what- 
ever from  zero  to  90^  on  either  side  of  HK,  it  is  clear  that 
both  shearing  and  normal  tensile  stresses  will  be  found 
concurrently  on  every  oblique  plane  in  the  piece.  As  has. 
been  observed  in  the  preceding  article,  these  shearing^ 
stresses  induce  the  lateral  strains  under  which  the  normal 
cross-sections  of  a  piece  subjected  to  pure  tension  decrease 
in  area  while  they  increase  under  the  action  of  pure  com- 
pression. 

Eqs.  (i)  and  (2)  have  been  written  on  the  assump- 
tion that  the  external  forces  P  produce  tension  in  the 
material,  but  precisely  the  same  equations  apply  to  the 
condition  of  pure  compression,  the  only  difference  being 
that  in  the  latter  case  the  external  forces  P  would  be  di- 
rected toward  each  other  from  the  ends  of  the  piece,  in- 
stend  of  away  from  each  other. 


Art.  4.]  LATERAL  STRAINS, 


^  Art.  4.— Lateral  Strains. 

If  a  body,  as  indicated  in  Fig.  i,  be  subjected  to  ten- 
sion, it  has  been  shown  in  Art.  3  that  all  of  its  oblique  cross- 
sections,  such  as  FE  and  GH,  will  sustain  shearing  stresses 
in  consequence  of  the  component  of  the  tension  tangential 
to  those  oblique  sections.  These  tangential  stresses  will 
cause  the  oblique  sections,  in  both  directions,  to  slide  over 
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each  other.  Consequently  the  normal  cross-sections  of  the 
body  wiU  be  decreased;  and  if  the  normal  cross-sections  of 
the  bcxiy  are  made  less,  its  capacity  to  resist  the  external 
forces  acting  on  AB  and  CD  will  be  correspondingly  dimin- 
ished. 

If  the  body  is  subjected  to  compression,  oblique  sec- 
tions of  the  body  will  be  subjected  to  shears,  but  in  direc- 
tions opposite  to  those  existing  in  the  previous  case.  The 
effect  of  such  shears  will  be  an  increase  of  the  lateral 
dimensions  of  the  body  and  a  corresponding  increase  in 
its  capacity  of  resistance. 

These  changes  in  the  lateral  dimensions  of  the  body  are 
termed  "lateral  strains";  they  always  accompany  direct 
strains  of  tension  and  compression. 

It  is  to  be  observed  that  lateral  strains  decrease  a  body's 
resistance  to  tension,  but  increase  its  resistance  to  com- 
pression. Also,  that  if  they  arc  prevented,  both  kinds  of 
resistance  are  htcreased. 

Consider  a  cube,  each  of  whose  edges  is  a,  in  a  body 
subjected  to  tension.     Let  r  represent  the  ratio  between 
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the  lateral  and  direct  strains,  and  let  it  be  supposed  to  be 
the  same  in  all  directions.  K  /,  as  in  Art.  2,  repre^nts 
the  direct  strain,  the  edges  of  the  cube  will  become,  by 
the  tension,  a(i+/),  a(i— /r),  and  a(i— r/).  Consequently 
the  volume  of  the  resulting  parallelopiped  will  be 

a»(i+/)(i~r/)'=a'[i+/(i-2r)]      .     .     .     (i) 

if  powers  of  /  higher  than  the  first  be  omitted.  With  r  be- 
tween o  and  i,  there  will  be  an  increase  of  voliitne,  but  not 
otherwise. 

If  the  body  is  subjected  to  compression,  the  edges  of 
the  cube  become  aCi-ZJ,  a{i+rj.^,  and  a{i+rj.^\  while 
the  volume  of  the  parallelopiped  takes  the  value 

a»(i-/,)(i+r,g»=a»[i+/,(2r,-i)].      .     .     (2) 

As  before,  the  higher  powers  of  l^  are  omitted.  If  the 
volume  of  the  cube  is  decreased,  r^  must  be  fotmd  between 
o  and  ^. 

Art.  5.— Relation   between  the  Coefficients  of  Elasticity  for 
Shearing  and  Direct  Stress  in  a  Homogeneous  Body. 

A  body  is  said  to  be  homogeneous  when  its  elasticity, 
of  a  given  kind,  is  the  same  in  all  directions. 

Let  Fig.  I  represent  a  body  subjected  to  tension  parallel 
to  CD,  That  obhque  section  on  which  the  shear  has  the 

_B  greatest  intensity  will  make 
an  angle  of  45°  with  either  of 
those  faces  whose  traces  are 
CD  or  BD ;  for  if  a  is  the  angle 
which  any  oblique  section 
"©makes  with  BD,  P  the  total 
tension  on  BD,  and  A'  the 
area  of  the  latter  surface,  the  total  shear  on  any  section 
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whose  area  is  A'  sec  a  will  be  P  sin  a.      Hence  the  intensity 

of  shear  is 

P  sin  a      P    . 

-T} =-T7smacosa (i) 

The  second  member  of  eq.  (i)  evidently  has  its  greatest 
value  for  a  =  45^-     Hence  if  the  tensile  intensity  on  BD  is 

P 
represented  by  -j>  =/>,  the  greatest  intensity  of  shear  will  bfe 

5-f W 

Then  by  eq.  (3)  of  Art.  2, 

f'-VG (3) 

In  Fig.  I  KK  and  KG  are  perpendicular  to  each  other, 
while  they  make  angles  of  45°  with  either  AB  or  CD,  After 
stress,  the  ctibe  EKGH  is  distorted  to  the  oblique  paral- 
lelopiped  B'KG'H'.  Consequently  EKGH  and  E'KG'H' 
correspond  to  ABCD  and  AEFD,  respectively,  of  Fig.  i, 
Art.  2-     The  angular  difference  EKG  —  E'KG'  is  then  equal 

to  4> ;  and  EKE'  =  GKG'  -  ^.     Also,  E'KF'  =  45^  -  |. 

Using,  then,  the  notation  of  the  preceding  articles, 
there  will  result,  nearly, 

tan  Us""-- 7)  =  7^  =  1-^(1+0;     -     •     (4) 

remembering  that 

F'K=^FK{i+1),    and    ET  ^FK{i-^rt), 
From    a    trigonometrical    formula    there  is    obtained, 

very  nearly, 

6  6 

,  ,v     tan45''-tan'-     i-~- 

t-(«°-^ 1 — i— *••  w 

^  tan45°+tanf     I +f 
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From  eq$.  (4)  and  (5), 

0=/(i+r).   . (6> 

Substituting   from    eq.  (3),  as  well    as    from   eq.    (i)    of 
Art.  2, 

^^l{r:^) (7) 

It  has  already  been  seen  in  the  preceding  article  that  r 
mtist  be  found  between  o  and  \,  consequently  the  coefficient 
of  elasticity  for  shearing  lies  between  the  values  of  \  and  ^  of 
that  of  the  coefficient  of  elasticity  for  tension. 

This  result  is  approximately  verified  by  experiment. 

Since  precisely  the  same  form  of  result  is  obtained  by 
treating  compressive  stress,  instead  of  tensile,  there  will  be 
found,  by  equating  the  two  values  of  G, 

E    ^    E^              E^     i+r^ 
i+r"i+r;    °^     E~i+r ^^^ 

It  is  clear,  from  the  conditions  assumed  and  operations 
involved,  that  the  relations  shown  by  eqs.  (7)  and  (8)  can 
only  be  approximate. 

Problems  for  Chapter  I. 

Problem  i. — ^A  wrought-iron  bar  3"X|"  in  section  is 
subjected  to  a  tensile  force  of  27,000  potmds.  The  stretch 
for  a  gauged  length  of  21'  6"  was  .1122".  Find  the  in- 
tensity of  tensile  stress  in  the  material,  the  coefficient  of 
elasticity  E,  and  the  rate  of  strain,  i.e.,  the  strain  per  linear 
inch. 

Partial  Ans.  Intensity  of  stress  =  12,000  pounds  per 
square  inch ;  E  =  27,600,000  pounds  per  square  inch. 

Problem  2. — ^A  steel  eye-bar  8"X2"  in  section  carries 
a  total  load  of  128,000  pounds,  under  which  there  is  a 
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Stretch  of  .016"  in  a  gauged  length  of  5  ft.  Find  the  in- 
tensity of  stress,  rate  of  strain,  and  coefficient  of  elas- 
ticity E. 

Problem  3. — A  2"  round  steel  bar,  for  which  the  coeffi- 
cient of  elasticity  E  is  29,000,000  pounds,  is  subjected  to 
a  tensile  force  of  46,400  pounds.  Find  the  intensity  of 
stress,  the  rate  of  strain,  and  the  total  tensile  strain  for  a 
length  of  18  ft. 

Problem  4. — A  concrete  pillar  24"X24"  in  section  and 
8  ft.  high  carries  a  total  (compressive)  load  of  115,200 
poimds.  If  the  coefficient  of  elasticity  for  the  concrete  is 
3,000,000  pounds  per  square  inch,  what  will  be  the  rate  of 
compressive  strain  and  the  shortening,  first,  for  the  total 
height  8  ft.  of  pillar,  and,  second,  for  12",  under  the  pre- 
ceding load? 

Problem  5. — In  Problems  i  and  2,  if  the  ratio  r  of  lateral 
to  direct  strains  is  .42,  what  will  be  the  change  in  volume 
of  a  portion  of  each  bar  i  ft.  long?  Also,  find  changes  in 
cross  dimensions  of  bars. 

Problem  6. — In  Problem  3  the  diameter  of  the  round 
bar  decreased  .00045".  Fii^d  the  ratio  r  between  direct 
and  lateral  strains,  and  also  the  decrease  of  volume  of 
3  ft.  length  of  the  bar. 

Problem  7. — In  Problems  5  and  6  find  the  coefficient 
of  elasticity,  G",  for  shearing  in  terms  of  the  direct  coeffi- 
cient of  elasticity  E. 

Problem  8. — In  Problem  2  find  the  total  normal  and 
tangential  stresses  and  their  ^intensities  on  plane  sections 
making  angles  of  18°,  35°,  and  53°  with  the  axis  of  the 
piece. 

Problem  9. — In  Problem  3  find  the  total  normal  and 
tangential  stresses  and  their  intensities  on  plane  sections 
making  angles  of  31°,  45*^,  and  72°  with  the  axis  of  the 
piece. 


CHAPTER  II. 
HOLLOW  CYLINDERS  AND  SPHERES  AND  TORSION. 

Art.  6.— Thin  Hollow  Cylinders  and  Spheres. 

If  a  straight,  closed,  hollow  cylinder  be  subjected 
to  an  interior  pressure  with  the  intensity  c( ,  sufficiently 
greater  than  the  exterior  pressure  q^,  the  tendency  will  be 
to   split   the   cylinder   longitudinally.     Fig.    i    represents 

such  a  cylinder,  the  sides  of  which 
are  supposed  to  be  so  *  thin  that 
the  stress  to  which  they  are  sub- 
jected may  be  considered  uni- 
formly distributed  throughout  the 
material. 

'•  AB    represents    the    diametral 

plane  through  the  axis  of  the  cylinder,  the  thickness,  i, 
of  the  shell  being  supposed  in  this  case  to  be  so  small  that 
the  cylinder  may  be  considered  a  '  *  thin ' '  cylinder. 

The  interior  radius  is  /  and  the  exterior  radius  r^.  If 
a  unit  length  of  cylinder  be  considered,  the  total  circum- 
ferential tension  developed  !n  the  material  on  one  side  of 
the  cylinder  will  be  (fr'  —  q^r^,  it  being  supposed  that  the 
interior  pressure  is  so  much  greater  than  the  exterior  that 
tension  only  will  be  induced  in  the  material.  Obviously, 
if  the  exterior  pressure  were  much  larger  than  the  interior, 
compression    would    exist    instead    of    tension.     The    in- 

14 
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tensity  of  tensile  stress  i  in  the  sides  of  the  cylinder  will 
therefore  be 

t-i^^ (.) 

This  value  of  t  expresses  the  tendency  of  the  cylinder 
to  split  along  a  diametral  plane  under  the  action  of  the 
interior  presstire  (f. 

If  the  ends  of  the  cylinder  are  closed,  the  internal 
pressure  against  them  will  tend  to  force  them  off  or  to  pull 
the  cylinder  apart  around  a  section  normal  to  the  axis. 
The  force  F  tending  to  produce  this  result  will  be 

F^nWf^*-q,r:) (2) 

The  area  of  normal  section  of  the  cylinder  will  be 
7c{r^  —  i^'^),  Hence  the  intensity  of  stress  developed  by 
this  force  will  be 

If  the  exterior  pressure  is  so  small  that  it  may  be  con- 
sidered zero,  eqs.  (i)  and  (3)  give 

.-^ w 

f-T^' '5) 

When  the  thickness  of  the  shell  is  small  f'  may  be 

placed  eqtial  to *,  and  this  value  introduced  in  eq.  (5) 

will  give 

f.-^ ^  (6) 

f  in  eq.  (6)  is  seen  to  be  but  half  as  much  as  <  in  eq.  (4). 
In  this  case,  therefore,  if  the  material  has  the  same  ulti- 
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mate  resistance  in  both  directions,  the  cylinder  will  fail 
longitudinally  when  the  interior  intensity  is  only  half 
great  enough  to  produce  transverse  rupture. 

In  designing  thin  cylinders  it  will  usually  bo  neccssar>^ 
to  determine  the  thickness  i,  so  that  the  tensile  stress  /  in 
the  metal  shall  not  exceed  the  prescribed  value  //.  After 
w^riting  h  for  t  in  eq.  (i),  also  ^j  — /  for  i,  then  dividing 
both  sides  of  the  equation  by  r',  there  will  result 

h'^-h  +  qf-q'-^. 

This  equation  readily  gives 

If  the  exterior  pressure  q^  is  so  small  that  it  may  be 
•considered  zero,  the  thickness  given  by  eq.  (7)  takes  the 
following  form : 

.■»¥.    ........    (S, 

This  is  the  same  value  that  will  be  found  by  solving 
eq.  (4)  for  i. 

The  expression  for  the  thickness  of  the  material  of  the 
cylinder  to  resist  the  longitudinal  tension  having  the  in- 
tensity /  can  be  fotmd  with  equal  ease.  If  /,  be  written 
for  /  in  eq.  (5),  as  the  greatest  permissible  longitudinal 
tension,  then  if  both  numerator  and  denominator  of  the 
second  member  of  that  equation  be  divided  by  f'',  there 
will  result 

!!'=/. +y 
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The  solution  of  this  equation  at  once  gives  the  desired 
thickness: 


— -(^t-s'-- 


(9) 


If  9i  is  so  small  that  it  may  be  neglected,  it  is  simply  to 
be  made  zero  in  eq.  (9). 

If  the  exterior  pressure  q^  were  considerably  larger  than 
(f,  the  resulting  stresses  in  the  sides  of  the  cylinder  would 
be  compression,  but  the  formulae  for  the  resulting  intensi- 
ties would  be  precisely  the  same  as  the  preceding,  as  long 
as  the  cylinder  retained  its  circular  shape.  ^ 

The  case  of  stresses  in  a  thin  hollow  sphere  or  thin 
spherical  shell  may  be  treated  in  the  same  general  manner. 
The  hemispherical  ends  of  a  metallic  cylindrical  tank  or 
reservoir  may  be  illustrated  by  the  skeleton  section  in 
Fig.  2. 


A 


IB 


Fig.  2. 
As  indicated  in  the  figure  the  internal  radius  of  each 
^nd  is  fj,  while  r  is  the  external  radius.  The  internal  and 
external  intensities  of  pressure  are  as  shown  in  Fig.  i. 
The  force  tending  to  tear  oflE  the  hemispherical  ends  of  the 
tank  along  the  line  ABy  Fig.  2,  is  Tzicfr^^  —  q^),  The  sec- 
tion of  metal  resisting  this  force  with  the  intensity  t  is 
-(r*  — fj^).  The  intensity  of  stress  developed  in  the  metal 
will  therefore  be 
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If  the  external  pressure  is  so  small  that  there  may  be 
taken  q^  =o,  eq.  (lo)  will  take  the  form 

^    r^-r,^^   2t ^"^ 

In  this  last  equation  i^r  —  r^,  and  the  interior  radius 
is  placed  equal  to  one  half  the  sum  of  the  interior  and  ex- 
terior radii,  as  may  be  done  without  sensible  error.  The 
interior  radius  being  given,  the  thickness  of  metal  required 
to  withstand  a  given  internal  pressure  (f  without  stressing 
the  metal  above  a  given  working  value  t  may  be  written 
as  follows  from  eq.  (ii) : 

*-%} (") 

If  the  value  of  the  thickness  i  should  be  desired  in 
terms  of  both  the  interior  and  exterior  pressures,  it  can 
easily  be  written  by  the  aid  of  eq.  (lo);  if  both  numerator 
and  denominator  of  the  second  member  of  that  equation 
be  divided  by  r^',  there  may  at  once  be  foimd 


After  multiplying  this  equation  through  by  r„  then  sub- 
tracting that  quantity  from  each  side  of  the  restdting 
equation,  the  desired  value  of  the  thickness  will  be 


•=-'-.=^(7tD'-'-« ( 


13) 


By  giving  a  proper  working  value  to  the  tensile  in- 
tensity t  and  inserting  the  values  of  the  pressures,  the  thick- 
ness i  will  at  once  result. 

In  this  last  set  of  equations  it  has  been  assumed  that 
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no  metal  is  taken  out  of  the  section  AB  hy  rivets.  The 
proper  allowance  for  metal  so  deducted  will  be  plainly 
evident  after  the  subject  of  riveted  joints  has  been  treated. 


y^.       Art.  7.— Thick  Hollow  Cylinders  and  Spheres. 

K  the  sides  or  walls  of  hollow  cylinders  and  spheres 
subjected  to  high  internal  pressures  are  great  in  compari- 
son with  the  internal  radius,  the  tensile  stress  in  the  metal 
may  not  be  assumed  to  be  uniformly  distributed,  and  it 
is  necessary  to  determine  entirely  different  formulae  from 
those  established  in  the  preceding  article. 

The  normal  section  of  a  thick  hollow  cylinder  is  shown 
in  Fig.  I,  r'  being  the  internal  radius  and  r^  the  external, 
with  the  intensities  of  internal  and  external  pressures  (f 
and  9j  respectively.  It  is  supposed  that  the  internal  pres- 
sure so  greatly  exceeds  the  external  that  the  metal  sustains 
tensile  stress  only.  If  the  cylinder  be  supposed  to  be 
divided  into  a  great  number  of  thin  concentric  portions, 
the  elastic  stretching  of  the  metal  will  cause  a  much  higher 
tension  to  exist  in  the  interior  portions  than  in  the  exterior. 
The  determination  of  the  law  of  variation  of  the  intensity 
of  the  tensile  stress  in  the  sides  of  the  cylinder  is  the  chie^ 
purpose  of  the  investigation.  If 
any  diametral  section,  such  as  AB,  i 
Fig.  I,  be  assumed,  it  is  clear  that 
the  sum  of  all  the  tensile  stresses 
developed  in  that  section  must  be 
equal  to  the  excess  of  the  internal 
pressure  over  the  external.     A  unit  ^'^*  '• 

length   of    cylinder   will    be    considered  in  the  following 
foraiulaB. 

The  tensile  stress  in  the  sides  of  the  cylinder,  whose 
intensity  will  be  represented  by  t,  and  which  is  developed 
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in  any  diametral  section^  as  AB,  has  a  circumferential 
direction,  and  for  that  reason  it  is  sometimes  called  '  *  hoop 
tension. ' ' 

The  variation  of  this  tensile  intensity  t  carries  with  it 
a  corresponding  variation  in  intensity  of  the  radial  pres- 
sure whose  intensity  is  q,  having  the  values  q'  in  the  in- 
terior of  the  cylinder  and  ^j  at  the  external  surface. 

The  amount  of  tension  on  a  radial  section  of  thickness 
dr  will  be  tdr,  and  if  that  differential  expression  be  inte- 
grated so  as  to  extend  over  the  entire  thickness  of  one  wall 
or  side  of  the  cylinder,  it  must  be  equal  to  the  effort  of  the 
internal  pressure  in  excess  of  the  external  to  split  the 
cylinder  along  one  of  its  sides.  The  following  equation 
is  the  analytical  expression  of  this  condition : 


q'r' 


-91^=/*'"^'' (0 


It  is  only  necessary  to  determine  a  proper  expression 
for  t  in  terms  of  r  in  order  to  make  the  integration  indicated 
in  eq.  (i),  and  thus  completely  solve  the  problem.  If 
the  following  values  of  t  and  q  be  assumed,  it  will  be  found 
that  eq.  (i)  is  completely  satisfied: 

t  =  a  +  -2     and     a==— a  +  -^.       ...     (2) 

T  T 

The  quantities  a  and  b  of  eq.  (2)  are  arbitrary  constants 
which  are  to  be  foimd  by  the  condition  imposed  in  eq.  (i) 
and  by  the  further  condition  that  q  must  be  equal  to  q" 
when  r  is  equal  to  /,  and  to  (7,  when  r  is  equal  to  r^.  The 
substitution  of  the  value  of  t  fromeq.  (2)  in  eq.  (i)  will  give 

"(fr'-q^r, (3) 
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Again,  by  first  making  r  equal  to  /  and  then  r  equal 
to  fj  in  the  second  of  eqs.  (2),  there  will  res\alt 

?'  =  -«+ 7a    and    ft  = -a +71.       .     .     (4) 
By  subtracting  the  second  from  the  first  of  eqs.  (4),  ^ 

^-'^^i^'. (5) 

The  substitution  of  b  from  eq.  (5)  in  the  second  of 
eqs.  (3)  will  give 

<-f.^??^ «) 

If  the  value  of  a  and  b  as  determined  in  eqs.  (5)  and  (6) 
be  introduced  into  the  two  eqs.  (2),  the  intensities  of  the 
compression  and  tension  in  the  metal  of  the  cj'linder  will 
be 

Eqs.  (7)  and  (8)  are  the  general  values  of  the  intensities 
of  the  internal  stresses  in  the  shell  of  the  cylinder,  q  acting 
in  a  radial  direction  and  /  in  a  circumferential  direction. 
The  maximtmi  tensile  stress  f  will  exist  at  the  interior 
surface  of  the  cylinder  and  will  be  found  by  making  r  =  / 
ineq.  (8): 

...J'^ligpMi.H („ 
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The  least  intensity  of  tension  will  exist  at  the  exterior 
surface  of  the  cylinder  and  will  be  indicated  by  t^.  It 
has  the.  following  value  found  by  making  r^r^ia  eq.  (8) : 

^-h-  ^^^^2  VlO> 


It  is  essential  to  find  an  expression  for  the  thickness  i 
of  the  cylinder  wall  reqtiired  for  given  pressures  so  that  the 
maximum  tensile  stress  shall  not  exceed  a  given  value  K 
and  it  is  readily  fotmd  by  first  dividing  both  numerator 
and  denominator  of  the  third  of  eqs.  (9)  by  r'  and  then 

solving  the  resulting  equation  for  -> , 


If  both  members  of  this  last  equation  be.  multiplied  by  r', 
and  then  if  /  be  subtracted  from  both  sides  of  the  resulting 
eqtmtion,  the  desired  expression  for  the  thickness  will  be 


^r,-r'> 


(j^^)'-"-  •  •  ■  <") 


The  internal  radius  r^  being  known,  eq.  (11)  will  give 
the  proper  thickness  of  metal  when  the  working  tensile 
stress  or  hoop  tension  h  is  prescribed  together  with  the 
actual  pressures  cf  and  q^.  It  will  be  observed  that  the 
denominator  of  the  fraction  in  the  third  member  of  eq.  (11) 
becomes  zero  when  2q^+h^q^\  hence  the  resulting  value 
of  i  would  be  indefinitely  great.  This  shows  that  when 
the  intensity  of  the  internal  pressure  is  equal  to  or  greater 
than  twice  the  intensity  of  the  external  pressure  added 
to  the  greatest  allowed  tensile  stress  in  the  metal,  it  is  im- 
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possible  to  make  the  wall  of  the  cylinder  thick  enough  to 
meet  the  reqtiirements  of  the  case,  whatever  may  be  the 
internal  radius. 

If  the  external  pressure  is  so  small  that  it  may  be  neg- 
lected, it  is  necessary  only  to  place  9i=o  in  the  preceding 
equations. 

It  is  seen  by  eq.  (8)  that  the  intensity  of  the  hoop 
tension  t  decreases  quite  rapidly  as  the  radius  increases. 

In  all  ordinary  engineering  operations  it  is  not  necessary 
to  use  these  formulae  for  thick  hollow  cylinders,  but  they 
are  required  for  such  special  purposes  as  the  design  of 
modem  high-powered  ordnance  and  some  special  hydraulic 
machinery.  A  more  elegant  and  complete  if  not  con- 
clusive demonstration* of  eqs.  (7)  and  (8)  will  be  found  in 
App.  I.  The  preceding  method,  however,  is  probably 
more  simple,  and  does  not  require  the  general  equations 
of  equilibrium  used  in  the  theory  of  elasticity  m  solid 
bodies. 

Equations  for  thick  hollow  spheres  may  readily  be 
established  in  precisely  the  same  general  manner  followed 
in  the  preceding  paragraphs  for  thick  hollow  cylinders, 
but  such  spheres  are  so  seldom  used  that  any  other  demon- 
stration will  not  be  given  than  the  general  one  found  in 
App.  I. 

Art.  8. — ^Torsion  in  Equilibrium. 

The  state  of  stress  called  torsion  is  produced  when  a 
straight  bar  of  material,  like  a  piece  of  round  shafting,  is 
twisted.  Such  a  bar  is  represented  in  Fig.  i,  the  axis  of 
the  piece  being  AB,  and  its  normal  cross-sectibn  having 
any  shape  whatever.  In  engineering  practice  the  outline 
of  that  normal  section  is  usually  circular,  although  it  is 
coccasionaliy  square. 
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The  twisting  of  the  bar  is  done  by  the  action  of  two^ 
equal  and  opposite  couples  acting  in  two  planes,  each  nor- 
mal to  the  axis,  but  at  any  desired  distance  apart.  The- 
two  couples  are  represented  in  Fig.  i  at  each  end  of  the- 
piece  in  the  two  normal  sections  A  and  B.  The  forces 
and  lever-arm  of  one  couple  are  respectively  P  and  e,  and 
P'  and  e^  of  the  other.  The  moment  of  the  first  couple 
will  be  Pe  and  that  of  the  second  couple  PV,  and  if  pure.- 


v\ 


J^ 


Fig.  I. 


U^P 


torsion  is  to  be  produced  these  two  moments  must  be  equals 
but  opposite  to  each  other.  Inasmuch  as  the  moment  of  a 
couple  is  the  product  of  the  force  by  the  lever-arm,  the 
forces  and  lever-arms  of  the  two  twisting  couples  may  varjr 
to  any  extent  as  long  as  the  moments  remain  unchanged. 
Although  the  system  of  forces  to  which  a  bar  in  torsion 
is  subjected  is  such  as  to  be  in  equilibrium,  any  portion 
of  the  piece  will  tend  to  have  its  normal  sections  like  those 
at  CD  rotated  over  each  other,  the  result  being  a  small 
sliding  motion  around  the  axis  of  the  piece.  Hence  a 
torsive  stress  is  wholly  a  shearing  stress  on  normal  sections, 
of  the  piece  subjected  to  torsion.  It  is  further  important 
to  observe  that  inasmuch  as  a  couple  produces  the  same 
effect  wherever  it  may  act  in  its  own  plane,  the  actual 
twisting  moment  need  not  be  applied  with  its  forces  s>Tn- 
metrically  disposed  in  reference  to  the  axis  of  the  piece; 
indeed,  both  of  those  forces  may  be  anywhere  oh  one  side 
of  the  piece  without  varying  the  conditions  of  torsion  or 
torsive  stress  to  any  extent  whatever. 
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It  is  known  from  the  general  theory  of  stress  in  a  solid 
body  that  although  there  can  be  no  stresses  of  tension  and 
compression  parallel  to  the  axis  of  a  bar  under  torsion,  or 
at  right  angles  to  it,  there  will  be  such  stresses  of  varying 
intensities  on  oblique  planes.  Inasmuch  as  the  result  of 
torsion  is  to  slide  normal  sections  each  past  its  neighbor, 
the  elastic  torsive  shear  like  any  other  shear  will  not  change 
the  volume  of  the  body.  The  principal  shearing  strains 
will  produce  deformation  without  changing  the  dimensions 
whose  product  gives  the  volume. 

The  exact  and  complete  mathematical  theory  of  tor- 
sion deduced  from  the  general  equations  of  equilibriimi  of 
stresses  in  an  elastic  solid,  without  extraneous  assump- 
tions, will  be  foimd  in  App.  I.  Those  formulae  show  accu- 
rately the  state  of  torsive  stress  in  bars  of  any  elastic 
material  and  of  various  shapes  of  cross-section.  For  the 
general  purposes  of  engineering  practice  that  general  demon- 
stration is  rather  complicated.  Hence  it  is  often  avoided 
by  making  certain  approximate  assumptions  based  to  some 
extent  on  experimental  observations  which  lead  to  an 
approximate  and  simpler  theory,  yielding  formulae  accurate 
only  for  the  circular  normal  section,  but  which  are  not 
materially  in  error  for  the  square  section.  These  formulae 
are,  however,  far  from  accurate  for  certain  other  sections. 
In  this  article  only  the  formulae  of  the  simpler  theory, 
called  the  common  theory  of  torsion, 
will  be  given. 

Fig.  2  is  supposed  to  represent  the 
normal  section  of  a  bar  of  material  of 
any  shape,  subjected  to  torsion  by  the 
application  of  couples  as  shown  in 
Fig.  I.  The  fimdamental  assump- 
tions of  the  common  theory  of  tor-  Fig.  2. 
sion  are  that  the  intensity  of  shearing  stress  varies  directly  as 
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the  distance  from  a  central  point  at  which  that  intensity  is 
zero,  and  that  that  central  point  is  located  at  the  centre  of 
gravity  or  the  centroid  of  the  section.  It  is  also  implicitly 
assumed  that  the  nonnal  sections  which  are  plane  before 
torsion  remain  plane  during  torsion.  In  Fig.  2,  A  is  sup- 
posed to  be  the  centre  of  gravity  of  the  section  at  which  the 
intensity  of  shear,  i.e.,  the  shear  per  square  unit  of  section, 
is  zero.  The  distance  from  the  centre  A  to  any  point  of 
the  section  is  represented  by  r,  and  to  the  most  remote 
point  in  the  perimeter  of  the  section  by  r^.  In  accord- 
ance with  the  assumed  law,  the  greatest  intensity  of  shear 
Tm  in  the  section  will  be  fotmd  at  the  distance  r^  from  its 
centre.  While  this  is  accurately  true  for  the  circular  sec- 
tion, it  is  quite  erroneous  for  a  number  of  other  sections. 
Hence  the  intensity  at  the  distance  unity  from  the  centre 

A  will  be  — ^,  and  at  the   distance   r  from  the   centre  it 


r 


will  have  the  value  '  >^ 

^=fr« (i) 

The  element  of  the  section  at  the  distance  r  from  A  will  be 

rdoj.dr (2) 

Hence  the  shear  on  that  element  is 

dS  ^  —  T  m  •'I'daj  .dr  =^  —^r^dr.do},     .     .     .     (3) 

The  direction  of  action  of  this  torsive  shear  is  around 
the  circumference  of  a  circle  whose  radius  is  r;  hence  if 
moments  of  all  these  small  shears,  dS,  be  taken  about  the 
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centre  or  point  of  no  shear,  A,  the  lever-arm  of  each  small 
force,  dS,  will  be  r,  and  the  differential  moment  will  be 

dM^rdS^—r'dr.da, (4) 

The  total  moment  of  torsion  therefore  will  be 

The  quantity  /^  is  the  polar  moment  of  inertia  of  the  section. 
For  a  circular  section 

;rr  *     ;rd*  , ,      ,.  ,     Ad^ 

r^--t-—(d=-dwLmet^T)^-^.       .     .     (6) 

For  a  square  section  (6= side  of  square) 

^     6*    Ab^ 

^^'6="6r (7) 

For  a  rectangular  section  (&  =one  side  and  c=the  other 
side) 

,     bc*  +  b'c    A(b^  +  c^) 
•^' ra TT- (8) 

For  an  elliptical  section  (a,  and  fej  being  semi-axes) 

,     >r(a/6.+a.6.*)     go.&,(a.'  +  &.') 

/.-  4  -  4  ...     (9) 

Using  the  notation  of  Fig.  i,  the  following  equation  of 
moments  may  be  written,  Pe  being  the  moment  of  the 
external  twisting  couple  and  M  the  moment  of  the  internal 
torsive  shearing  stresses  in  any  normal  section : 

Pe^M=^I, (10) 
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It  is  clear  from  Art.  2,  if  ^o  is  the  shearing  strain  at  the 
distance  r^  from  the  centre,  that  T=^G<1>^,  G  being  the 
coefficient  of  elasticity  for  shearing.  Also,  since  the  inten- 
sity of  shearing  varies  directly  as  the  distance  from  the 
centre  -4,  it  is  equally  clear  that  the  shearing  strain  <}> 
varies  directly  as  the  distance  from  the  centre,  so  that 
if  a  represents  the  shearing  strain  at  tmit's  distance  from  A 

<f>^ra    and     ^0=^0^ (i^) 

Hence  in  general 

T=^Gra, (12) 

and  as  a  maximtim 

T„,^Gr^a (13) 

a  is  evidently  the  angle  through  which  one  end  of  a  fibre 
of  unit's  length  and  at  unit's  distance  from  the  centre  or  axis 
is  turned.     It  is  called  the  angle  of  torsion. 

If  /  is  the  length  of  the  piece  twisted,  the  total  angle 
through  which  the  end  of  the  fibre  at  unit 's  distance  from 
the  axis  will  be  turned  is 

Total  angle  of  torsion  =aL       .     .     ,     (14) 

If  the  fibre  is  at  the  distance  r^  from  the  axis  one  end 
will  be  twisted  aroimd  beyond  the  other  by  an  amount 
equal  to 

Total  strain  of  torsion -=r^aL   .     .     .     (15) 

By  the  aid  of  eq.  (13)  eq.  (5)  may  be  written 

Pe^M=GaI,^^-"-^I, (16) 

If  <f>^  is  observed  experimentally 
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The  angle  through  which  a  shaft  will  be  twisted  by  the 
moment  Pe,  if  the  length  is  /,  is 

If  (7  is  in  pounds  per  square  inch,  as  is  usual,  the  pre- 
ceding formulae  require  all  dimensions  to  be  in  inches, 
while  a  will  be  arc  distance  at  radius  of  one  inch. 

If  12/  is  written  for  /  the  unit  for  the  latter  quantity 
must  be  the  foot. 

By  inserting  the  value  of  /^  from  eq.  (6)  in  eq.  (5), 

'[p-e 


:.  d^i,72\j- ,     (19) 

Eq.  (19)  will  give  the  diameter  of  a  shaft  capable  of 
resisting  the  twisting  moment  represented  by  Pe  with  the 
maximum  torsive  shear  in  the  extreme  fibres  of  Tm. 

The  main  cross  dimensions  of  other  sections  may  be 
found  similarly  by  the  use  of  eqs.  (7),  (8),  and  (9). 

It  is  frequently  convenient  to  compute  the  greatest 
intensity  Tm  from  the  twisting  moment  M.  For  this  pur- 
pose the  equation  preceding  eq.  (19)  gives 

^m  =  5l^-       ..'•.-...       (20) 

These  equations  complete  all  that  are  required  for  the 
practical  use  of  the  common  theory  of  torsion.  In  some 
cases  it  may  be  necessary  to  use  accurate  formulae  for 
other  shapes  of  section  than  the  circular.  In  those  cases 
the  exact  formulae  of  App.  I  should  be  employed.  The 
practical  applications  of  the  preceding  formulae  to  such 
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problems  as  arise  in  engineering  practice  will  be  made  in 
a  subsequent  article. 


+ 


Problems  for  Chapter  II. 


Problem  i.* — ^A  steel  boiler  shell  58"  in  diameter  carries 
an  internal  pressure  of  no  ]X)unds  per  square  inch,  the 
external  atmospheric  pressure  being  taken  at  1 5  potmds  per 
square  inch.  If  the  thickness  of  metal  is  f ",  what  is  the 
intensity  of  stress  in  the  steel  plates  on  plane  sections 
taken  through  the  axis  of  the  boiler?  The  ends  of  the 
boiler  being  supposed  closed,  wh^t  will  be  the  intensity  of 
stress  in  the  same  steel  plates,  on  the  annular  section  of 
the  metal  made  by  a  plane  at  right  angles  to  the  axis  of 
the  shell? 

Partial  Ans:  Intensity  of  stress  on  the  longitudinal  sec- 
tion of  the  plates  is  7347  pounds  per  square  inch. 

Problem  2.* — Design  a  steel  boiler  shell  68"  in  diameter 
for  an  internal  pressure  of  225  pounds  per  square  inch  above 
the  atmosphere,  the  greatest  intensity  of  allowed  stress 
being  8000  potmds  per  square  inch.  Then  find  the  in- 
tensity of  stress  in  the  annular  section  of  the  shell  made 
by  a  plane  at  right  angles  to  the  axis  of  that  shell. 

Partial  Ans.  Thickness  required  is  If". 

Problem  3.* — In  Fig.  2  of  Art.  6  a  diameter  of  cylinder 
of  2  ft.  and  a  pressure  of  1800  pounds  per  square  inch 
above  the  atmosphere  are  taken.  What  is  the  total  force 
tending  to  tear  the  semispherical  head  from  the  cylinder 
and  what  must  be  the  thickness  of  steel  plate  to  resist  it 
if  the  greatest  working  intensity  of  stress  in  the  steel  is 
10,000  pounds  per  square  inch?     Also  find  the  thickness 

*  The  steel  shell  is  treated  as  if  there  were  no  riveted  joints,  althougli 
obviously  such  joints  must  be  used  in  actual  boilers.  This  assumption  is 
made  as  these  problems  are  to  be  solved  prior  to  the  study  of  riveted  joints. 
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of  the  Steel  shell  required  to  prevent  tearing  apart  along  a 
longitudinal  section  if  the  greatest  working  intensity  is  9000 
pounds  per  square  inch. 

Problem  4. — Each  foot  of  head  of  water  corresponds 
to  .4335  lb.  per  square  inch  of  pressure.  Design  cast-iron 
water-pipes  6",  20",  and  48"  in  diameter  for  heads  of  75 
and  180  ft.,  the  greatest  working  intensity  of  tensile  stress 
in  the  cast  iron  being  2000  potmds  per  square  inch. 

Problem  5. — Let  the  pressure  in  the  bore  of  a  12"  steel 
rifle  be  taken  at  28,015  potmds  per  square  inch,  the  ex- 
ternal atmospheric  pressure  being  taken  at  15  pounds 
per  square  inch.  Let  it  further  be  assumed  that  the  greatest 
intensity  of  tensile  stress  in  the  metal  shall  not  exceed 
40,000  pounds  per  square  inch,  this  intensity  existing  at 
the  interior  surface  of  the  gun  at  the  instant  of  discharge. 
It  is  first  required  to  find  the  thickness  of  metal.  Eq.  (11) 
of  Art.  7  will  give  that  thickness.  Then  find  the  intensity 
of  tensile  stress  in  the  metal  at  the  exterior  surface  and 
at  the  distances  of  2",  4",  and  6"  from  the  interior  surface. 
The  solution  of  eqs.  (11),  (7),  and  (8)  of  Art.  7  will  give 
the  required  answers.  The  thickness  of  metal  will  be 
foimd  to  be  8.28"  and  the  intensity  of  stress  at  the  exterior 
surface  11,980  pounds. 

Problem  6. — A  round  bar  of  steel  2 -J  inches  in  diameter 
is  twisted  by  a  force  of  2100  potinds  acting  with  a  lever- 
arm  of  17  inches.  Two  sections  25  ft.  apart  are  turned  .185 
inch  in  reference  to  each  other,  i.e.,  the  total  strain  of  torsion 
for  a  length  of  bar  of  25  feet  has  that  value.  Find  the 
total  angle  of  torsion,  the  angle  of  torsion  and  the  coeffi- 
cient of  elasticity,  G,  for  shearing  (i.e.,  for  torsion). 

Ans,  a  =  .ooo43;  a/  =  .i29;  and  G  =  13,000,000  lbs. 

Problem  7. — ^The  greatest  permitted  working  intensity 
of  torsive  shearing  is  8000  pounds  per  sq.  in.  Design  a 
steel  shaft  to  carry  a  twisting  moment  produced  by  a  force 
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of  1900  pounds,  acting  with  a  lever-ami  ot  84  inches.  If 
the  coefficient  of  elasticity  for  shearing  is  12,000,000  pounds, 
what  will  be  the  angle  of  torsion?  Also  what  will  be  the 
total  angle  of  torsion  and  total  strain  ot  torsion  for  a  length 
of  shaft  of  13  feet? 

Problem  8. — A  shearing  force  of  44,000  pounds  acting 
on  the  normal  section  of  a  two-inch  square  steel  bar  pro- 
duced a  shearing  strain  of  .001834  inch  for  a  length  of 
two  inches.  What  is  the  coefficient  of  elasticity,  G\  for 
shearing? 


CHAPTER  III. 
FLEXURE. 


Art.  9. — The  Common  Theory  of  Flexure. 

'  A  STRAIGHT  piece  or  bar  of  material  is  subjected  to 
flexure  or  bending  when  it  is  acted  upon  by  loads  or  forces 


Fig.  I. 


at  right  angles  to  its  axis,  the  loads  and  supporting  forces 

taken  as  a  whole  constituting  a  system  in  equilibrium. 

11 
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FLEXURE. 


[Ch.  IIL 


The  beam  shown  in  Fig.   i  may  be  taken  to  illustrate- 
the  general  condition  of  flexure  or  bending. 

Each  end  of  the  beam  is  supported  as  shown  at  R  and 
R\  the  reactions  at  those  points  constituting  the  support- 
ing forces,  while  the  weights  W^  and  Wj,  etc.,  constitute 
the  loading.  The  reactions  are  in  reality  just  as  much 
loads  on  the  beam  as  the  weights  carried  by  it,  but  it  is- 
convenient  always  to  make  the  distinction  between  loads- 
and  reactions  or  supporting  forces. 


is_® 


Fig.  a. 


An  overhanging  beam  is  shown  in  Fig.  2  carrying  the* 
weights  W^  and  W^,  etc.,  one  end  being  firmly  fixed  in  a 
wall  or  other  similar  supporting  mass.  In  this  case  the 
supporting  effect  of  the  material  in  which  one  end  of  the 
beam  is  embedded  is  equivalent  to  the  couple  whose 
moment  is  Fe.  Obviously  there  may  be  many  other 
different  cases  of  bending,  according  to  the  manner  of 
supporting  and  loading  the  bent  piece  or  beam. 

In  all  these  analyses  and  in  all  that  follow,  except 
when  otherwise  specially  noted,  the  beams  are  supposed 
to  be  horizontal  with  the  loads  and  reactions  vertical,  all 
external  forces  thus  acting  at  right  angles  to  the  axis  of 
the  beam,  and  they  are  further  supposed  to  lie  all  in  a 
vertical  plane  passing  through  the  same  axis.  When  the 
loading  acts  as  shown  in  Fig.  i,  it  is  evident  that  the  beam 
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will  be  lient  so  as  to  become  convex  downward  and  con- 
cave upward,  thus  causing  the  upper  portion  of  the  beam 
to  be  in  compression  while  the  lower  portion  is  in  tension. 
Hence  if  any  normal  section  of  the  beam  as  BD  be  con- 
sideredy   in  passing  from  B  where  there  is  compression 
to  D  where  there  is  an  opposite  stress  of  tension  it  is  clear 
that  at  some  point,  as  w,  there  will  be  a  zero  stress,  or, 
in  other  words,  no  stress  at  alL     The  horizontal  line  pass- 
ing through  that  point  m  of  no  stress,  and  normal  to  the 
vertical  plane  through  the  axis  of  the  beam,  is  called  the 
neutral  axis  of  the  section  and  its  locus  HX  throughout 
the  entire  beam  is  called  the  neutral  surface.     On  one  side 
of  the  neutral  axis  in  any  normal  section  there  will  be 
direct   stresses  of  compression  and  on  the  other  direct 
stresses  of  tension.     There  are  two  ftmdamental  assump- 
tions in  the  common  theory  of  flexure : 

First,  that  all  plane  normal  sections  of  the  beam  remain 
plane  after  flexure  or  bending. 

Second,  that  the  intensity  (amount  uniformly  dis- 
tributed on  a  square  unit)  of  either  the  tensile  or 
compressive  stress  in  any  normal  section  acting 
parallel  to  the  axis  of  the  beam  varies  directly  as 
the  distance  from  the  neutral  axis  of  the  section. 

In  Fig.  I  the  shaded  triangles  above  and  below  w, 
having  the  common  vertex  at  that  point,  represent  the 
stresses  of  tension  and  compression  induced  in  the  normal 
section  BD  by  the  bending. 

The  loads  and  supporting  forces  act  normally  to  the 
axis  of  the  beam  upon  either  portion  of  it,  as  HBD,  while 
the  internal  stresses  of  tension  and  compression  in  the 
section  BD  act  parallel  to  that  axis.  If  the  equilibrium 
of  the  same  portion  HBD  be  considered,  it  will, be  seen 
that  the  only  horizontal  forces  acting  upon  it  are  the  in- 
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ternal  stresses  of  tension  and  compression  shown  by  the 
two  shaded  triangles.  Hence  in  order  that  there  may- 
be equilibrium  the  sum  of  those  stresses  of  tension  and 
compression  must  be  equal  to  zero.  This  latter  condition 
will  determine  in  a  simple  manner  the  position  of  the 
neutral  axis.  If  a  is  the  intensity  of  either  the  tensile  or 
compressive  stress  at  the  distance  unity  from  the  neutral 
axis,  then  by  the  second  of  the  preceding  fundamental 
assumptions  the  intensity  A^  at  any  other  distance  z  from 
the  same  axis  or  line  of  no  stress,  will  be  N  =-az.  Again, 
if  A  is  the  area  of  the  normal  section  of  the  beam,  dA  will 
be  the  area  of  an  indefinitely  small  portion  of  that  section, 
so  that  the  amount  of  internal  stress  acting  on  it  will  be 
oz.dA.  11  this  differential  amotmt  of  stress  be  integrated 
for  the  entire  section,  the  preceding  condition  of  equilibrium 
for  either  portion  of  the  beam  requires  that  the  sum  repre- 
sented by  that  total  integration  shall  be  equal  to  zero; 
or  if  d^  and  d  represent  the  distances  of  the  most  remote 
fibres  on  either  side  of  the  neutral  axis,  the  following 
equations  may  be  written: 


/'a^dA  =-a  I    '^dA  «o, 
d  J-d 


or 

zdA  =o (i) 


/> 


Eq.  (i)  shows  that  the  static  moment  of  the  entire 
section  about  the  neutral  axis  is  equal  to  zero,  and  there- 
fore that  the  neutral  axis  passes  through  the  centre  of 
gravity  or  the  centroid  of  the  normal  section. 

It  is  next  necessary  to  determine  the  expression  for 
the  bending  moment  of  the  internal  stresses  of  any  sec- 
tion, such  as  ]F  of  Fig.  i ,  which  is  induced  by  and  must 
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be  equal  to  the  moment  of  the  external  forces  acting  upon 
either  one  of  the  two  portions  into  which  the  beam  is 
divided  by  that  section. 

In  Fig.  1,  let  nin  represent  a  differential  length,  dl 
of  the  neutral  surface,  and  let  p  represent  the  radius  of 
curvature  of  dl  after  flexure,  also  as  shown  in  Fig.  i,  C 
being  the  centre  of  curvature.  If  u  is  the  direct  or  longi- 
tudinal strain  of  a  unit  length  of  fibre  at  the  distance  xmity 
from  the  neutral  axis,  when  stressed  with  the  intensity  a, 
the  strain  in  dl  under  that  intensity  will  be  udl.  BD  is 
drawn  parallel  to  /F,  and  represents  the  position  of  BD 
before  flexure.  The  triangle  D'mD  is,  therefore,  similar 
to  Cmn.     Consequently  there  may  be  written 

udl     dl  1  [  ,,^vV 

Ov  Jhe  rate  of  strain,  i.e.,  the  strain  of  a  unit  length  of 
fibre  at  distance  tmity  from  the  neutral  axis,  is  equal  to 
the  reciprocal  of  the  radius  of  curvature.  - 

By  the  fundamental  law  of  assumption  of  the  common 
theory  of  flexure  already  given 

z 
Rate  of  strain  at  distance  z  =  -. 

P 

Then,  by  the  fundamental  law  between  stress  and 
strain,  the  intensity  N  of  the  direct  stress  at  any  distance 
z  is  L^  -^  f^  s^ 

N^E-^Euz (3) 

If  b  is  the  variable  breadth  of  section,  the  differential 
of  the  total  stress  is 

Nbdz=-Abdz).z (4) 
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The  differential  moment  of  the  internal  stresses  about 
the  neutral  axis  will  be 

dM=N.bdz.z~.(bdz).z';  ....($) 


■■■«'if: 


"^^  EI 

{bdz).z^^—\     ....     (6) 


in  which  /  is  the  moment  of  inertia  of  the  section  of  the 
beam  about  the.  neutral  axis. 

If  X  is  the  horizontal  coordinate  of  the  neutral  sur- 
face, and  w  the  deflection  or  sag  of  the  beam  at  any  point, 
as  indicated  in  Fig.  i,  when  the  curvature  is  small 

f        "  '    '■ 
I      dhv        \  .  '  *'    . 

p  "^dx^ 
and  ,.,/- 

d^w  ,  -^  ^^ 

M^EI^.      ......     (7) 

Eq.  (7)  is  the  fimdamental  equation  by  which  the  de- 
flection of  a  bent  beam  is  found,  whatever  may  be  the 
character  or  amoimt  of  the  loading.  As  indicated,  it  is 
strictly  true  only  when  the  deflections  are  small ;  in  other 
words,  when  they  are  produced  by  strains  within  the  elastic 
limit  of  such  beams  as  are  ordinarily  used  in  engineering 
practice.  That  equation  is  easily  integrated  in  all  ordi- 
nary cases,  if  the  value  of  the  external  bending  moment  Af 
is  expressed  in  terms  of  x,  as  will  be  abundantly  illustrated 
in  succeeding  articles. 

Another  equation  of  great  practical  value  remains  to 
be  established.  Let  it  first  be  observed  that  the  intensity 
of  stress  a,  at  the  distance  of  unity  from  the  neutral  sur- 
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face  of  a  bent  beam  is  a  =Eu,  by  Hooke  's  law,  and  further 
by  eq.  (2) 

a^Eu (8) 

P 

If  the  value  of  —  from  eq.  (8)  be  substituted  in  eq.    (6) 

thexe  will  result 

M=a7 (9) 

If  the  greatest  intensity  of  stress  in  a  normal  section 

of  a  bent  beam  at  the  distance  d^  from  the  neutral  axis  be 

k 
Tepresented  by  k,  then  «  =  t,  and  eq.  (9)  will  take  the  form 

^=5: (") 

Eq.  (10)  is  one  of  the  most, important  equations  in  the 
whole  subject  of  the  resistance  of  materials  in  consequence 
of  its  frequent  use  in  the  practical  operation  of  designing 
beams  or  girders.  Its  employment  is  rendered  exceed- 
ingly  simple  and  convenient  by  tables  in  which  may  be 
found  computed  the  moments  of  inertia  /  for  all  the  rolled 

sections,  as  well  as  valued  of  the  quantity  -r,  called  the 

^'j^^'^r,^  ipr^^iiliic  ''  These  tables  are  found  m  the  various 
"Hand-books''  published  by  steel-producing  companies, 
and  they  obviate  essentially  all  numerical  computations 
for  the  determination  of  either  moment  of  inertia  or  section 
modulus.  Other  tables  may  also  be  found  which  give  the 
moments  of  inertia  of  a  great  variety  of  built  sections, 
i.e.,  composite  sections  formed  of  various  commercial 
rolled  shapes  such  as  plates,  angles,  channels,  and  I  beams. 
In   all   the  preceding  expressions  where  the   quantity 
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M  appears  it  is  to  be  taken  to  represent  the  bending  mo- 
ment  of  the  external  forces,  including  the  reactions,  applied 
to  a  beam,  the  moment  being  taken  about  the  neutral 
axis  of  the  section  under  consideration.  This  external 
moment  must  necessarily  be  equal  to  the  moment  of  the 
internal  stresses  represented  by  the  last  members  of  the 
preceding  moment  equations  involving  the  greatest  in- 
tensity of  stress  k  of  the  section  and  the  moment  of  inertia 
/  of  the  latter. 

There  are  one  or  two  approximate  features  involved 
in  the  preceding  analysis,  the  character  of  which  is  not 
discoverable  when  the  ftindamental  laws  of  the  theory  of 
flexure  are  assumed  rather  than  demonstrated,  but  which 
appear  plainly  evident  in  the  true  demonstration  of  the 
theory  of  flexure  in  App.  I.  It  is  obvious  that  the  com- 
pression produced  at  the  exterior  surface  of  a  bent  beam 
at  the  points  of  loading  is  neglected  or  ignored  in  the  pre- 
ceding demonstrations;  but  this  does  not  sensibly  aflFect 
the  accuracy  of  the  formulae  which  have  been  reached. 
There  is,  however,  one  result  of  the  assumptions  made 
which  materially  affects  the  accuracy  of  the  formulae  of  the 
common  theory  of  flexure  for  comparatively  short  beams. 
If  the  accurate  analysis  be  followed  it  will  be  found  that 
the  formulae  of  that  theory  involve  in  reality  the  further 
assumption  that  the  depth  of  the  beam,  i.e.,  in  the  direc- 
tion of  the  loading,  is  small  in  comparison  with  the  length 
of  span.  The  limit  of  ratio  of  length  of  span  to  depth 
above  which  the  formulae  may  be  applied  with  strict  accu- 
racy cannot  be  definitely  assigned,  but  there  are  many 
beams,  especially  of  timber,  employed  in  engineering 
practice  which  are  much  too  short  in  comparison  with 
their  depths  to  permit  an  accurate  application  of  the  for- 
mulae of  the  common  theory  of  flexure.  This  observ^ation 
hears  \\\t\\  special  emphasis  on  computations  for  pins  in 
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pin-connected  bridges  which  are  treated  as  short  beams. 
As  a  matter  of  fact,  the  common  theory  of  flexure  cannot 
be  applied  to  such  short  thick  beams  with  any  degree  of 
accuracy  whatever.  It  is,  however,  entirely  permissible 
to  use  these  formulae  as  general  expressions,  even  tmder 
such  loosely  approximate  conditions,  into  which  empirical 
quantities  established  under  the  actual  conditions  of  use 
are  introduced,  but  they  are  not  to  be  used  in  any  other 
way.  By  such  a  procedure  the  formula)  of  the  common 
theory  of  flexure  have  become  of  inestimable  value  to  the 
civil  engineer,  but  it  is  imperative  to  realize  under  what 
conditions  they  may  be  employed  with  strict  accuracy 
and  under  what  conditions  the  introduction  of  quantities 
established  by  practical  tests  is  required. 

Art.  lo. — ^The-  Distribution  of  Shearing  Stress  in  the  Normal 
Section  of  a  Bent  Beam. 

The  longitudinal  fibres  of  a  beam  under  loading  take 
their  stresses  of  tension  and  compression  from  the  shearing 
stresses  which  are  induced  on  vertical  and  horizontal 
planes  in  the  interior  of  the  beam.  In  order  to  realize 
what  takes  place  in  the  interior  of  a  beam  let  it  be  sup- 
posed to  be  divided  into  an  indefinitely  large  number  of 
small  rectangular  portions  like  those  shown  in  the  up- 
per part  of  Fig.  i,  and  on  a  somewhat  larger  scale  in  the 
lower  part.  The  vertical  loading  and  reactions  induce 
transverse  shears,  i.e.,  shearing  stresses  on  vertical  trans- 
verse planes,  which,  as  known  from  the  general  theory  of 
stresses  in  solid  bodies,  induce  shears  of  equal  intensity  on 
horizontal  planes.  The  result  is  that  which  is  shown  in 
the  lower  portion  of  Fig.  i.  On  the  faces  of  the  indefi- 
nitely small  rectangular  portions  of  the  beam  there  are 
induced  shears  in  pairs  having  the  same  intensity  and  act- 
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ing  either  toward  or  from  a  given  edge.  Each  horizontal 
layer  of  the  beam  is,  therefore,  made  to  slide  a  little  over 
the  adjoining  layers  above  and  below  it,  as  shown  at  A  and 
A'  in  the  lower  part  of  Fig.  i. 


Wi    w,    w, 

0,0,  0, 


W4      W»      We 

o  ,n.  o, 


■T-■J■-T-1■-r-r-|--r-t--^-^-^--^ 

■7--»— r--|--^--r-•t--^-■^~r-•T-■l--^• 
•     I     I     I     I     I     I     I     I     I     III 
-■t-"»--r-T-i — 1 — »--n — ^--f--1--^-t■ 


^;!S^!S9. 


Fig.  I. 


Carefully  remembering  these  general  conditions,  let  the 
bending  moment  in  the  section  ad  of  the  beam  in  Fig.  2 
be  represented  by  M  and  let  the  total  transverse  shear  at 


Fig.  2. 

the  same  section  be  represented  by  5.     Then  if  x  measured 

M 
horizontally  from  the  section  oJ  be  so  taken  that  ^=-^, 
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and  if  the  intensity  of  the  direct  stress  of  tension  or  com- 
pression at  the  distance  z  from  the  neutral  axis  be  repre- 
sented by  fe,  there  may  at  once  be  written  .    .         .  •  <x^//i/^-r 

kl     •^'"'^  50 

z  I 

i  is  thus  seen  to  be  a  ftmction  of  both  z  and  x.  If  2;  be 
imchanged  while  x  varies,  the  small  variation  of  k  for  an 
indefinitely  small  variation  of  x  will  be 

dk,      Sz,  .  . 

^dx^-jdx (2) 

If  5  is  the  intensity  of  the  transverse  shear  at  the  dis- 
tance z  from  the  neutral  axis,  the  variation  of  that  intensity 
for  the  indefinitely  short  distance  dz  {x  remaining  imchanged) 

ds 
will  be  'J~d&,  and  if  the  breadth  or  width  of  the  beam  is  6, 

the  variation  of  longitudinal  shear  on  the  small  horizontal 
area  bdx  for  the  small  distance  dz  will  be 

%Mbdx) (3) 

The  small  shear  given  by  expression  (3)  is  equal  to  the 
variation  of  k  foimd  by  mtdtiplying  the  members  of  eq.  (2) 
by  bdz,  hence 

-T-dz.bdx^-Ydx.bdz; (4) 

^    ds     Sz              .      5    ,  .  ^ 

••  d^^T'    ^^    ds^jzdz (s) 

It  is  obvious  that  the  intensity  of  the  shear  at  the  ex- 
terior surface  of  the  beam  is  zero;  in  other  words,  ^=0, 
when  z  =  d  the  distance  of  the  extreme  fibre  of  the  section 
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from  the  neutral  axis.  Hence  eq.  (5)  must  be  integrated 
between  the  limits  of  z  and  d,  and  that  integration  wiU 
give  (^oov-^^f-'^*^'^- 

s  r^        s 

:.   s^jj     zdz^^((P-z^).        ...     (6) 

f 

The  intensity  5  has  its  maximum  value  where  z=q,  i.e., 
at  the  neutral  axis;   hence 

(max.)  5  =  -^ (7> 


IT     8^^'     26d» 
If  the  section  is  rectangular  /  == = 


and 


(inax.)5=f.^^ (8) 


In  other  words,  the  maximum  intensity  of  shear  found  at 

3 
the  neutral  axis  is  -,  the  average  shear  of  the  entire  section. 

It  is  to  be  remembered  that  this  intensity  of  shear  s, 
at  all  points  in  the  entire  beam,  acts  on  both  the  vertical 
and  horizontal  planes,  i.e.,  this  shear  acts  on  longitudinal 
or  horizontal  planes  parallel  to  the  neutral  surface  as  well 
as  upon  the  vertical  section  of  the  beam. 

Eq.  (6)  is  the  equation  of  a  parabola  with  its  vertex 
in  the  neutral  surface.  Hence  if  Of  be  laid  off,  as  shown 
in  Fig.  2,  at  any  convenient  scale  to  represent  the  maxi- 
mum value  of  s,  as  given  in  eq.  (7),  and  if  from  /  as  ver- 
tices the  two  branches  of  parabolic  curves  fa  and  fd  be 
described  as  shown,  any  horizontal  abscissa  of  the  curves 
drawn  from  the  line  ad  will  represent  the  intensity  of  shear 
at  that  point.  The  origin  of  coordinates  for  eq.  (6)  is  at 
O  in  Fig.  2. 
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With  such  material  as  timber,  in  the  case  of  beams, 
the  longitudinal  shear  represented  by  5  in  either  eq.  (7) 
or  eq.  (8)  may  be  the  governing  quantity  in  design.  The 
capacity  of  timber  to  resist  shear  along  its  fibres  is  com- 
'  paratively  so  small  that  where  the  spans  are  relatively 
short  failure  will  take  place  by  shearing  along  the  neutral 
surface  before  the  extreme  fibres  yield  either  in  tension 
or  compression.  In  the  design  of  timber  beams,  there- 
fore, and  in  other  similar  cases,  it  is  necessary  to  test  by 
cx>mputation  the  maximum  value  of  s  as  well  as  to  deter- 
mine the  greatest  intensity  of  tensile  or  compressive  stress 
in  the  extreme  fibres,  as  will  be  completely  shown  in  a 
later  article. 


Art.  II. — External  Bending  Moments  and  Shears  in  General. 

Beams  subjected  to  pure  bending  only  will  be  treated 
here. 

A  beam  is  said  to  be  non-continuous  if  its  extremities 
simply  rest  at  each  end  of  the  span  and  sujfer  no  constraint 
"ivhatever. 

A  beam  is  said  to  be  continuous  if  its  length  is  equal 
to  two  or  more  spans,  or  if  its  ends,  in  case  of  one  span  (or 
more)    suffer  constraint. 

A  cantilever  is  a  beam  which  overhangs  its  span,  one 
end  of  which  is  in  no  manner  supported.  Each  of  the 
overhanging  portions  of  an  open  swing  bridge  is  a  canti- 
lever truss. 

Fig.  I  represents  a  beam  simply  supported  at  each  end, 
carrying  the  loads  Wj,  W^,  W^,  etc.  Let  bending  moments 
be  taken  for  any  section,  as  JF,  at  the  distance  x'  from 
the  right-hand  abutment,  at  which  location  the  reaction 
R'  acts.  The  load  W^  is  at  the  distance  x^  from  the  sec- 
tion, W^  at  the  distance  x^,  and  W^  at  the  distance  x^  from 
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tlie  same  section,  the  last  distance  not  being  shown  in 
the  figure.  The  bending  moment  desired  will  be  the 
following: 

M^R^-W^x^-W^^^W^^.     .     .    .     (i) 

This  equation  is  typical  of  all  external  bending  moments 
for  a  beam  simply  supported  at  each  end,  whatever  may 
be  the  system  of  loading  or  its  amoimt,  or  whatever  may 


j- — -«| — 


rS(SHn  rf)(n. 
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Timi 


Fig.  I. 

be  the  location  of  the  section.     This  equation  is  frequently^ 
written  in  the  following  form : 

M^IWx (2) 

The  summation  sign  indicates  that  the  stim  is  to  be 
taken  of  the  products  formed  by  multiplying  each  external 
force,  whether  loading,  or  reaction,  by  its  lever-arm  or 
normal  distance  from  the  section  in  question.  It  is  a 
common  and  convenient  mode  of  expressing  the  general 
value  of  the  bending  moment  in  any  case  whatever. 

In  eq.  (i)  the  differentials  of  x',  x^,  x^,  and  x^  are  all 
equal,  so  that  if  that  equation  be  differentiated,  the  first 
derivative  of  M  will  have  the  following  form : 


dM 
dx 


=i?'-M^,-M^3"W^,  =  21^-5. 


(3)> 
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It  will  be  at  once  evident  that  S  in  eq.  (3)  is  the  total 
transverse  shear  in  the  section  for  which  the  bending 
moment  M  is  written,  since  the  algebraic  sum  of  i?'  and  the 
loads  between  the  end  of  the  beam  and  the  section  con- 
stitutes that  shear.  Indeed,  the  usual  manner  of  deter- 
mining the  total  transverse  shear  is  the  simple  operation 
of  smmning  up  all  the  external  forces  acting  on  one  of  the 
portions  of  the  beam  formed  by  the  section  in  question; 
the  external  forces,  such  as  the  reaction,  acting  in  one 
direction  being  given  one  sign,  and  those,  like  the  loading, 
acting  in  the  other  direction  being  given  the  opposite  sign. 
The  shear,  therefore,  becomes  the  numerical  difference 
of  the  two  sets  of  forces  having  opposite  directions. 

Eq.  (3)  thus  establishes  the  following  important  prin- 
ciple: The  total  transverse  shear  at  any  section  is  equal 
to  tlie  first  differential  coefficient  of  the  bending  moment  con» 
sidered  a  function  of  x. 

In  Fig.  I  the  force  5  is  supposed  to  be  the  resultant  of 
the  three  loads  W^,  W^,  and  W„  and  the  reaction  R\  i.e., 
the  force  5  is  supposed  to  represent  that  resultant  both 
in  line  of  action  and  magnitude.  The  bending  moment  M 
is,  therefore,  equal  to  Se,  e  being  the  normal  distance  of 
the  line  of  action  of  S  from  the  section,  so  that  the  actual 
bending  moment  upon  any  section  of  a  bent  beam  may 
always  be  represented  by  the  transverse  shear,  located 
as  the  resultant  of  all  the  external  forces  producing  the 
bending  moment,  multiplied  by  its  lever-arm.  This  is  a 
simple  but  important  matter  of  observation. 

In  the  section  JF  let  the  two  equal  and  opposite 
forces  5  and  —  5,  numerically  equal,  act  in  opposite  direc- 
tions; they  will  not,  therefore,  affect  the  equilibrium  of 
the  beam  or  any  portion  of  it  in  any  way  whatever.  As 
far  as  the  equilibritmi  of  the  portion  of  the  beam  JXF 
is  concerned,  the  loads  and  the  reactions  may  be  supposed 
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to  be  displaced  by  the  couple  5,  —5,  with  the  lever-arm  e, 
and  the  shear  5  acting  upward  in  the  section  JF.  The 
importance  of  this  particular  featiu^  of  the  analysis  con- 
sists in  showing  that  in  every  bent  beam  carrying  loads 
the  action  of  the  external  forces  (including  the  reaction) 
producing  the  bending  is  equivalent  to  a  coupli?  whose 
moment  is  Se  acting  about  the  neutral  axis  of  the  section 
and  the  total  transverse  shear  5  acting  in  the  section. 
The  shear  S  evidently  tends  to  move  or  slide  one  portion 
■of  the  beam  past  the  other,  and  an  essential  part  of  the 
operation  of  designing  beams  and  trusses  is  its  determina- 
tion at  various  sections  with  correspondingly  various 
positions  of  loading. 

As  is  well  known,  the  analytical  condition  for  a  maxi- 
mum or  minimtim  bending  moment  in  a  beam  is 

dM 

^=° (4) 

From  eqs.  (3)  and  (4)  is  to  be  deduced  the  following 
principle :  The  greatest  or  least  bending  moment  in  any  beam 
is  to  be  found  in  that  section  for  which  the  shear  is  zero. 

The  greatest  bending  moment  obviously  is  the  only 
one  of  importance  in  the  design  of  beams  and  trusses,  and 
cq.  (4)  shows  that  the  section  in  which  it  will  be  found 
can  be  located  by  simple  inspection  of  the  loading.  It  is 
only  necessary  to  sum  up  the  reaction  at  one  end  and  the 
loads  adjacent  to  it,  imtil  the  point  is  reached  where  the 
summation  is  zero.  This  point  will  ustially  be  found 
where  a  load  is  supported.  In  that  case  the  single  load 
may  arbitrarily  be  divided  into  two  parts,  supposed  to  act 
indefinitely  near  to  each  other,  so  that  one  of  the  parts 
may  be  just  sufficient  to  make  the  zero  summation  desired. 
A  single  practical  operation  will  make  this  feature  per- 
fectly clear  and  simple. 
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If  the  loading  is  tiniformly  contiiiuous  and  of  the 
intensity  pj  in  each  of  the  equations  (i),  (2),  and  (3) 
pdx  is  to  be  used  for  each  of  the  separate  loads  W^,  W^,  W^,, 
etc.     The  bending  moment  thus  becomes 

M^R'xf-IWx^R'x'^  r x.pdx^Rxf^lpx".     (5) 

The  expression  for  the  shear  then  becomes 

^^S^R'-px (6) 


A  second  differentiation  gives 

dm 
dx'  " 


(7) 


Or,  the  second  differential  coefficient  of  the  moment 
•considered  a  function  of  x  is  equal  to  the  intensity  of  the 
continuous  load. 

This  method  of  passing  from  formula?  for  concentrated 
loads  to  those  for  continuous  loads  is  perfectly  simple  and 
frequently  employed. 

Art.  12. — Intermediate  and  End  Shears. 

The  beam  shown  in  Fig.  i  is  supposed  to  carry  any 
loading  whatever,  and  the  figure  is  consequently  intended 
to  exhibit  a  uniform  load  in  addition  to  a  load  of  con- 
centrations. Inasmuch  as  all  beams  and  other  similar 
pieces  have  considerable  weight,  and  sometimes  great 
weight,  ordinarily  considered  uniformly  distributed  ovdr 
the  span,  this  condition  of  loading  is  that  which  exists  in 
aD  actual  cases.  The  amount  of  uniform  loading  per 
linear  unit,  usually  a  foot,  is  represented  by  /?,  while  the 
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concentrations,  as  heretofore,  are  represented  by  W^,,  W^^ 
etc. 

The  determination  of  the  transverse  shear  at  any  sec- 
tion of  a  beam  or  truss  is  one  of  the  most  frequent  as  well 
as  one  of  the  most  important  computations  required  in 
the  design  of  structures.  As  has  already  been  indicated, 
it  is  an  extremely  simple  computation.  It  is  first  neces- 
sary, after  knowing  the  position  of  the  loading,  to  find  the 
reactions  at  both  ends  of  the  span.     In  Fig.  i  the  various 


B  w,  w,  -^ 

W  ^->^         ^•— ^^  ^  yf^.  uk# 


— :-7-MB 


^s 


A' 


^ 


Fig.  I. 


weights  or  loads  are  separated  by  the  distances  shown,  a^ 
being  the  distance  from  Wj  to  the  reaction  R  or  end  of  the 
span.  Wo  is  supposed  to  rest  at  the  right  end  of  the  span 
for  a  purpose  that  will  presently  appear.  The  reaction 
B!'  at  the  left  end  of  the  span  (not  shown)  resulting  from 
the  concentrated  loads  only  will  have  the  following  value  i 

The  reaction  B!"  at  the  other  end  of  the  span  (not 
shown)  can  be  expressed  by  a  similar  equation,  but  it  is 
simpler  and  more  direct  to  write  it  as  follows: 


BI'^^W^^W^-^W^^W.^W^^R^ 


(2) 
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Obviously  the  sum  of  the  two  reactions  /?"  and  jR''' 
must  be  eqtial  to  the  total  concentrated  loading. 

That  part  of  the  reaction  due  to  the  uniform  load  ex- 
tending over  the  span  /  will  clearly  be  one  half  of  that 
load  or 

R,^^pl^R, (3) 

The  reaction  R^  is  supposed  to  be  found  at  the  left 
end  of  the  span  and  R^  at  the  right  end.  The  total  re- 
actions then  will  be  as  follows.     At  left  end  of  the  span: 

R^R"  +  ipl. (4) 

At  right  end  of  the  span : 

R''R"'  +  ipl (5) 

The  transverse  shear  at  any  intem^ediate  section  of 
the  beanni  whatever  may  now  readily  be  written.  Let  the 
section  AB  at  the  distance  x  from  the  left  end  of  the  span 
first  be  considered.  The  total  loading  between  that  sec- 
tion and  the  end  of  the  span  is  W^  +  W^+px,  and  it  acts 
downward.  As  the  reaction  R  acts  upward  the  expression 
for  the  shear  will  be 

S^R-W,^W,^px. (6) 

In  this  case  the  section  considered  has  been  taken 
between  two  weights;  let  the  section  at  the  weight  W^ 
be  considered,  that  weight  being  at  the  distance  ^'  from 
the  end  of  the  span.  The  amount  of  tmiform  load  over 
the  length  ^  is  simply  px',  but  inasmuch  as  the  weight  W^ 
is  located  at  the  section  under  consideration,  the  portion 
of  that  weight  which  may  be  taken  as  resting  on  the  left 
of  the  section  considered  is  indeterminate.     In  such  cases 
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it  is  proper  and'  customary  to  take  any  portion  or  all  of 
the  weight  as  resting  on  either  side  of  the  section,  but 
indefinitely  near  to  it.  If  it  is  a  case  where  the  maximum 
ishear  is  desired,  the  single  weight  should  be  taken  in  such 
a  position  as  to  make  the  transverse  shear  as  great  as 
possible.  If  the  case  is  one  where  it  is  desired  to  find  the 
section  at  which  the  total  load  from  that  section  to  the 
end  of  the  span  is  equal  to  the  reaction,  any  portion  may 
be  taken  which  is  found  necessary  to  make  the  eqtiality. 
If,  for  instance,  px'  +  \\\-\-W^  is  less  than  R  while  px' + 
W^  +  W^  +  W^  is  greater  than  R,  then  that  portion  of  W^ 
which  would  be  considered  on  the  left  of  the  section  but 
indefinitely  near  to  it  would  be  R-px'  -W^  —  W^.  The 
remaining  portion  of  W^  would  be  considered  as  resting 
at  the  right  of  the  section  but  indefinitely  near  to  it.  In 
such  a  case  the  transverse  shear  is  zero  at  the  weight  W^. 

Again,  let  it  be  desired  to  find  the  greatest  upward 
shear  at  W^,  it  being  supposed  that  R  is  greater  than  the 
total  load  between  ir,  and  the  left  end  of  the  span.  In 
this  case  no  portion  of  W^  would  be  considered  as  acting 
to  the  left  of  the  section,  but  the  expression  for  the  shear 
would  be 

S=R-pxf-W,-W^ (7) 

It  can  be  seen  from  the  preceding  statements  that  the 
maximum  transverse  shear  in  the  beam  will  occur  at  the 
ends  of  the  span  where  the  value  of  the  shear  is  the  end 
reaction.  Inasmuch  as  the  end  reaction  R  or  R'  is  thus 
the  greatest  shear  in  the  entire  span,  it  is  a  most  important 
quantity  to  determine  in  the  design  of  beams  and  trusses; 
it  is  the  most  important  single  factor  in  the  determina- 
tion of  the  amotmt  of  material  required  at  the  end  sections 
of  both  beams  and  trusses.  The  value  of  this  end  shear 
is  given  by  the  values  for  R  and  /?'  in  eqs.  (4)  and  (5). 
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Since  the  total  transverse  shear  in  any  section  of  a 
beam  is  simply  the  summation  of  all  the  external  loads, 
including  the  reactions  from  one  end  of  the  span  up  to  the 
section  considered,  it  is  evident,  first,  that  that  stmimation 
may  be  made  from  either  end  of  the  span,  and  second, 
that  the  amounts  so  found  will  be  equal  numerically  but 
affected  by  opposite  signs.  In  determining  the  shear, 
therefore,  in  any  given  case,  it  is  usual  to  make  the  sum- 
mation from  that  end  of  the  span  which  can  be  used  with 
the  greatest  convenience  in  computation. 


-i-fi 


^H 


*-R' 


Fio.  a. 


Fig.  2  exhibits  a  graphical  representation  of  the  pre- 
ceding treatment  of  intermediate  and  end  shears,  MN 
being  the  length  of  span  shown  in  Fig.  i.  MF  is  the 
reaction  R  laid  off  at  a  convenient  scale.  The  weights  or 
loads  Wj,  PVj,  1^3,  etc.,  are  laid  off  vertically  downward  in 
their  proper  locations  at  the  same  scale,  as  shown.  The 
vertical  distance  of  G  below  F  is  the  amount  of  imiform 
load  pa^  between  R  and  \\\  in  Fig.  i ,  also  laid  down  by  the- 
same  scale.     GG^  is,  therefore,  the  shear  in  the  beam  of 
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Fig.  I  immediately  to  the  left  of  W^,  and  Hfi^  is  the  shear 
immediately  to  the  right  of  the  same  load.  Similariy, 
HJi  being  drawn  horizontally,  HK  is  the  amount  of  unifonn 
loading  pa  between  W^  and  PV,.  The  remainder  of  the 
diagram  is  drawn  in  the  same  manner. 

Any  vertical  ordinate  drawn  from  MN  either  up  or 
down  to  the  broken  line  FGH^K  .  .  .  O  represents  the  shear 
at  the  corresponding  point  in  the  span  at  the  same  scale 
used  in  laying  off  the  reactions  and  loads.  QQ^  is  the  shear 
at  the  point  or  section  of  beam  at  Q^,  while  TT^  is  the 
shear  at  the  section  T.  The  shear  is  zero  at  W,  where  it 
changes  its  sign.  At  that  point  also  will  be  found  the 
greatest  bending  moment  in  the  beam. 

As  the  diagram  is  drawn  the  shears  on  the  left  of  W^ 
and  above  MN  are  positive,  those  on  the  right  of  W^  and 
below  MN  being  negative;  but  the  diagram  might  have 
been  drawn  with  equal  propriety  so  as  to  have  made  i?' 
and  the  shears  between  it 'and  W^  positivle  and  those  be- 
tween that  load  and  R  negative. 

A  glance  at  the  diagram  shows  that  the  end  shears, 
equal  to  the  reactions,  are  the  greatest  in  the  span. 


t 
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If  a  beam  carries  a  load  of  concentrations  only  its  shear 
diagram  will  be  illustrated  by  Fig.  3,  in  which  there  are 
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five  loads,  the  diagram  being  composed  of  rectangles  only. 
If,  again,  the  load  is  wholly  tiniform  Fig.  4  will  represent 
the  shear  diagram  composed  of  two  triangles  with  their 
apices  at  C,  the  centre  of  the  span  and  point  of  no  shear. 
Any  vertical  ordinate  drawn  from  MN  in  either  figure 
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to  the  Stepped  Kne  in  the  one  case  and  to  the  straight  line 
in  the  other  will  represent  the  shear  at  the  section  of  beam 
from  which  the  ordinate  is  drawn.  Those  diagrams  repre- 
sent completely  the  graphical  treatment  of  shears  in  all 
cases. 


Art.  13.— Maximum  Reactions  for  Bridge  Floor  Beams. 

Three  transverse  floor  beams  of  a  railroad  bridge  are 
represented  in  Fig.  i  separated  by  the  two  spans  /,  and  / 
which,  in  a  bridge,  represent  the  panel  lengths.  The 
members  AB  and  BC  supporting  the  weights  M^,,  W^, 
etc.,  indicate  the  stringers  which  carry  the  railroad  track 
and  the  train.  The  two  beams  or  stringers  AB  and  BC 
are  considered  simple  non-continuous  beams  resting  on 
the  floor  beams,  but  not  necessarily  nor  usually  on  their 
tops.  The  problem  is  to  determine  the  position  of  the 
locomotive  or  other  train  loads  on  the  adjacent  two  short 
spans  /j  and  /,  so  that  the  reaction  R  on  the  floor  beam 
between  shall  have  its  greatest  value. 

In  Fig.  I  let  a  section  of  the  beam  be  shown  at  R,  and 
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let  the  :x:'s  be  measured  from  the  right  and  left  ends  of 
/  and  /p  while  W^,  W^,  etc.,  W,  W\  etc.,  represent  the 

r- If ^ 1 >J 

« r^m »•  I  i*- *--. *! 

I"-  'I     I 

Fig.  I. 

weights  or  wheel  concentrations  resting  on  the  two  span? 
The  reaction  R  will  then  have  the  value 

.^     l^,^i  +  W,:3i;.+etc.     Wx  +  W'x' +etc.  ,, 

^'  //    + J .      .     (i> 

If  the  whole  system  of  loading  move  to  the  left  by  the  dis- 
tance Jx,  the  new  reaction  will  be 

^,     ^     (W,  +  W,+etc.)  Jx  .  (W  +  W'+etc.)  Ax 
R  ^R j^ + J . 

In  that  position,  which  gives  a  maximum  or  minimum, 
/?'  — i?=o;   hence 

(W,  +  W,  +  W,+etc.)j=(W  +  W'  +  W"+etc.).  .     (2) 

It  will  seldom  happen  that  eq.  (2)  will  be  satisfied 
unless  a  concentration  rest  on  the  pomt  R,  so  that  the 
proper  portion  of  it  may  be  taken  for  one  span  or  the 
other,  precisely  as  in  the  problems  of  maximum  shear 
and  maximum  moments. 

Ordinarily  the  two  adjacent  spans  are  equal,  or  1  =  1^; 

.\  W.-^-W^+etc.^W  +  W'+etc.   .     .     .     (3) 
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Eq.  (3)  shows  that  when  the  two  spans  are  equal,  the 
amounts  of  load  each  side  of  R  must  also  be  equal. 

After  the  proper  position  of  loading  has  been  deter- 
mined, eq.  (i)  will  give  the  maximum  reaction  desired. 

In  computing  this  reaction  it  is  to  be  remembered  that 
there  will  usually  be  a  whole  weight  resting  at  B  which  is 
to  be  added  to  the  amotmts  given  by  eq.  (i)  in  order  to 
find  the  total  reaction  on  the  floor  beam  at  B. 

Art.  14.— Greatest  Bending  Moment  Produced  by  Two 
Equal  Weights. 

Fig.  I  represents  a  non-continuous  beam  with  the  span  / 

Fig.  I. 

supporting  two  equal  weights  P,  P.  These  two  weights  or 
loads  are  to  be  kept  at  a  constant  distance  apart  denoted 
by  a. 

It  is  required  to  find  that  position  of  the  two  loads 
which  will  cause  the  greatest  bending  moment  to  exist 
in  the  beam,  and  the  value  of  that  moment.  The  reac- 
tion /?  is  to  be  found  by  the  simple  principle  of  the  lever. 
Its  value  will  therefore  be 


/ 


-(-f) 


/?=— ^y-^.2P (l) 

Since  the  reaction  R  can  never  be  equal  to  2P,  i'P, 
or  the  shear,  must  be  equal  to  zero  at  the  point  of  applica- 
tion of  one  of  the  loads  P.     In  searching  for  the  greatest 
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moment,  then,  it  will  only  be  necessary  to  find  the  moment 
about  the  point  of  application  of  one  of  the  forces  P.     It 
will  be  most  convenient  to  take  that  one  nearest  R. 
The  moment  desired  will  be 

/      a:'     ax\ 
M^Rx^2P\x--j'-—A (2) 

/     a 

.*.  x^ . 

2     4 

This  value  in  eq.  (2)  gives 

M.-i('-i)'- «, 

Since 

it  appears  that  Mj  is  a  maximum. 

The  shear  5  in  the  section  RP  of  the  span  will  bi  the 
reaction  R  as  given  by  eq.  (i) : 

S.,P_if(.+5) ,4) 

Throughout  the  section  a  the  shear  S'  will  be 

S''S-P'=P-^-j(x+-^ (5) 

Finally,   between   the   right   abutment   and   the   nearest 
weight  the  shear  S,  will  be 


S.=S-2P=-~(*+f). 


(6) 
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If  the  separating  distance,  a,  between  the  two  weights 
Tdc  increased  a  value  may  be  reached  so  great  as  to  make 
the  bending  moment  of  the  pair  of  weights  less  than  that 
produced  by  placing  one  of  them  at  the  centre  of  the  span. 
This  limiting  value  of  a  may  easily  be  found.  The  moment 
-at  the  centre  of  span  produced  by  placing  a  single  weight 
P  there  is 

By  using  eq.  (3) 

'^'=^«'  •••T^50-f)'-  •  •  •  (7) 

By  solving  this  equation 

a  =  /(2-\/7)=.S86/ (8) 

Whenever,  therefore,  the  separating  distance  a  is  equal 
to  or  greater  than  .586  span  length,  the  moment  should 
be  found  by  placing  a  single  weight  P  at  the  centre  of  the 
span. 

Art  15. — Position  of  Uniform  Load  for  Greatest  Shear  and 
Greatest  Bending  Moment  at  any  Section  of  a  Non- 
Continuous  Beam  —  Bending  Moments  of  Concentrated 
Loads. 

A  continuous  load  of  tmiform  density  is  frequently 
employed  in  structural  operations  both  for  beams  and 
trusses,  and  it  is  essential  to  place  such  a  load  so  as  to 
produce  the  greatest  effect  both  for  shears  and  moments. 
The  position  of  loading  for  the  greatest  shear  will  first  be 
found. 
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A  continuous  train  of  any  given  uniform  density  ad- 
vances along  a  simple  beam  of  span  I.  It  is  required  to- 
determine  what  position  of  loading  will  give  the  greatest  shear 
at  any  specified  section. 

In  Fig.  I,  CD  is  the  span  /,  and  A  is  any  section  for 


Fig.  1. 

which  it  is  required  to  find  the  position  of  the  load  for  the 
greatest  transverse  shear.  The  load  is  supposed  to  ad- 
vance continuously  from  C  to  any  point  B,  Let  R  be  the 
reaction  at  D,  and  IP  the  load  between  A  and  B,  The 
shear  5'  at  A  will  be 

R-IP^S' (i) 

Let  R'  be  that  part  of  R  which  is  due  to  IP,  and  /?" 
that  part  due  to  the  load  on  CA ;  evidently  R'  is  less  than 
IP.     Then 

If  AB  carries  no  load,  R'  and  IP  disappear  in  the  value 
of  5.     Hence 

R"  =5 

is  the  shear  for  the  head  of  the  train  at  A.  S  is 
greater  than  5'  because  IP  is  greater  than  R\  But  no  load 
can  be  taken  from  AC  without  decreasing  R".  Hence  the 
greatest  shear  at  any  section  will  exist  when  the  load  extends 
from  the  end  of  the  span  to  that  section,  whatever  be  the  den- 
sity of  the  load. 

In  general,  the  section  will  divide  the  span  into  two  \m- 
equal  segments.  The  load  also  may  approach  from  either 
direction.     The  greater  or  smaller  segment,  then,  may  be 
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covered,  and,  according  to  the  principle  just  established, 
either  one  of  these  conditions  will  give  a  maximum  shear. 
A  consideration  of  these  conditions  of  loading  in  connec- 
tion with  Fig.  I,  however,  will  show  that  these  greatest 
shears  will  act  in  opposite  directions. 

When  the  load  covers  the  greater  segment  the  shear  is 
called  a  main  shear;  when  it  covers  the  smaller,  it  is  called 
a  counter  shear. 

The  determination  of  the  greatest  bending  moment 
^t  any  section  A  of  a  beam  or  truss,  exemplified  by  Fig.  i, 
traversed  by  a  continuous  train  of  uniform  density  is  a 
very  simple  matter.  It  is  clear  that  every  part  of  the 
uniform  load  resting  on  the  beam  will  produce  bending  at 
any  section  considered ;  and  it  is  further  obvious  that  every 
part  of  that  uniform  loading  will  create  a  bending  moment 
at  A  of  the  same  sign.  It  follows,  therefore,  that  the 
entire  span  should  be  covered  by  the  tmiform  train  in  order 
to  produce  a  fnaximum  bending  moment  at  any  section 
of  the  beam  or  truss,  and  that  this  single  position  of  the 
train  will  give  the  maximum  bending  moment  throughout 
the  entire  span. 

The  preceding  position  of  moving  load  is  taken  only  for 
a  train  of  tmiform  density  or  for  a  series  of  uniform  con- 
centrations, each  pair  of  which  is  separated  by  the  same 
distance  as  every  other  pair,  i.e.,  for  a  uniformly  distributed 
system  of  uniform  concentrations. 

The  general  case  of  a  simple  beam  loaded  with  any 
system  of  weights  may  be  represented  by  Fig.  2,  in  which 
the  beam  carries  three  loads  W^,  TFj,  and  W^,  spaced  as 
shown.  The  reactions  or  supporting  forces  R  and  R'  are 
determined  in  the  usual  manner  by  the  law  of  the  lever. 
Hence 

R^W^j  +  W^-j-  +  W^ — I — •      ...     (2) 
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A  similar  value  may  be  written  for  R\  but  it  is  simpler 
after  having  found  one  reaction  to  write 


R^W^-^W^^W^-R. 


(3) 


The  beam  itself  being  supposed  to  have  no  weight,  the 
bending  moments  at  the  points  of  application  of  the  loads 
will  be 


M,=i?(a  +  6+c)-Py,(6+<:)-W,c.  J 


(4) 


After  substituting  the  value  of  R  from  eq.  (2)  in 
eqs.  (4)  the  moments  in  the  latter  equations  will  be  com- 
pfetely  known. 


8'-- -r' 


Fig.  2. 


The  bending  moment  produced  by  each  weight  will  be 
represented  by  the  ordinates  of  the  triangles  shown  in  Fig.  2^ 


-f 


Art.   1 6.  J  BENDING  MOMENT  IN  A  NON-CONTINUOUS  BEAM,      63 

the  restiltant  moments  at  the  points  of  application  of  the 
weights  being  given  by  eqs.  (4).  The  ordinate  CD  repre- 
sents Af  J  in  eqs.  (4)  by  any  convenient  scale.  Similarly 
FH  represents  M^  in  eqs.  (4),  and  KL,  A/,.  The  lines 
ACy  CF,  FKy  and  KB  are  then  drawn.  Any  vertical  inter- 
cept between  AB  and  the  polygon  ACFKB,  fotmd  in  the 
manner  explained,  will  represent  the  bending  moment 
at  the  point  where  the  intercept  is  drawn,  and  to  the  scale 
at  which  M^  A/,,  and  Af,  are  laid  down.  This  intercept  is 
simply  the  sum  of  the  intercepts  of  the  triangles,  each 
representing  the  partial  bending  moment  due  to  a  single 
weight. 

Obviously  the  bending  moments  of  any  number  of  loads, 
of  any  magnitude  or  of  a  tmifonn  load,  even,  may  be  treated 
or  represented  in  the  same  manner. 

The  lower  portion  of  Fig.  2  is  the  shear  diagram  drawn 
precisely  as  explained  for  Fig.  3  of  Art.  12. 

Art  1 6. — Greatest  Bending  Moment  in  a  Non-Continttous 
Beam  Produced  by  Concentrated  Loads. 

The  position  of  the  moving  load  for  the  greatest  bend- 
ing moment  at  any  section  of  a  non-continuous  beam  may 
be  very  simply  determined.  In  Fig.  i,  let  FG  represent 
any  such  beam  of  the  span  /,  and  let  any  moving  load  what- 
ever, as  W, . .  .  Wn' .  .  .  Wn  advance  from  F  toward  G. 
Let  C  be  the  section  at  which  it  is  desired  to  determine  the 
maximum  bending  moment,  and  let  n'  loads  rest  to  the 
left  of  C,  while  n  is  the  total  number  of  loads  on  the  span. 
Finally,  let  xf  represent  the  distance  of  Wnf  from  C  and  to 
the  left  of  that  point,  while  x  is  the  distance  of  Wn  to  the 
left  of  F.  If  a  is  the  distance  between  W^  and  W^,  b  the 
distance  between  W^  and  W,,  c  the  distance  between  W^ 
and  W^,  etc.,  the  reaction  RatG  will  be 
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b+c+ . . .  +x 

I 


.     .     (i) 


+wJl 


The  bending  moment  M  about  C  will  then  take  the 
value 

W,{a  +  b  +  c+  ...  +X') 

+  W,i      b  +  c+...+x') 


M  =  Rl'-i 


Or,  after  inserting  the  value  of  R  from  above, 

M  =-^[W,a  +  (W,  +  W,)b  +  (W,  +  W,  +  W,)c 

+  .  .  .  +(W,  +  W,  +  W,+  .  .  .  +Wn)x]  . 
-Wfi-(W,  +  W^)b-(W,  +  W^  +  W,)c 
-  ...  -(W,  +  W,  +  W,+  .  .  .  +  Wn')x' 

If  the  moving  load  advances  by  the  amount  Jx,  the 
moment  becomes,  since  Jx  =  Jx', 

R 


(2) 


!       CI 

I  o  O  (£" 

i; 

'C. 

f' 

( 

:.Q.                           i 

/' 


Fig.  r. 

M' '=M+j(W,  +  W,  +  W,+  .  . .  +W„)Jx 

-(W,  +  W,+  ...  +Wn')Jx.     (3) 
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Hence,  for  a  maximum,  the  following  value  must  never 
be  negative: 

-(W\-fW';,-h  ...  -fVVV)t  =0.     (4) 
Or  the  desired  condition  for  a  maximum  takes  the  fonh 

i-\\\^\\\\w,^::\w\y,-    •  •  •  (5) 

It  will  seldom  or  never  occur  that  this  ratio  will  exactly 
exist  if  \\\*  is  supposed  to  be  a  whole  weight;  hence  W n' 
will  usually  be  that  part  of  a  whole  weight  at  C  which  is 
necessary  to  be  taken  in  order  that  the  equality  (5)  may 
hold. 

It  is  to  be  observed  that  if  the  moving  load  is  very 
irregular,  so  that  there  is  a  great  and  arbitrary  diversity 
among  the  weights  W,  there  may  be  a  number  of  positions 
of  the  moving  load  which  will  fulfil  cq.  (5),  some  one  of 
which  will  give  a  value  greater  than  any  other;  this  is 
the  absolute  maximum  desired. 

From  what  has  preceded,,  it  follows  that  H'„'  may 
always  be  taken  at  the  point  C  in  question;  hence  x'  in 
eq.  (2)  may  always  be  taken  equal  to  zero  when  that 
equation  expresses  the  greatest  value  of  the  moment.  The 
latter  may  then  take  either  of  the  two  following  forms: 

J/  =  ^-[ W>  +  {\\\  +  W^h  4-  .  ,  .  4-  (H^\  -f  W, 

4-  .  .  .  +  Wr:)x\  -  \\\a  -  {\\\  +  W^h      '  •     ^^^ 
-  ...  -{W,^\\\^  ...  +HV-,)(?). 

^  =  jWi(a  +  &+  ...  +^)+W^(6  +  c+  ...  4-t)        1 

+  W^,((;  +  rf+  .  .  .  +a;)+  .  .  .  +W^jc]         J.    (6a) 
--W,(a  +  6+  ...  +?)-T^7fr+  ..,  +  ?)! 
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In  these  equations  x  corresponds  to  the  position  of 
maximum  bending,  while  the  sign  (?)  represents  the  dis- 
tance  between  the  concentrations  W^^^  ^^^  ^n'. 

It  has  already  been  shown  that  for  any  given  condition 
of  loading  the  greatest  bending  moment  in  the  beam  will 
occur  at  that  section  for  which  the  shear  is  zero.  But  if 
the  shear  is  zero,  the  reaction  R  must  be  equal  to  the  sum 
of  the  weights  {W^  +  W^+  .  .  .  +Wn')  between  G  and  C; 
the  latter  now  being  the  section  at  which  the  greatest 
moment  in  the  span  exists. 

Hence  for  that  section  eq.  (s)  will  take  the  form 

I R ,  . 

l-^W,  +  W,  +  W,+  ...  +Wn'       •     •     •     ^" 

But  if  eg,  is  the  centre  of  gravity  of  the  load  in  Fig.  i^ 
and  if  its  distance  from  F  is  /', 

rJi{W,  +  W,+  ...  +Wn) (8> 

This  equation  in  connection  with  eq.  (7)  shows  that 
the  centre  of  gravity  of  the  load  is  at  the  same  distance 
from  one  end  of  the  beam  as  the  section  or  point  of  greatest 
bending  is  from  the  other.  In  other  words,  the  distance 
between  the  point  of  greatest  bending  for  any  given  system  of 
loading  and  the  centre  of  gravity  of  the  latter  is  bisected  by 
the  centre  of  span. 

If  the  load  is  uniform,  therefore,  it  must  cover  the  whole 
span. 

It  is  to  be  observed  that  eq.  (6)  is  composed  of  the  sums 
]y^^  W^  +  W^,  etc.,  multiplied  by  the  distances  a,  6,  c,  etc. 
Again,  as  in  the  equation  immediately  preceding  eq.  (2), 
the  expression  for  the  moment,  M,  may  be  taken  as  com- 
posed of  the  positive  products  of  each  of  the  single  weights 
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W\,  ir,,  etc.,  multipKed  by  its  distance  from  any  point 
distant  x  to  the  right  of  Wn  and  of  the  negative  products 
similarly  taken  in  reference  to  the  section  located  by  x',  as 
shown  by  eq.  (6a). 

The  practical  application  of  the  preceding  formulae  can 
therefore  best  be  effected  by  means  of  a  tabulation  of  mo- 
ments like  that  shown  in  Table  I,  taken  from  the  standard 
specifications  of  the  N.  Y.  C.  &  H.  R.  R.  R.  Co.  for  1902. 
The  wheel  ^veights  and  train  loads  shown  in  the  table  are 
for  one  rail  only,  i.e.,  they  are  half  those  for  one  track. 
By  comparing  the  weights  and  spacings  with  those  in  Fig.  i 
and  eq.  (6)  it  will  be  seen  that  W^  =  10,000  lbs. ;  W^  = 
20,000  lbs.;  W3  =  20,000  lbs.,  etc.,  and  that  a=8  ft. ;  6  = 
5  ft.;  c  =  5  ft.,  etc. 

In  tising  tables  similar  to  Table  I  for  shears  as  well  as 
for  moments  it  is  convenient  to  have  the  summations  of 
weights,  distances  between  weights  or  spacings  of  loads, 
and  the  moments  already  described  from  each  extremity 
of  the  system  or  series.     An  examination  of  the  table  with 
the  explanatory  notes  at  the  bottom  will  make  its  com- 
position perfectly  clear.     The  figures  on  the  right  of  the 
heavy  stepped  line  are  foimd  by  taking  moments  of  each 
load  or  weight  proceeding  from  load  10  to  the  right.     For 
example :    20,000 x8  =•  160,000 ;    20,000 X (8  +  5)  +  20,000+  8 
=  420,000 ;  20,000  X  (s  +  5  +  8)  +  20,000  X  (s  +  8)  +  20,000  X  8= 
780.000.    Alsoinline  10,  i3,oooX(5+9)+i3,oooX9=299,ooo, 
etc.     Again,  beginning  at  the  right  end  of  line  5,  13,000  X 
5=65,000;    i3»oooX (5 +  5) +  13.000X5  =195,000,  etc.    AH 
the  lines  from  5  to  14  are  made  up  in  a  similar  manner. 
The  method  of  finding  shears  set  forth  in  Art.  12  and 
of  finding  the  greatest  bending  moments  by  eqs.  (5),  (6), 
and  {6a)  of  this  article,  by  the  aid  of  Table  I,  leads  to  the 
numerical  results  shown  in  Table  II.     The  series  of  con- 
centrated loadings  exhibited  in  Tables  I  and  II  are  iden- 
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tical,  arid  they  arc  given  in  the  specifications  of  Mr.  Theo- 
dore Cooi:)er,  C.E.,  as  the  locomotive  loading  **E  40/*  It 
will  be  observed  that  the  entire  train  for  Table  II  is  com- 
posed of  two  coupled  locomotives  followed  by  a  tmiform 
train  of  2000  lbs.  per  linear  foot  for  each  rail,  while  in 
Table  1  the  train  load  is  2250  lbs.  per  linear  foot. 

Table  II  is  taken  from  a  paper  by  Mr.  O.  E.  Selby, 
Jun.  Am.  Soc.  C.  E.,  in  the  *' Trans.  Am.  Soc.  C.  E./'  Vol. 
XLII,  1899.  In  general,  the  computation  of  maximum 
shears  at  arbitrary  points  like  quarter-points  and  the 
centre  is  largely  tentative  by  the  use  of  the  general  methods 
f)f  Art.  12,  but  Mr.  Selby  obtained  his  shears  (of  Table  II) 
l>y  means  of  equivalent  loads,  which  he  explains  in  his 
})aper. 

When  a  uniform  train  load  is  a  part  of  the  system  oi 
loading  it  is  only  necessary  to  consider  any  desired  portion 
of  it  as  acting  through  its  centre  of  gravity,  i.e.,  through 
its  mid-point.  Taking  that  centre  as  its  point  of  applica- 
tion the  separating  space  is  the  distance  from  that  point 
to  the  nearest  concentration.  If  in  Table  II  20  feet  of 
train  load  be  taken,  that  train  weight  will  be  20,000  pounds 
applied  at  the  distance  10 -f  5  =  15  feet  from  load  18.  This 
simple  operation  is  all  that  is  needed  for  any  uniform  load 
or  for  a  series  of  sections  of  uniform  load. 

Pkorlem. 

Let  a  railroad  plate  girder  with  an  effective  span  of  80 
feet  be  traversed  from  right  to  left  by  the  moving  load 
shown  in  Table  II,  except  that  there  will  be  taken  but  one 
locomotive  followed  by  the  uniform  train  load  of  2000  poimds 
])er  linear  foot.  It  is  required  to  find  the  greatest  bend- 
ing moments  and  shears  at  the  centre  and  quarter-points 
of  the  span,  the  dead  load  or  own  w^eight  of  the  span  and 
track  being  taken  at  1400  pounds  per  linear  foot. 
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Dead  Load. 

By  eq.  (6)  of  Art.  17  the  bending  moments  at  the 
quarter-point  and  centre  are,  since  the  reaction,  R,  is 
40X700=28,000: 

Quarter-point,  Centre, 

^  jc  — 20  ft.  ic  —  i/  — 40  ft. 

M^-ilx—x^) 420,000  ft.-lbs.         560,000  ft.-lbs 

Byeq.  (7)  of  Art.  17,  the  shears  at  end,  quarter-point, 
and  centre  are 

End,  Quarter-point,         Centre, 

x^o.  iP  — 20  ft.  ^— 40  ft. 

Shear 28,000  lbs.         14,000  lbs.        zero 


Moving  Load, 

If  wheel  3  be  placed  at  the  quarter-point  there  will  be 

one  locomotive  and  26  feet  of  tmiform  train  load  on  the  span, 

the  latter  being  15  feet  from  the  last  tender  wheel,  which 

V 
may  be  iBpresented  by  wheel  No.  9.     As  y  =  \,  the  criterion, 

/'      30,000  50,000 

^Q.  (5)t  gives  either  t=-^^ or  -^ ,  the  first  being 

^  ^^'^'  ^  /      182,000        182,000  ^ 

too  small  and  the  second  too  large.     Hence  wheel  3  at  the 

quarter-point   is   the    proper   position   for   the   maximum 

bending  moment.      In  eq.    (6)   or   (6a),    Wn  =  Ao.ooo  lbs. 

and    :x:  ==  10 ;     also    Wn'  _,  =  1^2  =  20,000    lbs.     Hence    the 

bending  moment  has  the  value 

M  =  ^(4,206,000  4- 142,000  X  20  +  40,000  X 10)  —  230,000 

=  1,742,500  ft.-lbs. 

If  wheel  5  be  placed  at  the  centre  of  the  span  ten  feet 
of  tmiform  train  load  will  rest  on  the  girder,  making  a 
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total  of  162,000  pounds       The  criterion,  eq.  5,  then  gives, 

/'      70,000  90,000     ^,      ^    ^       ,       ,    .       1        ^,         , 

-7  ==-7 or  —J ,  the  first  value  being  less  than    4 

./     162,000         162,000  ** 

and  the  second  greater.     Hence  the  trial  position  is  cor- 
rect, and  the  corresponding  greatest  moment  will  be 

I 
M  =  i(4,2o6,ooo  +  142,000  X 10  +  20,000  X  5)  —  830,000 

=  2,033,000  ft.-lbs^ 

As  the  span  is  80  ft.,  the  uniform  load  giving  the  sarnie 
centre  moment  as  the  actual  load,  i.e.,  the  equivalent  uni- 
form load,  is 

^^8oX8o'  2?^33»ooo  =  2541  lbs.  per  linear  foot, 

the  total  bending  moment  at  the  quarter-point  will  then  be- 
1,742,500  +  420,000  « 2,162,500  ft. -lbs. 

And  at  the  centre 

2,033,000  +  560,000  =  2,593,000  ft.-lbs. 

The  end  shear  will  be  found  by  placing  W,  at  the  left 
end  of  the  span,  requiring  35  feet  of  train  load  to  be  on  the 
girder.  The  reaction,  i.e.,  the  end  shear,  at  the  left  end 
of  the  span  will  then  be  written  by  the  aid  of  Table  I : 

Reaction  =end  shear  = 

4,206,000+ (142,000— To,ooo')X35+ 70,000X1 7.5— 10,000X53 

80 

=  119,013  lbs. 

The  equivalent  uniform  load  producing  the  same  shear 
is 

p  = ' —  =  2975  lbs.  per  linear  foot. 
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The  shear  at  the  quarter  point  will  be  found  by  placing 
W^  at  that  point,  requiring  lo  feet  of  train  load  to  be  on 
the  girder.  The  reaction  at  the  left  end  of  the  span  will 
then  be 

^     4,206,000+142,000X10  + 20,000  XS  „ 

K  = g^ =  7i»57S  Ids. 

The  shear  at  the  quarter-point  will  therefore  be 

71,575 -10,000  =61, 575  lbs. 

The  centre  shear  will  be  found  by  placing  W^  at  the 
centre  of  the  span,  requiring  W^  to  be  at  the  right-hand 
extremity  of  the  span.  The  reaction  at  the  left-hand  end 
of  the  span  will  then  be 

4,206,000-142,000X5     ^ ^  ^^^  |. 
/<  = ^ -43,700  lbs. 

The  centre  shear  will  then  be 

43,700  — 10,000  =  33,700  lbs. 

The  total  shears  at  the  end,  quarter-point,  and  centre 
will  have  the  values 

At  end 119,013  +  28,000  =  147,013  lbs. 

At  quarter-point 61,575  + 14,000  =   7S>575  lbs. 

At  centre =   33>7oo  lbs. 

There  may  be  more  than  one  position  of  concentrated 
loadings  satisfying  the  criterion,  eq.  (5),  as  may  be  seen 
by  trial.  Such  maxima  must  frequently  be  sought,  and 
they  can  be  found,  if  existing,  with  little  trouble. 
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Art;  17.— Moments  and  Shears  in  Special  Cases. 

Certain  special  cases  of  beams  are  of  such  common 
occurrence,  and  consequently  of  such  importance,  that  a 
somewhat  more  detailed  treatment  than  that  already 
given  may  be  deemed  desirable.  The  following  cases  are 
of  this  character: 

Case  L 

Let  a  non-continuous  beam  supporting  a  single  weight 

P  at  any  point  be  con- 
sidered, and  let  such  a 
beam  be  represented  in 
Fig.  I.  If  the  span  RR' 
is  represented  by 

Fig.  I.  l^a+b^RP+R'P, 

the  reactions  R  and  /?'  will  be 

/?=yP,    and    /?'=^P (i) 

Consequently,  if  x  represents  the  distance  of  any  sec- 
tion in  RP  from  /?,  while  xf  represents  the  distance  of  any 
section  of  R'P  from  R\  the  general  values  of  the  bending 
moments  for  the  two  segments  a  and  b  of  the  beam  will  be 

M=Rx,    and     M'^R'x' (2) 

These  two  moments  become  equal  to  each  other  and 
represent  the  greatest  bending  moment  in  the  beam  when 

x^a    and    x^  =  b, 

or  when  the  section  is  taken  at  the  point  of  application  of  the 
load  P. 

Eq.  (2)  shows  that  the  moments  vary  directly  as  the 
distances  from  the  ends  of  the  beam.  Hence  i[  AP  (nor- 
mal to  RR')  is  taken  by  any  convenient  scale  to  represent 
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ab 
the  greatest  moment,  -y-P,  and  if  RAR'  is  drawn,  any 

intercept  parallel  to*i4P  and  lying  between  RAR^  and  RR^ 
will  represent  the  bending  moment  for  the  section  at  its 
foot  by  the  same  scale.  In  this  manner  CD  is  the  bend- 
ing moment  at  D, 

The  shear  is  uniform  for  each  single  segment;  it  is 
evidently  eqiaal  to  R  for  RP  and  /?'  for  R'P.  It  becomes 
zero  at  P,  where  is  found  the  greatest  bending  moment. 

Case  IL 

Again,  let  Fig.  2  represent  the  same  beam  shown  in 
Fig.  I,  but  let  the  load  be  one  of  uniform  intensity,  p^ 
extending  from  end  to  end  of  the  beam.  Let  C  be  placed 
at  the  centre  of  the  span, 
and  let  R  and  R',  as  before, 
represent  the  two  reactions. 
Since  the  load  is  sjnnmetri- 
cal  in  reference  to  C, 

For    the    same    reason    the 
moments  and  shears  in  one  Fig.  2. 

half  of  the  beam  will  be  exactly  like  those  in  the  o.ther; 
consequently  reference  will  be  made  to  one  half  of  the 
beam  only.  Let  x  and  x^  then  be  measured  from  R 
toward  C  The  forces  acting  upon  the  beam  are  R  and 
p,  the  latter  being  imiformly  continuous.  Applying  the 
formulae  for  the  bending  moment  at  any  section  x^  re- 
membering that  x^  has  all  values  less  than  x. 


M=-Rx-p  I    (x-x,)dx' 
px^ 


M^Rx^' 


(3) 
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Certain  special  cases   of    beams 
occurrence,  and  consequently  of  si 
somewhat   more    detailed     treatmc 
given  may  be  deemed  desirable, 
of  this  character: 

Case  I, 

Let  a  non-continuous    beam  si 


S' 


Fio.  I. 
the  reactions  R  and  /?'  will  be 

R—jPy    and 

Consequently,  if  x  represents 
tion  in  RP  from  /?,  while  x'  repr. 
section  of  R'P  from  /?',  the  geiv 
moments  for  the  two  segments  u 

M^Rx,    and 

These  two  moments  become 
represent  the  greatest  bending  m^ 

^^a    and 

or  when  the  section  is  taken  at  tti. 

load  P, 

Eq.    '^  that  tht 

distance 
mal  to-^ 
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ortical  intercept,  as  HGy  included  between 

oing  zero  at  the  centre,  the  greatest  bending 
ilso  be  foiind  at  that  point.     This  is  also 

inspection  of  the  loading. 

Case  I  shows  that  if  a  beam  of  span  /  carries  a 

its  centre,  the  moment  M  at  the  same  point 


M.  = 


W  I 


Wl 

"  8  • 


(8) 


-lird  member  of  eq.  (8)  is  identical  with  the  third 

'^>f  cq.   (5).     It   is   shown,  therefore,  that  a    load 

I  ted  at  the  centre  of  a  non-continuous    beam    will 

ic  safne  moment,  at  that  centre,  as  double  the  same 

liformly  distributed  over  the  span. 

s.  (5)  and  (8)  are  much  used  in  connection  with  the 

ig  of  ordinary  non-continuous  beams,  whether  solid 

'.ged;  and  such  beams  are  frequently  found. 

Case  ITL 

lie  third  case   to   be  taken  is  a  cantilever  uniformly 

tl;    it  is  shown  in  Fig.  3.     Let 

measured  from  the  free  end  A, 

k  t  the  tmiform  intensity  of  the 
•  1  )e  represented  by  p.  The  load 
lis  with  its  centre  at  the  distance 
irom  the  section  x.  Hence  the 
red  moment  will  be 


^      2 


pxl 

2 

If  .15  =  I,  the  moment  at  B  is 


(9) 


Fig.  3. 


(10) 


76  FLEXURE.  [Ch.  11 F. 

If  /  is  the  span,  at  C,  M  becomes 

^^-^i <4> 

But  because  the  load  is  uniform 

pi 


2 


Hence 


if  W  is  put  for  the  total  load.     Placing 
in  eq.  (3), 


T?--^ 
^"T' 


M=^^{lx-x^) (6) 

The  moments  M,  therefore,  are  proportional  to  the 
abscissae  of  a  parabola  whose  vertex  is  over  C,  and  which 
passes  through  the  origin  of  coordinates  R.  Let  AC,  then, 
normal  to  RR\  be  taken  equal  to  Mj,  and  let  the  parabola 
RAR'  be  drawn.  Intercepts,  as  FH,  parallel  to  AC,  will 
represent  bending  moments  in  the  sections,  as  //,  at  their 
feet.- 

The  shear  at  any  section  is 


^    dM     ^  (I       \ 


(7) 


or  it  is  equal  to  the  load  covering  that  portion  Ql,Jhe.beam. 
between  the  section  in  question  and  the  cenlre. 

Eq.  (7)  shows  that  the  shear  at  the  centre  is  zero;  it 
also  shows  that  S=i?  at  the  ends  of  the  beam.  It  further 
demonstrates  that  the  shear  varies  directly  as  the  distance 
from  the  centre.  Hence,  take  RB  to  represent  R  and  draw 
BC,     The  shear  at  any  section,  as  //,  will  then  be  repre- 
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sented  by  the  vertical  intercept,  as  HG,  included  between 

BC  and  RC. 

•  The  shear  being  zero  at  the  centre,  the  greatest  bending 

moment  will  also  be  fotmd  at  that  point.     This  is  also 

evident  from  inspection  of  the  loading. 

Eq.  (2)  of  Case  I  shows  that  if  a  beam  of  span  /  carries  a 

W 
weight  —  at  its  centre,  the  moment  M  at  the  same  point 


will  be 


M..^L.^- 


w 

4 


Wl 
8" 


(8) 


The  third  member  of  eq.  (8)  is  identical  with  the  third 
member  of  eq.  (5).  It  is  shown,  therefore,  that  a  load 
concentrated  at  the  centre  of  a  non-continuous  beam  will 
cause  the  same  moment,  at  that  centre,  as  double  the  same 
load  uniformly  distributed  over  the  span, 

Eqs.  (5)  and  (8)  are  much  used  in  connection  with  the 
bending  of  ordinary  non -continuous  beams,  whether  solid 
or  flanged;  and  such  beams  are  frequently  found. 

Case  ITL 
The  third  case  to  be  taken  is  a 
loaded;  it  is  shown  in  Fig.  3.  Let 
X  be  measured  from  the  free  end  A , 
and  let  the  uniform  intensity  of  the 
load  be  represented  by  p.  The  load 
px  acts  with  its  centre  at  the  distance 
]x  from  the  section  x.  Hence  the 
desired  moment  will  be 


cantilever  uniformly 


If  AB 


M 

X 

2 

(< 

3" 

/,  the  moment  at  B 

is 

M,  =  - 

2 

Fig.  3. 


(to) 
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The  negative  sign  is  used  to  indicate  that  the  lower  side 
of  the  beam  is  subjected  to  compression.  In  the  two  pre- 
ceding cases,  evidently  the  upper  side  is  in  compression.- 

The  shear  at  any  section  is 

^=-^=="^^ ("> 

Hence  the  shear  at  any  section  is  the  load  between  the  free 
end  and  that  section. 

Eq.  (9)  shows  that  the  moments  vary  as  the  square 
of  the  distance  from  the  free  end;  consequently  the 
moment  curve  is  a  parabola  with  the  vertex  at  A,  and 
with  a  vertical  axis.  Let  BC,  then,  represent  M^  by  any 
convenient  scale  and  draw  the  parabola  CD  A.  Any  ver- 
tical intercept,  as  DF,  will  represent  the  moment  at  the 
section,  as  F,  at  its  foot. 

Again,  let  BG  represent  the  shear  pi  at  B,  then  draw 
the  straight  line  AG.  Any  vertical  intercept,  as  HF,  will 
then  represent  the  shear  at  the  corresponding  section  F. 


Art.  18. — Recapitulation  of  the  General  Formulse  of  the 
Common  Theory  of  Flexure. 

It  is  convenient  for  many  purposes  to  arrange  the 
formulae  of  the  Common  Theory  of  Flexure  in  the  most 
general  and  concise  form.  In  this  article  the  preceding 
general  formulae  for  shear,  strains,  resisting  moments,  and 
deflections  will  be  recapitulated  and  so  arranged.  In 
order  to  complete  the  generalization,  the  summation  sign  I 
will  be  used  instead  of  the  sign  of  integration. 

In  Fig.  I,  let  ABC  represent  the  centre  line  of  any  bent 
beam ;  AF,  a  vertical  line  through  A ;  CF,  a  horizontal  line 
through  C,  while  A  is  the  section  of  the  beam  at  which  the 


Art.  1 8.]     FORMULjC  OF  COMMON  THEORY  OF  FLEXURE.  79 

deflection  (vertical  or  horizontal)  in  reference  to  C,  the 
bending  moment,  the  shearing  stress,  etc.,  are  to  be  deter- 
mined. As  shown  in  figure,  let  x  be  the  horizontal  coor- 
dinate meastired  from  A,  and  y  the  vertical  one  measured 
from  the  same  point ;  then  let  z  be  the  horizontal  distance 
from  the  same  point  to  the  point  of  application  of  any 
external  vertical  force  P.  To  complete  the  notation,  let  D 
be  the  deflection  desired ;  M j,  the  moment  of  the  external 


Fig.  I. 

forces  about  A ;  5,  the  shear  at  A ;  P',  the  strain  (exten* 
sion  or  compression)  per  tmit  of  length  of  a  fibre  parallel  to . 
the  neutral  stirface  and  situated  at  a  normal  distance  of 
unity  from  it ;  /,  the  general  expression  of  the  moment  of 
inertia  of  a  normal  cross-section  of  the  beam,  taken  in 
reference  to  the  neutral  axis  of  that  section ;  E,  the  coeffi- 
cient of  elasticity  for  the  material  of  the  beam ;  and  M  the 
moment  of  the  external  forces  for  any  section,  as  B. 

Again,  let  J  be  an  indefinitely  small  portion  of  any 
normal  cross-section  of  the  beam,  and  let  y  be  an  ordinate 
normal  to  the  neutral  axis  of  the  same  section.  By  the 
**  common  theory  '*  of  flexure,  the  intensity  of  stress  at  the 
distance  y  from  the  neutral  stirface  is  (yP'E).  Conse- 
quently the  stress  developed  in  the  portion  J  of  the  sec- 
tion is  EP'y  A^  and  the  resisting  moment  of  that  stress- 
IS  EP'y^A. 

The  resisting  moment  of  the  whole  section  will  there- 
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fore  be  found  by  taking  the  sum  of  all  such  moments  for 
its  whole  area. 
Hence 

Hence,  also, 

^  ^EI' 

If  n  represents  an  indefinitely  short  portion  of  the 
neutral  surface,  the  strain  for  such  a  length  of  fibre  at  unit's 
distance  from  that  surface  will  be  nP\ 

If  the  beam  were  originally  straight  and  horizontal,  n 
would  be  equal  to  dx. 

P'  being  supposed  small,  the  effect  of  the  strain  nP'  at 
any  section,  By  is  to  cause  the  end  A  of  the  chord  BA  to 
move  vertically  through  the  distance  nP'x, 

If  BK  and  BA  (taken  equal)  are  the  positions  of  the 
chords  before  and  after  flexure,  nP'x  will  be  the  vertical 
distance  between  A'  and  A. 

By  precisely  the  same  kinematical  principle  the  ex- 
pression nP'y  will  be  the  horizontal  movement  of  ^  in 
reference  to  B. 

Let  InP'x  and  InP'y  represent  summations  extending 
from  A  to  C,  then  will  those  expressions  be  the  veitical  and 
horizontal  deflections  respectively  oi  A  m  reference  to  C. 
It  is  evident  that  these  operations  are  perfectly  general, 
and  that  x  and  y  may  be  taken  in  any  direction  whatever. 

The  following  general  but  strictly  approximate  equa- 
tions relating  to  the  subject  of  flexure  may  now  be  written 

S    =IP (i) 


M,  =  IPz (2) 

M 
"EI' 


M 
P'-m (3) 
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M 
£nP'  =  Inj,j (4) 

D  ^InP'x^l"^.   .....     (5) 

A  =  i-«P'y  =  i'^ (6) 

Dfc  represents  horizontal  deflection. 

The  summation  IPz  must  extend  from  /I  to  a  point  of 
no  bending,  or  from  >1  to  a  point  at  which  the  bending 
moment  is  M/.     In  the  latter  case 

M,^IPz  +  M,' (7) 

M/  may  be  positive  or  negative. 


I  ^     Art.  19.— The  Theorem  of  Three  Moments. 

! 

The  object  of  this  theorem  is  the  determination  of  the 
relation  existing  between  the  bending  moments  which  are 
found  in  any  continuous  beam  at  any  three  adjacent  points 
of  support.  In  the  most  general  case  to  which  the  theorem 
applies,  the  section  of  the  beam  is  supposed  to  be  variable, 
the  points  of  support  are  not,  supposed  to  be  in  the  same 
JevgL  and  at  any  point,  or  all  points,  of  support  there  may 
be  constraint  applied  to  the  beam  external  to  the  load 
which  it  is  to  carry ;  or,  what  is  equivalent  to  the  last  con- 
dition, tjie  beam  may  not  be  straight  at  any  point  of  sup- 
Dort  before  flexure  takesjDJace.         '"* 

Before  establishing  the  theorem  itself,  some  prelimi- 
nary matters  must  receive  attention. 

If  a  beam  is  simply  supported  at  each  end,  the  reactions 
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are  found  by  dividing  the  applied  loads  according  to  the 
simple  principle  of  the  lever.  If,  however,  either  or  both 
ends  are  not  simply  supported,  the  reaction  in  general  is^ 
greater  at  one  end  and  less  at  the  other  than  woidd  be 
found  by  the  law  of  the  lever;  a  portion  of  the  reaction  at 
one  end  is,  as  it  were,  transferre'd  to  the  other.  The  trans- 
ference can  only  be  accomplished  by  the  application  of  a 
couple  to  the  beam,  the  forces  of  the  couple  being  applied 
at  the  two  adjacent  points  of  support;  the  span,  conse- 
quently, will  be  the  lever-arm  of  the  couple.  The  existence 
of  equilibrium  requires  the  application  to  the  beam  of  an 
eqtial  and  opposite  couple.  It  is  only  necessary,  however^ 
to  consider,  in  connection  with  the  span  AB,  the  one  shown 
in  Fig.  I.     Further,  from  what  has  immediately  preceded,. 


Fig.  I. 


it  appears  that  the  force  of  this  couple  is  equal  to  the 
difference  between  the  actual  reaction  at  either  point  of 
support  and  that  found  by  the  law  of  the  lever.  The 
bending  caused  by  this  couple  may  evidently  be  of  an 
opposite  kind  to  that  existing  in  a  beam  simply  supported 
at  each  end. 

These  results  are  represented  graphically  in  Fig.  i.     A 
and  B  are  points  of  support,  and  AB  is  the  beam ;  AR  and 
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BR'  are  the  reactions  according  to  the  law  of  the  lever; 
RF^R'F  is  the  force  of  the  applied  couple;  consequently 

AF^AR  +  RF    and    BF^BR'-(R'F^RF) 

are  the  reactions  after  the  couple  is  applied.  As  is  well 
known,  lines  parallel  to  CK,  drawn  in  the  triangle  ACB, 
represent  the  bending  moments  at  the  various  sections  of 
the  beam,  when  the  reactions  are  AR  and  BR\  Finally, 
vertical  lines  parallel  to  \/^G,  in  the  triangle  QHG^  wiU 
represent  the  bending  moments  caused  by  the  force  R^F. 

In  the  general  case  there  may  also  be  applied  to  the 
beam  two  equal  and  opposite  couples  having  axes  passing 
through  A  and  B  respectively.  The  effect  of  such  couples 
will  be  nothing  so  far  as  the  reactions  are  concerned,  but 
they  will  cause  imiform  bending  between  A  and  B,  This 
uniform  or  constant  moment  may  be  represented  by  ver- 
tical lines  drawn  parallel  to  AH  or  LN  (equal  to  each 
other)  between  the  lines  AB  and  HQ.  The  restdtant 
moments  to  which  the  various  sections  of  the  beam  are 
subjected  will  then  be  represented  by  the  algebraic  sum 
of  the  three  vertical  ordinates  included  between  the  lines 
ACB  and  GQ.  Let  that  resultant  be  called  M.  This 
composition  of  the  resultant  moment  M  will  be  mad^ 
clearer  by  reference  to  Figs.  2  and  3.  Fig.  2  shows  the 
component  moment  due  to  the  single  force  F  acting  with 
the  lever-arm  /  so  that  its  moment  increases  directly  as 
the  distance  from  B,  Fig.  3,  on  the  other  hand,  shows  the 
component  moment  due  to  the  two  equal  and  opposite 
couples  acting  at  the  ends  of  the  span.  The  resultant 
moment  M  is  the  algebraic  sum  of  the  three  component 
moments,  shown  combined  in  Fig.  i. 

Let  the  moment  GA  be  called  Ma^  and  the  moment 

BQ^LN^HA^Mt. 
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Also  designate  the  moment  caused  by  the  load  P,  shown 
by  lines  parallel  to  CK  in  ACB,  by  Mj.  Then  let  x  be  any 
horizontal  distance  measured  from  A  toward  B\  I  the 
horizontal  distance  AB\  and  z  the  distance  of  the  point  of 


Fig. 


Fig.  3. 

application,  K,  of  the  force  P  from  A.    With  this  nota- 
tion there  can  be  at  once  written 

j.^^  M=M„(^)+M6(|^+A/, (i) 

'    X       -  -    - 

Eq.  (i)  is  simply  the  general  form  of  eq.  (2),  Art.  18, 
It  is  to  be  noticed  that  Fig.  i  does  not  show  all  the 
moments  Ma,  M^,  and  ilf,  to  be  the  same  sign,  but  for 
convenience  they  are  so  written  in  eq.  (i). 

The  formula  which  represents  the  theorem  of  three 
moments  can  now  be  written  without  difficulty.  The 
method  to  be  followed  involves  the  improvements  added 
by  Prof.  H.  T.  Eddy,  and  is  the  same  as  that  given  by  him 
in  the  ''American  Journal  of  Mathematics,"  Vol.  I.,  No.  i. 
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Fig.  4  shows  a  portion  of  a  continuous  beam,  including 
two  spans  and  three  points  of  support.  The  deflections 
will  be  supposed  measured  from  the  horizontal  line  NQ. 


Fig.  4. 

The  spans  are  represented  by  la  and  I/,  the  vertical  dis- 
tances of  NQ  from  the  points  of  support  by  Ca,  ^t,  and  c^; 
the  moments  at  the  same  points  by  Ma,  M^,  and  M^,  while 
the  letters  5  and  R  represent  shears  and  reactions  re- 
spectively. 

In  order  to  make  the  case  general,  it  will  be  supposed 
that  the  beam  is  curved  in  a  vertical  plane,  and  has  an 
elbow  at  6,  before  flexure,  and  that,  at  that  point  of  sup- 
port, the  tangent  of  its  inclination  to  a  horizontal  line, 
toward  the  span  /«,  is  ^  while  f  represents  the  tangent  on 
the  other  side  of  the  same  point  of  support ;  also  let  d  and 
df  be  the  vertical  distances,  before  bending  takes  place,  of 
the  points  a  and  c,  respectively,  below  the  tangents  at  the 
point  h. 

A  portion  of  the  difference  between  Ca  and  Ch  is  due  to 
the  original  inclination,  whose  tangent  is  t,  and  the  original 
lack  of  straightness,  and  is  not  caused  by  the  bending; 
that  portion  which  is  due  to  the  bending,  however,  is, 
remembering  eq.  (5),  Art.  18, 

D'-Ca-CB-lat-d^I^-^. 
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'-    Fig.  5  will  make  clear  the  component  parts  of  the  value 
of  D  in  the  preceding  equation. 

By  the  aid  of  eq.  (i)  this  equation  may  be  written: 

EiCa-Ch-lat-d) 

./[|M.(tf),M.(|)+M,}=].     (,> 

In  this  equation,  it  is  to  be  remembered,  both  x  and  z 
(involved  in  MJ  are  measured  from  support  a  towaid 


Fio.  5. 

support  6.  Now  let  a  similar  equation  be  written  for  the 
span  /^,  in  which  the  variables  x  and  z  wiU  be  measured 
from  c  toward  6.    There  will  then  result 

-<[{M.(^').M.(f).M4f].     ,„ 

*  When  the  general  sign  of  summation  is  displaced  by 
the  integral  sign,  n  becomes  the  differential  of  the  axis  of 
the  beam,  or  ds.  But  ds  may  be  represented  by  udx,  u 
being  such  a  function  of  x  as  becomes  tmity  if  the  axis  of 
the  beam  is  originally  straight  and  parallel  to  the  axis  of  x. 
The  eqs.  (2)  and  (3)  may  then  be  reduced  to  simpler  forms 
by  the  following  methods : 
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In  eq.  (2)  put  ^ 

'/l-a\xn    1    f'u{l„-x)xdx     x^  f'u{k-x)dx  . 

Also  ~ 

Also 

*^f\{U-x)dx^^'fJ{U-x)dxJ^.      (6) 

In  the  same  manner 

"^^     I  r'ux'dx    x^  P'uxdx 

Also 

Xa'    r'Uxdx       ia'xj    f       , 

And 

^  £  ^*xdxJ^^^  £xdx~    ^-^-^-^\     .       (9) 

Again,  in  the  same  manner, 

I  —\-  "iiaU^a^M^dX (10) 

Using  eqs.  (4)  to  (10),  eq.  (2)  may  be  written: 

la 
S(C^-C^-U-d)  "-(MaUaiaXa  +  MhUa'ia'Xa') 

+ u^Jia^l  M^xJx.      (i  r) 
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Proceeding  in  precisely  the  same  manner  with  the  span: 
'«»  eq.  (3)  becomes 

e 
+  Ui/^^I  M^xJx.       (l2> 
b 

The  quantities  Xa  and  x^  are  to  be  determined  by  apply- 
ing eq.  (4)  to  the  span  indicated  by  the  subscript ;  while 
«a,  Uf  «c»  ^nd  *«  ^^  ^o  be  determined  by  using  eqs.  (5)  and 
(6)  in  the  same  way.  Similar  observations  apply  to  Ua\, 
tat  ^a'»  w/»  i/y  and  x/  taken  in  connection  with  eqs.  (7),. 
(8),  and  (9). 

If  7  is  not  a  continuous  function  of  x,  the  various  inte- 
grationr>  of  eqs.  (4),  (5),  (7),  and  (8)  must  give  place  to. 
summations  (I)  taken  l^etwecn  the  proper  limits. 

Dividing  eqs.  (11)  and  (12)  by  /«  and  /^  respectively,, 
and  adding  the  results, 

J^rM.xdx  +  '^^M.xAx 

+  i  {MaUaiaXa  +  MiUa'ta'xJ  +  M  ^U^tJX^^-  M^uJiJxJ) 

in  which  r^^  +  Z'. 

Eq.  (13)  is  the  most  general  form  of  the  theorem  of* 
three  moments  if  E,  the  coefficient  of  elasticity,  is  a  con- 
stant quantity.  Indeed,  that  equation  expresses,  as  it 
stands,  the  **  theorem  "  f or  a  variable  coefficient  of  elas- 
ticity if  {ie)  be  written  instead  of  1 ;  e  representing  a  quan- 
tity determined  in  a  manner  exactly  similar  to  that  used 
in  connection  with  the  quantity  i. 


(i3> 
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In  the  ordinary  case  of  an  engineer's  experience  r=o, 
rf = d'  =  o,  /  =  constant,  u^u^^u^^ etc, ,  =  c'  =  secant  of  the 
inclination  for  which  t^^—f  is  the  tangent;  consequently 


«.=*.'=»*- 

■»/=*«--=  C  =7 

From  eq.  (4) 

2I, 
*.-- 5-. 

^ 
''•"t- 

"Prom  eq.  (7) 

*•       6  • 

^«  ~  6' 

The  summation  IM^xAx  can  be  readily  made  by  refer- 
ring to  Fig.  I. 

The  moment  represented  by  CK  in  that  figure  is 

-(¥)-.    ■ 

consequently  the  moment  at  any  point  between  A  and  /f » 
due  to  P,  is 

Between  K  and  B 

I 

Using  these  quantities  for  the  span  /^, 
IM,xJx^    rM,xdx+   f\f/xdx  =  iP{l^'-z')z. 


/ 
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For  the  span  l^  the  subscript  a  is  to  be  changed  to  c. 
Introducing  all  these  quantities  eq.  (13)  becomes,  after 
providing  for  any  ntunber  of  weights,  P:       /  ^ 

+  fiP(/a'-2>+fi/^(//-^')^.  (14) 

Eq-.  (14),  with  c^  equal  to  unity,  is  the  form  in  which  the 
theorem  of  three  moments  is  usually  given ;  with  c'  equal 
to  unity  or  not,  it  applies  only  to  a  beam  which  is  straight 
before  flexure,  since 

If  such  a  beam  rests  on  the  supports  a,  6,  and  c,  before 
bending  takes  place. 


la       '^  h 

and  the  first  member  of  eq.  (14)  becomes  zero. 

If,  in  the  general  case  to  which  eq.  (13)  applies,  the 
deflections  c^,  c^,  and  c^  belong  to  the  beam  in  a  position 
of  no  bending,  the  first  member  of  that  equation  disappears, 
since  it  is  the  sum  of  the  deflections  due  to  bending  only 
for  the  spans  l^  and  /^,  divided  by  those  spans,  and  each 
of  those  quantities  is  zero  by  the  equation  immediately 
preceding,  eq.  (2).  Also,  if  the  beam  or  truss  belonging 
to  each  span  is  straight  between  the  points  of  support 
(such  points  being  supposed  in  the  same  level  or  not)^  u^  « 
u/ =u^^=^  constant,  and  u^^u/  ^u^^^  another  constant.  If, 
finally,  /  be  again  taken  as  constant,  x^  and  x^,  as  well  aa 
IM^xAx,  will  have  the  values  found  above. 

Prom  these  considerations  it  at  once  follows  that  the 
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second  member  of  eq.  (14),  put  equal  to  zero,  expresses 
the  theorem  of  three  moments  for  a  beam  or  truss  straight 
between  points  of  support,  when  those  points  are  not  in 
the  same  level,  but  when  they  belong  to  a  configuration 
of  no  bending  in  the  beam.  Such  an  equation,  however, 
does  not  belong  to  a  beam  not  straight  between  points  of 
support. 

The  shear  at  either  end  of  any  span,  as  /^,  is  next 
to  be  found,  and  it  can  be  at  once  written  by  referring  to 
the  observations  made  in  connection  with  Fig.  1/  It  was 
there  seen  that  the  reaction  found  by  the  simple  law  of 
the  lever  is  to  be  increased  ori  decreased  for  the  continuous 
beam,  by  an  amount  found  by  dividing  the  difference  of 
the  moments  at  the  extremities  of  any  span  by  the  span 
itself.  Referring,  therefore,  to  Fig.  4,  for  the  shears  5, 
there  may  at  once  be  written: 

■   S^^IP'^-^^ (xs) 


s,'=ip£+iii^.v 


(16) 


St  =  £Pj+ — J (17) 


'c 


The  negative  sign  is  put  before  the  fraction 

KrzM, 


L 


™  ®q.  (15)  because  in  Fig.  i  the  moments  M^  and  M^  are 
represented  opposite  in  sign  to  that  caused  by  P,  while  in 
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eq.  (i)  the  three  moments  are  given  the  same  sign,  as  has 
already  been  noticed. 

Eqs.  (is)  to  (i8)  are  so  written  as  to  make  an  upward 
reaction  positive,  and  they  may,  perhaps,  be  more  simply 
fotmd  by  taking  moments  about  either  end  of  a  span.  For 
example,  taking  moments  about  the  right  end  of  /^, 

Prom  this,  eq.  (15)  at  once  results.  Again,  moments, 
about  the  left  end  of  the  same  span  give 

S.X'-IPz  +  M.^M,, 

This  equation  gives  eq.  (16),  and  the  same  process  will 
give  the  others. 

If  the  loading  over  the  different  spans  is  of  uniform 
intensity,  then,  in  general,  P=wdz,  w  being  the  intensity. 
Consequently 

IP(l^-z^)z^  /   w(l^-z^)zdz=w—. 
Jo  4 

In  all  equations,  therefore,  for 
}lP(l^^^z')z 

/   ' 

there  is  to  be  placed  the  term  w^-^ ;  and  for 

4 

/  ' 

the  term  uf~.     The  letters  a  and  c  mean,  of  course,  that 
4 

reference  is  made  to  the  spans  /^  and  /^. 
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From  Fig.  4,  there  may  at  once  be  written : 

R  -sj+s^ (,9) 

R'  =S,'  +  S, (20) 

R"=S/  +  S, (21) 

etc.  =etc.  +etc. 


■f 


Art.  20. — ^Reaction  under  Continuous  Beam  of  any  Number 

of  Spans. 


The  general  value  of  the  reactions  at  the  points  of  sup- 
port under  any  continuous  beam  have  been  given  in  eqs. 
(19),  (20),  (21),  etc.,  of  the  preceding  article.  Before  those 
equations,  however,  can  be  applied  to  any  partictilar  case, 
the  values  of  the  bending  moments,  which  appear  in  the 
expressions  5„  5/,  5^,  etc.,  for  the  shears,  must  be  deter- 
mined. In  the  application  of  the  theorem  of  three  mo- 
ments, it  is  invariably  virttially  assumed  that  the  contin- 
uous beam  before  flexure  is  straight  between  the  points 
of  support,  and  that  the  latter  belong  to  a  configuration 
of  no  bending.  The  moment  of  inertia  I  and  the  coeffi- 
cient of  elasticity  E  are  also  assumed  to  be  constant.  This 
is  frequently  not  strictly  true,  yet  it  will  be  assumed  in 
what  follows,  since  the  method  to  be  used  in  finding  the 
moments  is  entirely  independent  of  the  assumption,  and 
remains  precisely  the  same  whatever  form  for  the  theorem 
of  three  moments  may  be  chosen. 

Agreeably  to  the  assumption  made,  eq.  (14)  of  the 
preceding  article  takes  the  following  form,  which  is  almost, 
or  quite,  invariably  used  in  engineering  practice : 

MJa  +  ^^hUa  +  K)  +  M,l  =  -  -'  1p(/,^  -  z')z 

-j2P{l'>-z')z fi) 
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Let  Pig.   I  represent  a  continuous  beam  of  n  spans 
equal  or  unequal  in   length.     At  the   points  of   support^ 


f 


/t  U  U 1% u 


Fig.  I. 


o,  I,  2,  3,  4,  s,etc.,  let  the  bending  moments  be  represented 
by  M^,  Mp  M„  Mj,  etc.  The  moment  M^  is  always  known ; 
it  is  ordinarily  zero,  and  that  will  be  considered  its  value. 

An  examination  of  Fig.  i  shows  that,  by  repeated 
applications  of  eq.  (i),  the  ntimber  of  resulting  eqtiations 
of  condition  will  be  one  less  than  the  number  of  spans. 
If  the  two  end  moments  are  known  (here  assumed  to  be 
zero),  the  number  of  tmknown  moments  will  also  be  one 
less  than  the  ntmiber  of  spans.  Hence  the  number  of 
equations  will  always  be  sufficient  for  the  determination 
of  the  unknown  moments. 

For  the  sake  of  brevity  let  the  following  notation  be 
adopted: 

«,=  -ii-P(/,»-0»)«-f  1p(/,»-«»)0. 
etc.  =  etc.  —  etc. 


Cj  =  2a,  +  /,); 

&.=!, 

«,=/.; 

6,=2(/,+g; 

c^^l,. 

h,'h; 

^.  =  2^,  +  /,): 

d,-U. 

c,=h; 

d,  =  2(l,  +  h); 

U-h. 

Px=li\        qi^2(li  +  li+^)\      5.=/t+,; 
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i  denoting  any  number  of  the  series  i,  2,  3,  4,   ...  w.     It  is 
thus  seen  that,  in  general, 

also  that  a,— ftp  c^^b^,  ^s*"^*!  ^^-    These  relations  can  be 
used  to  simplify  the  final  result. 

By  repeated  applications  of  eq.  (i)  the  following  n 
equations  of  condition,  involving  the  notation  given  above, 
-will  result: 


c,M,+6.M, 

-«, 

<i^,+6^,+c^. 

•=»» 

+6^,+c^,+rf^« 

=«« 

•\-cMt+dMA+fM% 

-»4 

+rf^«+/^,+g^. 

=  «. 

^    •      • 

"W. 


(2) 


The  moment  M^+j  will  also  be  equal  to  zero.  In  con- 
sequence of  this  last  condition  it  is  seen  that  the  coeffi- 
cients of  the  M  's  occupy  precisely  the  places  of  the  elements 
of  a  determinant  of  the  wth  degree.  Of  the  array  indicating 
the  determinant,  however,  there  exists  only  the  leading 
diagonal  and  one  diagonal  on  each  side  of  it.  The  deter- 
minant for  n  equations,  or  (n  +  i)  spans,  has,  then,  the 
value 


D^ 


Oj,  6j,  o,  o,  o,  o,     . 

Oj,  ^2*  ^a»  0»  0»  0»  • 
O,  63,  C3,  dj,  o,  o,  . 
o,  o,  c^y  d^,  f^,  o,   . 

O,    O,    O,    rfj,  /b,  ^5, 


o,  o,  0,0,0,...  o,  p^,  qj 


(3) 
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Also  let  Di  represent  the  value  of  the  determinant  D 
when  the  column  indicated  by  the  ith  letter  of  the  series 
a,  6,  c,  d,  /,  etc.,  is  replaced  by  the  coltimn  u^,  ti,,  «„  u^, 
etc.     If,  for  example,  i  =  3,  the  ith  letter  is  c.     Hence 


A  = 


a„  6p  Wj,  o,  o,  o, 

^2*  ^2»  "2»  o»  o,  o, 

o,  bj*  ^^8»  ^3»  o»  o» 

o,  o,  «4,  d^,  Z^,  o, 

o,  o,  Ws,  (is,  /s,  gs, 


(4) 


^o,  o,  ti^,o,   o,  o,  .  .  .o,p^,q^^ 
Then,  in  general, 

M.-f.    .... 


(i: 


Eq.  (5)  will  give  the  value  of  the  bending  moment  at 
any  point  of  support,  whatever  may  be  the  number  of  spans 
or  the  law  of  loading  on  any  or  all  the  spans. 

Precisely  the  same  formulae  are  to  be  used  if  M^  and  M^ 
are  not  zero,  but  have  definite  values  and  are  known.  In 
such  a  case,  however,  u^  and  u^  would  be  replaced  by 

The  same  equations  also  hold  true  whatever  form  of 
the  theorem  of  three  moments  may  be  chosen.  It  is  only 
to  be  remembered  that  the  values  of  the  quantities  a,  6,  c, 
etc.,  tij,  tij,  Wj,  etc.,  will  depend  upon  the  choice. 

If  all  the  moments  are  desired,  it  will  be  most  con- 
venient to  put  the  vertical  column  u^,  u^,u^,  •  ■  •  »  ^n  ^^ 
place  of  the  vertical  column  a^,  a^,  o,  o,  .  .  .  o,  in  eq.  (4), 
and  then  find  the  resulting  determinant  D^.     Eq.  (5)  will 
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then  give  the  value  of  .1/j,  which,  placed  in  the  first  of 
eqs.  ii),  will  enable  M,  to  be  at  once  found.  M^  will  then 
result  from  the  second  of  eqs.  (2),  M^  from  the  third,  etc. 

So  far  as  the  general  treatment  of  the  question  is  con- 
cerned, there  yet  remains  to  be  considered  the  expansion 
of  the  determinants  I)  and  Di. 

The  expansion  of  the  determinant  D  is  very  simple  and 
leads  to  the  following  results: 

For  two  spans 

D=a, (6) 

For  three  spans 

I)==a,b^-a^b, (7) 

For  four  spans 

D^a,b^c^-afi^€^-aJ)^c^ (8) 

For  five  spans 

D  =  a.b^c^,  -  a^b^c^d,  -  aj),c^d^  -  afi^c/i^  +  aj),c,d^.       (9) 
For  six  spans 

D  --a^b^c^Ji  -  afi^c^dj^  -  aj)^c^dj^  -  aj)^c^dj^  -\-  ajj^c,djr^ 

-aj)^c/lj,-^a^b^c^dj,'^aj),c^dj,,     .     .     .     (10) 

By  the  observance  of  two  or  three  simple  rules,  the  de- 
tenninant  for  (w  +  i)  spans,  or  n  points  of  support,  may 
easily  be  written. 

A  series  of  numbers  such  as  i,  2,  3,  4,  5,  6,  etc.,  is  said 
to  be  written  in  its  natural  order.  I^t  any  permutation 
of  this -series,  2,  1,3,  6,  5,  4,  be  written,  in  which  2  is  placed 
before  i,  6  before  5  and  4,  and  5  before  4.  In  this  permu- 
tation, therefore,  there  are  said  tobe(i  +  2  +  i)=4  invert 
sions. 
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Let  (A  J  represent  any  letter  of  the  series  a,  6,  c,  d,  etc., 
•which  has  the  subscript  n;  also,  let  (AJ„  and  (>l,.)^-i  rep- 
resent the  nth  and  (n—  i)th  letters  of  the  same  series  which 
have  the  subscripts  n.  In  general,  the  letter  inside  the 
parenthesis  represents  the  subscript  figure  in  the  determi- 
nant, and  that  outside,  the  place  of  the  letter  in  the  series 
a,  6,  c,  d,  /,  etc. 

The  nth  determinant  for  (n+i)  spans,  or  n  points  of 
support,  will  then  be 

^»='D.-.(>l.).+^«-,(^J»-.(^.-»)». 

Now,  with  the  notation  taken,  if  the  letters  in  each  term 
of  the  determinant  are  written  in  their  nattiral  order,  as 
abcdfg,  etc.,  the  number  of  inversions  in  the  subscript  figures 
of  any  term  will  determine  the  sign  of  that  term,  i.e.,  if  lite 
number  of  inversions  is  odd,  the  sign  is  minus,  but  if  the  num^ 
ber  is  even  the  sign  is  plus. 

Since  n  is  the  greatest  subscript  in  any  term,  and  since 
(AJ^  occupies  the  most  advanced  place  in  the  series  of 
letters,  no  inversions  are  introduced  in  multiplying  D^^^ 
by  (>lJn-  Hence  all  terms  of  -D„_i  (^h)*  ^^^^  ^^^  ^^^  same 
signs  as  the  corresponding  terms  of  D^^^, 

Similarly,  since  n  is  greater  than  (n— i),  the  product 
(>lj^__i(>l^_j)^  involves  one  inversion.      Hence  all  terms  of 

will  have  signs  contrary  to  those  of  the  corresponding  terms  of 

The  number  of  terms  in  Z)„  will  evidently  be  the  sum 
of  the  numbers  of  terms  in  Z>„_i  and  D^^^ 

An  examination  of  the  notation  will  at  once  show  that. 

(^Jn^-^a.  +  Z.+J;     (^J, -,=/„;    and     (A,_j)«=C 
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Hence  there  will  restilt 

^.=2^»-.(i.+^»+,)-^»-A*.  .    .    •    (") 

The  minus  sign  before  the  last  term  of  the  second  mem- 
ber is  on  accotmt  of  the  inversion  introduced,  as  already 
explained. 

The  general  value  of  the  determinant  Z?»  (shown,  in 
eq.  (4)  when  ^  =  3)  can  be  most  easily  expanded  by  con- 
sidering it  the  stun  of  two  determinants ;  •  and  in  order  to 
iUustmie  this  method  let  it  be  supposed  that  M,  is  desiredi; 
It  will  then  be  necessary  to  expand  the  determinant  Z?,, 
given  in  eq.  (4).  As  is  known  from  the  theory  of  deter- 
minants, D^  may  be  written  as  follows : 


D,- 


(^v  K  O,    O,    O,    O, 
^2»  \*  ^V  0>    Of     0» 

O,   6a»  ^8»  ^8»  0»    O, 

O,     O,     1*4,  ^4,  /<,  O, 
O,    O,     O,    rfj,  /ft,  gs, 


o,  o,  o,  o,  o,  o,  o, 


Pn^<ln 


«i»  ^1,  ^i»  o,  o,  o, 
a„  6„  o,  o,  o,  o, 
o»  ^8»  o,  rfj,  o,  o, 
o,  o,  o,  ^4,  /4,  o, 
o,  o,  u^,  d^,  U  g^f 

o,  o,  u^,  o,  o,  o,  .  . 


«*'. 


K"> 


or 


D,^D/+D- (13) 


Eq.  (12)  shows  at  a  glance  what  Z),'  and  Z?/'  represent. 

D,'  is  precisely  the  same  in  form  as  D,  and  is  given  at 
once  by  the  eqs.  (6)  to  (11)  after  writing  «j,  «,,  and  u^  for 
c,.  C3,  and  C4. 

In  general,  D/  is  found  by  simply  writing  tii_„  m,  and 
Ui^^  for  (>l»-i)»,  (Ai)»and  (ii+^)i  in  the  determinant  D, 

As  a   general  method,   that   of  alternate   numbers  is 
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probably  as  simple  as  any  for  the  expansion  of  the  deter- 
minant Di\     For  example 

in  which  e^,  e^,  e^,  etc.,  are  the  units  of  the  alternate  ntmi- 
l^ers. 

The  circumstances  of  any  particular  case  will  frequently 
either  furnish  a  more  expeditious  method  than  that  of 
alternate  numbers,  or  allow  the  expansion  of  J9/'  to  be 
written  at  once  from  an  inspection  of  the  array  given  in 
eq.  (12). 

In  any  case  the  method  of  alternate  numbers  may  be 
used  as  a  check. 

Special  Method  for  Ordinary  Use. 

If  the  number  of  spans  is  large,  the  expansion  of  the 
determinant  D»  will,  at  best,  be  found  somewhat  tedious. 
Special  methods  may  be  employed  which  involve  only  the 
determinant  ZJ,  given  in  eqs.  (6)  to  (i  i) ;  and  it  has  already 
been  seen  that  that  determinant  admits  of  a  very  simple 
expansion. 

Let  any  one  span  carry  any  load  whatever,  while  all 
other  spans  carry  no  load.  In  such  a  case,  P  will  be  zero 
for  every  span  but  one,  and,  in  consequence  of  the  notation 
employed,  all  but  two  quantities  in  the  series  w,,  w,,  w,,  w^, 
Wj,  etc.,  will  also  become  equal  to  zero. 

If  li  (the  ith  span)  carries  the  load,  there  will  result 

•ti,-.,  =  -^'i/^(^'~^')^;    ....    (is) 
Ui^-}ipa^^z^z (16) 
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All  Other  u's  reduce  to  zero.  Although  eqs.  (15)  and 
(16)  have  the  same  form,  they  are  not  identical  except  in 
special  cases,  since  z  is  not  measured  from  the  same  end  of 
the  span  in  both  expressions. 

Now  let  Wi_i  and  Ui  take  the  place  of  those  letters  in 
that  column  of  D  formed  with  the  ith  letter  of  the  series 
a,  6,  c,  rf,  etc.,  which  have  the  subscripts  i  and  i—  i ;  Ui+i  is 
equal  to  zero.  Or  in  the  notation  already  employed,  let 
Ui^t  and  Ui  take  the  place  of  (^t_i)t  and  (it)i,  while  zero 
takes  the  place  of  (^t+i)*.  The  resulting  determinant,  Z)„ 
will  then  be  precisely  the  same  as  D  in  general  form.  The 
expansion  of  Di  can  then  be  at  once  made  by  simply  putting 
in  D  the  substitutions  above  indicated.  There  will  then 
result: 

M<'^ (17) 

In  order  to  find  Mt_i,  with  the  same  loading  on  the 
same  span,  Mt_i  and  Ui  must  take  the  place  of  (>lt-i)t_i  and 
(^■)»-i,  respectively,  while  (it_2)i-i  becomes  equal  to  zero. 
Making  these  substitutions  in  the  determinant  Z),  there 
will  result  the  determinant  Z)t_i.     Then: 

M.-»=%^ (18) 

The  values  of  Af<  and  Mi_i,  thus  obtained,  placed  in 
the  ith  and  (i  -  i)th  of  the  eqs.  (2)  will  at  once  give  : 


Mi  ^2    and    M» 


+1- 


Similar  substitutions  in  the  other  equations  will  give  all 
the  moments.  Thus  the  solution  is  complete,  for  the  span 
and  loading  taken,  with  the  use  of  the  expanded  deter- 
minant D  only. 
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'  Each  span  may  be  treated  in  the  same  manner  and  the 
same  expansion  of  D  will  be  the  only  one  necessary. 

.  This  method  is  equivalent  to  splitting  the  elements  u^^ 
^v  ^v  ^4»  ^^c»  of  ^he  general  determinant  D». 

:.  In  order  to  determine  the  bending  moment  at  any 
point  of  support,  for  loading  which  covers  more  than  one 
span,  or  portions  of  more  than  one  span,  it  is  only  neces- 
sary to  take  the  algebraic  sum  of  the  separate  moments 
(as  above  determined),  at  the  point  of  support  in  question, 
found  for  the  loading  in  each  single  span.  The  result  will 
be  the  moment  due  to  the  combined  action  of  all  the  loading. 
It  is  thus  seen  that  the  solution  of  the  most  general 
case  is  made  to  depend  on  the  one  expansion  of  the  deter- 
minant D. 

Example, 

Let  there  be  a  continuous  beam  of  six  spans,  and  let 
any  loading  rest  upon  the  fourth ;  it  is  required  to  find  the 
expansions  of  the  determinants  Di  and  -Di_i. 

The  expansion  of  D  is  given  in  eq.  (lo)  and  need  not 
be  repeated  here. 

Using  the  preceding  notation, 


i       =4, 

(^i-i).=<i,. 

*-i=3. 

a)i  '=d„ 

Ui      =«„ 

(Ai+.).  =  rfs. 

«._,=«„ 

In  eq.  (lo),  then,  d^  and  d^  are  to  be  displaced  by  u^ 
and  Ws»  while  zero  is  to  take  the  place  of  d^.     Hence 

Di  =  aj)^c^uj^  -  afi^c^u,U  -  aj^^c^uj^  -  afi^c^uj^ 

+a,b,c,uj^.     (19) 
•    Again, 

( ^i  -l)  %  -I  "=  ^sf  (  ^t )  t  -I  =  ^"4 . 
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Then,  in  eq.  (10),  placing  u,  and  u^  for  c,  and  c^,  and 
placing 

(^t-a)t-i  =  ^a— o, 
there  will  result 

-  a.b^u^J^  +  a^b.u^J,.     (20) 

These  values  placed  in  eqs.  (17)  and  (18)  will  give  M^ 
and  M,. 

The  lengths  of  span  may  be  any  whatever;  if  they  aie 
equal,  the  results  will  be  simplified. 

Special  Case  of  Equal  Spans. 

If  all  the  spans  are  of  equal  length,  each  may  be  repre- 
sented by  /.     There  will  then  result 

«a=**8  =^4  =<*«  =  •  •  .  =/^i=&i  =^3  «^s  =*/<  =  •  •  •  "^i='^  1  /^jV 

These  values  of  a,  6,  c,  etc.,  placed  in  eqs.  (6)  to  (10)  give : 
For  two  spans: 


For  three  spans: 

D=^i5l\ 

For  four  spans: 

Z?  =  56/". 

For  five  spaxis: 

D-209/*, 

For  six  spans: 

0-780?. 
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Others  may  be  easily  and  rapidly  written  by  the  aid  of 
eq.  (ii),  which  now  becomes: 

D^^4D^_,-IW^., (22) 

If  the  determinant  for  seven  (i.e.,  n-f- 1)  spans  is  desired 

Z?^.,  =  780/*    and     D^^.^  =  209/*. 
Hence: 

I>^=Z?«  =  3i2o/«- 209/**  =  2911/*. 
Similarly  for  eight  spans: 

J9  =4X2911/'- 780/^  =  10864/'. 
For  nine  spans: 

jD  =  4  X 10864/*  -2911/*=  40545/'. 
For  ten  spans: 

-0  =  4X40545^- io864/»  =  i5i3i6/*. 

The  values  given  in  eq.  (21)  will  correspondingly  sim« 
plify  the  expansion  of  the  determinant  Z?,-,  either  in  its 
general  form  as  exemplified  in  eq.  (4)  or  as  given  in  the 
special  method.  As  an  illustration,  eqs.  (19)  and  (20) 
become,  respectively: 

Z)»  =  224/X~6o/X, 

A-i=2  25/*M3-6o/X. 

These  values  then  give: 

D  IQ5/      ' 

M  _'^'-.  _i5"s-4»« 
^'~   D    -       ,2l~- 
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Then  by  eqs.  (2) : 


M.=^-(Af,  +  4M,)  =  -^\ 


*  2 

Thus  all  the  moments  are  known  for  this  example,  i.e., 
with  six  spans  and  loading  on  the  fourth  span  only. 

Reactions. 

After  the  moments  are  fotmd,  either  by  the  general  or 
special  method,  for  any  condition  of  loading,  the  reactions 
will  at  once  result  from  the  substitution  of  the  values  thus 
found  in  the  eqs.  (15)  to  (21)  of  the  preceding  article,  which 
it  is  not  necessary  to  reproduce  here. 

Art.  21. — Deflection  by  the  Common  Theory  of  Flexure. 

The  deflection  or  sag  of  a  beam  subjected  to  loading  at 
right  angles  to  its  axis  is  the  displacement  of  the  neutral 
surface  in  the  direction  of  the  loading.  Ordinarily  the 
beam  is  horizontal  and  the  loading  vertical,  so  that  the 
deflection  is  also  vertical.  The  entire  deflection  is  due  both 
to  the  lengthening  and  the  shortening  of ^  the  fibres  on  the 
two  sides  of  the  neutral  surface  and  to  the  action  of  the 
transverse  shear  throughout  the  beam.  The  equation 
leading  directly  to  the  former  portion  is  eq.  (7)  of  Art.  9, 
but  the  equations  of  Art.  10  must  be  used  to  determine  the 
deflection  due  to  shear. 

Let  x^  be  the  coordinate  of  some  point  at  which  the 
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tangent  of  the  inclination  of  the  neutral  surface  to  the  axis 
•of  X  is  known ;  then  from  eq.  (7)  of  Art.  9 


dw 
dx 


^'/f/^^ ('> 


-Y  will  be  at  once  recognized  as  the  general  value  of  the 

tangent  of  the  inclination  just  mentioned,  or,  in  the  case 
of  curved  beams,  as  approximately  the  difference  between 
the  tangent,  before  and  after  flexure. 

Again,  let  Xy^  represent  the  coordinate  of  a  point  at  which 
the  deflection  w  is  known,  then  from  eq.  (i) : 


V,.  X.  El^- 


The  points  of  greatest  or  least  deflection  and  greatest 
or  least  inclination  of  neutral  surface  are  easily  found  by 
the  aid  of  eqs.  (i)  and  (2). 

The  point  of  greatest  or  least  deflection  is  evidently 
found  by  putting 

dw 

di'^'' (3) 

and  solving  for  x.    Since  -7-  is  the  value  of  the  tangent  of 

the  inclination  of  the  neutral  surface,  it  follows  that  a 
point  of  greatest  or  least  deflection  is  found  where  the  beam 
is  horizontal. 

Again,  the  point  at  which  the  inclination  will  be  great- 
est or  least  is  found  by  the  equation 


<s) 
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But,  approximately,  -^-7  is  the  reciprocal  of  the  raditis 

of  ctirvature;  hence  the  greatest  inclination  will  be  found 
at  that  point  at  which  the  radius  of  curvature  becomes  infi- 
nitely great,  or,  at  that  point  at  which  the  curvature  changes 
from  positive  to  negative  or  vice  versa.  These  points  are 
called  points  of  "contra-flexure."     Since: 

dhv 

there  is  no  bending  at  a  point  of  contra-fiexure. 

The  moment  of  the  external  forces,  M,  will  always  be 
expressed  in  terms  of  x.  After  the  insertion  of  such  values, 
eqs.  (i)  and  (2)  may  at  once  be  integrated  and  (3)  and  (4) 
solved. 

The  coefficient  of  elasticity,  E,  is  always  considered  a 
constant  quantity ;  hence  it  may  always  be  taken  outside  the 
integral  signs.  In  all  ordinary  cases,  also,  /  is  constant 
throughout  the  entire  beam.  In  such  cases,  then,  there 
will  only  need  to  be  integrated  the  expressions : 


/%  rx   Px 

Mdx  '  and      /     /   Mdx 


It  is  sometimes  convenient  to  express  the  tangent  of 
inclination  of  the  neutral  surface  and  the  deflection  in 
terais  of  some  known  intensity  k^  of  fibre  stress  at  the 
distance  d  from  the  neutral  surface  and  at  a  section  of  the 
beam  where  the  known  external  bending  moment  is  M^. 
The  desired  expressions  may  readily  be  written  by  simply 
transforming  eqs.   (i)  and   (2)  to  the  proper  shape.      It 

has  been  shown  by  eq.  (10)  of  Art.  9   that  k^^—f-,  and 
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hence  that  /=  -A-     By  substitution  of  this  value  of  / 
first  in  eq.  (i)  and  then  in  eq.  (2),  there  will  result: 

^^^     f'Mdx (5) 

and 


■mi-J.'J>^'' «" 


w ^ 


Eqs.  (s)  and  (6)  give  the  desired  expressions  in  which 
/  and  d  are  considered  constant  in  accordance  with  all 
ordinary  practice.  In  the  use  of  these  last  two  equations 
it  is  supposed  that  the  conditions  of  any  given  problems 
will  enable  k^  and  M^  to  be  computed  as  known  quantities. 

The  general  form  of  the  integral  in  the  second  member 
of  eq.  (6)  is  easily  determined.  The  quantities  M^  and 
M  are  exactly  similar  expressions  with  the  same  number 
of  terms  and  of  the  same  degree.  The  effect  of  the  inte- 
gration of  M  twice  between  the  limits  indicated  is  to  raise 
the  degree  of  each  term  of  which  it  is  composed  by  two, 
so  that  the  double  integration  of  Mdx^  divided  by  M^  will 
be  a  simple  product  aP,  a  being  a  ntimerical  quantity 
depending  upon  the  manner  of  loading,  the  condition  of 
the  ends  of  the  beam,  or  other  attendant  circtimstances  of 
the  same  general  character.  Inserting  these  results  in 
eq.  (6),  the  expression  for  the  deflection  will  become 

t  "'"^'^^Ed ^^^^ 

^  *  Eq.  (6a)  is  not  often  used,  but  there  are  some  practical 

applications  of  formulae  in  which  it  must  be  employed. 
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Deflection  Due  to  Shearing, 

That  portion  of  the  deflection  due  to  transverse  shear- 
ing may  be  determined  as  readily  as  that  due  to  the  length- 
ening and  shortening  of  the  fibres  of  the  bent  beam.  In 
determining  the  requisite  equations  it  is  necessary  to  con- 
sider only  the  intensity  of  shear  in  the  neutral  surface, 
as  it  is  the  deflection  of  that  surface  which  is  sought. 

Let  ix/  be  the  deflection  due  to  shearing  and  let  ^  repre- 
sent the  transverse  shearing  strain  for  a  unit  of  length  of 
the  beam.  The  transverse  strain  for  an  indefinitely  short 
\yovX\on  dx  of  the  neutral  surface  will  then  be  dii/  ^  ^x. 
If  G  represents  the  coefficient  of  elasticity  for  shear,  while 
jf  represents  the  intensity  of  shear,  eq.  (3)  of  Art.  2  shows 

that  ^  =7^.     There  mav  then  be  written: 

J     ^  ' 

'  s 

dii/  =^dx=^j^dx (7) 

By  using  the  value  of  5  given  in  eq.  (7)  of  Art.  10, 

Sd^ 


rf«/  = 


7IG^^ (8) 


The   general   expressions   for   the    shearing   deflection 
will,  therefore,  take  the  form: 


d^  r 


2/Cr,/ 

The  integration  required  in  eq.  (9)  can  be  made  with 
ease  in  any  given  case,  as  it  is  necessary  only  to  express 
the  value  of  the  total  transverse  shear  S  in  terms  of  x. 
The  application  of  that  equation  to  special  cases  will  be 


no 
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made  in  a  later  article.     Obviously  the  total  deflection  in 
any  bent  beam  will  be  the  stun : 

w+ii/ .     (lo) 


Art.  22. — ^The  Neutral  Curve  for  Special  Cases. 

The  curved  intersection  of  the  neutral  siuface  with  a 
vertical  plane  passing  through  the  axis  of  a  loaded,  and 
originally  straight,  -beam  may  be  called  the  -"neutral 
curve."  The  neutral  curve  is  the  locus  of  the  extremities 
of  the  ordinates  w  of  Art.  21 ;  it  therefore  gives  the  deflec- 
tion at  any  point  of  the  beam  due  to  the  direct  stresses  of 
tension  and  compression  in  it,  but  not  due  to  the  eflfect  of 
transverse  shear,  which  will  be  treated  in  a  subsequent 
article. 

The  method  of  finding  the  neutral  curve  for  any  par- 
ticular case  of  beam  or  loading  can  be  well  illustrated  by 
the  operations  in  the  following  three  cases: 


Case  L 

This  case  is  shown  in  the  accompanying  figure,  which 
represents  a  cantilever  carrying  a  uniform  load  with  a 


^—  «  — > 


I 

Fig.  I. 


^W 


single  weight  W  at  its  free  end.     As  usual,  the  inten^ty 
of  the  uniform  loading  will  be  represented  by  p. 
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Measuring  x  and  w  from  B,  as  shown,  the  general  value 
of  the  bending  moment  is  /   (  z"^'   { ,fi'-'- ''.<•'    .tvv-O 

(•''■- 

M^El'^-W.+^-f (X) 


Integrating  between  x  and  /,  remembering  that: 

dw 


toTx^l: 


Hence 


^■=° 


$-i?:(^«-/»)+f(*.-n.   ...(.> 


EI.  - 
ax     3 


""-EI 


The  greatest  deflection,  w,,  occurs  for  *— /.    Hence 

,   "'•--FA— +TJ (4) 

This  value  of  w^  is  the  deflection  of  B  below  A.  The 
general  value  of  ze;  in  eq.  (3)  is  the  vertical  distance  (de- 
flection) of  B  below  the  point  located  by  ^;  as  an  ordinate 
it  is  measured  upward  from  B  as  the  origin  of  coordinates. 

The  greatest  moment,  M^,  exists  at  A,  and  its  value  is: 


M,^Wl+^ (5) 


•C 
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Thest^  equations  are  made  applicable  to  a  cantilever 
with  a  uniform  load  by  simply  making  W  =o.  They  then 
become 

d'w     Px 
EI^=i(x--l'),..     ......     (7) 


dx     6 


P  (X 


\-l'^ (8) 


'6E/V4 


pi* 
M.=^*.    . ;     .  do) 


Again,  for  a  cantilever  with  a  single  weight  only  at  its 
free  end,  /?  is  to  be  made  equal  to  zero  in  the  first  set  of 
<:^quations.     Those  equations  then  become : 

M^EI-^i^Wx (,i) 

dw     W 


W 


-■&(?-'■) (-3) 


Wl* 
M,=Wl (is) 
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"3 


The  general  expressions  for  the  shear  and  the  intensity 
of  loading  are : 

S^El'^^W+px,     ....     (i6) 


(17) 


Case  II. 

This  case,  shown  in  the  figure,  is  that  of  a  non-continu- 
ous beam,  supported  at  each  end,  and  carrying  both  a 


4 


1^1 


Fig.  2 

uniform  load  (whose  intensity  is  p)  and  a  single  weight  W 
at  its  middle  point.  The  reaction  R,  at  either  end,  will 
then  be 

pl  +  W 

2 


i?=^ 


The  general  value  of  the  moment  will  then  be 


M=EI 


-Rx^K 


(i&) 


The  origin  of  x  and  w  is  taken  at  A. 
Remembering  that 


dw 


I 


•ir^=o     for     :r=— 
dx  2 
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and  integrating  between  the  limits  x  and  -, 

Again  integrating  ^  q 

The  greatest  deflection  w^  occurs  at  the  centie  of  the 
span,  for  which 


I 

2 


Hence 


«'«— ^/l^+i^'^l <"> 


The  greatest  moment,  also,  is  found  by  putting 


/ 

2 


It  has  the  value 


^-i^^f) (") 


These  formulae  are  made  applicable  to  a  non-continuous- 
beam  carrying  a  tiniform  load  only,  by  putting  W «  o. 
They  then  become 

M-£:/0=^(/-*) (23) 
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j^.dw     pfxH     X*      l*\ 

•~     3S4EI~     i-^SEI ^^^' 

Pi* 
M.=% (27) 

The  f ornitdae  for  a  beam  of  the  same  kind  canying  a 
single  weight  at  the  centre  are  obtained  by  putting  p«=o 
in  the  first  set  of  equations.  Those  for  the  greatest  deflec- 
tion and  greatest  moment,  only,  however,  will  be  given. 
They  are  ! 

Wl^  r   ON  / 


W,' 


Wl 
M,  =  y (29) 

The  geneial  values  of  the  shear  and  intensity  of  loading 
aie 

_    dM     _  ,     ^ 

l^-'P (31) 


Case  III, 

The  general  treatment  of  continuous  beams  requires  the 
use  of  the  theorem  of  three  moments.  The  particular  case 
to  be  treated  is  shown  in  Fig.  3.    The  beam  covers  the 
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three  spans,  DA,  AB,  and  BC,  and  is  continuoiis  over  the 
two  points  of  support,  ^1  and  B. 

LetiD.4=/J 
**    AB^l^  lLet/,  =  n/,=n7,. 

Let  the  intensity  of  the  uniform  load  on  ^J5  be  repre- 
sented by  p  and  let  the  two  single  forces  P  and  P'  only,  act 


in  the  spans  DA  and  BC  respectively.  Also  let  the  two 
distances 

DE  =z^=  al^    and    CF = a'/g 

be  given.  It  is  required  to  find  the  magnitudes  of  the  forces 
P  and  P\  if  the  beam  is  horizontal  at  A  and  B, 

Since  the  beam  is  horizontal  at  A  and  B,  the  bending 
moments  over  those  two  points  of  support  will  be  equal 
to  each  other,  for  the  load  on  -4  B  is  both  uniform  and 
sjmimetrical.  Let  this  bending  moment,  common  to  A 
and  B,  be  represented  by  Mj.  As  the  ends  of  the  beam 
simply  rest  at  D  and  C,  the  moments  at  those  two  points 
reduce  to  zero. 

Because  the  four  points  D,  A,  B,  and  C  are  in  the  same 
level,  the  first  member  of  eq.  (14)  of  Art.  19  becomes  equal 
to  zero. 

If  that  equation  be  applied  to  the  three  points  D,  A, 
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and  B,  the  conditions  of  the  present  problem  produce  the 
following  results: 

and 

**  4 

Hence  the  equation  itself  will  become 

M,(2/,  +  3g+?(/|'-VK  +  />^-^-o.     .     .     (32) 
*i  4 

'•    ^»--^« — ^(TT^^i) — '  '    '    '    <33) 

I  -z      M 
:.    Reaction  at  D=i?,=PV-^  +  -r'-  •     •    (34) 

As  the  origin  of  z^  is  at  D,  x  will  be  measured  from  the " 
same  point. 

Separate  expressions  for  moments  must  be  obtained  for 
the  two  portions,  DE  and  EA  of  /„  because  the  law  of 
loading  in  that  span  is  not  continuous. 

Taking  moments  about  any  point  of  EA 

EI^^R,x-P(x-s;) <35) 

Remembering  that 

dw 
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for  X  =/p  and  integrating  between  the  limits  x  and  /j 

Again,  remembering  that  w=o  for  ^=/p  and  integrat- 
ing between  the  limits  x  and  /^, 

£/X£;=— 1( 7  3^  +  —!-.)  _-( M^  +  -X.  1 

+Pz,{^^l,x+^-^.     (37) 
Taking  moments  about  any  point  in  DE 

EI^=R,x; (38) 

•••   ^^5^=^.7+^- <39) 

Making  ««J?i  in  eqs.  (36)  and  (39),  then  subtracting 

/.   £:/^=f(^'-/t^)-7(^t'-/t')+^^i(^i-/t).   (40) 

Remembering  that  w^o  for  ^=0,  and  integrating  be- 
tween the  limits  x  and  o, 

E/t£;-^(~-/>)-.^(V-/i^)^+P^i(^x-/>.      (41) 
Making  :Jf  =2j  in  eqs.  (37)  and  (41),  then  subtracting 

^-^il*-z*)  +  ^{l*-z*)^o.    .     .     (4a) 


-f 
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Putting  the  value  of  Af,  fromeq.  (33)  ineq.  (34),  then 
inserting  the  value  of  /?„  thus  obtained,  in  eq.  (42),  after 
making  z^  ^al^, 

L^         ^       2+3n  '     2  ^  ^J     4(2 +3n)' 

• -^"60(1-0')     6a(i-a»)-     •     •     •     ^"^^^ 

This  is  the  desired  value  of  P,  which  will  cause  the 
beam  to  be  horizontal  over  the  two  points  of  support  A 
and  B  when  the  span  AB  carries  a  uniform  load  of  the 
intensity  p. 

By  the  aid  of  eq.  (43),  eq.  (33)  now  gives 

'         ^*    12(2 +3n)  12  12  ^^^' 

It  is  to  be  noticed  that  M^  is  entirely  independent  of 
/,  or  Z,.    Eq.  (43)  also  gives 


Hence 


^-^^^^ («> 


M,--^(i-a')a (46) 


Thus  any  of  the  preceding  equations  may  be  expressed 
in  terms  of  p  or  P. 


/?,  also  becomes 


^    6o(i+a)      12 W) 

or 

/2,-P(i-oXi-ia(i+a)] (48) 


1^ 


[ 
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It  is  clear  that  there  cannot  be  a  point  of  no  bending  in 
DE.  Hence  the  point  of  contra-flexure  must  lie  between 
E  and  A,  Fig.  3.  In  order  to  locate  this  point,  according 
to  the  principles  already  established,  the  second  member 
oi  eq.  (35)  must  be  put  equal  to  zero.  Doing  so  and  solving 
for  X, 

P 
^^p~R^i (49) 

Since  P  is  always  greater  than  i?p  there  will  always  be 
a  point  of  contra-flexure. 

All  these  equations  will  be  made  applicable  to  the  span 
BC  by  simply  writing  a'  for  a,  /,  for  /^  and  n'  for  n. 

As  an  example,  let 

a«J    and    n  =  i. 
Eqs.  (43),  (44)»  and  (47)  then  give 

^^        12  16' 

after  writing, 

In  general,  the  span  /,  is  called  '*  a  beam  fixed  at  one 
end,  simply  supported  at  the  other  and  loaded  at  any  point 
with  the  single  weight.  P." 

•— ''Ilit  it,  again,  be  required  to  -find  an  intensity,  "  p'''  of  a 
uniform  load,  resting  on  the  span  /j,  which  will  catise  the 
beam  to  be  horizontal  at  the  points  A  and  B, 
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Since  the  load  is  continuous,  only  one  set  of  equations 
will  be  reqtiired  for  the  span.     The  equation  of  moments 

^^%-\'-'~--    ■    •    •    ■     (5»)         '- 
Integrating  between  the  limits  x  and  Z^, 

^^^'^(^'-^''^-f^^'-v). .  .  .  (51) 

Integrating  between  the  limits  x  and  o,  - 

^/„4(^-,..)-^(£-,,^).    .    .    (5„ 
But,  also,  te;  =  o,  when  x^l^.     Hence 

^'38'  •■•-^>=t^^» (53) 

This  equation  gives  the  value  i?,  when  ff  is  known. 
Making  «.=/,  in  eq.  (go),  and  using  the  value  of  /?,  from 
eq-  (53).  /A^^-^-'-^'  3  ^ 

M,  =  p'l,*(i-h)--^.(.     .    .    '.     (54) 
Adapting  eq.  (32)  to  the  present  case, 

•••  ^.-^!(^F- •  •  •  •  <«) 

Equating  these  two  values  of  Af„ 

P^-^ipn* (56) 
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Thus  is  found  the  desired  value  of  />'.  In  this  case  the 
span  /j  is  called  **a  beam  fixed  at  one  end,  simply  sup- 
ported at  the  other  and  uniformly  loaded." 

The  points  of  contra-flexure  are  found  by  putting  the 
second  member  of  eq.  (50)  equal  to  zero  and  solving  for 
X,  after  introducing  the  value  of  /?,  from  eq.  (53).     Hence 

or 

^  =  0     and     ^  =  i/,. 

Between  the 'simply  supported  end  and  point  of  contra- 
flexure  the  beam  is  evidently  convex  downward,  and  convex 
upward  in  the  other  portion  of  the  spans  l^  and  /,,  whether 
the  load  is  single  or  continuous.  Moments  of  different 
signs  will  then  be  found  in  these  two  portions,  and  there 
will  be  a  maximum  for  each  sign.  The  location  of  the 
sections  in  which  these  greatest  moments  act  may  be  made 
in  the  ordinary  manner  by  the  use  of  the  differential  cal- 
culus; but  the  negative  maximum  is  evidently  M,,  given 
by  eqs.  (44)  and  (55).  On  the  other  hand,  the  positive 
maximum  is  clearly  found  at  the  point  of  application  of 
P  in  the  case  of  a  single  load,  and  at  the  point 

x^U, 

in  the  case  of  a  continuous  load.  These  conclusions  will  at 
once  be  evident  if  it  be  remembered  that  the  portion  of  the 
beam  between  the  supported  end  and  point  of  contra- 
flexure  is,  in  reality,  a  beam  simply  supported  at  each  end. 
These  moments  will  have  the  values 

M,==P/,(i-a)a-/, ^{2+3n)  ^'     '     ^57) 

M^-rhpV (58) 
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In  case  of  a  single  load  if  P  is  given,  and  not  p,  eq.  (45) 
shows 

A/,=P/,(i-a)a[i-ia(i+a)l. 

The  points  of  greatest  deflection  are  found  by  putting 
the  second  members  of  eqs.  (36),  (40),  and  (51)  each  equal 
to  zero,  and  then  solving  for  x.  They  are  not  points  of 
great  importance,  and  the  solutions  will  not  be  made. 

The  following  are  the  general  values  of  the  shears  for  a 
single  load  on  l^ : 

In  AE,     S^EI^,^R,^P;      [from eq.  (35)]. 

In  ED     S,^EI^,^R,;  [from  eq.  (38)]. 

The  shear  in  l^^  for  the  uniform  load  />'  is 

S'^EI-^^R^- p'x ;  [from eq.  (50)]. 
Also 

Intensity  of  load  ^  EI  -j—^  =  — //. 

As  has  already  been  observed,  all  the  equations  relating 
to  the  span  l^  may  be  made  applicable  to  the  span  l^  by 
changing  a  to  a'  and  n  to  n'. 

The  span  /,  remains  to  be  considered. 

Since  the  bending  moments  at  A  and  B  are  eqtaal  to 
each  other,  and  since  the  loading  is  uniformly  continuous, 
half  of  it  (the  load  pl^)  will  be  supported  at  A  and  the  other 
half  at  B.  In  other  words,  the  vertical  shear  at  an  in- 
definitely short  distance  to  the  right  of  A,  also  to  the  left 


-^:^^ 
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pL 
of  B,  will  be  eqtial  to  -  -  .     Let  x  be  measured  to  the  right 

and  from  A.     The  bending  moment  at  any  section  x  will  be 


or 


£/^,  =  M,+^(/^-^«).      .     .     .     (59) 
Integrating  between  the  limits  x  and  o, 

Again,  integrating  between  the  same  limits, 

H»--r-+-^('^'-i).  . . .  (6.) 

Since  -  '^f,      ^v  ^  i^^  -"^  .-  ^;?  /  '' "^  _  ^  1 


=^ 


for  /,,  eq.  (60)  will  give  M,  independently  of  preceding 
equations.     Following  this  method,  therefore, 

This  is  the  same  value  which  has  already  been  obtained. 
Introducing  the  value  of  Mj, 

^'t'^-i-u  ■  ■  ■  <^3> 
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The  points  of  contra-flexure  are  found  by  putting  the 
second  member  of  eq.  (62)  equal  to  zero.     Hence 

-  -'.(-:^^Fi)-i::::s 

The  moment  at  the  centre  of  the  span  is  found  by 
putting 


ineq.  (62): 


2 


*  24 


This  is  the  greatest  positive  moment. 
The  general  value  of  the  shear  is 

and  the  intensity  of  load 

The  span  /,  is  generally  called  **  a  beam  fixed  at  both 
ends  and  uniformly  loaded.*' 

It  is  sometimes  convenient  to  consider  a  single  load  at 
the  centre  of  the  span  /j,  while  the  beam  remains  horizontal 
at  A  and  B;  in  other  words,  to  consider  **  a  beam  fixed  at 
each  end  and  supporting  a  weight  at  the  centre.*' 

Let  W  represent  this  weight;  then  a  half  of  it  will  be 
the  shear  at  an  indefinitely  short  distance  to  the  right  of 
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A  and  left  of  B.    As  before,  let  x  be  measured  from  -4, 
and  positive  to  the  right.     The  moment  at  any  point  will  be 

(Pw  Wx 

Integrating  between  x  and  o, 

dw              Wx* 
EI^^^M^-— (66) 

U  x-^,  then  wiU 

2 

dw 
hence 

The  general  value  of  the  moment  then  becomes 

If  x^-  in  this  equation,  the  bending  moment  at  the 
centre  (where  W  is  applied)  has  the  value 

WL 


Centre  moment  =  — 


8 


Hence  the  bending  moments  at  the  centre  and  ends  are  each 
equal  to  the  product  of  the  load  by  one  eighth  the  span^  but 
have  opposite  signs. 

A  second  integration  between  x  and  o  gives 


w 


^El\    16     ""7^/-    ....     (68) 


Hence  the  deflection  at  the  centre  has  the  value 

Wl  ■ 
Centre  de-flection^  -     \.-j. 
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By  placing  M  =0,  the  points  of  contra-flexure  are  found 
at  the  distance  from  each  end, 

Addendum  to  Art.  22. 

The  formulae  of  this  article  furnish  the  solutions  of  many 
practical  questions  of  maxima  deflections  and  momenta. 
The  latter  for  several  ordinary  cases  are  given  in  the  follow- 
ing tabulation: 

P  is  the  weight  in  poimds  at  end  of  beam  or  centre  of  span^ 
p  is  the  load  in  poxmds  per  lin.  ft.  of  beam.       /. 

j,n}^y^- 


n 

m 

IV 
V 

VI 

vn 
vni 


Beam. 


^rumgth. 


A 


ir^ 


Ia  b 


<irin0f». 


'^^^ 


HfUnoOi. 


Maximum.....^  . 
Moment.    ^£^ 


put  A 
\pP9XA 

iP/ at  centre 
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/  is  the  length  of  beam  or  of  span  in  feet. 

E  is  the  coefficient  of  elasticity  in  pounds  per  sq.  inch.  • 

/  is  the  moment  of  inertia  of  the  normal  section  of  the 
Tjcam  with  all  dimensions  of  section  in  inches. 

The  **  Max.  Moments"  will  be  in  foot  pounds,  and  the 
***  Max.  Deflections  *'  will  be  in  inches. 

In  the  use  of  eq.  (2),  Art.  62,  in  its  many  practical 
applications,  it  is  best  to  have  the  moment  M  in  inch- 
|3ounds,  which  will  result  from  simply  multiplying  the 
*'  Max.  Moments''  of  the  preceding  table  by  12. 

Case  I  results  from  eqs.  (14)  and  (15);  Case  II  from 
•cqs.  (9)  and  (10);  Case  III  from  eqs.  (28)  and  (29); 
Case  IV  from  eqs.  (26)  and  (27).  In  Case  V  the  reaction 
is  found  by  putting  a  =  J  in  eq.  (48);  the  point  of  **  Max. 
Deflection''  is  found  by  placing  0,  =  J/  in  eq.  (40),  and  the 

resulting  value  of   ,-  equal  to  zero  and  solving  for  x,  which 

latter  value  in  eq.  (41)  will  give  **  Max.  Deflection." 
Case  VI  results  from  treating  eqs.  (53),  (51),  and  (52)  in 
precisely  the  same  manner.  Case  VII  results  directly 
from  the  formulae  on  page  126.  Case  VIII  results  directly 
from  the  equations  on  pages  124  and  125. 

The  preceding  cases  are  those  which  commonly  occur 
with  constant  values  of  E  and  /.  Other  cases,  such  as  a 
single  load  at  any  point,  or  partial  uniform  load  over  any 
part  of  span,  are  to  be  treated  by  the  same  general  prin- 
ciples. 

Art.  23.— Deflection  Due  to  Shearing  in  Special  Cases. 

The  deflection  due  to  transverse  shearing  only  in  all 
the  ordinary  cases  of  loaded  beams  can  readily  be  com- 
puted by  aid  of  the  general  eq.  (9)  of  Art.  21.  If  rf  is 
the    distance    of    the   most   remote    fibre    from    the    neu- 
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tral  axis  of  any  normal  section  whose  moment  of  inertiia 
about  the  same  axis  is  /,  and  if  G  and  5  are  the  coefficient 
of  elasticity  and  total  transverse  shear  respectively,  the 
deflection,  le/,  sought  is 


TC/ 


2/6-7 


Sdx. 


(i) 


The  limits  of  the   integration  must  be   indicated  for 
each  particular  case. 


Fig.  I. 


In  Fig.  I  let  the  cantilever,  whose  length  is  /,  carry  the 
single   load    P  at  its  end,   and  the   uniform   load   p  per 
The  shear  at  any  section  distant  x  from  A  is 
The  substitution  of  this  value  of  5  in  eq.  (i) 


linear  unit 
will  give 


a/ 


If  the  uniform  load  only  acts,  P  =0;  and  if  P  only  acts, 
p=o. 

Fig.  2  shows  the  case  of  a  simple  beam  supported  at 
each  end,  carrying  a  uniform  load  p  per  linear  unit  and 
the  single  load  P  at  the  centre  of  the  span.  The  reaction 
R=^i(P+pl),  and  the  shear  S^R  —  px.  Hence  eq.  (i) 
gives  the  general  value  of  the  deflection 
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The  vailues  of  the  deflection  v/  may  be  sjnilarly  writteir 
for  other  cases.  The  following  table  gives  the  results  for 
the  cases  indicated,  which  are  those  commonly  required. 
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The  end  shears  in  this  table  are  the  reactions  taken 
from  the  table  of  the  preceding  article,  the  ** Beams"  in. 
the  two  tables  being  the  same.  • 

The  total  deflection  for  any  particular  beam  is  to  be. 
found  by  adding  the  "Max.  Deflection"  from  the  table, 
of  the  preceding  article  to  the  ii/  found  in  the  above  table. 

In  the  notation  of  the  preceding  article,  if  w^  is  the 
deflection  due  to  the  lengthening  and  shortening  of  the 
fibres  the  total  deflection  in  any  case  will  be 

w^w^-^-it/ .     (4) 

These  formulae  for  shearing  deflection,  like  all  the 
formulae  relating  to  the  distribution  of  transverse  shearing 
in  a  bent  beam,  are  more  accurately  applicable  to  rectan* 
gular  or  circular  sections  than  to  others. 

Art.  24. — ^The  Flexure  of  Long  Columns* 

A  "long  column"  is  a  piece  of  material  whose  length 
is  a  number  of  times  its  breadth  or  width,  and  which  ia 
subjected  to  a  compressive  force  exerted  in  the  direction  of 
its  length.  Such  a  piece  of  material  will  not  be  strained 
or  compressed  directly  back  into  itself,  but  will  yield 
laterally  as  a  whole,  thus  causing  flexure.  If  the  length 
of  a  long  column  is  many  times  the  width  or  breadth,  the 
failure  in  consequence  of  flexure  will  take  place  while  the 
pure  compression  is  very  small. 

As  with  beams,  so  with  columns,  the  ends  may  be 
••fixed,"  so  that  the  end  surfaces  do  not  change  their 
position  however  great  the  compression  or  flexure.  Such 
a  column  is  frequently,  perhaps  usually,  said  to  have 
fixed  ends.  If  the  ends  of  the  column  are  free  to  turn 
in  any  direction,  being  simply  supported,  as  flexure  takes 
place,  the  column  is  said  to  have  **roimd"  ends.     It  is 
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clear  that  if  the  column  has  freedom  in  one  or  several 
directions  only,  it  will  be  a  **  round*'  end  column  in  that 
one  direction,  or  those  several  directions,  only.  It  is 
also  evident  that  a  column  may  have  one  end  round  and 
one  end  flat  or  fixed. 

In  Fig.  I  let  there  be  represented  a  column  with  flat  ends, 
vertical  and  originally  straight.  After  external  pressure  is 
.  imposed  at  A,  the  coltimn  will  take  a  shape  similar 
to  that  represented.  Consequently  the  load  P,  at 
.4,  will  act  with  a  lever-arm  at  any  section  equal 
to  the  deflection  of  that  section  from  its  original 
position.  Let  y  be  the  general  value  of  that  de- 
flection, and  at  B  let  y=y^.  Let  x  be  measured 
from  .4,  as  an  origin,  along  the  original  axis  of 
the  column.  In  accordance  with  principles  already 
established,  the  condition  of  fixedness  at  each  of 
the  ends  A  and  C  is  secured  by  the  application  of 
a  negative  moment,  -M.  It  is  known  from  the 
general  condition  of  the  column  that  the  curve 
of  its  axis  will  be  convex  toward  the  axis  of  x  at 
''''^*  *•  and  near  .4,  while  it  will  be  concave  at  and  near 
B  (the  middle  point  of  the  column).  Hence,  since  y  is 
positive  toward  the  left,  and  since  the  ordinate  and  its 
^*cond  derivative  must  have  the  same  sign  when  the 
curve  is  convex  toward  the  axis  of  the  abscissae,  the  general 
equation  of  moments  must  be  writfetj  as  follpws:    ,  ,  ^' 

dy 

dx' 


ElJ.^M^Py (I) 


Multiplying  by  2dy, 
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c=o,  because  the  column  has  flat  ends,  and 


s^=° 


wheny=*o.     Also 
when  y  ^y^ ; 

Eq.  (2)  now  becomes 


dy 
di" 

dy^ 

dx  " 


M'^-' .    (3) 


>i 


EI         dy 


*=>(¥ 


versin-'^.      ....     (4) 


liy^yt. 


I        \EI 


(5) 


In  this  equation  /  is  the  length  of  the  column.  From 
eq.  (5)  there  may  be  deduced      //jitw^Jr 

P-^ (6) 

It  is  to  be  observed  that  P  is  wholly  independent  of  the 
deflection,  i.e.,  it  remains  the  same,  whatever  may  be  the 
amoimt  of  deflection,  after  the  column  begins  to  bend. 
Consequently,  if  the  elasticity  of  the  material  were  perfect, 
the  weight  P  would  hold  the  column  in  any  position  in 
which  it  might  be  placed,  after  bending  begins. 


134  FLEXURE.  [Ch.  III. 

Eq.  (6)  forms  the  basis  of  **Hodgkinson*s  Formula '• 
for  the  resistance  of  long  colttmns,  of  which  more  will  be 
given  hereafter.     It  was  first  established  by  Euler. 

Some  very  important  results  flow  from  the  considera- 
tion of  Fig.  I  in  connection  with  the  preceding  equatjions. 

The  bending  moment  at  the  centre,  B,  of  the  column 
is  obtained  by  placing  y=y^m  eq.  (i);  its  value  is,  con- 
sequently, 

M'^-M+Py^^M (7) 

Hence  the  bending  at  the  centre  of  the  column  is  exactly 
the  same  (but  of  opposite  sign)  as  that  at  either  end.  Between 
A  and  JS,  then,  there  must  be  a  point  of  contra-flexure. 

Putting  the  second  member  of  eq.  (i)  equal  to  zero, 
and  introducing  the  value  of  M  from  eq.  (3), 

Introducing  this  value  of  y  in  eq.  (4),  and  bearing  in 
mind  eq.  (5), 

The  points  of  contra-flexure,  then,  are  at  H  and  D, 
J/  and  f/  from  A. 

Hence  the  middle  half  of  the  column  (HD)  is  actually  a 
column  with  round  ends,  and  it  is  equal  in  resistance  to  a 
fixed-end  column  of  double  its  length. 

/ 

Hence  writing  /'  for  -  and  putting  2/'  for  /  in  eq.  (6), 

P-'r (9) 

Eq.  (9)  gives  the  value  of  P  for  a  roimd-end  column. 
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Again,  either  the  upper  three  quarters  (AD)  or  the 
lower  three  quarters  (CH)  of  the  column  is  very  nearly 
equivalent  to  a  coltimn  with  one  end  flat  and  one  end  round, 
and  its  resistance  is  equal  to  that  of  a  fixed-end  column 

whose  length  is  -  its  own.     Putting,  therefore, 


and  introducing 
in  eq.  (6), 


i-h 


P«2.25-p- (10) 


•^l 


The  last  case  is  not  quite  accurate,  because  the  ends  of 
the  columns  HC  and  AD  are  not  exactly  in  a  vertical  line. 

In  reality,  the  column  under  compression  may  be  com- 
posed of  any  number  of  such  parts  as  HD,  with  the  por- 
tions HA  and  CD  at  the  ends,  thus  taking  a  serpentine 
shape,  so  far  as  pure  equilibrium  is  concerned.  In  such 
a  condition  the  column  would  be  subjected  to  considerably 
less  bending  than  in  that  shown  in  the  figure.  In  ordinary 
experience,  however,  the  serpentine  shape  is  impossible, 
because  the  slightest  jar  or  tremor  would  cause  the  column 
to  take  the  shape  shown  in  Fig.  i.  Hence  the  latter  case 
only  has  been  considered. 

If  r  is  the  radius  of  gyration  and  5  the  area  of  normal 
section  of  the  column,  eqs.  (6)  and  (9)  will  take  the  forms 

P     47:'Er  P  _n^Er^ 

S^     P         and     ^         ^3    . 

Eq.  (10)  will,  of  course,  take  a  corresponding  form. 
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P 
These  equations  evidently  become  inapplicable  when  ^^ 

approaches  C,  the  ultimate  compressive  resistance  of  the 

material  in  short  blocks.     The  corresponding  values  of  ( -  j 

at  the  limit  are 

7"^Wc      ^^^     "r^'^yC      •     •     •     (^0 

for  fixed  and  round  ends  respectively ;  other  conditions  of 
ends  will  be  included  between  those  two. 
If  for  structural  steel 

E  =30,000,000    and     C  =  60,000, 

the  above  values  become  140  and  70,  nearly. 

Euler's  formula,  therefore,  is  strictly  applicable  only  to 
structural  steel  columns,  with  ends  rixed  or  rounded,  for 
which  l-^r  exceeds  140  and  70,  respectively. 

If  for  cast  iron 

£  =  14,000,000    and     C  =  100,000, 

eqs.  (11)  give 

/  / 

-  =  74     and     -  =  3 7»  nearly. 

7  7 

Euler's  formula  evidently  becomes  inapplicable  con- 
siderably above  the  limits  indicated,  since  columns  in  which 

/ 

—  has  those  values  will  not  nearly  sustain  the  intensity  C. 

The  analytical  basis  of  "  Gordon's  Formula"  for  the 
resistance  of  long  columns  is  so  closely  associated  with  the 
empirical  that  both  will  be  treated  together  hereafter. 
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Art.  25. — Graphical  Determination  of  the  Resistance  of  a  Beam. 

The  graphical  method  is  well  adapted  to  the  treatment 
of  beams  whose  normal  sections  are  limited  either  wholly 
or  in  part  by  irregular  curves.  In  Fig.  i  is  represented 
the  normal  section  of  such  a  beam,  the  centre  of  gravity 
of  the  section  being  situated  at  C.  The  lines  HL,  AB, 
and  DF  are  parallel.  As  is  known  by  the  common  theory 
of  flexure,  the  neutral  axis  will  pass  through  C 

Let  aa  be  any  line  on  either  side  of  AB,  then  draw  the 
lines  aa'  normal  to  AB,  having  made  MN  and  HL  equidis- 
tant from  AB.  From  the  points  a'  thus  determined  draw 
straight  lines  to  C.  These  last  lines  will  include  intercepts, 
bb,  on  the  original  lines  aa.  Let  every  linear  element 
parallel  to  AB,  on  each  side  of  C,  be  similarly  treated.     All 


Fig.   I 


the  intercepts  fotmd  in  this  manner  will  compose  the  shaded 
figure. 

This   operation   in   reality,   and    only,   determines  an 
amount  of  stress  with  a  uniform  intensitv  identical  with 
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that  developed  in  the  layer  of  fibres  farthest  from  the 
neutral  axis,  and  equal  to  the  total  bending  stress  existing 
in  the  section ;  this  latter  stress,  of  course,  having  a  varia- 
ble intensity.  HL  represents  the  layer  of  fibres  farthest 
from  the  neutral  surface,  consequently  MN  was  taken  at 
the  same  distance  from  AB,  Any  other  distance  might 
have  been  taken,  but  the  intensity  of  the  uniform  stress 
would  then  have  had  a  value  equal  to  that  which  exists 
at  that  distance  from  the  neutral  axis.  Again,  a  different 
intensity  might  have  been  chosen  for  the  stress  on  each 
side  of  AB,  It  is  most  convenient,  however,  to  use  the 
greatest  intensity  in  the  section  for  the  stress  on  both  sides 
of  the  neutral  axis ;  this  intensity,  which  is  the  modulus  of 
rupture  by  bending,  will  be  represented,  as  heretofore,  by  K. 

Let  c  and  c'  be  the  centres  of  gravity  of  the  two  shaded 
figures.  These  centres  can  readily  and  accurately  be  found 
by  cutting  the  figures  out  of  stiff  maniUa  paper  and  then 
balancing  on  a  knife-edge.  Let  5  represent  the  area  of  the 
shaded  surface  below  AB,  and  s'  the  area  of  that  above  AB. 

Because  this  is  a  case  of  pure  bending,  the  stresses  of 
tension  must  be  equal  to  those  of  compression.     Hence 

Ks=K5\     or    5 -=5' (i) 

The  moment  of  the  compression  stresses  about  AB 
will  be 

KsXc'C. 

The  moment  of  the  tensile  stresses  about  the  same  line 
will  be 

KsXcC. 

Consequently  the  resisting  moment  of  the  whole  sectioa 
will  bo 

M-^Ksic'C+cO^'KsXcc' (2) 
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Thus  the  total  resisting  moment  is  completely  deter- 
mined. In  some  cases  of  irregular  section  the  method 
becomes  absolutely  necessary. 

It  is  to  be  observed  that  the  centre  of  gravity,  c  or  c\ 
is  at  the  same  normal  distance  from  -45  as  the  centre  of 
the  actual  stress  on  the  same  side  oi  AB  with  c  or  c\ 


Art.  26. — ^The  Common  Theory  of  Flexure  with  Unequal  Values 
of  Coefficients  of  Elasticity. 

In  all  cases  it  has  hitherto  been  assumed  that  the  coeffi- 
cient of  elasticity  for  tension  is  equal  to  the  same  quantity 
for  compression.  In  reality  this  is  exactly  true  for  pos- 
sibly no  material  whatever,  though  the  error,  fortunatety, 
is  not  serious  for  the  greater  portion  of  the  materials  used 
by  the  engineer.  By  the  aid  of  the  assumptions  used  in 
the  common  theory  of  flexure,  formulae  involving  this 
difference  of  coefficients  may  be  deduced.  As  these  are 
of  little  real  value,  however,  a  few  general  results  only  will 
be  obtained. 

Let  E  represent  the  coefficient  of  elasticity  for  tension. 

Let  E'  represent  the  coefficient  of  elasticity  for  com- 
pression. 

As  has  before  been  assumed,  the  normal  sections  of  the 
beam,  which  are  plane  before  flexure,  will  be  taken  as  plane 
and  normal  to  the  neutral  surface  after  flexure.  Also,  as 
before  (Art.  18),  let  u  represent  the  rate  of  strain  (strain 
for  unit  of  length  of  fibre)  at  unit's  distance  from  the  neu- 
tral surface ;  let  the  variable  width  of  the  section  be  repre- 
sented by  &,  while  y  represents  the  variable  normal  distance 
of  the  element  bdy  from  the  neutral  axis  of  the  section.  The 
element  of  the  tensile  stress  in  the  section  wiU  be 

Euy .  bdy. 
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The  elementary  moment  of  the  same  will  be 
Euy^bdy. 

In  precisely  the  same  manner,  the  elementary  compres- 
sive moment  will  be 

E^uy'^bdy. 

Consequently  the  total  resisting  moment  will  have  the 
value 

M  =^u\Ejy^bdy  +  E'  J^  y'bdy^ 

K   H'  K'  (^ 

Vi^O  y  ^  -y' 

The  ordinates  y  and  y^  are  those  belonging  to  the  ex- 
treme fibres  of  the  section,  while  K  and  K'  represent  stress 
intensities  in  those  fibres.  The  general  value  of  y  is  also 
affected  with  the  negative  sign  on  the  compression  side  of 
the  beam. 

It  has  been  shown  in  Art.  9  that 

I 

also,  in  the  case  of  straight  beams,  that 

I     d'^w 
~p^'dx^'' 

w  being  the  deflection  and  x  the  abscissa  measured  along 
the  axis  of  the  beam.  For  the  sake  of  brevity  let  the  quan- 
tity in  the  brackets  in  the  second  member  of  eq.  (i)  be 
represented  by  EJ,  in  which,  consequently,  E'  will  be  dis- 
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placed  by  n£,  n  being  the  ratio  between  E  and  £'.     Eq.  (i) 
may  then  take  the  form 

dhv 

^=^-/5^ <^) 

or 

M  _(Pw 

EJ~d^ ^^^ 

If  M  and  /  are  expressed  in  terms  of  x,  w  may  at  once 
be  found.  If,  as  is  usual,  the  section  is  uniform,  then  will 
J  be  constant  and  M,  only,  will  be  a  function  of  x. 

If  the  section  is  rectangular,  b  will  be  constant  and  / 
will  take  the  following  value : 

.-.  7=^(y,'+ny») (4) 

Because  the  internal  tensile  stress  in  any  section  must 
equal  the  internal  compressive  stress  in  the  same  section 

Eu  I    bydy  =  E'H  I  bydy (5) 

Eq.  (5)  will  enable  the  neutral  axis  of  any  section  to  be 
located.  If  the  section  is  symmetrical,  the  neutral  axis 
will  evidently  be  situated  on  that  side  of  the  centre  of  grav- 
ity of  the  section  on  which  is  found  the  greatest  coefficient 
of  elasticity. 

Art.  27. — Greatest  Stresses  at  any  Point  in  a  Beam. 

If  the  approximate  conditions  on  which  arc  based  the 
formulae  found  in  Arts.  9  and  10  are  assumed,  some  inter- 
esting and  important  results  may  be  very  easily  obtained. 
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The  eqs.  (13),  (14),  and  (15)  of  Art.  2,  App.  I,  lead  to 
the  ellipsoid  of  stress,  and  hence  to  all  of  its  special 
cases  and  consequences.  The  equation  representing  the 
ellipsoid  of  stress  might  first  be  found,  and  then  the  special 
form  relating  to  the  case  considered.  It  will  be  more  sim- 
ple and  direct,  however,  to  use  those  equations  immediately! 

If,  as  in  Art.  9,  beams  carrying  loads  at  right  angles  to 
their  axes  be  assumed,  in  which 

«qs.  (13),  (14),  and  (15)  of  Art.  2,  App.  I,  reduce  to 

N^  cos  p  +  T^  cos  r=^P  cos  ;r, 
r,  cos/?  =Pcos^. 

But  since  all  stress  is  assumed  to  be  found  in  planes 
parallel  to  ZX 

cos  r  =  sin  /?    and     cos  ^  =  sin  tt. 
Hence 

iVjCOS/?  +  7,  sin/?=Pcos  ;r,      .     .     .     .     (i) 

T^cosp  =Psin;r,       ....     (2) 

in  which  P  is  the  intensity  of  the  resultant  stress  on  any 
plane  at  any  point ;  p  the  angle  which  the  normal  to  that 
plane  makes  with  the  axis  of  X  (the  axis  of  the  beam),  and 
t:  the  angle  which  the  direction  of  P  makes  with  the  same 
axis. 

Let  it  first  be  required  to  find  the  plane,  at  any  pointy  on 
which  the  normal  or  direct  stress  is  tlie  greatest 

It  is  known  from  the  theory  of  internal  stress  that  this 
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greatest  normal  stress  will  be  the  resultant  and^  hence, 
a  principal  stress.     Hence  the  relation  ;r  =/>,  or 

iV,  +  r,tan/^=P, (3) 

7,  =Ptan/7 (4) 

If  F  is  the  weight  carried  by  the  beam  at  its  end,  /  the 
moment  of  inertia  of  the  beam's  cross-section,  and  d  its 
half  depth,  or  greatest  value  of  2,  it  has  been  shown  in 
Art.  10  that 

N.^^z     and     r,=^(d'-0»).    ...     (5) 

Inserting  the  value  of  P  from  eq.  (4)  in  eq.  (3) 

r,-r,tan'p  =  iVitan/?; 

^1 
.'.  tan* />+^* tan />=-!. 

-*  a 

Solving  this  qtiadratic  equation  and  then  inserting  the 
values  of  T,  and  N^  from  eq.  (5) 

^^P-'"d^r-2± d^r—i .      .     .     (6) 

This  value  of  tan  p  put  in  eq.  (3)  or  eq.  (4)  will  give 
the  greatest  value  of  the  direct  or  normal  stress  (also  result- 
ant) at  any  point  in  the  beam. 

At  the  exterior  surface  d^z\  hence 

tan/?  =  o    or     —00. 

Since  for  this  point  7^=0,  the  first  value  gives,  by  eq. 
(3),  P=iVj.  The  second  value,  by  eq.  (4),  gives  P=o. 
These  results  might  have  been  anticipated. 
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At  Uie  fieuiral  surface  0=0;   hence 

tan  /?  =  i  I  =  tan  ±  45°. 

Hence  at  the  neutral  surface  there  are  tivo  platies  on  which 
the  stress  is  xvholly  normal,  a^nd  these  planes  make  angles  of 
45®  with  the  neutral  surface,  or  90^  lOith  each  other  (i.e.,  they 
are  principal  planes). 

Since  N^=o  at  the  neutral  surface,  either  of  the  eqs. 
(3)  OT  (4)  gives 

P^±T,^±-^j^ .     (7) 

Hence  each  of  these  normal  or  principal  stresses  equals  in 
intensity  that  of  the  transverse  or  longitudinal  shear  at  the 
neutral  surface;  also,  one  of  these  principal  stresses  is  a  tension 
and  the  other  a  compression. 

F  i  {d^-z^y  ) 

p^r,Cotp^--^\-^^^-^;^=^ 

is  the  equation  of  the  locus  of  the  point  of  constant  greatest 
normal  intensity  of  stress,  if  P  be  taken  constant  and  equal 
to  any  possible  value. 

Let  it  next  be  required  to  find  the  plane  of  greatest  shear 
at  any  point  in  the  beam  and  the  value  of  that  sltear. 

The  shear  on  any  plane  will  be 

Psin  {r.^p)=T (8) 

Multiplying  eq.  (i)  by  (-sin  p)  and  eq.  (2)  by  cos  p, 
then  adding 

—  N^  cos  />  sin  />  4-  T^{cos^p  -  sin*/?)  =  P(sin  ;r  cos  p 

—  cos  7:  sin  p)  =  P  sin  {r.  —  p)  =T \ 

N 
/.     r  = '  sin  2p  -f  T^  cos  2p.     .     .     .     (9) 
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It  is  now  required  to  find  what  value  of  p  will  make  the, 
^neral  value  of  T  (given  by  eq.  (9))  a  maximum.     Hence. 

-J-  =  —  A/jCOS  2p—2T^  sm  2p-o. 


xz 


COS2/>^±^^,^,^^^3_i)-.^ 


(10) 


Eqs.  (10)  give  the  value  of  p  which  is  to  be  placed  in 
eq.  (9),  in  order  to  obtain  the  greatest  value  of  T  at  any 
point  of  the  beam. 

From  eq.  (9) 


r  =  r,cos2/>|  — ^72 tan  2/?+i|-; 

/.  r=±Jv^v-(rfH2')'.     . 

At  the  exterior  surfaces  of  the  beam 

z=  ±d. 


(II) 


Hence 


21  2 


For  this  case  also  cos  2p  =0,     or    p=4S^. 

Hence  at  the  exterior  surfaces  of  the  beam  the  planes  of 
neatest  shear  make  angles  of  45°  with  the  axis  of  the  beam, 
and  the  intensity  of  the  shear  is  half  that  of  the  direct  stress 
ut  the  same  place. 

At  the  neutral  surface  2=0.     Hence 

7=± — ?~=^a    ai^d     cos2p=±i. 
Hence  2p=o  or  180°,  or  p=o  or  90°;   i.e.,    the   planes 
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of  greatest  shear  are  the  transverse  and  longitudinal  planes, 
and  the  greatest  shear  itself  is,  consequently,  the  trans- 
verse or  longitudinal  shear. 

If  T  is  given  any  possible  value  and  considered  con- 
stant, eq.  (11)  will  give  the  locus  of  the  point  of  constant 
greatest  shear. 

The  result  expressed  in  eq.  (7)  is  of  great  value  in 
determining  the  thickness  of  the  web  of  flanged  beams,  as 
will  be  seen  hereafter. 

Problems  for  Chapter  III. 

Problem  i. — ^A  beam  simply  supported  at  each  end 
carries  a  load  of  850  pounds  per  linear  foot  over  a  span  of 
26  feet.  Find  the  bending  moment  and  transverse  shears 
at  the  end  and  centre  of  span  and  at  2  points  3  feet  and  1 1 
feet  6  inches  respectively  from  the  end. 

Ans,  Moment  at  end  is  o;    at  3  feet,  29,325  ft.-lbs.; 

at  II. 5  feet,   70,868.75  ft.-lbs.;    at  centre,   71,825 

ft.-lbs.     Shear  at  end   is   11,050  lbs.;    at   3  feet,. 

8500  lbs.;  at  II. 5  feet,  1275  lbs. 

Problem  2. — A  beam  or  girder  having  a  span  length  of 

41  feet  carries  a  uniform  load  of  1 200  poimds  per  linear  foot 

and  a  single  weight  of  1800  poimds  at  the  centre.     Find 

the  bending  moments  and  the  shears  due  to  the  uniform 

load  and  the  single  load  separately  at  the  ends  and  at  the 

centre  and  at  points  6  and  14  feet  from  the  end. 

Problem  3. — In  Problem  2  find  the  single  weight  which 
placed  at  the  centre  of  the  span  will  produce  the  same 
centre  bending  moment  as  the  tmiform  load. 

Ans.  24,600  pounds. 
Again,  find  two  weights  placed  6  feet  apart,  i.e.,  one 
3  feet  either  way  from  the  centre,  which  will  produce  the 
same  centre  bending  moment  as  the  tmiform  load. 

Ans.  Each  of  the  two  weights  is  14,406  pounds. 
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Problem  4. — A  beam  or  girder  with  a  span  length  of 
31  feet  carries  a  uniform  load  of  300  poxmds  per  linear  foot 
in  addition  to  five  loads,  the  first  weighing  7000  pounds 
at  a  distance  of  3  feet  from  the  end ;  the  second  weighing 
10,000  pounds  7  feet  from  the  end;  the  third  weighing 
11,000  pounds  14  feet  from  the  end;  the  fourth  weighing 
17,000  poimds  21  feet  from  the  end,  and  the  fifth  weighing 
6400  poimds  27  feet  from  the  end. 

Construct  the  shear  and  moment  diagrams  for  this  case, 
Fig.  2  of  Art.  15  and  Fig.  2  of  Art.  12. 

Problem  5. — Find  a  uniform  load  for  the  same  beam 
considered  in  Problem  4  which  will  have  a  centre  bending 
moment  equal  to  the  greatest  bending  moment  of  that 
problem;  also  another  uniform  load  whose  end  shear 
shall  equal  the  greatest  of  the  two  end  shears  of  Prob- 
lem 4.  Such  uniform  loads  are  called  **  equivalent  imiform 
loads." 

Problem  6. — In  Problem  2  the  moment  of  inertia  / 
is  3570  (the  imit  being  the  inch),  while  £  =  30,000,000, 
the  beam  being  of  steel.  Find  the  tangent  of  inclination 
of  the  neutral  surface  at  the  end  and  at  10  feet  from  the 
end.  Also  find  the  deflection  at  the  centre  of  span  and 
at  10  feet  from  the  end.  Use  eqs.  (19),  (20),  and  (21) 
of  Art.  22. 

Partial  Ans.  Tangent  10  feet  from  end  is  .00344. 
The  deflection  at  the  same  point  is  .53  inch. 

Problem  7. — In  Problem  6  let  it  be  required  to  ascer- 
tain how  much  additional  deflection  is  produced  by  the 
transverse  shear  at  the  centre  of  the  span  and  at  10  feet 
from  the  end.  Let  the  coefficient  of  elasticity  for  shear 
(G)  be  taken  at  12,000,000  poxmds,  while  /  =  357o  and 
d  =  i4  inches. 

Ans.  Deflection  at  10  feet  is  .0054  inch,  and  at  the 
centre  of  span  .0075  inch. 
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Problem  8.— Find  the  loads  by  Euler's  formula  which 
can  be  carried  by  a  steel  solid  circular  column  3  inches  in 
diameter  and  20  feet  long  with  fixed  ends  if  £  =30,000,000 
poimds;  and  by  a  cast-iron  column  of  the  same  diameter 
with  one  end  roxmd  and  one  end  fixed,  but  13  feet  long, 
if  £  =  14,000,000  pounds. 


CHAPTER  IV. 
RESILIENCE. 

Art.  28. — General  Considerations. 

The  term  resilience  is  applied  to  the  quantity  of  work 
required  to  be  expended  in  order  to  produce  a  given  state 
of  strain  in  a  body.  If  a  piece  of  material  is  subjected 
to  tension,  that  state  of  strain  will  be  simply  the  stretching 
of  the  piece  or  the  amotmt  of  compression,  if  the  piece  is 
subjected  to  compressive  stress.  In  precisely  the  same 
manner  the  resilience  of  a  bent  beam  is  the  amount  of  work 
performed  upon  it  by  its  load  in  producing  deflection. 
There  may  also  be  the  resilience  of  shearing  or  of  torsion. 

In  the  ordinary  use  of  the  expression,  resilience  refers 
to  the  amount  of  work  expended  within  the  elastic  limit, 
whether  of  torsion,  compression,  or  tension,  but  it  may 
properly  be  extended  in  its  meaning  to  include  the  total 
amotmt  of  work  required  to  rupture  the  material  under 
any  one  of  the  preceding  conditions  of  stress.  Elastic 
resilience  may  easily  be  computed  by  means  of  exact 
formulae,  but  if  the  total  work  required  to  cause  rupture 
in  any  case  is  desired,  a  graphical  record  of  the  total  strains 
produced  between  the  elastic  limit  and  failure  must  be 
obtained  by  actual  tests.  In  these  articles  the  formula* 
for  elastic  resilience  only  will  be  given;  in  other  subse- 
quent articles  the  method  of  computing  the  total  resilience- 
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of  failure  will  be  illtistrated  by  computations  from  actiial 
strain  records. 


Art.  29.— The  Elastic  Resilience  of  Tension  and  Compression 
and  of  Flexure. 

Let  it  be  supposed  that  a  piece  of  material  whose  length 

is  L  and  the  area  of  whose  cross-section  is  A  is  either 

stretched  or  compressed  by  the  weight  or  load  W  applied 

so  as  to  increase  gradually  from  zero  to  its  full  value.     If 

E  is  the  coefficient  of  elasticity,  the  elastic  change  of  length 

WL 
will  be  -pp.     The  average  force  acting  will  be  ^W,  hence 

the  work  performed  in  producing  the  strain  will  be 

Resilience  =-—^rjT (i) 

2AE  ^  ^ 

W 
If  -J-,  the  intensity  of  stress  in  the  metal,  be  represented 

by  t,  eq.  (i)  may  be  written 

Resilience  ^\At^-p (2) 

I 
Again,  eq.  (2)  may  take  the  following  form: 

Resilience  ^\AE^^L  =  \AEl^L.     ...     (3) 

In  eq.   (3)  the  quantity  l^'^-pi  is  obviously  the  square 

of  the  strain  (stretch  or  compression)  per  imit  of  length. 
.  If.a  bar  of  material  i  inch  in  length  and  i  square  inch 
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in  cross-section  be  considered,  i4  =  i  and  L  =  i  must  be 
"inserted  in  the  preceding  equations,  and  there  will  result 

UnitresUtence=^-p=^El^ (4) 

The  qtaantity  ^  =£/'  is  called  the  **  Modulus  of  Resil- 
ience/* The  expression  is  ordinarily  employed  when  I 
is  the  greatest  intensity  of  stress  allowed  in  the  bar. 

The  preceding  equations  are  applicable  whether  the 
bar  or  piece  of  material  is  in  tension  or  compression,  the 
coefficient  of  elasticity  E  being  used  for  either  stress,  while 
/  represents  the  intensity  of  either  tension  or  compression, 
as  the  case  may  be. 

Inasmuch  as  the  values  of  t  and  E  are  usually  taken 
in  reference  to  the  square  inch  as  the  tmit  of  area,  it  is 
generally  convenient  to  take  L  in  inches,  although  any 
other  unit  of  length  may  be  taken  when  multiplied  by  the 
proper  numerical  coefficient. 

The  Resilience  of  Bending  or  Flexure, 

It  has  already  been  shown,  in  considering  the  common 
theory  of  flexure,  as  applied  to  the  flexure  or  bending  of 
beams,  that  the  intensities  of  the  stresses  of  tension  and 
compression  vary  from  point  to  point  throughout  the 
entire  beam.  In  determining  the  elastic  resilience  of 
flexure,  therefore,  it  is  necessary  to  find  the  work  per- 
formed in  producing  the  varying  strains  corresponding 
to  the  stresses  in  the  interior  of  the  beam.  The  resilience 
due  to  the  direct  stresses  of  tension  and  compression  will 
first  be  considered  and  then  that  due  to  the  shearing 
stresses. 
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In  order  to  obtain  the  expression  for  the  work  per- 
formed by  the  direct  stresses  of  tension  and  compression, 
in  a  beam  bent  by  loads  acting  at  right  angles  to  its  axis, 
-a  differential  of  the  length,  dL,  is  to  be  considered  at  any 
normal  section  in  which  the  bending  moment  is  M,  the 
total  length  of  span  or  beam  being  L.  Let  /  be  the  moment 
of  inertia  of  the  normal  section,  A,  about  its  neutral  axis, 
and  let  k  be  the  intensity  of  stress  (usually  the  stress  per 
square  inch)  at  any  point  distant  d  from  the  axis  about 
which  /  is  taken.  The  elastic  change  produced  in  the 
indefinitely  short  length  dL  when  the  intensity  k  exists 

k 
is  pdL,     If  dA  is  an  indefinitely  small  portion  of  the  normal 

section,  the  average  force  or  stress,  either  of  tension  or 
compression,  acting  through  the  small  elastic  change  of 
length  just  given,  can  be  written  by  the  aid  of  a  familiar 
equation  of  flexure  as 

-k.dA^—f.dA (S) 

Hence  the  work  performed  in  any  normal  section  of  the 
member,  for  which  M  remains  unchanged,  will  be,  since 

fk.dA.d^M, 


fi 


M                      M* 
{j^kd.dA.dL^^jdL (6) 


The  work  performed  throughout  the  entire  piece  will  then 
be 


M^' 


(7) 


The  integration   indicated   in  eq.   (7)  is  readily  made 
in  all  ordinary  cases  by  substituting  the  value  of  the  bend- 
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ing  moment  M  in  terms  of  the  variable  horizontal  ordinate 
or  abscissa  x  and  the  load,  it  being  remembered  that  dL 
is  precisely  the  same  as  dx.  If,  for  example,  the  beam 
is  non-continuous,  simply  supported  at  each  end  and 
carries  tmiformly  distributed  load  p  per  imit  of  length 

throughout  the  whole  span,  M  ^-iLx—x^).  By  the  in- 
sertion of  this  value  of  M  in  eq!  (7)",  there  will  result 

IV  representing  pL,  the  entire  load  on  the  beam. 

This  equation  gives  the  value  of  the  total  work  per- 
formed by  the  direct  stresses  of  tension  and  compression 
in  the  interior  of  a  simple  beam  tmiformly  loaded  and 
supported  at  each  end,  under  the  assumption  that  the 
moment  of  inertia  /  of  the  cross-section  is  constant  through- 
out the  entire  span. 

If  a  single  load  W  r6sts  at  the  centre  of  the  span,  the 

W 
reaction  at  each  end  being  — ,  the  value  of  the  bending 

W 
moment  at  any  point  wiU  be  — x.     By  inserting  this  value 

of  Af  in  eq.  (7),  there  will  result 

Restltence=—^rf.2  I     — xax=^  .     .     (9) 

2  EI    Jo      4  g6  El 

Similarly  equations  of  the  elastic  resilience  of  the  direct 
stress  of  tension  and  compression  in  beams  loaded  in  any 
manner  whatever  may  easily  be  written.  In  some  cases 
like  the  last  the  deflection  at  the  point  of  application  of  a 
single  load  may  easily  be  determined.     Let  that  deflec- 
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tion  be  represented  by  w;  when  a  single  load  H'  rests  at 
the  centre  of  the  span  the  work  performed  by  this  load  in 
producing  the  deflection  is  ^Ww.  Hence  that  amount  of 
work  must  be  eqiial  to  the  resilience  given  by  eq.  (9),  and 


The  Resilience  Due  to  the  Vertical  or  Transverse  Shearing 
Stresses  in  a  Bent  Beam. 

The  work  performed  by  the  vertical  shearing  stresses 
in  a  bent  beam  of  any  shape  of  cross-section  may  readily 
be  foimd.  Let  S  be  the  total  transverse  shear  in  a  normal 
section,  /  being  the  moment  of  inertia  of  the  latter  about 
its  neutral  axis,  b  the  width  or  breadth  (constant  or  variable) 
of  the  section,  ^  the  imit  shearing  strain  defined  in  Art.  2, 
d  and  d^  the  distances  of  the  extreme  fibres  from  the  neu- 
tral axis,  and  G  the  coefficient  of  elasticity  for  shearing. 
By  eq.  (6)  of  Art.  10  the  intensity  5  of  the  shear  at  any 
point  in  the  section  at  the  distance  z  from  the  neutral  axis 
will  be 

5=|^(d»-^») (II) 

Again,  by  eq.  (3)  of  Art.  2, 

^4=^^^^'-^') <"> 

The  amount  of  shearing  stress  on  the  indefinitely  small 
portion  of  the  section  b.dz  will  be  sb.dz,  and  its  path  in 
performing  the  work  will  be  <l>dx,  x  being  the  horizontal 
ordinate  of  the  section  of  the  beam  from  any  convenient 
origin,  as  the  end  or  the  centre  of  the  span,  i.e.,  in  this  case 
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the  end  of  the  span.     The  differential  work  performed  in 
the  section  will  be,  by  the  aid  of  eqs.  (11)  and  (12), 

{sbdz),(<f>dx)^-^{d'^z'ydzdx.       .     .     (13) 

In  this  equation  it  is  easy  to  express  the  breadth  b  of 
the  section  in  terms  of  0,  whatever  may  be  its  shape,  by 
the  aid  of  the  equation  of  the  perimeter  of  the  section. 
In  all  the  ordinary  and  important  cases  of  engineering 
practice  involving  this  resilience  of  shearing  the  shape  of 
the  section  is  rectangular  for  which  b  is  constant,  and  it 
will  be  so  regarded  in  the  following  equations.  Remem- 
bering that  X  and  z  are  independent  variables,  and  that 
the  first  integration  will  be  made  in  reference. to  z,  that 
integration  will  give 

As  the  section  is  taken  to  be  rectangular  in  outline,  with 

h  bh* 

the  breadth  6  and  depth  h,  d  ^d^  =-»  and  /  = — .     Eq.  (14) 

will  then  become 


Resilience  ■- 


SbhG. 


JsHx (15) 


The  total  transverse  shear  5  will  have  varying  values 
depending  upon  the  amoimt  of  loading  on  the  beam  and 
its  distriibution,  i.e.,  in  general  it  will  vary  with  x,  and 
when  not  constant  it  must  be  expressed  in  tenns  of  that 
variable  before  the  remaining  integration  can  be  made. 

If  a  single  weight  W  rests  on  the  beam  at  the  distance 
of  V  from  one  end  where  the  reaction  is  R\  and  at  the 
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distance  ly  from  the  other  end  where  the  reaction  is  7?^, 
the  shear  S  will  be  constant  for  each  of  the  segments  inta 
which  the  point  of  loading  divides  the  span;  in  one  of 
those  segments  5  =  /?',  and  in  the  other  S^R^.  The  com- 
plete integration  of  eq.  (15)  will  be,  therefore, 

Resilience  ^-^{R'V  -^R,\). 

If  there  be  substituted  in  the  parentheses  of  the  second 

/ 
member  of  the    preceding   equation  the  values  R' ^Wj 

V 
and  R^  =  VJj,  there  will  result 

6     //' 
Resilience ^--^y^  •^W'^ (16) 

I 
If  the  weight  W  rest  at  the  centre  of  the  span  /^  =/'  =  - 


and 


Resilience  ^-j-^^WH (17) 


Eq.  (17)  affords  a  simple  method  of  finding  the  deflec- 
tion w^  of  the  point  of  loading  due  to  the  transverse  shear. 
As  the  weight  W  is  supposed  to  be  gradtially  applied  the 
expended  work  ^Ww^  must  be  equal  to  the  shearing  re- 
silience given  in  eq.  (17).     Hence 

«''=^^! (^8) 

When  a  non-continuous  beam  simply  supported  at  each 
end  carries  a  uniform  load  over  the  entire  span,  it  has  been 
shown  in  Art.  17,  eq.  (7),  that  the  transverse  shear  at  any 
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section  is  equal  to  the  load  between  the  centre  of  span  and 
that  section.  If,  therefore,  the  origin  of  ^  be  taken  at 
the  centre  of  span  and  if  p  represents  the  load  per  unit  of 
length  of  the  beam,  S  =  px,  By  substituting  this  value  of 
5  in  eq.  (15),  and  remembering  that  twice  the  integral 
must  be  taken  for  the  whole  beam, 

6  f2  pH^        WH 

i?..i/i.nc.=  ^^.2y^  />Vd^  =  — ^^-^=^^^^.     (19) 

The  shearing  resilience,  therefore,  in  a  non-continuous 
beam  carrying  a  uniform  load  is  only  one  third  as  much 
as  that  due  to  the  same  load  concentrated  at  the  centre  of 
the  span. 

If,  as  is  usual,  G  is  expressed  in  potmds  per  square  inch 
the  imit  for  /,  6,  and  h  will  be  the  linear  inch. 

Other  modes  of  loading  than  those  taken  can  be  treated 
in  precisely  the  same  general  manner. 

If  rolled  steel  I  beams  are  under  consideration,  b  will 
represent  the  thickness  of  the  web,  while  h  will  be  the  total 
depth  of  the  beam  in  the  formulae  for  the  shearing  resilience, 
for  the  reason  that  the  web  only  in  such  beams  is  assumed 
to  carry  the  entire  shear.  The  same  observation  may 
apply  to  any  form  of  section  in  which  a  vertical  portion 
of  imiform  thickness  carries  the  shear. 

The  Total  Resilience  Due  to  Both  Direct  and  Shearing 

Stresses, 

The  general  expression  for  the  total  resilience  of  a  bent 
beam  due  to  both  shearing  and  direct  stresses  will  be  the 
sum  of  the  second  members  of  eqs.  (7)  and  (13),  expressed 
by  the  following  equation : 

/M*        r  r  S^h 
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Or,  by  eqs.  (7)  and  (15),  since  dL^dx, 

—p'jdx  +  -TTg  /  S^dx,    .     (20) 

By  the  aid  of  eqs.  (8)  and  (19)  the  total  resilience  for 
a  simple  non-continuous  beam  may  be  as  follows: 
If  the  uniform  load  pi  =  W, 

Total  resilience ^W*(^j  +  ^^.      .     (21) 

For  the  same  beam  carrying  a  single  load  W  at  the  centre, 
by  eqs.  (9)  and  (17) 

Totalresaience=^W'(^^j+j^^.     .    .     (22) 

As  has  been  explained,  the  last  two  equations  are  appli- 
cable to  beams  with  rectangular  sections  only. 

In  a  similar  manner  the  total  deflection  of  a  beam 
supported  at  each  end  and  loaded  both  with  a  single  weight 
W  at  the  centre  of  the  span  and  with  a  uniform  load  will 
be  fotmd  by  the  sum  of  the  two  expressions  given  m  eqs. 
(10)  and  (18): 


Art.  30. — ^Resilience  of  Torsion. 

The  work  expended  in  producing  elastic  strains  of 
torsion  constitutes  the  resilience  of  torsion  and  is  a  special 
case  of  shearing  resilience.  The  twisting  moment  which 
produces  the  angle  of   torsion  a  is  given  by  eq.   (i6)  of 
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Art.  8  and  is  M^Galp.  When  the  piece  twisted  has  the 
length  /  the  total  angle  of  torsion  is  oft  and  the  differential 
amount  of  work  performed  by  the  moment  M  in  producing 
the  indefinitely  small  twist  d{al)  ^l.da  is  Ml. da.     Hence 

Resilience^  J Mlda^GlIp J  \.da^Gllp^.  .     (i) 

If  P  and  e  are  the  force  and  lever-arm  of  the  twisting 
couple,  eq.  (18)  of  Art.  8  shows  that 

Pe 

Substituting  this  value  of  a^  in  eq.  (i), 

P'^eH 
Resilience  ^—^ (a) 

If  the  normal  section  of  the  piece  is  circular  Ip^ 

Hence,  for  a  shaft  with  circular  section, 

P'^eH 
Resiliences:!^, (3) 

If  the  section  of  the  shaft  is  a  square,  Ip'^T^  ^  being 
the  side  of  the  square.     Hence,  for  a  sqtiare  section, 

-xP^eH 
Resilience  =^-Y^ (4) 

In  some  cases  shafts  are  subjected  to  combined  torsion 
and  bending.  In  such  cases,  if  it  is  desired  to  compute 
the  total  elastic  resilience  it  is  only  necessary  to  take  the 
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sum  of  the  two  resiliences,  each  found  as  if  existing  in- 
dependently of  the  other. 

The  resilience  of  torsion  beyond  the  elastic  limit  or 
tetween  the  elastic  limit  and  the  ultimate  resistance  must 
lie  determined,  as  in  all  cases  of  distortion  beyond  the 
elastic  limit,  from  an  actual  strain  record,  as  given  by 
the  testing  machine  when  the  piece  is  strained  up  to  any 
given  degree  of  permanent  stretch  or  to  rupture. 

Art.  31. — Suddenly  Applied  Loads. 

A  loadJs  considered  suddenly  applied  when  its  full 
amount  acts  instantly  upon  any  piece  of  material  loaded 
by  it.  In  the  preceding  articles  relating  to  resilience  the 
loads  are  treated  as  being  gradually  increased  from  zero 
to  their  full  values.  In  such  cases  the  amount  of  external 
loading  at  any  instant  is  supposed  to  be  equal  only  to  the 
internal  stress  or  stresses  opposing  it,  so  that  the  work 
performed  is  equivalent  to  one  half  the  total  load  multi- 
plied by  the  total  resulting  strain.  When  the  loads  are 
suddenly  applied,  on  the  other  hand,  the  internal  stresses 
produced  are  exactly  equal  to  the  external  forces  only 
when  the  strains  corresponding  to  the  latter  are  reached, 
and  the  work  performed  up  to  that  point  is  just  double 
the  work  expended  when  the  loads  are  gradually  applied. 
It  follows  from  this  last  consideration  that  the  strains 
produced  by  the  suddenly  applied  loads  will  be  double 
those  found  under  gradual  application.  Inasmuch  as 
the  elastic  strains  are  proportional  to  the  corresponding 
stresses,  it  further  follows  that  the  stresses  produced  by 
suddenly  applied  loads  will  be  double  in  intensity  those 
which  are  produced  by  the  same  loads  gradually  applied. 

The  work  expended  by  a  suddenly  applied  load  up  to 
the   point   of   strain   corresponding  to   its   amount   being 
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double  the  work  performed  by  the  internal  stresses,  the 
total  stress  induced  in  the  material  at  the  limit  of  the  final 
strain  produced  by  such  a  load  will  be  double  the  amount 
of  the  latter.  The  internal  stresses  in  the  piece  will,  there- 
fore, catise  it  to  recover  from  its  strained  condition  and 
vibrations  will  result,  the  treatment  of  which  constitutes 
an  important  branch  of  the  theory  of  elasticity  in  solid 
bodies.  Some  general  features  of  that  treatment  will  be 
given  in  Art.  12,  App.  I,  but  as  they  are  seldom  used  in 
engineering  practice  they  will  not  be  considered  here. 
It  is  only  important  at  this  point  to  note  carefully 
the  distinction  between  the  effects  of  a  given  load  grad- 
ually applied  and  suddenly  applied,  the  strains  and 
stresses  in  the  latter  condition  being  double  those  in 
the  former. 

Again,  it  is  also  important  to  distinguish  between 
loads  suddenly  applied,  and  shocks,  as  they  are  called  in 
engineering  practice.  A  shock  is  produced  when  the 
load  falls  freely  before  acting  upon  a  piece  of  material 
sustaining  it.  The  cause  of  shock,  therefore,  is  a  suddenly 
applied  load  with  the  effect  of  a  free  fall  of  the  latter  super- 
imposed. These  matters  must  be  carefully  taken  into 
account  and  allowed  for  in  such  structures  as  bridges 
carrying  rapidly  moving  trains,  and  those  allowances  arc 
incorporated  in  the  provisions  of  specifications  covering 
bridge  construction. 

Problems  for  Chapter  IV. 

Problem  i. — A  6-inch  by  1.75-inch  steel  eye-bar  48  feet 
long  is  subjected  to  a  stress  of  117,500  pounds.  If  that 
load  is  gradually  applied  what  is  the  work  performed  in 
the  total  length  of  the  bar,  if  £  =  30,000,000  pounds?  Also 
what  is  the  unit  resilience? 
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<«^^  ^        «ii,i9o,     L=48Xi2« 576  inches.     Eq.  (2) 

of  Art.  29  then  gives 

Resilience  =  work  performed  =  — -^— - — — ^ — 

^  2  X  30,000,000 

=  12,621  in.-lbs. 
Eq.  (4)  of  Art.  29  gives 

-TT  .        .^.  (11,190)'  .     „ 

Unit  resibence  —  — =  2.09  in.-lbs. 

2X30,000,000 

Problem  2. — ^A  cast-iron  coltimn  18  feet  long  having^ 
an  area  of  cross-section  of  40.8  sq.  in.  carries  a  load  of 
245,000  poimds.  If  the  coefficient  of  elasticity  £  is  14,- 
000,000  poimds,  how  much  work  is  performed  in  com- 
pressing the  coltimn  if  the  load  is  gradually  applied. 

Problem  3. — ^A  30-pound  lo-inch  rolled  steel  I  beam 
carries  a  uniform  load  of  1000  pounds  per  linear  foot  in 
addition  to  its  own  weight  with  a  span  of  16  feet.  What 
will  be  the  resilience  or  work  performed  in  the  material 
of  the  beam  imder  the  gradual  application  of  that  total 
load  of  1030  pounds  per  linear  foot,  the  moment  of  inertia 
/  of  the  beam  being  134.2  and  £  =  30,000,000  poimds? 
Eq.  (8)  of  Art.  29  is  to  be  used,  in  which  L  is  192  inches. 
Incidentally,  what  will  be  the  greatest  intensity  of  stress, 
fe,  in  the  extreme  fibres? 

Ans,  Resilience  =  1987  in.-lbs;  k  =  15,000  lbs.  per  square 
inch. 

Problem  4. — In  Problem  3  if  the  thickness  of  the  web 
of  the  lo-inch  rolled  beam  is  .5  inch,  find  the  resilience  of 
the  vertical  or  transverse  shearing  stresses  in  the  beam, 
the  coefficient  of  shearing  elasticity,  G,  being  taken  at 
12,000,000  pounds.  The  remaining  data  are  /  =  192  inches; 
fe  =  io  inches;  6=0.5  inch,  and  W  =  16,480  pounds,  and 
they  are  to  be  used  in  eq.  (19)  of  Art.  29. 
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Problem  5. — In  Problems  6  and  7  at  the  end  of  Chapter 
II  find  the  work  performed  in  twisting  the  two  steel  shafts, 
ie.,  the  resilience  for  25  feet  length  in  the  one  case  and  13 
feet  in  the  other.     Use  eqtiations  of  Art.  30. 

Problem  6. — In  Problem  3  suppose  the  load  suddenly 
applied,  what  will  be  the  resulting  resilience  and  greatest 
intensity  of  extreme  fibre  stress? 


CHAPTER   V. 
COMBINED   STRESS  CONDITIONS. 

Art.  32. — Combined  Bending  and  Torsion. 

Probably  the  most  important  case  of  combined  bend- 
ing or  flexure  and  torsion  is  that  of  the  ordinary  crank- 
shaft represented  in  Fig.  i. 

The  centre  of  the  thrust  of  a  connecting-rod  is  at  /I, 
on  the  crank-pin  journal  against  which  the  connecting-rod 
bears.  The  centre  of  the  shaft-bearing  is  at  B.  If  the 
thrust  at  A  is  represented  by  P,  then  the  actual  resultant 
moment  about  the  centre  of  the  bearing  B  will  be  PXAB. 
The  problem  is  to  determine  the  maximum  stresses  de- 
veloped by  this  resultant  moment  in  the  section  of  the 
shaft  at  B.  Two  methods  may  be  employed  in  both  of 
which  the  resultant  moment  of  P  multiplied  by  the  lever 
arm  AB  is  resolved  into  its  two  components,  one  of  which 
is  the  ordinary  bending  moment  represented  by  M  ==PxCB, 
and  the  other  is  the  twisting  moment  AV  =PxAC.  The 
latter  produces  torsion  in  the  journal  at  B  and  the  former 
produces  pure  flexure  or  bending  at  the  same  section. 

Let  CB  be  represented  by  /  while  e  represents  AC. 
The  moment  of  pure  bending  at  B  will  be 

A/=P/ (i) 

164 
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The  twisting  moment  producing  pttre  torsion  will  be 

M'=Pe (2) 

If  d  represents  the  distance  of  the  most  remote  fibre 
in  the  section  B  from  the  neutral  axis  of  the  latter,  and  ii 


I 


Fig.  I. 


k  is  the  greatest  intensity  of  bending  stress  at  the  dis- 
tance d  from  the  neutral  axis,  while  /  is  the  monr.ent  of 
inertia  of  the  normal  section  of  the  shaft  at  B  about  the 
same  neutral  axis,  the  toUowing  will  be  the  value  ot  k: 


k  = 


Md    Pld 


(3) 


Again,  if  T  is  the  greatest  intensity  of  torsional  shear 
in  the  normal  section  of  the  shaft  at  B,  at  the  greatest 
distance  r,  in  the  perimeter,  from  the  centre  of  gravity  or 
the  centroid  of  the  same  section,  the  value  of  the  maximum 
intensity  T  will  be 

M'r     Per 


r=- 


U) 


In  eq.  (4)  Ip  is  the  polar  moment  of  inertia  of  the  nor- 
mal section  at  B. 


i66  COMBINED  STRESS  CONDITIONS.  [Ch.  V. 

First  Method, 

In  this  method  it  is  only  necessary  to  consider  the 
intensities  k  given  by  eq.  (3)  and  T  given  by  eq.  (4),  the 
greatest  allowed  working  stresses  of  direct  tension  and  of 
shearing  respectively,  k  would  have  the  value  of  the 
greatest  tensile  working  stress  of  the  material  of  the  shaft 
for  the  reason  that  if  tested  to  failure  the  shaft  would 
yield  first  on  the  tension  side. 

It  being  understood,  therefore,  that  k  and  T  represent 
the  greatest  allowed  working  intensities  of  stress,  usually 
expressed  in  pounds  per  square  inch,  eq.  (3)  will  give 

d^  k^  k ^5) 

Under  the  same  conditions  eq.  (4)  will  give 


Ip_M'_Pe 


^     -  --^  (6) 


For  the  circular  section 


/-—     and    Ip^— (7) 


For  a  square  section 


-    and    /,=-g 


/=—    and    Ip^-j:, (8) 


h  being  the  side  of  the  square.     In  eq.  (5)  for  a  circular 

section  d^r  and  for  a  square  section  rf  =  — 7=.     In  eq.  (6), 

V  2 

r^r  for  the  circular  section,  but  for  the  square  section 
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r=— ^.     Making  those  substitutions  in  eqs.  (5)  and  (6)  for 

V2 

the  circular  section,  there  will  result,  D  being  the  diameter 
of  the  shaft, 


For  bending .  •  •  r  =-  =>J-^  =  ^-^^Mt 

D     zllP'e      ^,z\Pe 
For  torsion r  =—  ^\~~T  ""  ^^ \^ 


Pe 
T   J 


(9) 


In  the  practical  use  of  eqs.  (9)  that  one  of  the  two 
values  of  r  should  be  taken  which  is  the  greatest.  This 
will  insure  that  both  the  direct  stress  of  tension  and  the 
shearing  stress  shall  not  exceed  the  prescribed  values  of 
k  and  T. 

The  substitution  of  the  values  of  /  and  Ip  for  the  square 
section  in  eqs.  (5)  and  (6)  will  give,  remembering  that  d 
and  r  are  each  one  half  the  diagonal  of  the  square, 


.     (10) 


In  eq.  (10),  also,  the  greatest  value  of  6  given  by  the 
application  of  the  two  formulae  is  to  be  taken,  so  that,  as 
in  the  case  of  the  circular  section,  neither  of  the  two  in- 
tensities k  and  T  shall  exceed  the  values  prescribed  for 
them. 

This  method  involves  only  the  consideration  of  the 
simple  formulae '  of  the  common  theories  of  flexure  and 
torsion. 


For  bending . . 

.b-\      ^      = 

a  PI 
=  2.04% 

For  torsion . . , 

.6-x.6.Vt 
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Second  Method. 

The  second  method  of  treatment  of  this  case  of  the 
crank-shaft  consists  in  determining  the  greatest  intensity 
of  the  direct  stress  of  tension  in  the  section  B  of  the  shaft 
at  the  journal-bearing.  This  resultant  maximum  intensity- 
is  produced  by  the  combination  of  the  same  component 
moments,  M  ^Pl  and  M'  =P^,  as  in  the  preceding  method. 
With  the  sections  of  shafting  always  employed  the  maxi- 
mum intensity  of  bending  stress  k  and  the  maximum 
intensity  of  torsional  shear  T  exist  at  the  same  point  and 
on  the  same  plane,  i.e.,  the  plane  of  normal  section  of  the 
shaft.  The  existence  of  the  shear  T  on  the  normal  section 
at  the  distance  r  from  its  centre  of  gravity  carries  with  it 
the  same  intensity  of  shear  at  the  same  point  €>n  a  longi- 
tudinal plane  passing  through  the  axis  of  the  shafting. 
At  the  point  considered,  therefore,  on  two  indefinitely 
small  planes  at  right  angles  to  each  other,  one  normal  to 
the  axis  of  the  shaft  and  the  other  parallel  to  it,  there  exist 
the  direct  intensity  of  tension  k  on  the  first,  and  the 
intensity  of  shear  T  on  the  second.  The  problem  is  to 
determine  at  the  same  point  the  greatest  intensity  of 
the  direct  stress  of  tension  on  any  plane  whatever,  and 
the  angle  /?  between  the  direction  of  that  stress  and  the 
axis  of  the  shaft.  Reference  may  best  be  made  to  the 
general  formulae  of  internal  stresses  in  a  solid  body  for  its 
solution,  and  those  are  cqs.  (3)  and  (4)  of  Art.  27.  Those 
equations  are  adapted  to  this  case  by  making  N^^k, 
T^  =  T,  tan  p=-tan  /?,  and  P  =  ^,  the  latter  quantity  being 
the  gxatest  intensity  of  tension  desired.  These  substi- 
tutions give  the  following  two  equations : 

k-\-TUn(i=t (11) 

r  =  /tan/? (12) 
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By  the  elimination  of  tan  fi  between  eqs.  (11)  and  (12) 

k  +  —-^t (13) 

The  solution  of  eq.  (13)  gives 


-/; 


+  r'+^ (14) 


Eq.  (14)  gives  the  expression  for  the  greatest  intensity 
of  direct  tension  in  the  shaft  in  terms  of  the  known  stresses 
k  and  T. 

By  the  elimination  of  T  between  eqs.  (11)  and  (12) 

/(i-tan*^)=fe; 
also  by  eq.  (12), 

2  tan/8=— . 

Dividing  this  last  equation  by  the  one  which  pre- 
cedes it, 

tan  2^=^ (^5) 

By  eq.  (15)  the  position  of  the  plane  or  section  of  the 
shaft  on  which  the  maximum  intensity  t  exists  may  at 
once  be  foimd.  Inasmuch  as  /9  is  the  angle  between  the 
direction  of  the  stress  t  and  the  axis  of  the  shaft,  the  angle 
between  the  plane  on  which  t  acts  and  the  axis  of  the  shaft 
>^ill  be  90^+^9. 

Under  this  method  of  treatment  it  would  be  necessary 
to  design  the  shaft  so  that  t  should  not  exceed  the  greatest 
prescribed  tensile  working  stress  for  the  material  employed. 
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The  greatest  intensity  of  oompressive  stress  in  the  shaft 
would  be  found  by  giving  the  negative  sign  to  the  radical 
in  the  second  member  of  eq.  (14). 

The  preceding  formulae  have  been  established  in  a 
manner  to  make  them  applicable  to  any  form  of  shaft 
section  or  any  values  of  k  and  T.  It  is  only  necessary  to 
insert  in  those  formulae  any  intensities  of  those  stresses 
that  may  exist.     If,  for  example,  it  were  considered  desir- 

P 
able  to  add  the  shear  — j  due  to  the  thrust  P  to  the  tor- 

p 

sional  shear  it  would  only  be  necessary  to  take  T  +  — | 

for  T  wherever  the  latter  quantity  occurs. 

If  a  shaft  is  circular  in  section,  as  is  almost  universally 
the  case,  so  that  Ip  =  2/,  and  if  the  shearing  effect  of  P  in 
the  section  at  B,  Fig.  i,  be  omitted,  useful  and  extremely 
simple  relations  may  be  deduced.  In  that  case  Z)«2r, 
being  the  diameter  of  the  shaft,  and  j  the  angle  ABC 
of  Fig.  I,  M  as  before  being  the  resultant  moment,  or 
M=PxAB: 


.     rM  COS]         ,     _     rM  smj 

Ar= f — -     and     7= = — -. 

I  2/ 

By  the  substitution  of  these  values  in  eq.  (14), 


(16) 


Hence 


^  =  7/(i+cos/)-^^(i+cosf).     .     .     (17) 
D  =  i.72>Jj-(i+cos/) (18) 


Eq.  (17)  gives,  by  the  aid  of  the  first  of  eqs.  (i6), 

rM  k 

'-- 7^(i+cos/)=-(secy  +  i).  .     .     .     (19) 
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The  second  of  eqs.  (16)  gives,  after  substituting  the 
r       16 
2l~nD* 

e    T  M  cin  i 

(20) 


value  of  —T^—ryi^ 


5 . 1  Af  sin  / 


The  substitution  of  the  values  of  T  and  k  from  eqs.  (i6) 
in  eq.  (15)  gives 

2T 
tan  2/9='-jr-=tany;    .'.  P'^ij.     .     .     .     (21) 

This  last  set  of  results  relating  to  circular  shafts  will, 
in  all  oTxiinary  cases,  supply  everything  required  for  the 
operations  of  design  or  of  investigations  regarding  con- 
ditions of  stress  in  existing  shafts. 

Eqs.  (16),  first  of  (17),  (19),  and  (21)  apply  as  they 
stand  to  square  shafts. 

The  first  method  involves  simpler  considerations  than 
the  second,  not  only  analytically,  but  also  in  respect  to 


Fio.  2. 

empirical  quantities  required  to  be  used.  The  test  pieces 
from  which  the  ultimate  resistance  of  the  material  is  de- 
termined are  always  taken  parallel  to  the  axis  of  the  shaft, 
but  the  greatest  intensity  of  stress  /  found  in  the  second 
method  has  a  direction  inclined  to  that  axis  by  the  angle  /?. 
In  general,  therefore,  it  will  probably  be  foimd  more 
practicable  to  use  the  first  method  rather  than  the  second. 
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In  the  case  of  the  double  crank-shaft  shown  in  Fig.  2, 
it  is  only  necessary  to  treat  each  half  precisely  as  if  it  were 
the  single  crank-arm  in  Fig.  i. 


Art.  33.— Combined  Bending  and  Direct  Stress. 

There  are  a  considerable  number  of  practical  problems 
of  combined  flexure  and  direct  stress  of  sufficient  impor- 
tance to  merit  careful  examination,  and  among  them  is  the 
flexure  of  long  columns  treated  in  Art.  24.  In  this  place 
the  particular  cases  to  be  considered  are  those  in  which  the 
bending  is  produced  by  a  uniform  load  at  right  angles  to 
the  axis  of  the  member,  or  by  eccentricity  of  longitudinal 
loading,  the  direct  stress  (or  external  force)  being  applied 
in  a  direction  parallel  to  the  same  axis.  Lower  chord 
eye-bars  and  other  horizontal  or  inclined  chord  members 
of  pin  bridges  belong  to  this  class. 

Let  M^  represent  the  bending  moment  in  the  member 
at  that  section  where  the  deflection  is  greatest,  produced 
by  loading  at  right  angles  to  the  member's  axis  or  by 
eccentricity  in  the  application  of  the  longitudinal  loading; 
let  «/  represent  the  greatest  deflection  resulting  from  the 
total  bending  moment  and  direct  stress ;  also,  let  P  be  the 
total  direct  stress  acting  upon  the  member  whose  length 
is  /,  while  k  represents  the  greatest  intensity  of  stress  due 
to  bending  alone  and  at  the  distance  d  of  the  most  remote 
fibre  from  the  neutral  axis  of  the  section  at  which  the 
deflection  «/  is  foimd.  Finally,  let  A  be  the  area  of  cross- 
section  of  the  member  which,  together  with  the  moment  of 
inertia  /,  is  supposed  to  be  constant  throughout  the  entire 

P 
length;    and  let  9=~4»  the  intensity  of  uniform  stress  in 

the  member  due  to  the  direct  stress  or  force  P, 
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The  restdtant  maximutn  bending  moment  in  the  mem- 
ber will  then  be 

M  =  M,±P'ut/ (i) 

If  P  is  tension  it  will  tend  to  pull  the  member  straight, 
thus  producing  a  moment  opposite  to  M^.  In  the  second 
member  of  eq.  (i),  therefore,  the  negative  sign  is  to  be  used 
for  a  member  in  tension  and  the  positive  sign  for  a  member 
in  compression. 

The  greatest  resultant  intensity  of  stress,  /,  in  the 
member  will  then  take  the  value 

P     Md      i/„    Md\ 

The  quantity  r  is  the  radius  of  gyration,  so  that  I  =  At^, 
When  the  intensity  /  is  prescribed,  the  required  area 
of  section  A  is 

■^-\{^^% (3) 

These  equations  are  perfectly  general  and  may  be 
applied  to  all  cases  of  combined  bending  and  direct  stress. 

Art.  34. — The  Eye-bar  Subjected  to  Bending  by  Its  Own  Weight 
or  Other  Vertical  Loading. 

Let  Fig.  I  represent  a  lower  chord  eye-bar  of  a  pin- 
connected  bridge  with  the  length  /  and  carrying  the  total 
tension  P.      The  depth  of  the  bar  is  h  and  the  thickness  /^  i 

so  that  the  area  of  the  normal  section  is  bh.  The  bar  acts 
as  a  beam  carrying  its  own  weight  as  a  uniform  load  over 
the  span  /.  That  load  deflects  the  bar  as  a  beam  while  the 
direct  stress  of  tension  (P)  decreases  that  deflection  bv 
tending  to  pull  the  bar  straight.     The  problem  is  to  deter- 
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mine  the  greatest  stress  in  the  bar  and  incidentally  its  centre 
deflection. 

There  are  several  methods  of  procedure.  The  first  and 
simplest  method  is  approximate  in  its  results,  although 
sufficiently  close  for  some  purposes.     It  consists  in  treating 


Fig.  I. 

the  bending  and  direct  stresses  as  existing  independently, 
so  that  results  are  obtained  by  simply  adding  the  bending^ 
to  the  direct  intensities.  This  method  will  be  treated 
first. 

The  more  exact  method  consists  in  recognizing  the  bend- 
ing moment  as  the  resultant  of  those  due  to  the  transverse 
load  acting  on  the  bar  as  a  simply  supported  beam,  and  to 
the  direct  stress  P  acting  with  the  greatest  deflection  as 
its  lever-arm. 

Approximate  Method, 

Although  reference  will  be  made  to  Fig.  i,  the  formulae 
as  written  will  be  equally  applicable  to  compression  mem- 
bers in  which  P  would  be  the  total  force  of  compression. 

If  the  total  weight  of  the  bar  or  compression  member 
is  W,  and  if  /  is  the  moment  of  inertia  of  its  cross-section 
about  the  neutral  axis,  while  k  is  the  greatest  intensity  of 
bending  stress  at  the  distance  d  from  the  same  axis,  the 
theory  of  flexure  gives 

,^     Wl    kl         ^    Wld 
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If  the  area  of  cross-section  is  represented  by  A,  while 
the  radius  of  gyration  is  r,  I^Ar^.  Again,  the  qtiantity 
I-^d  is  called  the  "section  modulus,"  and  tabulated 
values  of  it  for  rolled  sections  may  be  found  in  hand-books. 
Let  m  be  that  modulus,  then  eq.  (i)  may  take  the  form 

Wld     Wl 
^"8i4r»"8m ^^^ 

The  intensity  of  direct  tension  is 

Obviously  k  will  be  tension  on  the  lower  side  of  the  bar 
or  other  member  and  compression  on  the  upper  side.  The 
greatest  intensity  of  stress  in  the  piece  will  be  the  sum  of 
q  and  k,  Eqs.  (2)  and  (3)  will,  therefore,  give  the  value 
of  that  greatest  intensity,  t,  of  stress  as  follows: 

,=,+fe=i-(p+^ (4) 

When  the  greatest  value  of  t  is  prescribed,  the  reqtiired 
area  of  section,  A,  can  be  at  once  written  from  eq.  (4) 


-K--^ 


^ <5> 

In  the  case  of   an  eye-bar  with  the  cross-section  6/t, 
d=-  and  -J  ^T.     Hence 

and 
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If  the  bar  carries  any  other  uniform  load  than  its  own, 
it  is  only  necessary  to  make  W  represent  the  total  uniform 
load,  including  the  weight  of  the  bar  itself. 

Finally  the  direct  force  P  may  act  with  the  eccentricity  e. 

In  this  case   the   moment  Pe  produces  uniform   bending 

throughout  the  length  of  the  bar,  and  it  is  only  needful  to 

.       /IF/     ^\    ,       Wl    .       ^  ..        r  1         u 

write    i~^  ±Pej   for   -q-    in  the   precedmg  formula?,  the 

double  sign  showing  that  Pe  may  act  cither  with  or  against 
the  moment  of  the  uniform  load. 

The  formulae  of  this  article  are  not  sufficiently  exact 
for  the  usual  cases  of  engineering  practice. 


Art.  35.— The  Approximate  Method  Ordinarily  Employed. 

The  method  commonly  employed  in  practical  work  for 
the  treatment  of  compoimd  bending  and  direct  stress  is 
a  much  closer  approximation  than  the  preceding  method, 
although  not  exact.  Its  chief  feature  is  the  introduction 
of  the  bending  moment  produced  by  the  direct  or  longi- 
tudinal force  multiplied  by  the  actual  maximum  deflection. 
In  the  same  manner  the  moment  due  to  the  eccentricity 
of  the  line  of  action  of  that  force  is  introduced  where\'er 
necessary. 

Eq.  (6a)  of  Art.  21  gives  the  following  expression  for 
the  deflection  iv'  due  to  pure  bending  and  in  terms  of  the 
greatest  intensity  of  bending  stress  k,  a  being  a  constant 
depending,  among  other  things,  upon  the  distribution  of 
loading: 

kP 
"^^""Ed ^'^ 

If  the  deflection  as  given  in  eq.  (i)  be  placed  equal  to 
each  of  the  two  parts  of  the  deflection  given  in  eq.  (21) 
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of  Art.  22,  it  will  be  foimd  for  a  beam  simply  supported 
at  each  end  and  loaded  imiformly,  that  a  =  jV»  and  ^^ 
the  same  beam  loaded  by  a  single  weight  only  at  the  centre 
of  the  span,  a  =  /^.  The  cases  which  occur  in  practice 
confomi  nearly  to  that  of  a  load  imiformly  distributed 
over  the  length  /.  Hence  for  such  a  beam  there  is  ordi- 
narily tak««n 

"^'T^ ^^> 

The  moment  produced  by  the  direct  force  or  stress  P 
acting  with  the  lever  arm  u/  will  have  the  opposite  sign 
to  that  of  M,  (the  moment  due  to  transverse  loading  or 
to  eccentricity),  if  the  member  is  in  tension,  but  if  the 
member  is  in  compression  those  two  moments  will  have 
the  same  sign.  The  resultant  equation  of  moments  may, 
therefore,  be  written 

M~^M,±Pw' (3) 

As  stated,  the  plus  sign  is  to  be  used  for  a  compression 
member  and  the  negative  sign  for  a  tension  member. 

If  the  value  of  «/,  given  by  eq.  (2),  be  substituted  in 
eq.  (3),  the  following  value  of  k  will  result: 

--'i^         (4> 


loE 


In  eq.  (4)  the  plus  sign  is  to  be  used  for  tension  mem- 
bers and  the  minus  sign  for  compression  members.  This 
equation  is  general  and  adapted  to  all  forms  of  cross- 
section  under  the  conditions  virtually  assumed.  Although 
not  explicitly  stated,  it  is  essentially  assumed  that  the  ends 
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of  the  member  remain  absolutely  fixed  in  distance  apart. 
This,  is  frequently  not  the  case,  especially  in  the  lower 
chord  eye-bar  of  a  pin-connected  bridge  subjected  to  direct 
tension  and  to  bending  due  to  its  own  weight,  the  bar 
ustu^Hy  being  horizontal. 

If  the  ends  of  the  beam  or  member,  uniformly  loadedv 
are  fixed,  a  «-iV»  when  k  is  the  greatest  intensity  of  bending 
stress  ^,t  the  mid-point  of  the  member,  or  ^  if  fe  is  the 
intensiiy  of  the  bending  stress  at  the  fixed  ends.  One  of 
those  values  (ustially  -j^y)  is  to  be  substituted  therefore 
f or  iV  in  the  formulae  which  follow  when  the  fixed-end 
condition  exists. 

The  resultant  maximum  intensity  of  stress  t  in  the 
member  will  obviously  be 

t=k+q,  . (5) 

|n  which  equation  q  is  the  imiform  intensity  P-^i4. 

Eq.  (4)  will  be  immediately  appUcable  to  any  particu- 

*  lar  case  by  substituting  in  it  the  values  of  /  and  M^  for 

^,  that  special  case. 

If  the  case  of  the  lower  chord  eye-bar  mentioned  in  a 

'   preceding  paragraph  be  considered,  the  total  weight  of  the 

bar  being  W,  while  b  and  h  represent  its  thickness  and 

bh*  Wl 

depth   respectively,    /=  —   and   Mi=-g-.     These    values 

substituted  in  eq.  (5)  will  give  the  desired  value  of  the 
resultant  intensity,  as  follows: 

wl 

Eq.  (6)  gives  the  value  of  the  maximum  intensity  of 
tension  in  the  extreme  lower  fibres  of  the  eye-bar  when 
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subjected  to  t"he  total  direct  tension  P  and  to  the  bencjkig 

due  to  its  own  weight.  ,    •  , 

The  greatest  intensity  of  bending  stress  in. the  bar,-& 

evidently  the  second  term  of  the  second  member  of  ecf^(6), 

and  it  has  tIi5HEelK)wing  value  if  the  weight  of  the  bar  per 

W  /     ' 

unit  of  length  is  -r-  =g,  or  if  the  weight  of  a  cubic  tmit  oV 

the  metal  is  t: 

SgE 
_-S-S        _    jihE    ■    • 


It  is  frequently  important  to  observe  what  depth  of 

bar  with  a  constant  area  of  cross-section,  subjected  to  a 

prescribed  working  stress,  will  give  the  maximtim  bending 

stress  due  to  its  own  weight  when  the  length  is  fixed. 

That  depth  can  readily  be  determined  by  taking  the  first 

derivative  of  k,  ^s  given  by  eq.  (7),  with  h  as  the  variable. 

dk 
By  performing  that  operation  and  placing  jL^^o,  there 

will  at  once  result 

»._^V5.     ..;...    (8) 

The  valtle  of  h  insulting  from  an  application  of  eq.  (8) 
gives  the  depth  of  bar  which,  with  a  given  value  of  /,  will 
imder  the  conditions  of  the  case  yield  the  greatest  in- 
tensity of  bending  stress  k ;  it  indicates,  'therefore,  a  linriit 
of  depth  to  be  avoided  as  far  as  practicable. 

Steel  is  the  usual  structural  material  for  eye-bars  for 
which  E  may  be  takea  at  29,000,000.  For  this  value  of 
£,  h  will  become,  by  eq.  (8), 

4900    ^ 


i8o 
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•    In  this  equation  9  =  t  is  the  intensity  of  uniform  stress 

in  the  bar,  or  the  '  *  working  stress. ' ' 

By  placing  the  value  of  h,  as  given  by  eq.  (8),  in  the 
'Value  of  k,  eq.  (7),  there  will  result  the  maximum  possible 
bending  stress  in  a  bar  of  given  length  /  and  given  area  of 
cross-section  A : 


Vq 


(9) 


If.  £  =  29,000,000  and  z=.286  lb.  per  cubic  inch  for 
steel,  eq.  (9)  will  take  the  value,  for  the  corresponding 
values  of  h  in  the  equation  preceding  eq.  (9), 


t  = 


510/ 


(10) 


The  following  table  shows  at  a  glance  the  greatest 
possible  fibre  stresses  in.  eye -bars  of  different  lengtlis  and 
depths  when  the  working  tensile  stresses  in  pounds  per 
square  inch  are  those  given  in  the  extreme  left-hand  colimin 
of  the  table : 


Length  of  Eve -bars  in  Feet. 

Working 

Tensile 

1                       1                      1 

Strqsses 
in 

IS 

20 

»S 

30 

3^ 

40 

Pounds 

per 
Square 

, 

■    JC 

^ 

j= 

a 

J= 

S 

X 

J. 

JC 

oi 

^  i  J 

Inch. 

1 

1 

& 

Dept 

Fibre 
Str 

In». 

Lbs.  p. 
Sq.  In. 

Ins. 

Lbs.p 
Sq.  In. 

Ins. 

Lbs.p. 
Sq.  In 

Ins. 

Lbs.  p. 
Sq.  In. 

Ins. 

Lbs.  p. 
Sq.  In. 

Ins. 

Lbs.  p. 
Sq.  In. 

8,000 

3.3 

1030 

4.4 

1370 

5-5 

1710 

6.6 

2050 

7.7 

2400 

8.8 

2740 

10.000 

3-7 

920 

4-9 

1220 

6.1 

1530 

V-^ 

1840 

8.6 

2x40 

9.8 

2450 

I  2.000 

4.0 

840 

5.4 

XI 30 

6.7 

1400 

S.o 

1680 

9.4 

1960 

X0.7 

2240 

14.000 

4.3 

7S0 

S.8 

1030 

7.2 

1290 

8.7 

IS  50 

10. 1 

1810 

II. 6 

2070 

16,000 

4.6 

730 

6. a 

970 

7   7 

laio 

9.3 

1450 

10.8 

X690 

ia.4 

1940 

In  using  the  preceding  formulae  it  is  to  be  remembered 
that  the  ordinary  unit  of  length,  as  well  as  the  tmit  of 
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cross-section,  is  the  linear  inch,  and  that  the  weight  i  of  a 
cubic  iinit  will  then  be  the  weight  of  a  cubic  inch.  This 
investigation  will  jdeld  results  sufficiently  accurate  for  all" 
the  usual  cases  of  engineering  practice,  although  it  doea. 
not  provide  for  the  straightening  effect  of  the  puD  P,  * 
except  as  producing  a  bending  moment  opposite  to  that 
of  the  uniformly  distributed  load  W.      ,  ' 

Allowance  for  any  other  distributed  loading  than  the 
weight  of  the  bar  itself,  and  for  any  eccentricity  of  the  Hnc 
of  action  of  P  that  may  exist,  are  made  precisely  as  ex- 
plained in  the  two  paragraphs  following  eq.  (7)  of  Art.  34. 

Art.  36. — ^Ezact  Method  of  Treating  Combined  Bending  and 

Direct  Stress. 

In  this  metho(i  of  finding  the  results  of  direct  stress 
combined  with  bending  it  is  necessary  to  determine  an 
expression  for  the  centre  deflection  of  the  bar,  or  com-* 
pression  member,  considered  as  simply  supported  at  each 
end.  As  the  line  of  action  of  the  direct  stress  P  is  sup- 
posed to  coincide  with  the  original  centre  line  or  axis  of 
the  bar,  if  g  is  the  weight  per  linear  unit  of  the  latter,  the 
bending  moment  Mj  in  the  second  niember.  of  eq.  (i), 
Art.  33,  becomes 

t     2 

As  this  case  is  one  in  which  P  is  tension  the  general 
eq.  (i)  of  Art.  33  will  take  the  following  form  by  the  aid 
of  eq.  (7)  of  Art.  9: 

3^=a(f^<'-')-^) <■> 

w 

In  this  equation  g  =  -j-  is  the  weight  per  Imear  inch, 
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or  Other  unit,  of  the  bar  or  member  producing  a  bending 
moment  opposite  to  that  induced  by  the  direct  stress  P 
acting  with  the  lever-arm  z£/.  The  integration  indicated  in 
oq.  (i)  may  be  completed,  but  as  it  is  not  a  simple  integra- 
tion it  will  not  be  made  here.  As  the  greatest  bending 
stress  is  found  at  the  centre  of  span  the  centre  deflection 
only  is  needed  and  a  different  procedure  may  be  followed. 

Let  w^  represent  the  centre  deflection  of  the  member 
considered,  a  beam  simply  supported  at  each  end  and 
carrying  its  own  weight  only,  or  any  other  total  weight  W 
uniformly  distributed.  It  is  necessary  to  use  the  expres- 
sion for  the  work  performed,  or  resilience  of  the  beam  in 
being  deflected  at  the  centre  by  the  amoimt  w^.  Eq.  (8) 
of  Art.  28  gives  that  resilience  as 

Resilience  ^j^^j (2) 

In  producing  the  centre  deflection  w^  the  centre  of  gravity 
of  the  weight  W  will  descend  through  the  distance  w^  found 
by  placing  Ww^  equal  to  the  resilience  given  in  eq.  (2). 
Hence 

Wl* 
^•~24o£;/ ^3' 

sWi* 

Also,  since  by  eq.  (26)  of  Art.  22  ^1'°   g  £V 

^'=^;     •••  w^o-Aw^ (4) 

Hence  the  resilience  becomes 

Resilience ''W^w^.       .     k     .     .     .     (5) 
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If  the  value  of  W^  in  terms  of  w^  be  taken  from  eq.  (26) 
of  Art.  22  and  substituted  in  eq.  (5), 

Resilience  ^^^^-^^w^^ (6) 

Hence  the  resilience  of  a  bent  beam  varies  as  the  square 
of  the  centre  deflection. 

If  the  actual  centre  deflection  of  the  bar  or  member 
considered  be  z£/,  the  resilience  of  the  beam  when  deflected 
to  that  extent  will  be 

Restlience^i^-J-^^^j (7) 

The  curvature  of  the  bar  or  member  being  slight,  the 
lengths  (equal  to  each  other)  of  the  neutral  surface  with 
the  deflections  ii/  and  w^  will  be,  if  /'  and  /j  are  the  corre- 
sponding lengths  of  span  or  horizontal  projections  of  the 
neutral  surface, 


Hence 


-'-f(f -^) <" 


The  difference  /'  — /^  represents  the  movement  toward 
or  from  each  other  of  the  two  ends  of  the  bar  or  member 
tinder  the  action  of  the  direct  stress  or  force  P. 

In  the  case  of  the  eye-bar,  the  pull  of  the  force  P  re- 
moves a  part  of  the  deflection  Wp  and  in  so  doing  performs 
work  in  aiding  to  lift  the  weight  W  of  the  bar,  the  remainder 
of  the  work  of  lifting  W  being  performed  by  the  elastic 
efforts  of  the  bar  to  straighten  itself  from  the  deflection 
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,l£ij*tb  7i/y  the  latter  portion  of  the  work  being  represented 

•by    th0    quantity    — ^li jj-     Hence  the   following 

equatipn  of  work  may  be  written, 

The  conditions  under  which  the  work  represented  by 
eq.  (lo)  is  performed  are  such  that  either  (w^^w')  or 
(w^+w')  may  be  written  in  the  second  member.  The 
resulting  numerical  value  of  w^  will  be  the  same  in  both 
cases  but  aflfefcted  by  different  signs.  As  the  equation  is 
written  the  numerical  value  of  li/  will.be*negative. 

In  eq.  (lo)  there  is  taken  /'  ^1^=1,  the  length  of  panel, 
which  may  be  done  with  essential  accuracy. 

.Dividing  both  sides  of  eq.  (lo)  by  (w^  —  u/)  and  solving 
for  TJt/, 

— IMZ'    •  •  •  •  ^"^ 

The  deflection  w^=   g  /r/  appearing   in   eq.  (n)  is  a 

'    '^ftnoWn  quantity.. 

After  ii/  is  determined,  the  resultant  bending  moment 
at  the' centre  of  the  bar  will  be 

Wl 
M'  =  'g — Put/ "(12) 

If  the  area  of  cross-section  of  the  bar  is  A,  the  maxi- 
mum intensity  of  stress  /  in  it  will  be,  by  eq.  (2)  of  Art.  33, 
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Or  if  the  maximum  value  of  t  is  specified  '   "  ••      . 

^     i/„    M'd\  '    ,  ■  /  V 

K  the  section  is  rectangular,  so  that  A  =bh  and  d  =  ~, 

■  '-^^tV-- •  •  •  <-) 


and 


^,      i/„     6M'\  ,    , 


When  the  depth  of  the  bar  is  small  in  comparison  with 
the  length  /,  it  niay.  happen  that  the  resultant  or  final  de- 
flection is/  will.be  such  as  to  make  the  bending  moment 
M '  equal  to  zero.     Or    • 

Wl  wi 

M' — g-P«/=o;    .'.  «^=-8p.     .     .     (17)- 

When  «/  found  by  eq.  (17)  is  less  than  u/  given  by 
eq.  (11),  eq.  (17)  is  to  be  employed.  This  result  shows 
that  the  bar  will  be  subject  to  no  bending,  but  that  it  wilf ' 
hang  like  a  flexible  cable.  The  conditions  thus  developed 
are  those  which  indicate  when  a  horizontal  or  indin^d  bar 
stressed  in  tension  ceases  to  act  partially  as  a  beam  and 
becomes  purely  or  wholly  a  tie. 

These  formulae  are  perfectly  general  for  all  cases  of 
bars  or  members  in  tension,  even  for  such  small  sections 
as  wire.  Their  application  to  individual  cases  will  show 
that  excessive  intensities  will  not  exist  where  simple  ten- 
sion members  are  held  tmder  stress  in,  a  nearly  horizontal 
position. 
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Art.  37. — Combined  Bending  and  Direct  Stress  in  Compression 

Members. 

If  the  ordinary  approximate  method  of  Art.  35  be  em- 
ployed, eq.  (4)  of  that  article  is  imimediately  applicable, 
using  the  minus  sign  in  the  denominator,  P  being  the  total 
direct  stress  of  compression  and  M^  the  bending  moment 
due  to  the  uniform  transverse  load  and  to  eccentricity  of 
the  line  of  action  of  P,  if  there  be  any.  The  greatest  in- 
tensity of  bending  stress  as  represented  by  that  formula 
would  then  be 

^-^k <■> 

,  loE 

In  this  equation,  d  is  the  distance  from  the  neutral  axis 
of  the  section  to  the  extreme  fibre  in  which  the  intensity  k 
exists. 

If  ^  be  the  eccentricity  of  the  line  of  action  of  P,  and  if 
W  be  the  weight  of  the  compression  member  whose  length 
is  /, 

Wl 
M,^^±Pe,    ......     (2) 

When  the  moment  of  P  produces  bending  of  the  same 
sign  with  the  transverse  load  W,  the  plus  sign  is  to  be  used 
in  eq.  (2),  and  the  minus  sign  when  those  moments  are 
opposite.  If  the  line  of  action  of  P  coincides  with  the 
axis  of  the  member,  the  moment  Pe  disappears  from  eq.  (2). 
Again,  if  the  member  is  vertical,  so  that  there  is  no  trans- 
verse bending  due  to  the  load  W,  when  the  line  of  actioa 
of  P  has  the  eccentricity  e, 

M.^Pe (3) 
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This  latter  case  exists  very  frequently  in  the  columns 
of  buildings. 

Eq.  (i)  is  thus  seen  to  represent  the  greatest  intensity 
of  bending  stress  with  M^  taken  from  either  eq.  (2)  or 
€q-  (3)  for  the  cases  of  transverse  loading,  no  transverse 
loading,  eccentric  longitudinal  loading,  or  any  combina- 
tion of  those  cases. 

The  resultant  intensity  of  stress,  i.e.,  the  greatest 
intensity  of  compressive  stress  in  the  entire  compression 
member,  will  be 

loE 

As  A  is  the  area  of  cross-section,  I^Ar^,  r  being  the 
radius  of  gjrration  of  the  cross-section  of  the  compression 

P 
member.     It  q^-j ,  eq.  (4)  will  take  the  form 


,    P         MA  MA  .  V 

^=z-^T7-^=9+-7-^-  .   •   •   (S) 

joE  loE 


In  the  use  of  this  equation,  the  intensity  q  must  ob- 
viously never  exceed  the  working  value  given  by  the  column 
formula  employed.  Indeed,  if  there  is  suitable  eccentricity 
q  may  be  much  less  than  that  working  long  column  value. 

In  practical  operation  the  principal  use  of  eq.  (5) 
may  be  the  determination  of  the  area  of  cross-section  A 
with  some  prescribed  value  of  t.  It  is  usually  feasible  to 
assign  general  outside  dimensions  of  the  proposed  column 
section  and  that  will  enable  a  close  approximate  value  of 
r  to  be  assigned.     If,  at  the  same  time,  an  approximate 
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value  of  q  may  also  be  taken,  the  resolution  of  the  first  and 
third  members  of  eq.  (5)  will  at  once  give 

._  P   P      M,d 

If,  on  the  other  hand,  such  an  assignment  of  q  may  not 
be  made,  it  will  be  necessary  to  solve  the  first  and  second 
members  of  eq.  (5),  as  a  quadratic  equation,  for  A,  Bring- 
ing both  terms  of  the  second  member  of  eq.  (5)  over  a 
common  denominator  and  solving  the  resulting  equation 
of  the  second  degree  in  the  usual  manner,  the  following 
general  value  of  A  will  be  found : 

■     |i/  P  l\P    M,dY      P~F'     ,  , 

h 
Frequently  there   may   be   wntten   d^-  and  r  =  .4h. 

Hence 

-,=|  (nearly). 


h 
If,  again,  d  =-  and  r  =  .35/t, 


d     4 

72=^  (nearly). 


> 


The  preceding  values  of  the  radius  of  gyration  r  repre- 
sented in  terms  of  the  depth  h  of  the  compression  member 
are  closely  approximate  for  practical  design  work. 

Eqs.  (6)  and  (7)  will  give  the  desired  area  of  section  of 
the  compression  member  carrying  both  direct  stress  and 
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bending  produced  by  transverse  loading  tinder  the  assiimp- 
tions  of  the  method  ordinarily  employed.  Those  formulae 
are  sufficiently  accurate  for  their  purposes,  but  it  may  be 
desirable  to  use  the  more  exact  formulae  given  in  the  next 
section. 

Exact  Method  for  Combined  Compression  and  Bending. 

The  exact  procedure  for  combined  compression  and 
bending  is  identical  with  that  used  in  Art.  36,  the  formxdae 
determined  there  simply  being  adapted  to  a  compressive 
longitudinal  force  instead  of  a  force  of  tension.  It  is  to  be 
observed,  as  in  the  case  of  the  tension  member,  that  the 
compression  member  may  be  horizontal  or  inclined,  so  as 
to  be  subjected  to  bending  either  from  its  own  weight  or 
from  some  other  form  of  loading  in  addition  to  that  weight. 
The  member  may  also  be  subjected  to  imiform  bending 
throughout  its  length  by  the  eccentric  application  of  the 
longitudinal  force  P  concurrently  with  the  preceding  cross 
bending,  or,  as  in  the  case  of  a  vertical  column  carrying 
eccentric  loading,  by  that  force  P  alone. 

It  is  essential  to  recognize  in  this  connection  that  while 
the  columns  may  occasionally  be  in  the  pin-end  condi- 
tion, usually  their  ends  are  essentially  in  a  condition  of 
at  least  partial  fixedness,  although  the  degree  of  fixed- 
ness is  indeterminate.  It  will  conduce  to  simplicity  of 
treatment  if  the  transverse  bending,  either  from  distributed 
loading^  or  by  the  eccentricity  of  application  of  the  column 
load,  be  treated  as  if  the  ends  of  columns  are  hinofed.  It 
has  been  shown  in  Art.  22  that  the  centre  deflection  of  a 
beam  of  given  length  and  cross-section  with  ends  simply 
supported  and  with  the  loading  uniformly  distributed  is 
five  times  as  great  as  when  the  ends  of  the  same  beam 
are  fixed.     In  the  following  analysis,  therefore,  the  bend- 
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ing  from  both  the  sources  named  may  be  considered  as 
produced  in  a  coltimn  with  hinged  ends  by  a  total  uni- 
formly distributed  load  W,  sufficient  in  amoimt  to  cause 
one  fifth  of  the  actual  bending  moment  acting  on  the  col- 
umn with  ends  fixed.  In  this  manner  the  fixed  or  con- 
strained end  condition  of  the  actual  column  is  provided 
for,  while  the  simplicity  of  the  hinged  end  computations 
is  retained.  The  bending  moment  produced  by  P,  acting 
with  the  lever-arm  of  the  greatest  deflection,  will  concur 
with  the  bending  moment  produced  by  the  own  weight 
of  the  member  or  other  vertical  uniform  loading,  instead 
of  being  opposed  to  it,  as  was  the  case  with  the  tension 
member  of  Art.  36.  The  work  performed,  therefore,  by 
P  and  the  tmiform  loading  W  will  be  equal  to  the  resilience 
or  elastic  work  performed  in  the  member  in  changing  the 
deflection  from  w^  to  z£/,  it  being  remembered,  in  this  case, 
that  ii/  may  be  less  than  w^.  Under  these  conditions, 
then,  eq.  (10)  of  Art.  36,  expressing  the  work  done  on  the 
beam  in  changing  the  deflection  from  the  w^  to  ii/  will 
become  the  following,  the  second  member  representing  the 
resilience  or  the  work  done  by  the  elastic  stresses  through- 
out its  volxame : 

Dividing  both  members  of  this  equation  by  («/  — Wj), 
then  solving  for  «/,  the  following  value  of  the  latter  will 
immediately  result: 

"^'aeTI./ ^^^ 

25  P  w, 
in  which 
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Having  found  the  deflection  t£/,  the  general  eqtiation 
for  the  resultant  maximum  bending  moment,  eq.  (i)  of 
Art.  33,  will  take  the  following  form,  in  which  the  coeffi- 
cient c  is  introduced  to  provide  for  fixedness  of  ends  in 
the  manner  shown  in  Prob.  4,  at  the  end  of  this  chapter. 
If  the  ends  are  hinged,  corresponding  to  the  end  condition 
of  a  beam  simply  supported,  c  =  i,  but  if  the  ends  are  fixed, 
c  may  be  taken  as  .5 : 

M^c(^±P{e±'a/)\ (10) 

In  this  equation  care  must  be  exercised  in  using  the 
double  signs,  observing  that  both  plus  signs  are  to  be  taken 
together  as  are  both  minus  signs;  also,  that  the  eccen- 
tricity e  in  a  vertical  column  is  taken  in  a  direction  opposite 
to  the  deflection  it/,  in  which  case  ^  is  to  be  considered 
positive  and  the  lever-arm  of  P  is  (e +11/),  In  the  upper 
chord  of  bridges  e  may  be  given  such  value  that 

Wl 
M«-g--P(^-z£/)=o  (nearly).  .     .     .     (11) 

In  the  case  of  vertical  columns,  like  those  in  buildings, 

Wl 
ordinarily  the  term  -^  disappears,  leaving  the  bending 

moment  in  the  colimfin: 

M^Pie+w") (12) 

In  the  great  majority  of  cases  z(/  is  so  small  in  com- 
parison with  ^  as  to  make  it  negligible,  so  that 

M=Pe (13) 

These  various  values  of  the  bending  moment  M  cover 
all  that  usually  occur  in  practical  operations. 
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If,  in  accordance  with  the  preceding  notation,  t  is  the 
maximum  resultant  intensity  of  stress  in  the  member, 
there  will  .result 

Evidently  the  uniform  intensity  of  compressive  stress 

P 
V  must  not  exceed  the  intensity  of  working  stress  given 

by  a  suitable  long  column  formula.  When  the  greatest 
working  intensity  /  is  prescribed,  the  desired  area  of  cross- 
.section  of  the  compression  member  will  be 


=K-^"1- 


(IS) 


d 
The    closely   approximate  values  of  -,   given  immedi- 
ately following  eq.  (7)  may  be  used  in  a  precisely  similar 
manner  i^  eq.  (15),  so  as  to  simplify  the  practical  use  of 
that  equation. 

Problems  for  Chapter  V. 

Problem  i. — A  steel  eye-bar  8  ins.  by  i^  ins.  in  section 
and  32  feet  long  sustains,  in  a  horizontal  position,  a  tensile 
stress  of  144,000  pounds,  i.e.,  12,000  pounds  per  square  inch. 
Find  the  greatest  bending  tensile  intensity  of  stress  and 
the  resultant  intensity  of  tensile  stress  at  its  centre  sec- 
tion by  the  ordinary  approximate  method  of  Art.  35,  and 
by  the  exact  method  of  Art.  36.  In  this  problem,  E  = 
30,000,000;    /  =  32Xi2=384   ins.;    P  =  144,000   and    W== 

A,      r     1.5X8X8X8     , 
40.8X32=1306  pounds.     Also/=  - =64. 
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By  eq.  (6)  of  Art.  35  the  resultant  intensity  of  tensile 
stress  required  is 

1306X48 
/- 12,000-1- -7-- =  12,000  +  i860  =-13,866  lbs.  per  sq.  in. 

The  centre  deflection  il\,  due  to  own  weight  only,  used 
in  the  exact  method,  is  tt\  =  .5  inch.  Hence  by  eq.  (11) 
of  Art.  36  the  centre  deflection  under  tensile  stress  is 

It''-— .-—o     =  .18  inch. 
1  +  1.83 

The  resultant  intensity  of  tensile  stress  at  the  centre 
section  of  the  eye-bar  is,  therefore, 

6  X  36,768 
i  =  1 2,000  -I g     g  =  1 2,000  H-  2  298  =  14,298  lbs.  per  sq.  m. 

The  approximate  method,  therefore,  gives  an  intensity 
2298-1860=438  pounds  per  sq.  in.  too  small. 

Problem  2. — A  horizontal  square  2  in.  by  2  in.  steel 
bar  30  ft.  long  is  subjected  to  a  tensile  stress  of  48,000 
pounds,  i.e.,  12,000  pounds  per  square  inch.  Find  the 
same  quantities  as  in  Prob.  i.  £  =  30,000,000;  ^=360 
inches;  own  weight,  1^  =  408  pounds,  and  P=  48,000 
pounds. 

By  eq.  (6)  of  Art.  35 

^  =  12,000  +  835  =12,835  lbs.  per  sq.  in. 
In  the  exact  method  the  centre  deflection  due  to  own 
weight  is 

M/j  =6.2  inches. 

Eq.  (11)  of  Art.  36  gives 

It/ =  5. 5 5  inches. 
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On  the  other  hand,  the  criterion,  eq.  (17)  of  Art.  36, 
•gives 

.     408X360         .      .     , 
v/=Q^  Q  —  =  -3825  inch. 
8X48,000       '^     ^ 

The  bar,  therefore,  will  be  subject  to  no  bending  and 
its  stress  will  be  simply  that  of  tension,  the  centre  deflection 
being  .3825  inch.  If  the  deflection  were  sufficient  to  give 
the  bar  sensible  inclination,  it  would  be  necessary  to  mul- 
tiply the  horizontal  force  P  =  48,000  by  the  secant  of  that 
inclination  to  obtain  the  actual  tensile  stress  in  the  bar. 

The  results  given  by  the  ordinary  approximate  method 
are  thus  seen  to  be  quite  erroneous. 

Problem  3. — ^A  i.s-inch  round  steel  bar  48  ft.  long,  carry- 
ing a  tensile  stress  of  10,000  poimds  per  square  inch,  is 
inclined  at  an  angle  of  51°  to  the  horizontal.  Will  it  be 
subjected  to  any  bending,  and  what  will  be  its  centre  de- 
flection at  right  angles  to  its  axis  if  a  =  5 1°?  The  component 
of  the  bar's  weight  producing  the  deflection  named  is 
Wcosa,  in  which  W=  288  pounds  is  the  bar's  weight; 
W  cos  a  =224  poxmds;  /  =  48  ft.  =576  ins.  By  the  usual 
formula,  w^^  74  ins.  Eq.  (11)  of  Art.  36  then  gives  ttf 
=  72  ins. ;  but  eq.  (17)  of  Art.  36  gives 

.     224X576  .     . 

w  =-5-77"! ^  '  91  inch. 

8X17,700       ^ 

Hence  this  latter  deflection  is  the  true  value  and  the 
bar  is  subjected  to  no  bending  in  its  stressed  condition. 

Problem  4. — ^A  steel  coltmm  18  ft.  long  sustains  a  load 
of  240,000  potmds  and  carries  a  transverse  load  (i.e.,  per- 
pendicular to  its  axis)  of  300  pounds  per  linear  foot,  the 
latter  total  being  5400  pounds.  The  column  has  a  section 
like  that  shown  as ' '  top  chord  latticed, ' '  Page  4.74,  Art.  59, 
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and  it  is  composed  of  two  is-in.  by  J-in.  web  plates,  two 
3-in.  by  3-in.  7-lb.  angles,  two  3-in.  by  4-in.  14-lb.  angles, 
and  one  i8-in.  by  i^-in.  top  plate.  The  sectional  area  is  35 
sq.  ins.  The  moment  of  inertia  /is  1255,  and  the  radius  of 
gyration  r  is  6.  The  loading  is  applied  to  the  latticed 
side  of  the  column,  so  that  the  eccentricity  of  application 
is  8.5  inches.  It  is  required  to  find  the  deflection  at  the 
centre  of  the  column  length,  the  bending  moment  and 
greatest  intensity  of  stress  at  the  same  section.  Also, 
if  the  area  of  section  were  not  given,  find  that  area  if  the 
greatest  allowed  intensity  of  compression  is  12,000  pounds 
per  square  inch.  The  details  of  the  colimm  at  top  and 
bottom  are  first  to  be  assumed  such  as  to  make  those  ends 
essentially  fixed  and  then  hinged. 

If  the  ends  of  the  column  were  hinged,  the  centre  bend- 
ing moment  would  be 

,^     5400X216  ^  «    «      .     « 

M  =^^ — g +  240,000  X8 . 5  =  2,185,800  m.-lbs. 

As  the  ends  of  the  coltmin  are  first  to  be  taken  as  fixed, 
and  as  the  deflection  in  that  condition  will  be  but  one  fifth 
of  that  existing  with  ends  hinged,  it  will  be  necessary  to 
take  one  fifth  of  the  preceding  bending  moment  and  place 
it  eqtial  to  the  expression  for  the  centre  bending  moment 
produced  by  a  uniformly  distributed  load  acting  on  a 
column  supposed  to  be  with  hinged  ends.  If  W  represents 
that  tmiformly  distributed  load, 

Wl 

^  =  437 » 160  in. -lbs. 

Hence 

W  « 16,200  potmds. 

By  eq.  (9a)  of  Art.  37,  -E  being  30,000,000  and  /  =  2 16  ins. , 

m;,  =  .0565  in. 
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RememlKTing  that  P  =  240,000,  eq.  (9)  then  gives 
w'  =  .00093  in. 

These  deflections  are  so  small  in  comparison  with 
^  =  8.5  inches,  that  they  will  have  no  sensible  effect  upon 
the  result  and  they  may  be  neglected. 

In  consequence  of  the  elastic  motions  of  the  members 
of  a  steel  structure  it  is  difficult  to  estimate  accurately  the 
effect  of  such  degree  of  fixedness  of  the  ends  of  a  column 
as  may  be  attained  in  an  actual  structure,  but  it  is  probable 
that  the  resulting  bending  moment  at  the  centre  of  the 
column  due  to  eccentricity  and  lateral  loading  is  not  less 
than  one  half  that  existing  with  hinged  ends,  and  that 
ratio  will  be  employed.  In  eq.  (10)  of  Art.  37,  therefore, 
^  =  .5,  and  the  bending  moment  will  be 


I  /  5400X216 


]  =1,092,0 


M  =-l  ^  +240,000X8.5  I  =  1,092,900  in. -lbs 

Hence  by  eq.   (14)  of  the  same  Article  the  greatest  inten- 
sity of  compression  will  be 

_  240,000      1,092,900X^  =  8.5) 

35  1255 

=  6857  -h  7  f02  =14,259  lbs.  per  sq.  in. 

This  computation  shows  the  serious  effect  of  eccentric 
application  of  loading. 

If  the  greatest  allowed  intensity  of  compression  is 
12,000  pounds  per  square  inch,  eq.  (15)  of  Art.  37  shows 
that  the  area  of  cross  section  required  is 

I     /  1,092,900X8.5;^ 

A  = — -(  240,000+  -'.^    '  ^  I  =413  SQ-  ins. 

i2,ooo\   ^  36  y      -t    o    n 
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The  moment  of  inertia  /  will  now  become  1481  instead 
of  1255. 

These  results  may  be  compared  with  those  of  the  ordi- 
nary approximate  method  by  finding  the  greatest  intensity 
of  compression,  /,  by  eq.  (4)  of  Art.  37,  as  follows,  after 
displacing  h  by  3*5  on  account  of  the  fixed  end  condition : 

,  =  £40,22^  +  i,o9_Yoo_X8,5  ^ 

41  .3  1481  —  12  ^  *^* 

=  12,135  lbs.  per  sq.  in. 
There  is,  therefore,  no  material  discrepancy. 

Results  corresponding  to  the  preceding,  but  under  the 
supposition  that  the  ends  of  the  column  are  hinged,  may 
readily  be  found  as  follows : 

Wl 

-g- =2,185,800;     .'.  H^  =  81,000  pounds. 


Hence 

ie;j  =  .2825  in. 

and 

It;'  =  .0047  in. 

While  these  deflections  are  five  times  as  large  as  before, 
ix/  is  still  too  small  to  affect  sensibly  the  results  and  it  will 
be  neglected.  The  bending  moment  at  the  centre  of  the 
column  will  then  be 

_-     5400X216 

M  = g +  240,000  X 8.5  =  2,185,800  in.-lbs. 

and  the  greatest  intensity  of  compression 

_  240,000     2,185,800X8.5 

35  1255 

«6857  + 14,800  =  21,657  lbs.  persq.  in. 
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If  the   greatest   allowed   intensity   of   compression   is 

12,000  pounds  per  square  inch,  the  area  of  cross-section 

becomes 

I      /  2,185,800  X8.5\     , 

A  = (  240,000  H 7 )  =63  sq.  ms. 

i2,ooo\  36  / 

The  moment  of  inertia  /  will  now  become  2259  instead 
of  1255. 

Comparing  these  results  with  those  of  the  ordinary- 
approximate  method  by  finding  the  greatest  intensity  of 
compression,  t,  by  eq.  (4)  of  Art.  37, 

^     240,000      2,185,800X8.5 

t  = — T H —  =  12,170  lbs.  per  sq.  m. 

63  2259-37  '   '  t^     ^ 

This  result  is  a  close  agreement  with  the  other. 

Problem  5. — ^The  pin  of  a  crank-shaft  like  that  shown 
in  Fig.  I  of  Art.  32  sustains  a  maximum  thrust,  P,  of 
32,000  poimds,  the  length  of  crank,  e,  being  20  inches, 
and  the  axial  distance,  /,  between  the  centre  of  the  thrust 
and  shaft  bearings  being  18  inches.  Find  the  diameter 
of  the  steel  shaft  at  the  bearing  B  if  the  greatest  allowed 
bending  tension,  k,  is  10,000  lbs.  per  sq.  in.  and  the  greatest 
allowed  torsional  shear,  T,  is  7000  lbs.  per  sq.  in. 

In  using  the  formulae  of  Art.  32  the  data  will  be  as 
follows : 

^  =  20  ins.; /  =  i8  ins. ;  ylB  =  26.9  ins. ;  tan  ;  =ft  =  i.iii ; 
y=48*^;  cos  y  =  .669;  sin  ;=.743;  P  =  32,000  lbs.; 
k  =  10,000  lbs.  per  sq.  in. ;  T  =  7000  lbs.  per  sq.  in. ; 
bending  moment  M  =  576,000  in. -lbs. ;  twisting  mo- 
ment M'  =640,000  in.-lbs. 

The  first  method  of  Art.  32  gives  for  bending,  by  using 
the  first  of  eqs.  (9), 

8/32,000X18     ^ 

D^2.i6\- =8.34  ms. 

>»      10,000  *^ 
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and  for  torsion,  by  the  second  of  eqs.  (9), 


jD-i.72^ 


32,000X20 

^ -7.751ns. 


7000 

The  bending  requirement  being  the  larger  the  diameter 
would  be  taken  not  less  than  8.34  inches  or  8.5  inches. 

The  employment  of  the  second  method  leads  to  the 
following  results.  The  direction  of  the  resultant  t  will 
be  inclined  to  the  axis  of  the  shaft ;  hence  it  will  be  made 
a  little  less  than  9000  pounds,  i.e.,  8500  pounds  per 
square  inch;  the  resultant  moment  M  will  be 

M  =  32,000  X  26.9  =860,800  in.-lbs. 

Eq.  (18)  of  Art.  32  then  gives 


Z?  =  i.72»>J 


860,800  ...         V 

3gQQ   (i +  .669)  =9.51  ms. 


Remembering  that  sec  7  =  1.494,  eq.  (19)  of  Art.  32 
gives  the  following  value  of  the  greatest  bending  tension 
or  compression  in  the  section  B : 

,      2X8500      _.      „ 
k  = — ; — - —  =6800  lbs.  per  sq.  m. 
I +  1.494  .*^     ^ 

The  second  method,  therefore,  requires  a  larger  diame- 
ter of  shaft  with  reduced  intensities  of  bending  and  tor- 
sional stresses. 


PART  II —TECHNICAL 


CHAPTER  VI.       ' 
TENSION. 

Art.  38. — General  Observations.— Limit  of  Elasticity. 

Hitherto  certain  conditions  affecting  the  nature  of 
elastic  bodies  and  the  mode  of  applying  external  forces 
to  them,  have  been  assiimed  as  the  basis  of  mathematical 
operations,  and  from  these  last  have  been  deduced  the 
formulae  to  be  adapted  to  the  use  of  the  engineer.  These 
conditions  are  never  realized  in  nature,  but  they  are 
approached  so  closely  that,  by  the  introduction  of  empiri- 
cal quantities,  the  formulae  give  results  of  sufficient  accu- 
racy for  all  engineering  purposes;  at  any  rate,  they  are 
the  only  ones  available  in  the  study  of  the  resistance  of 
materials. 

In  determining  the  quantity  called  the  **  coefficient  of 
elasticity,'*  it  is  supposed  that  the  body  is  perfectly  elastic, 
i.e.,  that  it  will  return  to  its  original  form  and  volume 
when  relieved  of  the  action  of  external  forces,  also  that 
this  **  coefficient"  is  constant.  There  is  reason  to  be- 
lieve that  no  body  known  to  the  engineer  is  either  perfectly 
elastic  or  possesses  a  perfectly  constant  coefficient  of 
elasticity.  Yet  within  certain  not  well  defined  limits,  the 
deviations  from  th?se  assumptions  are  not  sufficiently 
great  to  vitiate  their  great  practical  usefulness. 

The  **  not  well  defined'*  limit  for  any  one  given  material 

2CX> 
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is  called  its  **  limit  of  elasticity, "  or  "  elastic  limit. "  The 
"limit  of  elasticity/'  then,  may  be  defined  as  that  degree 
of  stress  within  which  the  coejficient  of  elasticity  is  essentially 
constant  and  equal  to  the  stress  divided  by  the  strain. 

In  some  materials,  like  many  grades  of  wrought  iron 
and  steel,  the  limit  of  elasticity  approximates,  to  a  greater 
or  less  degree,  to  the  condition  of  a  well-defined  point.  If 
a  piece  of  such  a  material  is  subjected  to  stress  in  a  testing 
machine,  at  the  elastic  limit,  the  amotmt  of  strain  caused 
by  a  given  increment  of  stress  will  be  observed  to  in- 
crease rapidly.  This  increase  may  be  imiform  for  a 
considerable  range  of  stress,  but  it  finally  becomes  irreg- 
ular, after  which  failure  takes  place. 

In  other  materials,  there  seems  to  be  no  simple  relation 
between  stress  and  strain  for  any  condition  of  stress  what- 
ever. For  such  a  material  it  obviously  is  impossible  to 
assign  either  any  definite  elastic  limit  or  coefficient  of 
elasticity. 

Between  these  limits  all  grades  of  material  are  found. 

It  should  be  stated  that  some  authorities  have  given 
arbitrary  definitions  of  the  elastic  limit,  and  that  these 
definitions  have  been  much  used.  Wertheim  and  others 
have  considered  the  elastic  limit  to  be  that  force  which 
produces  a  permanent  elongation  of  0.00005  of  the 
length  of  a  bar.  Again,  Styffe  defines,  as  the  limit  of 
elasticity,  a  much  more  complicated  quantity.  He  con- 
siders the  external  load  to  be  gradually  increased  by  in- 
crements, which  may  be  constant,  and  that  each  load,  thus 
attained,  is  allowed  to  act  during  a  number  of  minutes 
given  by  taking  100  times  the  quotient  of  the  increment 
divided  by  the  load.  Then  the  ''limit  of  elasticity"  is 
**  that  load  by  which,  when  it  has  been  operating  by  suc- 
cessive small  increments  as  above  described,  there  is  pro- 
duced  an   increase    in    the    permanent   elc^ni^^rition    which 
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bears  a  ratio  to  the  length  of  the  bar  equal  to  o.oi  (or 
approximates  most  nearly  to  o.oi)  of  the  ratio  which  the 
increment  of  weight  bears  to  the  total  load."  (Iron 
and  Steel,  p.  30.) 

The  most  natural  value,  however,  seems  to  be  that 
stress  which  exists  at  the  point  where  the  ratio  between 
stress  and  strain  ceases  to  be  essentially  constant,  though 
the  assignment  of  the  precise  point  be  difficult  in  many 
cases  and  impossible  in  some ;  and  in  that  sense  it  is  here 
used,  though  seldom  in  ordinary  testing. 

Again,  in  the  common  theory  of  flexure,  modes  of 
application  of  external  forces  and  a  constitution  of  mate- 
rial are  assumed,  which  are  never  realized ;  yet  the  result- 
ing formulae  are  of  inestimable  value  to  the  engineer. 

Finally,  it  will  be  shown  in  the  first  section  of  Art.  41 
that  it  is  in  general  impossible  to  produce  a  tmiform  in- 
tensity of  stress  in  a  normal  cross-section  of  a  body  sub- 
jected to  pure  tension,  and,  consequently,  that  the  ulti- 
mate resistance,  as  experimentally  determined,  is  a  mean 
intensity  which  may  be,  and  usually  is,  considerably  less 
than  the  maximimi  sustained  by  the  test  piece. 

In  the  ordinary  testing  of  materials,  as  done  in  the 
practice  of  civil  engineering,  the  elastic  limit,  i.e.,  the  limit 
of  constant  ratio  of  stress  over  strain,  is  rarely  ever  deter- 
mined. The  point  usually  termed  the  elastic  Umit  is 
commonly  found  by  observing  the  intensity  of  stress  at 
which  the  material  of  the  test-specimen  ** breaks  down," 
as  indicated  by  the  failure  of  the  lever  arm  of  the  testing 
machine  to  remain  horizontal  as  the  stress  in  the  speci- 
men is  increased.  This  point  is  actually  the  "stretch 
limit."  It  is  the  point  at  which  the  strain  for  a  given 
increment  of  stress  suddenly  and  greatly  increases,  even 
for  a  small  increment  of  stress.  The  intensity  of  stress, 
called  the  stress  limit,  is  sensibly  higher  than  the  elastic 
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limit,  although  not  greatly  so.  The  difference  between  the 
two  values  changes  much  in  different  materials,  and, 
indeed,  has  not  a  constant  value  even  for  the  same  mate- 
rial. Approximately  the  stretch  limit  may  be  from  2000 
to  3000  pounds  per  square  inch  higher  than  the  elastic 
limit  for  the  ordinary  grades  of  structural  steel,  and  possi- 
bly less  than  that  for  wrought  iron.  In  materials  like 
ordinary  grades  of  cast  iron,  where  the  relations  between 
stress  and  strain  are  erratic,  it  is  obviously  impossible  to 
determine  any  well-defined  difference  between  the  elastic 
limit  and  the  stretch  limit. 

These  general  observations  are  to  be  carefxilly  borne 
in  mind  in  connection  with  all  that  follows. 


Art.  39. — Ultimate  Resistance. 

After  a  piece  of  material,  subjected  to  stress,  has  passed 
its  elastic  limit,  the  strains  increase  tmtil  failure  takes 
place.  If  the  piece  is  subjected  to  tensile  stress,  there 
will  be  some  degree  of  strain,  either  at  the  instant  of  rup- 
ture or  somewhat  before,  accompanied  by  an  intensity  of 
stress  greater  than  that  existing  in  the  piece  in  any  other 
condition.  This  greatest  intensity  of  internal  resistance 
is  called  the  ** Ultimate  Resistance.'' 

In  very  ductile  materials  this  point  of  greatest  resistance 
is  found  considerably  before  rupture;  the  strains  beyond 
it  increasing  very  rapidly  while  the  resistance  decreases 
until  separation  takes  place. 

These  phenomena  are  very  marked  in  ductile  mate- 
rials like  wrought  iron  and  structural  steel,  particularly 
in  the  latter.  In  such  cases  if  the  application  of  stress  to 
the  test  piece  is  carefully  controlled  a  considerable  stretch- 
ing of  the  piece  may  be  produced  beyond  the  point  of 
ultimate  resistance  without  actually  separating  the  metal, 
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the  load  per  square  inch  of  original  section  of  the  piece 
decreasing  rapidly.  It  is  not  difficult  to  obtain  such  re- 
sults with  soft  or  mild  steel. 

The  ultimate  resistances  of  different  materials  used  in 
engineering  constructions  can  only  be  determined  by 
actual  tests,  and  they  have  been  the  objects '  of  many  ex- 
periments. 

it  has  been  observed  in  these  experiments  that  many 
influences  affect  the  ultimate  resistance  of  any  given 
material,  such  as  mode  of  nianufacture,  condition  (an- 
nealed or  unannealed,  etc.),  size  of  normal  cross-section, 
form  of  normal  cross-section,  relative  dimensions  of  test 
piece,  shape  of  test  piece,  etc.  In  making  new  experiments 
or  drawing  deductions  from  those  already  made,  these  and 
similar  circumstances  should  all  be  carefully  considered. 

Art.  40. — Ductility.— Permanent  Set. 

One  of  the  most  important  and  valuable  characteristics 
of  any  solid  material  is  its  **  ductility,''  or  that  property 
by  which  it  is  enabled  to  change  its  form,  beyond  the  limit 
of  elasticity,  before  failure  takes  place.  It  is  measured 
by  the  permanent  *'  set,''  or  stretch,  in  the  case  of  a  tensile 
stress,  which  the  test  piece  possesses  after  fracture;  also, 
by  the  decrease  of  cross-section  which  the  piece  suffers  at 
the  place  of  fracture. 

In  general  terms,  i.e.,  for  any  degree  of  strain  at  which 
it  occurs,  '*  permanent  set"  is  the  strain  which  remains  in 
the  piece  when  the  external  forces  cease  their  action.  It 
will  be  seen  hereafter  that  in  many  cases,  and  perhaps  all, 
permanent  set  decreases  during  a  period  of  time  imme- 
diately subsequent  to  the  removal  of  stress.  Indeed,  in 
some  cases  of  small  strains  it  is  observed  to  disappear 
entirely. 
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Some  experimenters,  with  the  aid  of  very  delicate 
measuring  apparatus,  have  observed  permanent  set  even 
within  what  is  ordinarily  termed  the  limit  of  elasticity, 
and  have  been  led  to  believe  that  a  very  small  permanent 
set  exists  with  any  degree  of  stress  whatever.  In  such 
cases,  however,  it  is  probable  that  the  greater  part  or  all 
of  the  permanent  set  disappears  after  the  lapse  of  a  few 
hours. 

Art.  41. — Wrought  Iron. — Coefficient  of  Elasticity. 

At  the  present  time  wrought  iron  as  a  structural  mate- 
rial has  been  completely  displaced  by  the  various  grades 
of  soft  and  mild  structural  steel,  although  the  former  metal 
is  still  used  in  small  quajitities  for  some  special  purposes. 
At  the  same  time,  many  structures  are  still  standing  which 
were  built  either  wholly  or  partially  of  wrought  iron. 
Again,  there  are  many  characteristics  of  ductility  possessed 
by  wrought  iron  similar  in  their  nature  to  those  found  in 
structural  steel,  although  less  in  amoimt  and  less  satis- 
factory in  their  action  as  qualities  of  a  structural  mate- 
rial. A  study  of  many  of  the  physical  features  of  wrought 
iron,  therefore,  will  be  equally  applicable  to  all  ductile 
materials,  and  particularly  to  soft  and  mild  structural 
steel.  For  these  reasons  wrought  iron  is  here  considered 
at  greater  length  than  its  displacement  by  structural  steel 
would  seem  at  first  sight  to  justify.  The  determination 
of  the  elastic  limit,  the  stretch  limit,  the  ultimate  resistance, 
final  stretch,  final  contraction,  and  other  necessary  data 
in  connection  with  wrought  iron,  illustrates  accurately 
and  completely  corresponding  procedures  in  connection 
with  all  ductile  material,  so  that  the  greater  portion  of  thc^ 
consideration  of  the  qualities  of  wrought  iron  bears  dircctl\' 
upon  corresponding  studies  in  connection  with  structural 
steel  and  other  similar  materials. 
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Before  considering  the  experimental  results  which  are 
to  follow,  it  will  be  interesting  as  well  as  important  ta 
examine  some  of  the  circtmistances  which  attend  the  ex- 
perimental determination  of  the  coefficient  of  elasticity. 

If  the  tensile  stress  is  uniformly  distributed  over  each  end 
of  a  test  piece,  it  will  not  be  so  distributed  over  any  other 
normal  section.  Since  lateral  contraction  takes  place, 
the  exterior  molecules  of  the  piece  must  move  towards  the 
centre;  but  if  this  motion  exists,  the  molecules  in  the 
vicinity  of  the  centre  must  be  drawn  farther  apart,  or 
suffer  greater  strains,  than  those  near  the  surface. 

Hence  the  stress  will  no  longer  be  imiformly  distributed, 
but  the  greatest  intensity  will  exist  at  the  centre  and  the 
least  at  the  surface  of  the  piece.  These  effects  will  evi- 
dently increase,  for  a  given  form  of  cross-section,  with  its 
area.  But  the  stretch,  or  strain,  from  which  the  coeffi- 
cient of  elasticity  is  computed,  is  measured  on  the  surface 
of  the  piece,  and  corresponds,  as  has  just  been  shown,  to 
an  intensity  of  stress  less  than  the  mean,  while  the  latter 
is  actually  used  in  the  computation.  In  the  notation  of 
eq.  (i),  Art.  2,  p  is  too  great  and  /  too  small;  hence  E  will 
be  too  large. 

As  these  effects  increase  with  the  area  of  the  cross- 
section,  while  other  things  are  the  same,  larger  bars  should 
give  greater  coefficients  of  elasticity  than  smaller  ones. 

These  effects  will  evidently  be  intensified,  also,  if  the 
external  force  is  applied  with  its  greatest  intensity  near, 
or  at,  the  centre  of  the  bar,  as  is  the  case  in  testing  eye-bars. 

Again,  on  the  other  hand,  if  the  ends  of  the  test  piece 
are  gripped  on  the  surface,  or  skin,  as  is  usually  the  case 
with  small  pieces,  these  effects  will  be  very  much  modified, 
and  possibly  entirely  cotmteracted,  so  that  the  greatest 
intensity  will  exist  at  the  surface.  In  the  latter  case,  the 
resulting  coefficient  would  be  too  small. 
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Between  these  extreme  cases,  all  grades  will  be  fotrnd. 

From  these  considerations,  it  is  clear  that  the  manner 
of  gripping  the  test  piece,  length,  character,  and  area  of 
cross-section  all  affect  the  value  of  the  coefficient  of  elas- 
ticity, and  should  be  given  in  connection  with  the  latter. 

These  conclusions  apply  to  any  other  material,  as  well 
as  to  wrought  iron. 

Table  I  gives  the  results  of  some  experiments  made  by 
the  Phoenix  Iron  Co.,  ot  Phoenixville,  Penn.,  on  some  flats , 
and  rounds  of  the  dimensions  shown  in  the  column  headed 
•*Size." 

Table  I. 


No-  of  Bars. 

Size. 

Length. 

Stretch. 

p. 

E. 

Inches. 

Ft.      In. 

Inches. 

Pounds. 

Pounds. 

12 

4  Xif 

35       0 

0.2692 

20,000 

31,203,000 

9 

4  XitV 
3}Xit 

27       6 

0.2033 

32,464,700 

24 

35       0 

0.2500 

33,600,000 

24 

3iXii 

35       0 

0.2617 

32,098,000 

23 

3  X   J 

35       0 

0.2587 

32,470,000 

24 

3  X  i 

35       0 

0.2633 

31,902,000 

24 

2  Xi 

24      9i 

0.1948 

30,544.000 

36 

2)0 
2I0 

11       9 

0  0953 

29,380,000 

68 

II     II 

0.0998 

28,056,000 

120 

3{o 

II       9 

0.0947 

29,567,000 

48 

2^0 

II       9 

0.0955 

29,319,000 

72 

2io 

II       9 

0.0940 

29,787,000 

48 

2JO 

II       9 

0.1008 

27,777,777 

The  column  "  /? "  is  the  intensity  per  square  inch  which 
caused  the  stretches  shown  in  the  column  headed  *  *  Stretch. ' ' 
From  eq.  (i)  of  Art.  2 


(i> 


In  this  case,  for  any  individual  bar, 

stretch 


/  = 


length ' 
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remembering  that  the  stretch  and  length  must  be  reduced 
to  the  same  unit. 

Let  the  above  formulae  be  applied  to  the  twenty-four 
bars  3XJ  inches X (35  ft.  =420  ins.)  long: 

^     20,000X420  , 

j^^ =31,902,000 /?ou»a5. 

.'^  The  other  values  are  found  in  precisely  the  same  way. 
The  quantities  in  the  column  E  are  the  averages  of  the 
number  of  experiments  given  in  the  extreme  left-hand 
column.  The  fact  that  the  results  are  the  averages  of  a 
great  number  of  experiments  gives  the  table  peculiar  value. 
This  table  is  taken  from  ' '  Useful  Information  for  Archi- 
tects and  Engineers,'*  published  by  the  Phoenix  Iron  Co. 
The  following  reference  to  the  table  is  taken  from  the  same 
source:  **The  annexed  table  gives  the  results  attained  in 
testing,  with  the  proof  load  of  20,000  poimds  per  square  inch, 
a  number  of  bars  for  the  International  Bridge  over  the 
Niagara  River,  near  Buffalo,  N.  Y.  The  recovery  of  each 
bar,  after  the  removal  of  the  load,  was  perfect,  no  perma- 
nent set  occurring  at  less  than  25,000  pounds.  It  will  be 
observed  that  the  stretch  per  foot  of  the  flat  bars  is  less 
than  that  of  the  rounds,  giving  them  higher  moduli  of 
elasticity."  It  is  interesting  and  important  to  observ^e 
this  last  point. 

It  is  to  be  observed,  finally,  that  these  coefficients  of 
elasticity  are  determined  for  one  intensity  of  stress  only, 
i.e.,  20,000  pounds  per  square  inch.  It  is  probable  that 
values  a  little  different  might  be  given  by  other  intensities. 
Table  II  contains  coefficients  of  elasticity  for  tension  in 
pounds  per  square  inch,  computed  from  data  given  in 
' '  Report  of  Tests  of  Metals"  for  1881,  made  on  the  govern- 
ment testing  machine  at  Watertown,  Mass.     These  results. 
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like  those  in  the  preceding  table,  derive  additional  interest 
and  importance  from  the  fact  that  they  belong  to  full-size 
bars  and  such  as  are  ordinarily  used  in  engineering  prac- 
tice. 

Table  II. 


Number. 

Size  of  Bar. 
Inches. 

Gauged 
Lengths. 
Inches. 

Stretch  in 

Gauged  Length. 

Inches. 

E  Pounds  in 
per  Sq.  In. 

S     I 

3. 03X1. 01 

80 

.029 

27,586,240 

S       2 

3. 03X1. 01 

80 

.0279 

28,673,760 

S     3 

3.03X1.01 

80 

.0272 

29,411,760 

S     4 

3. 03X1. 01 

80 

.0238 

33,613,440 

D    5 

3.03X1.01 

80 

.0281 

28,469,760 

D    6 

3. 03X1. 01 

80 

.0215 

37,209,300 

D    7 

3.03X1.01 

80 

.0273 

29,304.000 

D    8 

3.03X1.01 

80 

.0260 

30,769,200 

S     9 

5.05X1.28 

80 

.0275 

29,090,880 

S   10 

5.04X1.27 

80 

,029 

27,5H6,240 

S   II 

5.03X1.27 

80 

.0278 

28,776,960 

D  12 

5.02X1.26 

80 

.026 

30,769,200 

D13 

5.03X1.26 

80 

.0256 

31,250,000 

pi4 

5.03X1.26 

80 

.0277 

28,880,860 

!   ^5 

3.05X1.01 

80 

.028 

28,571,430 

S   16 

3. 05X1. 01 

80 

.0284 

28,168,960 

S   17 

3.05X1.00 

80 

.0279 

28,673,760 

D  18 

3.05X1.00 

80 

.0285 

28,070,160 

D19 

3.05X1.00 

80 

.032 

25,000,000 

D  20 

3.05X1.02 

80 

•0315 

25,396,800 

S   21 

5.08X1.26 

80 

•025 

32,000,000 

S  22 

5.08X1.26 

80 

.028 

28,571.430 

?."3 

5.09X1.26 

80 

.0256 

31,250,000 

D24 

5.05X1.25 

80 

.026 

30,769,200 

D25 

5.06X1.26 

80 

.0272 

29,411,760 

D  26 

5.06X1.25 

80 

.027 

29,629,600 

Those  bars  whose  numbers  are  preceded  by  an  *'S" 
are  of  single  rolled  material,  while  those  preceded  by  a 
*'D**  are  double  rolled. 

The  values  of  '*£/'  the  coefficient  of  elasticity,  were 
computed  by  eq.  (i),  /  representing  the  stretch  in  80  inches 
divided  by  80.  The  stretch  in  every  case  was  measured 
at  a  stress  of  10,000  pounds  per  square  inch,  which  is  the 
limit  quite  generally  specified  as  a  maximum  in  railway 
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bridges  of  ordinary  length.  It  is  seen  that  the  values  thus, 
determined  are  not  on  the  whole  very  different  from  those 
shown  in  Table  I  for  double  this  intensity  of  stress. 

Bar  No.  9  was  slightly  warped  and  No.  25  not  origi- 
nally straight,  but  the  coefficients  do  not  seem  to  be  appre- 
ciably affected. 

A  comparison  between  the  results  for  single  and  double 
rolled  iron  shows  that  there  is  no  appreciable  difference 
between  them  either  in  tmiformity  or  magnitude.  In  the 
aggregate,  the  values  run  from  25,000,000  to  37,209,300 
pounds,  giving  a  variation  of  fifty  per  cent,  of  the  lowest 
amount.  The  latter  value  is  too  high  and  is  doubtless  due 
to  some  error  in  observation.  The  same  observation  can 
be  applied  to  all  values  averaging  about  29,000,000. 

Double  rolling,  which  materially  increased  the  cost  of 
the  metal,  is  thus  seen  to  give  it  no  elastic  advantage. 

Table  III  gives  the  results  of  the  experiments  of  Mr. 
Eaton  Hodgkinson  on  the  tensile  elasticity  and  permanent 
set  of  two  wrought-iron  bars.  The  coefficients  of  elasticity 
E  have  been  computed  from  the  data  contained  in  the  first 
three  columns  as  given  by  Mr.  B.  B.  Stoney  in  his  **  Theory 
of  Strains  in  Girders  and  Similar  Structures. ' '  The  follow- 
ing is  the  notation  used : 

/?=potmds  per  square  inch; 
L/=  total  elongation,  or  strain,  for  the  bar; 
*  *  Sets '  *  ^permanent  set ; 

£=  coefficient  of  tensile  elasticity  =/>XL-^L/. 

These  experiments  show  some  very  interesting  results. 

In  the  first  place  permanent  sets  were  observed  with 
the  low  intensities  of  stress  of  8003  and  3786  pounds,  and 
it  becomes  a  question  whether  permanent  sets  would  not 
have  been  observed  with  lower  intensities  and  more  deli- 
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Table  III. 

TENSILE  EXPERIMENTS  ON  TWO  ANNEALED  "  BEST"  WROUGHT- 
IRON    BARS  TEN    FEET  LONG  AND   ONE  INCH  SQUARE. 


Bar  No.  i. 

1 

1 

Bar  No 

.  2. 

p- 

U. 

SeU. 

E. 

i    f- 

U. 

Sets. 

E. 

Inches 

Inches. 

Inches. 

Inches. 

3,668 

.00986 

32,457.000 

1,262 

.00530 



29.125,000 

S.335 

.02227 

28.198,000 

^•5ff 

.01150 

26.347,000 

8.003 

.03407 

.000305 

28,180,000 

3.786 

.01690 

.00050 

26.851,000 

10,670 

.04556 

. 000407 

28.101,000 

5.047 

.03240 

.00060 

26,990,000 

13.338 

.05705 

.000509 

28,056,000 

6,309 

.02772 

.00050 

27,313,000 

16,005 

.06854 

.000610 

28,020,000 

7.571 

.03298 

.00045 

27.551.000 

18.673 

.07993 

.000813 

28.033.000 

8,833 

.03790 

.00050 

27,953.000 
28,198,000 

ai,340 

.09193 

.001525 

27.85  5.000 

10,095 

. 04300 

.00050 

34008 

.10485 

. 003966 

27,475.000 

11.357 

■04854 

28.077.000 

26.676 

.12163 

.00Q966 

26,308,000  1 

12,619 

.05370 

.00070 

28.199.000 

29.343 

.15458 

.03x424 

22.782,000  1 

13.880 

.05950 

27,984,000 

32.011 

•  26744 

14.361,000 

15.142 

.06480 

28,041,000 
28,186,000 

.28271 

.13566 

16,404 

. 06980 

lA  5  minutes 

17,666 
18.928 

.07530 
.08170 

.00130 

28,153.000 
27.794.000 

34.678 

.5148 

.36864 

8,083,000 

20,190 

.08740 

.00370 

27.734,000 

^37.346 

X.095 

I. 01695 

4,077,000 

21,452 

.09310 

27,644.000 

Repeated 

X.1949 

1.03966 

22.713 

.09920 

.00410 

27,474.000 

40,013 

1.220 

1.093 

3.924,000 

23.795 

.10570 



27,213.000 

in  5  minutes 

25.237 
26.499 

.X1250 
.12040 

.00680 

26,919.000 
26,420.000 

Repeated 
aodMton 

1. 411 

27.761 

.12880 

.0120 

25.872,000 

after  1  hour 

29.023 

. 14500 

23,986,000 

30,285 

.1991 

18,244,000 

*' 

1.434 

30,28s 

.  2007 

18,030,000 

after  2  hours 

after  5  min. 

•* 

after  3  hotirs 

. 

30,285 

.2018 
after  10  min. 

.0736 

•• 

1.434 

30,285 

. 204s  . 

.0774 

after  4  hours 

after  1 5  mm 

•• 

1-436 

Repeated 

.2080 

.0796 

after  5  hours 

after  20  min 

«t 

after  6  hours 

*• 

.  3006 
after  i  hour 

.0814 

.« 

after  7  hours 

__>_ 

•• 

.2366 

.1082 

after  1 7  hrs. 

•• 

after  8  ihours 

31.546 

.343 

.1083 

15,617,000 

after  s  mm. 

<• 

afttf  9  houTE 

Repeated 

,    -2449 

.  iiii 

after  5  mm. 

«• 

X.443 

32,808 

.5506 

.4x41 

7,132,000 

after  lohrs. 

Repeated 

.7024 

.5635 

4*.68i 

2.1^8 
in  5  minutes 

X.983 

2,384.000 

after  5  min. 

•• 

.70966 

.6558 

Repeated 

3.3^9 

after  10  min. 

in  5  minutes 

TENSION, 
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Bar  Xo.   1. 

1 

i 

Bar  No 

.  2. 

p 

LI. 

5f/s. 

1 

E. 

1         P- 

LL 

Sets. 

E. 

Inches. 

Inches. 

Inches. 

Inches. 

Repeated 

9 .  38,1 
in  loiTun. 

2.212 

Repeated 

X.014 
after  15  min. 

.866 

.. 

2.428 

2.237 

34,070 

1 . 346  . 

2,830,000 

after  46  hrs. 

after  i  mm. 

45,348 

2.580 
after  s  min. 

2.377 

2,100,000 

34,070 

1 .400 
after  2  min. 



Rei>eated 

2.60s 
after  i  ht)ur 

34,070 

i 

1 .600 

1.44 

'Repeated 

T.65    . 

•  * 

2 .  606 

ll 

after  i  mm. 

after  2  hours 

][ 

X.786 

i.6a8 

•• 

2 .  606 

2.403 

after  1  hour 

after  19  hrs. 

35  332 

2.04    , 

1.874 

2,078,000 

48,016 

2.975 

2.733 

1,936,000 

after  s  mm. 

after  5  nv.n. 

Repeated 

2.18 

2.01 

Repeated 

3.019 
after  i  hour 

3.020 

'• 

after  5  min. 
2.254 

a.  08 

after  1 1  hrs. 

36.594 

2.54 
after  6  min. 

1.743.000 

50,684 

4.105, 

3.941 

1,448,0001' 

in  10  mm 

'1     37.856 

2.894 

1.571,000 

f<cpeated 

4.  226 

4.227 

m  7  hours 

4.227 

in  1 2  hours 

ll 

S3.3St 

Broke 

cate  apparatus,  at  least  for  a  short  time  after  the  material 
is  subjected  to  stress. 

In  both  bars  the  largest  value  of  E  is  found  for  the 
smallest  intensity  of  stress.  In  bar  No.  i  the  values  of  E 
decrease,  with  one  exception,  regularly  from  the  greatest. 
In  bar  No.  2,  however,  greater  irregularity  is  observed; 
there  are  two  maxima,  one  for  the  intensity  1262  poimds, 
and  the  other  for  about  12,000,  with  nearly  regular  gra- 
dations from  these  values. 

Considering  the  w^hole  range  in  both  barsi  E  may  be 
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considered  nearly  constant  tintil  an  intensity  of  about 
26,000  pounds  per  square  inch  is  reached  in  each  case;  it 
then  begins  to  fall  off  very  rapidly.  26,000  pounds  per 
square  inch,  then,  may  be  considered  about  the  limit  of 
elasticity  for  both  bars. 

It  is  very  important  to  observe  the  increase  of  strain 
with  the  lapse  of  time  after  the  limit  of  elasticity  has  been 
considerably  passed. 

Values  of  the  coefficient  of  elasticity,  therefore,  mean 
V.  little  after  that  limit  is  exceeded. 

The  results  of  the  experiments  on  bar  No.  i  are  shown 


graphically  in  Fig.   i.     The  values  of  ''p''  are  laid  off 
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Fig.  I. 

vertically  through  0  to  a  scale  of  20,000  pounds  to  the  inch ; 
the  tensile  strains  are  the  horizontal  coordinates  of  the  curve 
laid  down  at  full  size.     The  essentially  straight  portion  of 
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the  curve  between  0  and  a  is  within  what  is  ordinarily 
known  as  the  *  *  elastic  limit. ' ' 

The  equation  for  this  portion  of  the  line  is 

E  being  assumed  constant  if  Oa  is  considered  straight. 

The  point  a  is  at  a  vertical  distance  above  O  indicating 
about  26,000  poimds  per  square  inch,  i.e.,  about  the  elastic 
limit.  Above  this  point  the  curvature  of  the  line  is  very 
sharp,  indicating  a  rapid  fall  in  the  value  of  E  and  a  rapid 
rise  in  the  values  of  the  strains  /  or  L/.  For  *  *  /?"  =27,000 
(nearly)  the  table  shows  £  =  23,000,000  (nearly)  and  12 
=  0.12  inch;  while  for  **/?'' =37,000,  £=4,100,000  and 
L/  =  1.095  inches  (nearly).  These  phenomena  are  always 
characteristic  of  the  limit  of  elasticity. 

.  Above  the  point  b  the  curvature  is  slight,  indicating 
(what  the  table  shows)  a  comparatively  slow  change  in 
the  values  of  E. 

The  table  shows  that  bar  No.  2  would  exhibit  a  curve 
of  precisely  the  same  character  but  with  a  more  rapid 
decrease  to  E  above  the  elastic  limit.  The  tests  of  this  bar 
were  not  carried  to  failure  on  account  of  the  breaking  of 
one  of  the  holding  details. 

'    Within  the  elastic  limit  the  mean  values  of  E  may  be 
taken  about  as  follows: 

For  bar  No.  i , 

E  =  28,000,000  poimds.  * 

For  bar  No.  2, 

£  =  27,000,000  pounds. 

Reviewing  the  preceding  values,  therefore,  it  would 
appear  that  the  coefficient  of  tensile  elasticity  for  good 
wrought  iron  may  be  ordinarily  taken    to    lie    between 
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25,000,000  to  30,000,000  pounds  per  square  inch,  with 
•extreme  vahies  arising  from  variation  of  mode  of  manu- 
facture, chemical  constitution,  size  of  bar,  etc.,  lying  some 
distance  either  side  of  those  limits. 

Since  E^j,  if  /?  =  i,  ^=-p-  will  be  the  elongation  or 

tensile  strain  for  each  tmit  of  stress;  hence,  the  coefficient 
of  elasticity  is  the  reciprocal  of  the  strain  for  a  unit  of  stress. 
For  an  intensity  of  stress  of  20,000  potmds,  for  example, 

then, 

,   20,000        20,000 
/== to 


25,000,000     30,000,000 

I  I 

to 


1250         1500 

or  a  bar  of  wrought  iron  will  be  stretched  t^th  to  T^irth 
of  its  length. 

Ductility  and  Resilience. 

Curves  showing  the  intensities  of  stresses  and  the 
strains  corresponding  to  them,  like  that  of  Fig.  i,  exhibit 
with  much  completeness  the  physical  characteristics  of  the 
specimens  under  test.  In  that  figure,  for  instance,  the 
straight  portion  oa  of  the  strain  curve  belongs  to  the  purely 
elastic  behavior  of  the  metal,  and  the  point  a  indicates 
the  elastic  limit  at  26,000  pounds  per  square  inch.  The 
point  e  indicates  the  stretch  limit  at  about  29,000  poimds 
per  square  inch.  Between  a  and  e  there  is  no  constant 
proportionality  between  constant  increments  of  stress  and 
the  corresponding  increments  of  strain,  but  there  is  not  a 
perceptibly  great  increase  of  strain  for  a  given  small  in- 
crement of  stress  until  the  stretch  limit  e  is  passed.  As 
the  intensity  of  stress  increases  beyond  e,  however,  the 
material  is  said  to  break  down;  in  other  words,  constant 
and  comparatively  great  increases  of  strain  take  place  for 
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a  given  small  increment  of  stress,  and  that  condition  may 
in  some  cases  hold  until  the  test  specimen  parts  in  failure. 
In  other  cases,  like  that  shown  in  Fig.  i,  the  latter  part  of 
the  strain  curve,  such  as  be  approaches  more  nearly  a 
straight  line  not  greatly  inclined  to  a  horizontal.  This 
indicates,  as  shown  in  the  figure,  that  although  the  load  on 
the  test-piece  is  not  much  increased,  the  piece  itself  is 
stretching  rapidly.  The  highest  point  c  of  the  curve  in- 
dicates the  ultimate  resistance.  In  the  present  instance 
the  test-piece  parted  at  the  ultimate  resistance,  but  in  such 
highly  ductile  materials  as  structural  steel  there  would 
be  a  continuation  of  the  strain  curve,  as  shown  by  the 
broken  portion  cf  which  is  inclined  downward  at  a  rapid 
rate,  showing  that  although  the  metal  is  not  actually 
parted  the  load  which  it  carries  is  rapidly  decreasing. 

The  work  performed  in  rupttiring  the  test-piece  can 
also  be  readily  computed  from  Fig.  i.  The  actual  strain 
shown  by  the  horizontal  coordinate  of  any  point  of  the 
curve  is  the  entire  path  of  the  force  or  load  carried  by  the 
test  specimen  up  to  the  degree  of  stress  indicated  by  the 
vertical  ordinate  of  the  curve.  In  other  words,  the  amoimt 
of  work  performed  on  the  specimen  up  to  the  point  b  is 
indicated  in  inch-poimds  by  the  area  of  the  figure  oebg, 
just  as  the  entire  work  performed  in  rupturing  the  speci- 
men is  shown  by  the  area  of  the  complete  figure  oebch. 
The  strain  at  the  elastic  limit  of  26,000  pounds  per  square 
inch  is  .11744  inch.  The  average  force  acting  upon  the 
specimen  up  to  the  elastic  limit  would  be  one  half  of  26,000 
poimds,  or  13,000  pounds,  as  the  cross-sectional  area  of 
the  test  specimen  is  one  square  inch.  The  elastic  resilience 
or  work  performed  upon  the  specimen  up  to  the  elastic 
limit  is,  therefore, 

26,000  ,   .     ,  , 

.11744X =1527.6  mch-pounds. 
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Inasmuch  as  the  test  specimen  was  120  inches  long,  the 
elastic  resilience  of  the  bar  would  be  12.73  inch-pounds 
per  cubic  inch  of  its  volume.  Similarly,  the  area  of  the 
rectangular  figure  oebch  is  4.97  square  inches,  and  as  the 
scale  of  force  is  20,000  poimds  per  linear  inch,  that  figure 
represents    4.97X20,000    poimds  =  99,360    inch-pounds    of 

work;  or  —  '  —  =828  inch-poimds  of  work  per  cubic  inch 
120  *^ 

of  voltmie  of  the  test  specimen.  If  this  test-bar,  therefore, 
were  to  be  broken  by  a  falling  weight  of  100  poimds,  that 
weight  would  be  required  to  fall  through  a  height  of 

99^360  ,  .     , 

^^-^ —  =  993 . 6  mches. 
100 

It  is  clear  from  the  figure  that  if  the  metal  possessed 
little  ductility  so  that  its  strain  curve  extended  no  further 
than  the  point  6,  the  work  required  to  be  expended  in 
breaking  it  would  be  very  small  compared  with  that  needed 
for  rupturing  the  actual  wrought -iron  piece.  The  effect 
of  a  falling  weight  may  represent  a  shock  or  blow,  or  be 
taken  as  the  equivalent  of  what  is  usually  called  a  suddenly 
applied  load.  These  considerations  show  why  a  ductile 
material  requiring  so  much  more  work  to  be  performed 
to  break  it  is  much  better  adapted  to  sustain  shock  than 
a  non-ductile  or  brittle  material.  The  latter  class  of 
materials  can  be  strained  so  little  before  failure  that  little 
work  is  required  to  be  expended  to  break  them. 

Computations  of  resilience  or  work  to  be  expended  in 
straining  a  material  either  up  to  the  elastic  limit  or  even 
up  to  the  point  of  failure  are  very  rarely  made  in  civil 
engineering  practice,  although  the  value  of  a  metal  possess- 
ing high  values  of  resilience  is  always  recognized.  Such 
strain  curves  as  fhose  shown  in  Fig.  i  disclose  completely 
the  ductile  properties  and  resilience  of  any  metal  to  which 
they  belong. 
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Ultimate  Resistance  and  Elastic  Limit. 

It  has  been  found  by  experiment  that  bars  of  wrought 
iron  which  are  apparently  precisely  alike  in  every  respect, 
except  in  area  of  normal  section,  do  not  give  the  same  ulti- 
mate tensile  resistance  per  square  inch.  Other  things  being" 
the  same,  bars  of  the  smallest  cross-section  give  the  greatest 
intensity  of  ultimate  tensile  resistance. 

Aside  from  the  absence  of  imiform  distribution  of 
stress  in  the  interior  of  the  bar,  as  was  shown  in  the  section 
*  *  coefficient  of  elasticity,  * '  and  the  intensified  effects  of  the 
processes  of  production  on  pieces  with  comparatively 
small  cross-sections,  this  result  is  to  be  expected  from  the 
circumstances  which  attend  fracture.  When  a  piece  of 
material  is  subjected  to  tension  to  the  point  of  rupture,  not 
only  a  tensile  strain  of  essentially  uniform  character,  from 
end  to  end,  takes  place,  but  also  a  very  considerable  local 
transverse  strain  or  contraction  at  the  place  of  fracture. 
This  latter  manifests  itself  only  shortly  before  rupture  as 
a  short  **neck"  in  the  piece.  A  given  percentage  of 
'*  local'*  contraction  in  the  case  of  a  large  section  involves 
a  much  larger  absolute  lateral  movement  of  the  molecules 
than  in  the  case  of  a  small  section,  and  it  is  evident  that 
this  absolute  lateral  movement  will  exert  a  much  more 
potent  influence  toward  severing  the  molecules  sufficiently 
for  rupture  than  the  percentage  of  contraction.  Hence  the 
degree  of  local  and  lateral  movement  required  by  rupture 
will  be  reached  with  a  less  mean  intensity  of  stress  in  the 
cases  of  large  sections  than  in  those  of  small  ones.  This 
is  equivalent  to  a  greater  intensity  of  ultimate  resistance 
for  the  small  sections,  and,  as  has  been  indicated,  this  con- 
clusion is  verified  by  experiment. 

The  same  considerations  result  in  the  additional  con- 
elusion  that,  other  things  being  equal,  the  smaller  sections 
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will  give  the  greater  final  contraction,  and  a  greater  in- 
tensity of  ultimate  resistance  with  greater  final  contraction 
involves  a  greater  final  stretch  for  the  same  length  of  piece. 

These  last  two  conclusions  will  also  be  found  to  be 
hereafter  verified  by  experiment. 

Again,  it  is  found  independently  of  the  effects  of  the 
processes  of  production,  as  might  be  anticipated,  that  the 
length  in  terms  of  the  lateral  dimensions  of  the  test  piece, 
within  certain  limits,  affects  very  perceptibly  the  ultimate 
resistance. 

If  a  specimen  of  the  shape  shown  in  Fig.  2  be  broken  by  a 
tensile  stress,  it  will,  of  course,  fail  in  the  reduced  section 
MN.     Before    failure    takes    place,  the    reduced  portion 


will  be  considerably  elongated  and  the  normal  section 
correspondingly  reduced  in  consequence  of  the  shearing 
strains  in  the  oblique  planes  shown  by  the  dotted  lines. 
(See  Arts.  3  and  4.)  When  the  reduced  portion  in  the 
vicinity  of  MN  is  very  short  in  comparison  with  its  lateral 
dimensions,  it  includes  the  whole  of  very  few  of  these  oblique 
planes,  if  any  at  all;  consequently  very  little  movement 
of  these  oblique  layers  over  each  other  can  take  place ;  in 
other  words,  little  or  no  reduction  of  section  can  take  place 
before  rupture.  In  this  latter  case,  then,  a  greater  area 
of  metal  section  will  ofTer  its  resistance  to  the  external 
tensile  force,  at  the  instant  of  failure,  than  in  the  former, 
and  a  correspondingly  greater  intensity  of  ultimate  re- 
sistance will  be  foimd.  Thus  the  shape  and  dimensions 
of  the  test  piece  will  considerably  influence  the  ultimate 
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resistance  and  strains,  as  will  soon  be  shown  by  experi- 
mental results. 

All  the  preceding  conclusions,  though  given  in  con- 
nection with  wrought  iron,  are  independent  of  the  nature 
of  the  material,  and  apply  equally  to  steel  and  cast  iron. 

Since  the  reduction  of  area  of  the  fractured  section  and 
the  elongation  of  the  bar  are  true  measures  of  the  ductility 
of  the  iron,  these  are  or  should  be  always  measured  with 
care. 

Table  IV  exhibits  in  a  very  plain  manner  the  decrease 
of  ultimate  tensile  resistance  with  the  increase  of  sectional 
area  of  round  bars ;  it  is  taken  from  the  ' '  Report  of  the 
Committees  of  the  U.  S.  Board  appointed  to  Test  Iron, 
Steel,  and  other  Metals,"  etc.,  by  Commander  L.  A. 
Beardslee,  U.S.N. 

This  decrease  is  probably  partly  due  to  the  effect  pro- 
duced upon  the  iron  by  the  rolls  as  it  passes  through  them, 
the  bars  of  smaller  sections  being  more  *  *  drawn '  *  and  at  a 
lower  temperature  in  consequence  of  the  less  mass  cooling 
more  quickly. 

The  notation  of  the  table  is  the  following: 

*  *  Dia. ' '   =  diameter  of  the  roimd  bar  in  inches ; 
**r. **       =  ultimate  tensile  resistance; 
**£:.L."=  elastic  limit. 

It  will  be  observed  that  the  ultimate  resistance  per 
square  inch  varies  between  widely  separated  limits,  in  some 
cases,  for  the  same  diameter  of  bar.  This  is  due  to  the 
fact  that  the  different  bars,  even  of  the  same  diameter, 
were  from  a  number  of  different  mills,  and  consequently 
involved  different  treatment  in  manufacture,  chemical 
constitution,  etc.  A  general  view  of  the  table,  however, 
shows  in  a  marked  and  satisfactory  manner  the  decrease 
of  T  with  the  increase  of  the  diameter  or  area  of  normal 
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section.  The  last  fourteen  bars  of  the  table  are  of  the 
same  manufacture  and  show  a  decrease  in  T  as  nearly 
imiform  as  could  be  expected. 

Table  IV. 

ULTIMATE  RESISTANCE  AND  ELASTIC  LIMIT  IN  POUNDS   PER 
SQUARE    INCH   OF    ORIGINAL    NORMAL   SECTION. 


Dia. 

r. 

E.L. 

Dia. 

T. 

E.L. 

Dia. 
i.ll 

r. 

E.L. 

i 

59.885 

i.t 

53.016 

35.379 

50.969 

30.814 

} 

54,090 

40.9S0  ' 

51,296 

31,992 

50.307 

29.767 

62,700 

' ' 

50,594 

34,940 

" 

48/;53 



59.000 

\\ 

57,05a 

38,417 

\i 

5S,ft03 

31.031 

57,700 

- — ■ — - 

56,50s 

32,496 

53,100 

32,074 

55.400 

' ' 

55,131 

33.771 

52.875 

35,641 

** 

52.»7S 

30.126 

" 

54,540 

52,505 

32,31a 

f 

55.450 



' ' 

55,415 

32.869 

" 

51.459 

a7,8i6 

•  • 

5a.oso 



'  * 

54,354 

34,617 

* 

50,363 

'* 

57.660 

" 

54,544 

33.027 

51,039 

33,067 

} 

51.546 

35,933 

'* 

53.512 

*' 

49,744 

35.615 

50.630 

33.931 

'  * 

S«.8i9 

34,840 

*' 

48,670 

33.250 

I 

61,727 

* ' 

52.736 

34.901 

2.0 

60,213 

31,441 

* 

57.363 

37.415 

" 

52,700 

35.880 

'* 

52,914 

31,198 

* 

57.807 

39,230 

** 

52.155 

27,708 

49,164 



' 

56.790 

36.885 

*' 

51.994 

32,054 

'* 

51.684 

33.104 

' 

Si,9ai 

31.300 

" 

51,456 

34,591 

52,127 

32,461 

• 

53.819 

32.267 

'* 

51,047 

'* 

52,011 

34.702 

* 

51.400 

34.600 

x.t 

56,344 

35.889 

'* 

51,146 

28.567 

t 

60,458 

37.344 

57,402 

35,701 

* 

50,000 

36,184 

57.470 

31. goo 

' ' 

56,227 

33,207 

" 

50,171 

28,983 

' 

57,498 

41.311 

'  * 

54.334 

32.163 

" 

47.81a 

35,864 

' 

55.927 

37.250 

" 

53,339 

33.540 

' 

48,249 

31,413 

* 

S4644 

34.69s 

'* 

53.614 

30,664 

" 

46.151 

36,050 

• 

53.900 

26,787 

" 

52,675 

33,745 

2^ 

51.559 

* 

53.035 

34,410 

" 

52,314 

29,364 

49.42a 

' 

52.267 

32,019 

" 

52,401 

34,012 

ai 

50,481 

i 

59.461 

36,501 

'* 

51,205 

33.318 

51. a  25 

57.807 

32.469 

" 

SO  970 

33.625 

*' 

48.382 

30.459 

55,782 

35,596 

'.» 

56.595 

38,310 

't 

51.666 

56.334 

33,021 

54.114 



51.530 

• 

55.253 

34.784 

'* 

57.789 

34.160 

40.290 

32.163 

53.803 

32.712 

\\ 

57,874 

" 

48.808 

53.247 

32,520 

54.410 

31.354 

'  * 

46.866 

28.241 

53752 

" 

53.846 

36,573 

'}. 

48.475 

28.032 

' 

52.970 

32.075 

" 

55.018 

34,283 

47.428 

20.04' 

' 

53,02  2 

** 

53.264 



" 

47.344 

20.7  SS 

' 

50.040 

30,730 

'  * 

53,154 

35.323 

2* 

46,446 

26,333 

i| 

58,926 

37,548 

" 

51.509 

29.404 

3.0 

47.761 

26,400 

58.021 

32,152 

*' 

50,395 

36.254 

4 

47,ot4 

24,501 

• 

54.940 

31,030 

*  * 

50. 547 

35,954 

3* 

47.000 

24,0'>« 

* 

54,277 

33,6 2 J 

** 

49.816 

31.214 

3} 

46.067 

23.^36 

* 

52,733 

34,606 

*' 

50,129 

32.271 

4.0 

46,32a 

23.430 

' 

53,557 

33.650 

..      1 

52.537 

34,469 

lii 

1      56.517 

1 

In  the  words  of  the  Report,  as  given  by  \Vm.  Kent,  C.E., 
in  the  abridgment,  '  *  The  elastic  limit  as  given  is  not  from 
perfectly  accurate  data ;  it  is  simply  the  amount  of  stress 
which  produced  the  first  perceptible  change  of  form, 
divided  by  the  bar's  area.'' 
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Table  V. 

RECTANGULAR  BARS. 


Siseof 

Stress  in  Lbs. 
per  Sq.  In. 

Per  Cent,  of 

No. 

Bar. 

Final 

Elastic 
Limit. 

Ultimate. 

Elongation 
in  80 
Inches. 

Final  Con- 
traction. 

Inches. 

I 

Single  Refined 

3Xi 

29,000 

52,470 

18.0 

31.0 

2 

Double      " 

3X1 

31,000 

53,550 

16.0 

27.7 

3 

Single        " 

5X1 J 

27,330 

50,410 

16.6 

24.1 

4 

Double      " 

5Xii 

27,170 

50,920 

19.0 

25.7 

5 

Single 

3X1 

28,330 

48,700 

13.1 

27.1 

6 

Double      ** 

3X1 

29,170 

51,370 

22.2 

35.6 

7 

Single 

SXii 

24.830 

49,240 

16,0 

18.1 

8 

Double      " 

5Xii 

27,170 

51,010 

19.7 

29.5 

Table  V  shows  the  results  of  some  tests  in  the  U.  S. 
Govt,  machine  during  1881,  at  Watertown,  Mass.  Nos.  i 
and  2  are  means  of  four  tests;  the  others  are  means  of 
three.  Nos.  i,  2,  3,  and  4  are  for  bars  from  the  Elmira  Iron 
and  Steel  Rolling  Mill  Co. ;  Nos.  5,  6,  7,  and  8  are  from  the 
Passaic  Rolling  Mill  Co.  As  a  rule  -the  large  bars  give  the 
least  elastic  limit  and  ultimate  resistance. 

It  is  also  important  to  observe  that  the  double  refined 
iron,  with  two  exceptions,  gives  the  highest  results  of  all 
kinds. 

/      It  appears  from   an  examination  of  the   tables  that 
/although  there  are  irregularities  the  elastic  limit  may  be 
taken  for  all  practical  purposes  as  half  the  ultimate  resist- 
ance. 

The  ultimate  resistance,  it  is  to  be  particularly  observed, 
is  given  in  poimds  per  square  inch  of  original  sectional  area. 
On  accotmt  of  the  reduction  of  the  fractured  section  the 
ultimate  resistance  should  be  specifically  referred  either 
to  its  own  section  (to  be  noticed  hereafter)  or  to  the  original 
section.     The  customary  reference  is  to  the  latter,  though 
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it  is  frequently  interesting  to  make  an  accompanjnng 
reference  to  the  former. 

The  committee  also  made  some  valuable  experimental 
investigations  with  the  object  of  ascertaining  the  influence 
of  the  relative  dimensions  of  the  test-piece,  already  re- 
marked upon  in  connection  with  Fig.  2.  Eighteen  speci- 
mens were  prepared,  of  which  Figs.  3  and  4  represent 
types. 

Fig.  3  represents  a  specimen  whose  middle  portion  is 
turned  down  to  a  imiform  diameter.     Seventeen  of  the 


■^ 


^ 


^ 


Fig.  3. 


I 


Fio.  4. 


specimens  were  of  this  kind,  with  lengths  of  cylindrical 
portions  varying  from  \  inch  to  10  inches.  Fig.  4  repre- 
sents the  eighteenth  specimen,  with  simply  a  groove  in  the 
centre,  in  which,  at  a6,  the  fracture  took  place.  In  this 
latter  specimen  the  reduction  of  area  at  the  section  of 
failure  must  necessarily  be  much  less  than  in  those  like 
Fig.  3 ;  hence  the  ultimate  resistance  will  be  correspondingly 
greater. 

Table  VI  is  taken  from  the  Report  already  cited,  and 
contains  the  results  of  the  experiments  on  the  eighteen 
specimens  prepared  in  the  manner  indicated  above. 
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L  =  original  length  in  inches; 
/  «per  cent  of  elongation; 
a  =per  cent  of  contraction  of  fractured  area; 
t^  =  stress  in  pounds  per  square  inch  at  first  stretch; 
7'=  ultimate  tensile  resistance  in  pounds  per  square  inch 
of  original  section. 


Table  VI. 

No. 

L. 

'• 

a. 

/ 

T. 

Remarks. 

I 

lO 

23.1 

38.2 

29,673 

54,888 

Slight  seam. 

2 

9i 

243 

36.5 

28,011 

55.288 

3 

9 

21.5 

31.1 

29,345 

55,355 

4 

8i 

22.0 

31.2 

29,345 

55,622 

5 

7i 

25.0 

39-9 

30,840 

54,890 

Slight  seam. 

6 

7 

25.8 

38-6 

30,412 

55,488 

7 

6J 

22.1 

40,0 

28,562 

51,800 

Bad  seam. 

S 

6 

22.3 

34-7 

30,600 

55.418 

9 

5i 

25.4 

39-3 

29,475 

55.333 

lO 

5 

21 .2 

32.2 

29,278 

55.887 

Slight  seam. 

II 

4 

25.7 

37.4 

29,705 

55.532 

12 

3i 

26.7 

36.6 

31,817 

55.482 

13 

3 

27.0 

38.3 

31,123 

56,190 

14 

2 

27.0 

%  36.2 

33,428 

56,428 

Seamy. 

15 

li 

26.0 

34.0 

42,249 

57,096 

* ' 

i6 

I 

37.0 

34.3 

34,288 

58,933 

17 

i 

30.0 

37.9 

57,565 

59.388 

Seamy. 

i8 

Groove 

20.6 

45,4+2 

71,300 

The  diameters  at  the  section  of  failure  were  neariy 
uniform  and  originally  about  0.97  inch. 

The  values  of  /,  a,  and  T  are  as  nearly  uniform  as  could 
be  expected  until  the  length  decreases  to  about  4  diameters 
(2  inches). 

For  the  grooved  specimen  t  and  T  are  very  large  and 
a  very  small. 

Other  experiments  on  a  still  softer  iron  were  made  with 
the  same  general  results. 

**In  conclusion,"  states  the  committee,  ''our  results 
lead  us  to  the  decision  that,  in  testing  iron,  no  test  piece 
should  be  less  than  one  half  inch  in  diameter,  as  inaccuracy 
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is  more  probable  with  a  small  than  with  a  large  piece,  and 
the  errors  are  more  increased  by  reduction  to  the  square 
inch ;  that  the  length  should  not  be  less  than  four  times  the 
diameter  in  any  case;  and  that,  with  soft,  ductile  metal 
five  or  six  diameters  would  be  preferable." 

It  has  long  been  the  impression  that  there  exists  a 
considerable  difference  between  the  ultimate  tensile  re- 
sistance of  the  "skin"  of  a  bar  of  iron  and  that  of  the 
]X3rtion  of  the  bar  underneath  the  skin.  The  U.  S.  Com- 
mittees, therefore,  broke  a  number  of  bars  first  with  the 

i  skin  on,  or  "in  the  rough,"  and  then  with  the  skin  turned 

off.  In  a  large  majority  of  the  cases  the  rough  bars  gave 
the  highest  ultimate  resistance  per  square  inch  by  a  smalt 
amount,  while  in  a  few  cases  the  results  were  of  the  oppo- 
site character.  On  the  whole,  however,  "the  accumulated 
evidence  indicates  that  the  strength  of  the  skin  of  the  bar 
is  greater  in  proportion  to  its  area  than  that  of  the  rest  of 
the  bar." 

!  All  the  tests,  of  which  the  results  have  hitherto  been 

given,  were  made  on  round  bars  or  on  specimens  turned 
from  them.  Results  of  tests  on  other  iron  will  now  be 
detailed,  and  it  will  be  convenient  to  use  the  following  and 
customary  symbols  for  the  various  kinds  of  '* shape" 
irons : 

L ,  for  angle  irons ; 

JL ,  for  tee  irons ; 

C »  for  channel  bars ; 

I ,  for  eye  beams ; 

0,for  rectangular  bars  or  * 'flats*'; 

O  f  for  roimds ; 

+ ,  for  star  sections ; 

in  short,  any  shape  iron  or  steel  is  represented  by  a  skele* 
ton  of  its  section. 
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Table  VII  contains  the  results  of  tests  of  a  wide  range 
of  full-sized  eye-bars  as  ordinarily  manufactured  for  bridge- 
building  purposes.     Some  were  made  and  tested  in  1887. 

Table  VII. 


Section. 
Inches. 

Length. 
Inches. 

E.L. 

T. 

Cont. 

Strain. 

Remarks. 

4   Xl 

237 

27,500 

51,000 

0.25 

0.143 

"Strain"  for  17     ft.     (a) 

4  XI 

66 

25,318 

48,070 

0.24 

0.117 

•     4     ft.     (a) 

3   X    « 
3iXli 

230 

32.590 

51,870 

0.365 

0.216 

*   16     ft.") 

173 

30,360 

49,040 

0.326 

0.208 

'    '3      ft.  (  ,.x 
*   18      ft.  ^  ^*> 

4  Xll 

251 

33,000 

50,350 

0.336 

0.208 

5  Xif 

251 

28,010 

47,440 

0.17 

0.175 

*   18      ft. 

5  XiJ 

370 

26,500 

51,200 

0.16 

O.II 

'   29      ft.     (a) 

6  X2^ 

304 

26,750 

49,000 

0.2II 

0.129 

"   23      ft.     (c) 

6  X2tV 

304 

26,000 

48,000 

0.124 

•;  23  ft.  (rf) 

8  Xii 

300 

24,200 

41,280 

0.097 

0.061 

'   23.3ft.      (e) 

8  Xii 

300 

24,030 

41,860 

0.099 

0.056 

*'         "  23.3ft.     (/) 

E.  L.  ^elastic  limit  in  potmds  per  sq.  in. 

T  =  tiltimate  resistance  in  potmds  per  sq.  in.  of  original 
section. 

Cont.  =tiltimate  contraction  or  reduction  of  original 
area. 

5^raw=«=  ultimate  stretch  in  length  given  under  "Re- 
marks. * ' 

All  bars  except  e  and  /  were  rolled  and  manufactured 
by  the  Phoenix  Iron  Co.  The  bars  a  were  of  single-rolled 
iron,  while  all  the  others  were  of  double-rolled  material. 
The  bars  e  and  /  were  made  by  the  Central  Bridge  Co.  of 
Buffalo,  N.  Y.,  and  were  tested  at  the  U.  S.  Arsenal,  Water- 
town,  Mass.,  as  sample  bars  selected  from  those  used  in 
the  Niagara  Cantilever  bridge;  and  the  results  are  taken 
from  the  paper  on  that  structure  by  Mr.  C.  C.  Schneider, 
Ch.  Engr.,  presented  to  the  Am.  Soc.  of  C.  E.,  March  4, 
1885. 

Bars  a  were  tested  at  the  works  of  the  Phoenix  Iron  Co. ; 
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bars  b  at  the  works  of  the  Keystone  Bridge  Co.,  and  bars  c 
and  d  at  the  works  of  the  Union  Bridge  Co.,  at  Athens,  Pa. 

The  bar  d  broke  through  the  eye,  for  the  reason  that 
about  J  inch  in  thickness  of  material  was  planed  off  the  face 
of  the  head  in  order  to  get  it  into  the  testing  machine. 

The  expressions  ** single  rolled*'  and  ** double  rolled'* 
as  applied  to  the  production  of  wrought  iron  had  consider- 
able significance  during  the  first  portion  of  the  period  in 
which  wrought  iron  was  used  for  structural  purposes.  It 
means  that  Idie  iron  was  twice  rolled  from  the  muck  bar. 
The  muck  bar  was  the  product  of  rolling  the  white-hot 
spongy  mass  of  iron  produced  by  the  puddling  furnace. 
These  muck  bars  were  frequently  from  12  to  14  feet  long 
and  about  4  or  5  inches  by  i  inch  in  cross-section.  They 
were  cut  into  lengths  of  perhaps  4  or  5  feet  and  piled 
together  so  as  to  make  approximately  a  rectangular  voltmie 
of  dimensions  depending  upon  the  bar  it  was  desired  to 
produce.  This  pile  made  from  muck  bars  was  heated  in  a 
suitable  furnace  to  a  welding  temperature  and  then  passed 
through  rolls  until  it  was  sufficiently  reduced  in  cross- 
section  and  correspondingly  lengthened  so  as  to  produce 
the  finished  bar.  This  bar  was  called  ** single  rolled," 
i.e.,  it  was  once  rolled  from  the  muck  bar.  When  it  was 
desired  to  improve  the  quality  of  the  iron  these  single-rolled 
bars  were  cut  into  pieces  from  3  to  5  or  6  feet  long  and 
piled  as  were  the  portions  of  the  original  muck  bars.  The 
size  of  the  pile  depended  upon  the  size  of  bar  which  it  was 
desired  to  produce.  This  pile  was  again  raised  to  a  wielding 
temperature  in  a  heating  furnace  and  then  put  through  a 
second  series  of  rolls,  thus  producing  the  double-rolled  bar; 
that  is,  twice  rolled  from  the  original  muck  bar.  At  first 
this  double  rolling  sensibly  improved  the  quality  of  the 
iron,  but  as  the  processes  for  producing  wrought  iron  were 
also  improved  the  advantage  of  double  rolling  for  all  struc- 
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tural  puri)<)scs  practically   disappeared  and  specifications 

\    calling  for  it  were  ultimately  omitted. 

)~ H^onsidered  as  a  comparison  between  single-  and  double- 
rolled  l)ars,  the  table  possesses  much  interest.  The  first 
three  of  the  bars  b  show  unusually  high  elastic  limits, 
which  may  have  been  the  result  of  the  approximate 
methods  used  in  the  observation.  On  the  whole,  however, 
the  elastic  limits  of  the  single-rolled  bars  are  not  essentially 
difl"erent  from  those  determined  for  the  double-rolled  ma- 
terial. 

With  the  exception  of  the  last  two  ultimate  resistances, 
which  are  very  low,  even  for  large  bars,  that  column  shows 
much  more  nearly  uniform  results  for  the  two  grades  of 
l)ars  than  found  among  the  elastic  limits,  and  the  values 
lor  the  single  rolled  metal  are  fully  equal  to  the  best  of 
the  double  rolled.  As  was  to  be  expected,  the  smaller 
bars  gave  results  appreciably  in  excess  of  those  belonging 
to  the  larger  ones. 

The  percentages  of  contraction  for  the  single  rolled  bars 
are  seen  to  be  on  the  whole  somewhat  smaller  than  those 
telonging  to  the  others,  although  the  advantage  is  not 
maintained  by  the  latter  throughout  the  entire  table. 
The  last  preceding  observation  holds,  but  less  markedly, 
in  the  column, of  ultimate  stretch  or  "strains."  While 
the  decision  of  such  questions  should  be  made  only  on  a 
far  greater  number  of  tests  than  given  in  the  table,  it  is 
])roper  to  siiy  that  the  latter  shows  precisely  what  is  found 
ill  extended  experience,  i.e.,  that  double  rolled  iron,  as 
])roduced  by  the  most  reputable  iron  companies,  possessed 
r»nly  a  jx^ssible  small  and  unimportiint  advantage  in  duc- 
tility and  uniformity,   but  with   less   welding  properties. 

•  Its  cost  was  from  twenty  to  twenty-five  per  cent,  over  that 
of  single  rolled  iron ;  which  was  out  of  all  proportion  to  the 
very  small  advantage  gained. 
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No  class  of  materials  used  by  engineers  possesses  more 
widely  varying  chai^cteristics  of  a  physical  nature  than 
plates  used  in  bridge  construction.  The  very  wide  plates 
forming  the  webs  of  large  plate  girders  gave  a  high  elastic 
limit,  comparatively  low  ultimate  resistance,  final  stretch 
and  contraction ;  these  were  always  sheared  plates.  Narrow 
plates,  either  rolled  in  grooves  or  imiversal  mill,  approxi- 
mate more  nearly  in  character  to  bars  in  all  respects  of 
elastic  and  ultimate  resistances  and  final  stretch  and 
elongation. 

Table  VIII. 
BRIDGE  PLATE  SPECIMENS. 


Test  Specimen. 

Lbs.  per  S<i. 

[n.  Orig.  Sec. 

Per  Cent,  of  Final 

Oriffina]  Plate. 
Inches. 

Section. 

Length. 

Elastic 

Ultimate 

Contrac- 

Stretch in 

Inches. 

Inches. 

Limit. 

Resistance. 

tion. 

8  Inches. 

8Xi 

1X0.30 

8 

31,900 

47,700 

22.4 

19.8 

8X1 

1X0.3 

8 

36,000 

52,800 

23.4 

17.5 

loXi 

1X0.26 

8 

35»iio 

52,670 

20.6 

16.3 

loXi 

1X0.26 

8 

34,600 

51,540 

21.9 

16.8 

ioXtV 

1X0.32 

8 

37.000 

53,700 

27.2 

19.1 

loXA 

1X0.45 

8 

32,810 

51,670 

30.8 

26.3 

loX^c 

1X0.45 

8 

32.960 

52,250 

28.3 

21.8 

loXi 

1X0.50 

8 

27,160 

49,500 

25.96 

21.0 

loXA 

1X0.57 

8 

27,400 

49,220 

29.67 

23.0 

I2Xf 

1X0.40 

8 

30,230 

50.380 

20.91 

150 

12Xt 

1X0.63 

8 

34,700 

51,200 

22.5 

18.2 

HXi 

1X0.39 

8 

33.850 

50,390 

28.9 

19.8 

i4Xi 

1X0.39 

8 

34.870 

54,100 

44.1 

23.0 

2oXiV 

1X0.45 

8 

36,860 

53,930 

18.9 

13-3 

2oXi'e 

1X0.45 

8 

36.580 

53,720 

25.6 

20.8 

24X-,'V 

1X0.31 

8 

30,290 

46,900 

18.6 

11. 0 

24XtV 

27X1: 

1X0.31 

8 

'28,100 

46,920 

18.1 

15.0 

1X0.39 

8 

39.470 

52,370 

28.2 

18.0 

3oX^ 

1X0.32 

8 

33.330 

49,210 

15.2 

12.5 

30XA 

1X0.31 

8 

34.290 

49,680 

15.1 

11   5 

69X1 

1X0.40 

8 

35,800 

49,870 

25.6 

II. 9 

72XJ 

1X0.39 

8 

44.380 

53.060 

14-5 

7.0 

72Xi 

1X0.35 

8 

44,030 

55,960 

23.0 

9.8 

In  consequence  of  the  mode  of  production  of  wrought 
iron  the  spongy  character  of  the  mass  of  iron  with  its  in- 
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eluded  slag  produced  in  the  puddling  furnace  caused  the 
finished  wrought-iron  product,  as  drawn  out  between  the 
rolls,  to  be  fibrous,  the  fibres  obviously  extending  in  the 
direction  of  rolling.  In  the  use  of  wrought-iron  plates, 
therefore,  it  was  necessary  in  order  to  secure  the  greatest 
ultimate  resistance  to  stress  them  along  the  fibres  and  not 
across  the  latter.  This  was  frequently  if  not  usually 
specified,  as  it  was  an  important  feature  in  the  employ- 
ment of  wrought-iron  plates.  The  data  given  in  Table 
VIII,  therefore,  belong  to  the  tests  of  plate  specimens 
which  were  loaded  in  the  direction  of  the  fibres.  In  fact, 
practically  all  specimens  of  plates  were  tested  along  the 
fibres,  although  tests  would  occasionally  be  made  across 
the  fibres  in  case  it  was  expected  to  use  the  plates  in  that 
way,  so  as  to  ascertain  the  diminished  ultimate  resistance 
relatively  to  the  results  obtained  by  loading  parallel  to  the 
fibres.  It  is  not  necessary  to  reproduce  tests  made  of 
wrought-iron  plates  across  the  fibres,  but  the  ultimate 
n  s'stance  foimd  in  that  way  was  frequently  not  more  than 
go  per  cent,  of  that  determined  along  the  fibres  and  some- 
times less.  In  considering  the  ultimate  resistance  of 
wrought-iron  plates,  therefore,  it  is  always  necessary  to 
specify  clearly  whether  resistance  along  the  fibres  or  across 
the  fibres  is  intended.  The  mode  of  loading  iron  plates 
was  practically  always  in  the  direction  of  the  fibres,  i.e., 

I   in_the  direction  of  rolling. 

/ '  Table  VIII  gives  results  for  bridge  plates  throughout  a 
great  range  of  width.  All  the  specimens  were  of  the  same 
thickness  as  the  original  plates;  hence  two  sides  were  as 
they  came  from  the  rolls  and  two  were  machine  finished. 
Although  these  results  are  somewhat  irregular,  the  lowest 
ultimate  resistances  and  relatively  highest  elastic  limits 
are  found  with  the  greatest  widths,  with  the  exception  of 
the  72-inch  plates.     It  is  altogether  probable  that  both  the 
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high  elastic  limit  and  ultimate  resistance  for  those  were 
produced  by  the  addition  of  steel  to  the  piles  from  which 
the  plates  were  rolled.  This  practice  had  obtained  some 
footing  in  order  to  meet  the  extreme  requirements  of  some 
very  exacting  specifications  based  upon  insufficient  knowl- 
edge regarding  the  actual  capacities  of  plate  iron  in  great 
widths. 

Table  IX. 
ANGLE  IRON  SPECIMENS. 


Size  of 

Test  Specimen. 

Lbs.  per  Sq.  In.  Orig.  Sec. 

Per  Cent 

of  Final 

Original   Angle. 

Inches. 

Section. 

Length. 

Elastic 

Ultimate 

Contrac- 

Stretch in 

Inches. 

Inches. 

Limit. 

Resistance. 

tion. 

8  Inches. 

Pounds. 

6  X4  —71 

1X0.7 

8 

26,800 

49,420 

25.6 

24.5 

6  X4  —46 

1X0.46 

8 

28,570 

49,460 

24.6 

20.0 

6  X4  —46 

1X0.46 

8 

28,850 

49,340 

27.3 

21.3 

6  X3i— 36 

1X0.38 

8 

29,890 

47,090 

19.5 

II. 8 

6  X34— 36 

1X0.38 

8 

30,520 

48,420 

18.2 

13.0 

5  X3  —25 

1X0.34 

8 

29,200 

46,900 

22.7 

14.4 

5  X3  —25 

IXO.34 

8 

29,370 

47,770 

20.7 

15.6 

4  X3  —34 

1X0.49 

8 

28,250 

48,860 

26.8 

22.8 

4  X3  —34 

XXO.47 

8 

29,780 

49,360 

25.1 

17.8 

4  X3  —34 

1X0.49 

8 

34,440 

52,900 

18.5 

18.8 

4  X3  —34 

1X0.49 

8 

3l,6Ho 

50,620 

31.9 

21.3 

34X  3  —23 

1X0.38 

8 

26,960 

45,790 

26.8 

13.75 

3iX3  —23 

1X0.38 

8 

28,600 

49,080 

28.1 

23.0 

3  X3  —17 

1X0.30 

8 

30,660 

51,000 

34.3 

22.3 

3  X3  —21 

1X0.38 

8 

30,260 

51,050 

30.8 

23.1 

3  X3  —21 

1X0.37 

8 

29,030 

48,920 

29.0 

26.0 

3  X3  —28 

1X0.46 

8 

31,080 

51.300 

35-4 

27-3 

3  X3— 18 

1X0.34 

8 

32,220 

50,300 

30.1 

20.8 

3  X3  —18 

1X0.33 

8 

33,230 

52,430 

36.3 

22.8 

3  X2j— 17 

1X0.33 

8 

33,030 

51,350 

27.6 

23.0 

3  X2i— 17 

1X0.33 

8 

32,320 

51,360 

34.7 

23-3 

3  X2i— 18 

1X0.35 

8 

29,760 

50,280 

32.1 

21.8 

3  X24— 18 

■  —  •  '   -  '■ 

1X0.35 

8 

30,430 

50,140 

29.5 

19.3 

Table  IX  gives  the  results  of  tests  of  specimens  cut  from 
aU  sizes  of  angles  used  in  ordinary  bridge  work.  These 
angles  were  all  produced  by  the  Phoenix  Iron  Company,  and 
the  tests  were  made  at  the  works  of  that  company  in  1887. 
The  results  are  most  excellent,  as  well  as  being  typical  for 
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the  shapes  tested.  Although  the  results  at  one  or  twa 
points  are  a  little  irregular,  on  the  whole  the  elastic  and 
ultimate  resistances,  as  well  as  the  final  contraction  and 
elongation,  increase  with  considerable  uniformity  from 
the  heaviest  sections  to  the  lightest,  showing  clearly  the 
improved  qualities  in  the  smaller  angle  bars.  The  table 
demonstrates  in  a  very  marked  manner  the  varying  charac- 
teristics which  always  accompany  varying  dimensions  of 
bars  of  the  same  kind,  even  when  produced  of  imiform 
material  in  the  original  piles. 

Effect  of  Annealing. 

The  operation  of  annealing  is  performed  by  first  heat- 
ing wrought  iron  or  other  metal  in  such  a  way  as  not  to 
change  its  chemical  condition  by  any  external  influences, 
or,  in  other  words,  by  heating  in  a  non-oxidizing  furnace 
or  other  similar  appliance  to  a  cherry-red  color  and  then 
gradually  cooling  it,  usually  in  air  and  sometimes  covered 
with  ashes  or  sand.  The  purpose  of  the  operation  is  to 
soften  the  material  just  enough  to  permit  the  molecules  to 
flow  a  little  and  so  eliminate  internal  stresses  in  the  mate- 
rial and  without  sensible  distortion  or  change  of  shape  or 
dimensions  of  the  piece.  The  effect  of  annealing  is  slowly  to 
soften  the  wrought  iron,  thus  increasing  its  ductility  but 
decreasing  its  ultimate  resistance.  In  the  case  of  wrottght- 
iron  bars  used  for  structural  purposes  annealing  would  not 
usually  decrease  the  ultimate  resistance  more  than  perhaps 
S  to  8  per  cent.,  but  in  the  case  of  wrought-iron  wire  or 
other  cold- drawn  metal  in  which  the  ultimate  resistance 
would  be  abnormally  high  it  might  be  reduced  more  than 
one  third  and  sometimes  one  half  its  original  value. 

A  committee  of  the  Franklin  Institute  in  Philadelphia 
appointed    to    investigate    certain    physical    qualities    of 
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metals  in  1837  found  that  the  ultimate  tensile  resistance 
of  a  wrought-iron  wire  .156  inch  in  diameter  was  89,162 
pounds  per  square  inch  in  its  natural  state,  but  that  it  fell 
to  48,144  poimds  per  square  inch  and  50,889  potrnds  per 
square  inch  after  the  process  of  annealing.  These  results 
have  frequently  been  confirmed  as  to  their  general  charac- 
ter by  many  investigations  since  that  early  date. 

In  practically  all  cases  where  the  metal  has  been  made 
hard  and  stiff  by  cold  drawing  or  other  treatment  it  will 
be  softened  and  made  ductile  by  the  process  of  anneal- 
ing, but  its  ultimate  resistance  will  also  be  reduced.  The 
effects  of  annealing  are  much  more  marked  as  a  whole  in 
steel  than  in  wrought  iron.  The  annealing  temperature 
is  usually  1000  to  1200  degrees  Fahr. 

The  Effect  of  Hardening  on  the  Tensile  Resistance  of 
Iron  and  Steel, 

The  hardening  of  iron  and  steel  is  a  process  having  in 
general  the  opposite  results  to  those  produced  by  anneal- 
ing; it  ustially  raises  the  ultimate  resistance  and  the  elastic 
limit,  but  decreases,  sometimes  greatly,  the  ductility  of 
the  metal.  Hardening  is  produced  by  raising  to  a  high 
temperature  as  in  annealing  and  then  suddenly  decreasing 
the  temperature  by  quenching  in  water,  oil,  or  other  liquid 
or  semi-liquid.  If  the  quenching  is  done  in  water  the 
general  result  is  considerable  hardening  with  the  corre- 
sponding increase  in  ultimate  resistance,  frequently  of 
erratic  value  in  consequence  of  the  production  of  irregular 
internal  stresses.  These  results,  like  those  of  annealing, 
are  much  more  marked  in  steel  than  in  wTought  iron. 

If  the  quenching  of  steel  at  a  high  temperature  is 
arrested  at  some  point  intermediate  between  that  of  ordi- 
Tiary  air  and  the  temperature  to  which  the  metal  was  raised^ 
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various  degrees  of  tempering  are  reached.  There  are 
many  degrees  or  grades  of  temper  depending  upon  the 
manipulation  of  the  operation  of  quenching  and  its  arrest 
at  various  temperatures.  These  degrees  of  temper  are 
indicated  by  the  colors  of  the  oxidized  coatings  formed 
on  the  metal.  In  some  of  the  useful  grades  of  tempering 
the  metal  is  much  more  hardened  and  toughened  than  in 
others.  If  the  metal  is  steel  and  quenched  in  oil,  a  very 
useful  degree  of  hardening  is  produced  accompanied  by 
remarkable  toughness,  so  that  hardening  in  oil  is  a  process 
of  much  value  for  certain  purposes.  A  great  variety  of 
degrees  of  hardening  and  tempering  may  be  produced  by 
the  choice  of  liquid  or  semi-liquid  and  the  character  of 
the  manipulation  accompanying  the  quenching  or  partial 
quenching.  As  a  rule  these  operations  all  increase  ulti- 
mate resistance  and  elastic  limit,  but  decrease  the  ductility. 

Variation  of  Ultimate  Resistance  with  Increase  of 
Temperature. 

The  decrease  of  ultimate  resistance  with  the  increase 
of  temperattire  is  a  matter  of  considerable  importance  in 
connection  with  the  use  of  structural  steel  or  other  mate- 
rials in  some  cases,  as  in  the  fire-boxes  of  boilers  or  portions 
of  buildings  where  high  temperatures  are  sometimes  liable 
to  exist.  Many  investigations  have  been  made  from  time 
to  time,  therefore,  to  ascertain  if  possible  the  relation 
between  high  temperatures  and  ultimate  resistances  of 
wrought  iron  and  steel;  the  former  metal  only  will  be 
considered  in  this  section.  As  wrought  iron  has  been  com- 
pletely displaced  both  for  boiler  purposes  and  structural 
members  in  btulding  frames,  it  will  only  be  necessary  to 
state  general  results  in  connection  with  this  metal. 

In  some  of  the  older  investigations  the  ultimate  resist- 
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ance  of  wrought  iron  was  fotrnd  to  increase  with  tfie  tem- 
perature up  to  about  200®  Fahr.,  while  in  other  cases  the 
ultimate  resistance  remained  essentially  imchanged  imtil 
the  temperature  of  over  570°  Fahr.  was  reached.  This  was 
the  case  in  the  investigations  of  the  old  committee  of  the 
Franklin  Institute,  to  which  reference  has  already  been 
made.  Above  a  temperature  of  570®  Fahr.  that  committee 
found  the  decrease  in  ultimate  resistance  below  the  greatest 
to  vary  approximately  as  the  2.6  power  of  {Temp.  —80°). 


Table 

X. 

Temperature. 

Pibrous  Iron. 

Fine-grained  Iron. 

Cent. 

Fahr. 

o*» 

32** 

ICO 

100 

100 

100 

212 

100 

100 

100 

200 

392 

95 

100 

100 

300 

572 

90 

97 

94 

500 

932 

38 

44 

34 

700 

1292 

16 

23 

iS 

900 

1652 

6 

12 

9 

IOCX> 

1832 

4 

7 

7 

In  the  London  Engineering  of  July  30,  1880,  is  given 
a  synopsis  of  some  Grerman  experiments  by  Herr  KoU- 
mann,  which  is  reproduced  in  the  table.  The  resistance 
of  the  materials  at  zero  degrees  Cent,  or  32  degrees  Fahr. 
is  taken  as  100  and  that  at  other  tiemperatures  is  the  proper 
proportional  part  of  that  number.  It  will  be  noticed  that 
these  German  tests  show  a  much  earlier  decrease  of  re- 
sistance than  some  others. 

In  his  ''Useful  Information  for  Engineers/'  Second 
Series,  Sir  William  Fairbaim  gives  the  results  of  nun^erous 
tests  of  specimens  of  plate  and  rivet  iron  at  different  tem- 
peratures, showing  that  there  was  no  sensible  decrease  in 
ultimate  resistance  up  to  a  temperature  of  about  400°  Fahr., 
but  that  a  decrease  of  about  20  per  cent,  in  ultimate  re- 
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sistance  takes  place  at  a  "  scarcely-red  *  *  heat  and  a  decrease 
of  about  one  third  the  original  ultimate  at  a  * '  dull-red 
heat. 

It  is  quite  probable  if  not  certain  that  the  effect  of 
temi^erature  will  depend  a  little  upon  the  chemical  con- 
stitution of  the  metal,  so  that  the  results  of  these  investi- 
gations naturally  show  some  irregularities.  It  may  be 
accepted  conclusively,  however,  that  there  is  no  essential 
decrease  in  the  ultimate  tensile  resistance  of  wrought  in^n 
below  about  500°  Fahr.,  but  that  at  about  1000°  Fahr. 
the  metal  may  lose  more  than  one  half  of  its  ultimate 
resistance. 

Effect  of  Low  Temperature, 

When  wrought  iron  was  used  largely  and  for  some  time 
entirely  for  railroad  rails,  the  effect  of  low  temperature 
upon  its  tdtimate  resistance  or  upon  its  capacity  to  resist 
shock  was  a  matter  of  much  importance  which  the  ques- 
tion has  now  lost,  since  wrought  iron  has  been  displaced 
by  steel  for  railroad  rails  for  a  considerable  period  of  years. 
At  the  same  time  there  are  some  features  of  this  question 
which  are  common  both  to  wrought  iron  and  to  steel,  and 
for  that  reason  it  may  be  well  to  set  forth  some  of  the  earlier 
conclusions  as  to  the  effect  of  low  temperature  on  wrought 
iron.  This  matter  derived  its  importance  from  the  break- 
age of  wrought- iron  railroad  rails  in  the  winters  of  com- 
paratively high  latitudes.  It  was,  therefore,  studied  in 
such  localities  as  Norway  and  Sweden  and  by  the  State 
Railroad  Commission  of  Massachusetts.  An  early  Swedish 
authority  of  prominence,  Knut  Styffe  C*Iron  and  Steel*'), 
reached  the  following  conclusions  as  the  result  of  his  ex- 
periments : 

I.  **That  the  absolute  strength  of  iron  and  steel  is  not 
diminished  by  cold,   but  that  even  at  the  lowest 
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temperature  which  ever  occurs  in  Sweden  it  is  at 
least  as  great  as  at  the  ordinary  temperature  (about 
60^  Fahr.).  .  .  . 

3.  **That  neither  in  steel  nor  in  iron  is  the  extensibility- 

less  in  severe  cold  than  at  the  ordinary  tempera- 
ture.  ... 

4.  *'That  the  limit  of  elasticity  in  both  steel  and  iron  lies 

higher  in  severe  cold.   .  .  . ' ' 

He  concluded  from  his  experiments  that  the  common 
impression  of  increased  weakness  and  brittleness  with  a 
low  degree  of  temperature  is  entirely  erroneous.  His  tests, 
however,  were  wholly  with  tension  gradually  applied,  and 
could  support  no  conclusion  in  regard  to  other  conditions. 

Christer  P.  Sandberg,  also  a  prominent  authority  on 
inm  and  steel,  who  translated  StyfFe*s  works,  reached 
directly  opposite  conclusions,  as  follows: 

1.  '*That  for  such  iron  as  is  usually  employed  for  rails  in 

the  three  principal  rail-making  countries  (Wales, 
France,  and  Belgium),  the  breaking  strain,  as  tested 
by  sudden  blows  or  shocks,  is  considerably  influenced 
by  cold,  such  iron  exhibiting  at  10°  Fahr.  only  one 
third  to  one  fourth  of  the  strength  which  it  possesses 
at  84°  Fahr. 

2.  **That  the  ductility  and  flexibility  of  such  iron  is  also 

much  affected  by  cold,  rails  broken  at  10°  Fahr. 
showing  on  an  average  a  permanent  deflection  of 
less  than  one  inch,  whilst  the  other  halves  of  the 
same  rails,  broken  at  84°  Fahr.,  showed  a  set  of 
more  than  four  inches  before  fracture. 
3-  **That  at  summer  heat  the  strength  of  the  Aberdare 
rails  was  20  per  cent,  greater  than  that  of  the  Crcusot 
rails;  but  that  in  winter  the  latter  were  30  per  cent, 
stronger  than  the  former. ' ' 
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All  these  experiments  were  made  previous  to  1869,  and 
with  iron  rails. 

The  State  Railroad  Commission  of  Massachusetts 
reported  in  1874  that  in  their  opinion  neither  iron  nor  steel 
attained  any  greater  degree  of  brittleness  or  became  any 
more  "unreliable  for  mechanical  purposes"  at  low  tern- 
perattires  than  at  ordinary.  They  did  not  observe  as  a 
**rule  that  the  most  breakages'*  occurred  "on  the  coldest 
days.' '  They  further  state  that  "the  introduction  of  steel 
in  the  place  of  iron  rails  has  caused  an  almost  complete 
cessation  of  the  breaking  of  rails." 

It  would  appear  from  the  preceding  investigations  and 
observations  that  the  subject  'was  hopelessly  involved  in 
confusion,  but  this  is  largely  if  not  entirely  due  to  the  fact 
that  the  effect  of  certain  chemical  impurities  in  both  iron 
and  steel  were  not  recognized.  It  is  practically  certain 
that  where  the  older  investigators  found  no  prejudicial 
results  at  low  temperatures,  the  percentage  of  phosphorus 
was  low,  and  that  it  was  high  where  low  temperature  w^as 
found  to  affect  the  metal  prejudicially.  It  was  a  well- 
known  fact  established  by  many  experiments  that  the 
brittleness  of  wrought  iron  which  carried  a  comparatively 
high  percentage  of  phosphorus  was  much  increased  by 
chilling,  as  in  a  freezing  mixture,  and  it  is  also  practically 
certain  that  phosphorus  has  the  same  effect  upon  steel 
and  cast  iron.  The  decreased  breakage  of  steel  rails  in 
cold  weather  is  doubtless  largely  due  to  the  improved 
processes  under  which  they  are  manufactured  with  com- 
paratively low  percentages  of  phosphorus. 

Modem  experiences  all  go  to  show  that  at  such  low 
temperatures  as  those  found  even  in  the  highest  latitudes 
where  railroads  are  built  neither  iron  nor  steel  will  suflFer 
sensibly  decreased  ultimate  resistance,  ductility,  or  capac- 
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ity  to  resist  ^hock  with  the  comparatively  low  percentages 
of  pnejudiciai  elements  now  found  in  those  metals. 

Iron  Wire. 

Iron  wire,  like  steel  wire,  is  a  product  manufactured  by 
the  process  of  cold  drawing.  The  small  rods  from  which 
the  wire  is  made  are  drawn  through  steel  dies  at  ordinary 
temperatures,  the  hole  in  each  die  being  a  little  smaller  than 
the  preceding.  This  operation,  like  all  other  similar  proc- 
esses of  cold  working,  temporarily  raises  the  temperature 
of  the  metal  to  some  extent,  but  not  enough  to  have  any 
sensible  effect  upon  the  physical  qualities  of  the  finished 
product.  It  is  evident  from  what  has  been  said  that  iron 
wire  should  have  an  ultimate  resistance  much  higher  than 
that  of  wrought  iron  in  bars. 

Mr.  John  A.  Roebling,  who  built  the  old  railroad  sus- 
pension bridge  across  the  Niagara  gorge  in  1852-53,  used 
English  iron  wire  for  the  cables.  This  wire  was  about 
.145  inch  in  diameter  and  gave  an  ultimate  tensile  resistance 
of  about  98,500  pounds. 

In  the  United  States  Report,  *  *  Tests  of  Metals  and  Other 
Materials,"  for  1897  will  be  foimd  tests  of  wrought-iron 
round  rods  .8  inch  in  diameter  giving  an  ultimate  resist- 
ance of  50,000  pounds  per  square  inch,  and  the  tests  of  iron 
wire  .01  inch  in  diameter  having  an  ultimate  resistance 
of  110,000  pounds  per  square  inch.  In  the  same  report 
will  be  foimd  the  tests  of  galvanized  iron  wire  .2  inch  in 
diameter  giving  ultimate  resistances  of  65,280,  65,060,  and 
64,710  pounds  per  square  inch  of  original  section.  As  a 
rule  wrought-iron  wire  having  diameters  lying  between 
about  .2  and  .1  inch  will  have  ultimate  resistances  running 
from  about  70,000  to  90,000  pounds  per  square  inch.  As 
is  usual  in  such  material,  while  the  ultimate  resistance  is 
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high  the  ductility  will  in  general  be  low  and  shown  by  a 
comparatively  small  amount  of  final  stretch. 

Table  XI. 


Original  Diameter 
in  Inches. 


Ultimate  Tensile  Resistance  in  Pounds 
per  Square  Inch  ol 


Contraciifjn  of 

Original  Area 

fif  Section. 


Original  Area. 


Fractured  Area. 


0.122 

94,871 

0.123 

87,395 

0.124 

89.256 

0.125 

88,618 

0.122 

92.308 

0.124 

91.735 

0.124 

90,082 

0.122 

92,308 

0.124 

91,735 

0.124 

86,776 

0.125 

87,805 

0. 124 

86,776 

179,03:? 

162,500 

145,946 
137,974 
I6S.7SO 

156,338 
170,313 
168,750 

173,437 

164,063 

156,522 
152,174 


0.47 

o .  462 

0.388 
0.358 
0.453 
0.413 
0.471 
0.453 
0.471 

0.471 
0.439 
0.43 


Table  XI  is  a  condensed  form  of  one  given  in  the  '  *  Trans- 
actions of  the  Am.  Soc.  Civ.  Engrs.,"  Vol.  Ill,  p.  212,  and 
contains  an  account  of  the  tests  made  by  Prof.  R.  H. 
Thurston  on  some  wires  that  had  been  in  use  32  years  in 
the  cables  of  the  Fairmount  Suspension  Bridge  at  Phila- 
delphia. It  is  both  interesting  and  important  to  observe 
that  the  long  service  cannot  have  appreciably  injured 
either  the  ductility  or  ultimate  resistance  of  the  wire. 

Table  XII  contains  the  records  of  tests  on  other  w4re 
at   the   same   time  (1875)  by  Prof.  Thurston.     The  small 

Table  XII. 


Original  Diameter. 


Diameter  After  Fracture. 


Ultimate  Resi.stance  in  Pounds  per 
Stiuare  Inch  of  Original  Area. 


0.134 

0 . 1 33 

92,890 

0.1205 

0.1 185 

84.442 

0.08 

0.0795 

94,299 

0.071 

0.068 

90,384 

0.0535 

0.0532 

105,871 

0.029 

0.029 

113,546 
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reduction  of  diameter  at  fracture  shows  the  iron  to  have 
been  not  very  ductile.     It  will  also  be  noticed  that  the 
smaller  diameters  give  much  the  highest  resistances. 
Reviewing  the  values  given,  it  appears 

1.  Thai  wire  is  the  strongest  form  in  which  iron  can  be  used 

to  resist  tensile  stress,  , 

2.  That,  as  a  rule,  the  ultimate  tensile  resistance  increases 

as  the  diameter  of  the  wire  decreases. 

Tensile  Resistance  of  Shape  Iron, 

The  phenomena  exhibited  in  the  breaking  by  tensile 
stress  of  wrought-iron  shapes  naturally  depended  much  on 
the  character  of  the  piles  from  which  they  were  rolled.  The 
webs  of  channels  and  I  beams  were  sometimes  rolled  from 
old  rails  and  other  scrap  of  less  excellent  quality  than  the 
metal  of  which  the  flanges  were  made.  In  such  instances 
the  metal  of  the  flanges  would  evidently  give  higher  ulti- 
mate resistance  than  that  of  the  webs.  As  a  rule,  however, 
when  the  production  of  wrought-iron  shapes  was  at  its 
best  the  ultimate  tensile  resistance  of  such  shapes  as  chan- 
nels, I  beams,  and  angles  was  but  little  if  any  less  than  that 
of  square  or  flat  and  roimd  bars,  and  it  could  usually  be 
taken  at  44,000  to  48,000  pounds  per  square  inch,  while 
that  of  bars  ranged  from  45»ooo  to  50,000  potxnds  per 
square  inch,  the  ductility  of  the  latter  pieces  being  a  little 
greater  than  that  of  the  former. 

Fracture  of  Wrought  Iron. 

The  characteristic  fracture  of  wrought  iron  broken  in 
tension,  either  directly  or  transversely,  is  rather  coarsely 
fibrous,  not  infrequently  exhibiting  a  few  bright  granular 
spots  which,   in  rare  cases,   may  possibly  be  crystalline. 
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This  characteristic  (fibrous)  fracture  is  always  produced 
by  the  steady  application  of  an  external  force,  under  the 
influence  of  which  the  piece  is  draw  out  in  jagged  points 
at  the  place  of  failure. 

The  best  of  fibrous  wrought  iron,  however,  will  exhibit  a 
granular  fracture  if  proken  suddenly.  In  making  tests, 
therefore,  it  is  of  the  greatest  importance  to  observe  and 
direct  the  mode  of  application  of  the  external  forces  pro- 
ducing fracture. 

When  some  grades  of  iron  in  bars  are  broken  trans- 
versely by  shocks  (such  as  are  produced  by  falling  weights), 
a  phenomenon  known  as  ** barking"  is  produced.  A  skin 
of  metal  from  a  sixteenth  to  an  eighth  of  an  inch  in  thick- 
ness, on  the  tension  side  of  the  bent  piece,  tears  apart  and 
separates  from  the  core  of  the  bar.  At  the  place  of  fracture 
and  on  each  side  of  it  this  skin  or  **bark''  remains  essen- 
tially straight.  This  kind  of  fracture  shows  remarkably 
well  the  fibrous  character  of  wrought  iron ;  it  is  simply  the 
separation  of  the  fibres  near  the  outside  of  the  bar  from 
those  within. 

Crystallization  of  Wrought  Iron. 

The  subject  of  crystallization  of  wrought  iron  is  one 
about  which  there  is  much  dispute.  In  ''Strength  of 
Wrought  Iron  and  Chain  Cables, ' '  by  Beardslee,  as  abridged 
by  Kent,  p.  36,  the  following  is  given  as  the  opinion  or 
view  of  the  United  States  Testing  Commission:  **The 
question  as  to  whether  crystallization  can  be  produced  in 
iron  by  stress,  or  by  repetition  of  stress  with  alternations 
of  rest,  or  by  vibration,  has  been  much  discussed,  and  very 
opposite  views  are  entertained  by  experts. 

**We  have  met  with  but  one  unmistakable  instance  of 
crystallization  which  was  probably  produced  by  alterna- 
tions of  severe  stress,  sudden  strains,  recoils,  and  rest.  *  * 
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The  committee  then  state  the  case  of  a  coimecting-rod, 
carefully  made  of  the  best  quality  of  wrought-iron  scrap, 
which  had  been  used  in  a  testing  machine  for  forty  years, 
in  the  Navy  Yard  at  Washington.  It  was  five  inches  in 
diameter,  but  one  day  while  in  use  it  suddenly  broke  under 
a  stress  (total)  of  less  than  200,000  potmds.  *  *  The  surface 
of  the  fractured  ends  showed  well-defined  crystallization, 
the  facets  being  large  and  bright  as  mica. ' ' 

The  data  at  hand  at  present  are  not  sufficient  for  a 
decision  of  the  question,  but  it  may  be  confidently  stated 
that  in  many  cases  granulation  has  been  mistaken  for 
crystallization. 

There  seems  to  be  little  doubt  that  in  some,  or  possibly 
many,  cases  the  metal  in  wrought-iron  railroad  axles  has 
been  crystallized  in  use  by  rapid  rotation  under  stresses, 
probably  far  above  the  elastic  hmit,  induced  by  shocks 
resulting  from  tmevenness  of  tracks  or  other  causes.  In 
such  cases  the  metal  would  be  subject  to  comparatively 
rapid  alternations  of  stresses  of  high  intensity.  It  is 
probable  even  in  such  cases  that  granulation  has  frequently 
been  mistaken  for  crjrstallization. 

Elevation  of  Ultimate  Resistance  and  Elastic  Limit. 

It  was  first  observed  by  Prof.  R.  H.  Thurston  and  Com- 
mander L.  A.  Beardslee,  U.S.N. ,  independently,  in  this 
country,  that  if  wrought  iron  be  subjected  to  a  stress 
beyond  its  elastic  limit,  but  not  beyond  its  ultimate  re- 
sistance, and  then  allowed  to  *  *  rest'  *  for  a  definite  interval 
of  time,  a  considerable  increase  of  elastic  limit  and  ultimate 
resistance  may  be  experienced.  In  other  words,  the  appli- 
cation of  stress  and  subsequent  **rest"  increases  the  re- 
sistance of  wrought  iron. 

This  "rest"  may  be  an  entire  release  from  stress  or  a 
simple  holding  the  test  piece  at  a  given  intensity. 
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Prof.  Thurston's  investigations  were  on  torsion,  while 
those  of  the  United  States  Commission  were  on  tension, 
and  will  be  given  here. 

The  Commission  prepared  twelve  specimens  and  sub- 
jected them  to  an  intensity  of  stress  equal  to  the  ultimate 
resistance  of  the  material  without  breaking  the  specimens. 
These  were  then  allowed  to  rest,  entirely  free  from  stress, 
from  twenty-four  to  thirty  hours,  after  which  period  they 
were  again  stressed  until  broken. 

The  gain  in  ultimate  resistance  by  the  rest  was  found 
to  vary  from  4.4  to  17  per  cent. 

These  tests,  remark  the  committee,  seem  to  indicate 
that  the  tough  fibrous  irons  gained  the  most,  while  those 
which  broke  with  a  ste/el-like  fracture  gained  the  least. 

Before  the  rest,  the  stress  which  produced  the  first 
permanent  elongation  was  about  65  per  cent,  of  the  ulti- 
mate resistance,  but  after  the  rest  the  two  were  nearly- 
identical. 

The  committee  then  took  forty-two  other  specimens 
and  subjected  them  to  precisely  the  same  operations, 
except  that  the  rest  periods  varied  from  one  minute  to  six 
months. 

The  gains  were  as  follows: 

In  less  than  i  hour i .  i  per  cent.,  mean  of    5  tests. 

In  less  than  8  and  over  i  hour 3.8  per  cent.,  mean  of   8  tests. 

In  3  days 16.2  per  cent.,  mean  of  10  tests. 

In  8  days 17.8  per  cent.,  mean  of    2  tests 

Between  8  and  43  days 15.3  per  cent.,  mean  of   5  tests. 

In  6  months 17.9  per  cent.,  mean  of  1 2  tests. 

After  seven  other  experiments  involving  a  rest  of 
twenty-four  hours,  with  an  average  gain  of  15.4  per  cent., 
the  committee  concluded  *  *  that  at  the  end  of  one  day  the 
result  is,  with  very  ductile  irons,  practically  accomplished. ' ' 

The  manifestation  of  this  phenomenon  in  different 
grades  of  iron  was  then  investigated. 
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"Thirteen  pieces  were  prepared,  five  of  which  were  of 
soft  charcoal  bloom  boiler  iron,  five'  of  coarse  contract 
chain  iron,  and  three  of  a  fine-grained  bar  of  .  .  .  very  pure 
iron  with  high  tenacity." 

After  testing  these  specimens  subsequent  to  an  eighteen 
hours'  rest,  the  committee  state  (Kent's  abridgment): 

**  These  experiments  confirmed  the  opinion  already 
formed,  and  indicate  that  a  bridge,  cable,  or  other  struc- 
ture composed  of  iron  of  either  of  the  latter  two  varieties 
will  receive  comparatively  slight  benefit  from  the  opera- 
tion of  this  law;  while  ductile  fibrous  metal  .  .  .  gains 
...  to  a  great  extent  by  the  effect  of  strains  already  with- 
stood." The  gain  in  these  specimens  varied  from  about 
3  per  cent,  (for  the  coarse  iron)  to  about  18  per  cent,  (for 
the  soft  iron). 

Again,  two  sets  of  specimens  were  prepared:  one  from 
the  two  portions  of  fractured  bars  after  having  been  pulled 
asunder,  the  other  from  the  bars  in  their  normal  condition. 
After  a  rest  of  several  days  the  first  set  showed  a  gain  over 
the  second  in  ultimate  resistance  varying  from  about  8  to 
39  per  cent.,  the  higher  values  belonging  to  the  more 
ductile  irons. 

Batischinger's  Experiments  on  the  Change  of  Elastic  Limit 
and  Coefficient  of  Elasticity, 

In  '  *  Der  Civilingenieur, ' '  Heft  5,  for  1881,  are  contained 
the  results  of  the  experiments  of  Prof.  Bauschinger,  of 
Munich.  The  observations  in  these  experiments  were  made 
.  by  the  aid  of  a  piece  of  apparatus  which  gave  the  elon- 
gations (all  experiments  were  tensile)  in  ten-millionths  of 
a  metre,  or  approximately  in  ^TirV^ir  of  an  inch.  An  ex- 
traordinarily high  degree  of  accuracy  was  therefore  at- 
tained. 

Prof.    Bauschinger 's  elastic  limit   was   strictly  a   pro- 
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]X)rtionality  limit  between  stresses  and  strains.  He  also 
observed  what  may  be  called  the  ** stretch-limit*'  (Ger. 
Streckgrenze),  at  which  point  the  stretching  or  elongation, 
suddenly  mcreases  and  continues  to  increase  for  more 
than  a  minute  after  the  application  of  the  stress.  In 
ordinary  experimenting  this  point  has  probably  frequently 
\  been  considered  the  elastic  limit. 

^  The  test  pieces  were  subjected  to  loads  which  gradually- 
increased  from  zero  by  an  increment  a  little  less  than  3000 
potmds  per  square  inch,  each  load  having  been  allowed  to 
act  one  minute  before  adding  the  succeeding  increment. 
At  intervals  of  the  loading,  separated  by  about  11,500  or 
12,000  pounds  per  square  inch,  each  piece  was  entirely 
imloaded  and  allowed  to  remain  so  for  fifteen  Or  twenty 
minutes.  After  the  '  *  stretch-Umit '  *  was  foimd  the  piece 
was  subjected  to  a  final  load  somewhat  greater  than  the 
*  stretch-limit '  *  and  then  entirely  imloaded. 

In  some  cases  the  piece  was  immediately  put  through 
the  same  process  of  testing  either  once  or  a  number  of 
times,  and  the  results  of  such  tests  will  be  found  in  the 
columns  of  the  following  tables,  indicated  by  the  contrac- 
tion **/my 

In  the  remaining  cases  intervals  of  time,  shown  at  the 
tops  of  the  colimins,  were  allowed  to  elapse  between  any- 
one test  and  the  succeeding  one. 

The  tables,  Nos.  i  to  7,  inclusive,  give  the  results  of  the 
experiments  on  seven  specimens  of  a  grade  of  iron  called 
'*Schweisseisen''  (weld  iron).  These  specimens  were  a 
very  little  less  than  i  inch  (25  millimetres)  in  diameter. 
Nos.  I  and  2  were  about  32  inches  long  and  the  others 
about  16  inches  long. 

Tables  Nos.  8  to  13,  inclusive,  give  the  results  obtained 
with  Krupp  's  ' '  Flusseisen. ' '  These  specimens  were  about 
I  inch  in  diameter  and  16  inches  long. 
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The  tables  have  been  condensed  from  those  given  by 
Bauschinger  and  reduced  to  English  measures. 
The  following  is  the  notation : 

E.  L.  =  elastic  limit  in  pounds  per  square  inch. 
S.-L.  =  stretch  limit  in  pounds  per  square  inch. 

F.  L.  =  final  load  in  poimds  per  square  inch. 

E.       =  coefficient  of  elasticity  in  pounds  per  sq.  in. 


WELD  IRON. 


No.  I. 

In  Original 
Condition. 

Im'y. 

Im'y. 

Im'y. 

E.L. 

S.-L. 

F.L. 

E. 

20,110 

27,300 

31.600 

39,293,000 

14,370 

31,600 

40,200 

27,928,000 

14,900 

41,700 

47,700 

27,672,000 

15.500 
49.500 

27,544,000 

WELD  IRON. 


No.  a. 

In  Original 
Condition. 

After  19  Hts. 

After  »7  Hrs. 

After  24  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

20,110 

28,700 

31,^00 

29,037,000 

28,970 

34,750 

40,540 

28,923,000 

35,500 

44,300 

47,300 

28.198,000 

39, 'OO 
45,ioo 

28,241,000 

WELD  IRON. 


No.  3. 


E.L. 

S.-L. 

F.L. 

E. 


In  Original 
Condition. 


23,164 

29,000 

3«»900 

29,2O8»O0O 


After  SI  Hrs. 


28.440 

34,750 

40,540 

28,397,000 


After  41  Hrs. 


39,080 

45,090 

48,100 

28,483,000 


After  45  Hrs. 


45,580 
28, 1 70,000 
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WELD  IRON. 


WELD  IRON. 
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No.  4. 

In  Original 
Condition. 

After  80  Hrs. 

After  68  Hrs. 

After  64  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

22,890 

30,050 

31,470 

29,293,000 

31.900 

34,750 

40.540 

28,810,000 

35,340 

44,170 

47,110 

28,227,000 

43.800 
28,696,000 

No.s. 

In  Original 
Condition. 

Im'y. 

After  63  Hrs. 

Im'y. 

E.L. 

vS.-L. 

F.L. 

E. 

21,070 

30,670 

34,611 

29,293,000 

14,720 

35,320 

42,700 

28,312,000 

42,090 

48,110 

51, "O 

28,056,000 

15,260 
51,860 

26,705,000 

No.  6. 

In  Original 
Condition. 

After  48s  Hrs. 

After  445  Hrs. 

After  49  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

27,730 

32,120 

35,040 

29,720,000 

26,720 

37.XIO 

43.040 

28,639,000 

33.350 

45.480 

51.550 

28,483,000 

24,940 
28,881,000 

WELD  IRON. 


No.  7. 

In  Original 
Condition. 

After  47  Hrs. 

After  50.5  Hrs. 

After  48.5  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

20,110 

30.160 

34,470 

28,668,000 

26,720 

38,590 

43,040 

28,611,000 

27,170 

45,290 

51,320 

28,568,000 

18,540 
29.592,000 
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MELTED  WROUGHT  IRON. 


No.  8. 

In  Original 
Condition. 

Im'y- 

Im'y. 

Im'y. 

E.L. 

S.-L. 

F.L. 

E. 

35,340 

36,750 

45,230 

31,256,000 

46,910 
52,770 

8.990 

53,890 

59,880 

31,483,000 

9.230 
58,490 

30,488,000 

MELTED  WROUGHT  IRON. 


No.  9. 

In  Ori^nal 
Condition. 

Im'y. 

Im'y. 

Im'y. 

E.L. 

S.-L. 

F.L. 

E. 

37,870 

42,080 

44,880 

32,379.000 

5.770 

46,140 

51,920 

31,796,000 

14,720 

53,000 

58,880 

29,947,000 

15,160 
60.630 

28,213,000 

MELTED  WROUGHT  IRON. 


No.  ID. 

In  Original 
Condition. 

After  3  Hrs. 

After  IS  Hrs. 

After  7  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

33,790 

36.600 

42,230 

31,881,000 

11,490 

43,090 

51,704 

31,953.000 

17,730 

53,210 

59,130 

3i,S95,ooo 

15,260 
61,020 

32,393.000 

MELTED  WROUGHT  IRON. 


No.  XI. 

In  Original 
Condition. 

After  2.S  Hrs. 

After  155  Hrs. 

After  5.5  Hrs 

E.L. 

S.-L. 

F.L. 

E. 

33,930 

39,570 

42,404 

32,536.000 

",590 

43.442 

52,130 

32,237,000 

",774 

53.000 

58.880 

32,222,000 

12,070 
60,380 

31,085,000 
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No.    12. 

In  Original 
Condition. 

After  s  I  Hrs. 

After  47  Hrs. 

After  46  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

36.900 

39,731 

42.630 

32,479,000 

43,800 

49,640 

52.560 

31,754.000 

39,»20 

55,940 

58,880 

31,696,000 

40.950 
60,630 

31.568,000 

MELTED  WROUGHT  IRON. 


N0.T3 


In  Orif^nal 
Condition. 


After 
43  5  Hrs. 


After 
S4HrF. 


After 
45  Hrs. 


After 
455  Hrs. 


After 
10  Days. 


E.L. 

S.-L. 

F.L. 

E. 


3.1,853.000 


35,340 

36.745 

42,400 

32,165,000 


38,930 

47,600 

5^920 

31,298,000 


41,740 

56,640 

59,630 

31.454,000 


42,720 


31,440,000 


6i,«6o 


32.364,000 


During  the  progress  of  the  various  tests,  the  bars  Nos.  6, 
7,  9,  II,  and  12  were  subjected  to  shocks  in  addition  to  the 
static  tests.  These  shocks  were  produced  by  striking  the 
test  piece  on  its  end  by  a  hammer.  It  does  not  appear 
that  these  blows  of  the  hammer  perceptibly  influenced  the 
results. 

The  ultimate  resistance  of  the  weld  iron  was  found  to 
vary  from  55,300  to  58,870  poimds  per  square  inch.  That 
of  the  melted  wrought  iron  was  about  65,000  poimds  per 
square  inch. 

Although  there  are  some  irregularities,  the  following 
general  conclusions  may  be  drawn  from  the  tables : 

By  '  *  immediate ' '  testing  the  elastic  limit  of  weld  iron 
is  very  much  decreased. 

With  a  rest  (entirely  free  from  load)  between  the  tests, 
the  elastic  limit  of  weld  iron  is  very  much  increased. 

The  greatest  proportional  gain,  except  in  the  case  of 
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previous  immediate  testing,  seems  to  be  acquired  after  a 
rest  no  greater  than  twenty  hours. 

Bar  No.  6  is  seen  to  give  anomalous  results. 

In  all  cases  of  the  weld  iron  the  stretch  limit  is  consider- 
ably raised  by  repeated  testing. 

In  no  case  is  the  coefficient  of  elasticity,  after  once  test- 
ing, equal  to  its  original  value ;  as  a  rule,  a  steady  decrease 
is  seen  to  take  place  by  repeated  testing,  but  there  are 
some  exceptions. 

The  elastic  limit  of  '  *  Flusseisen, ' '  after  repeated  test- 
ing, is  foimd  to  be  much  less  than  its  original  value  tmtil 
the  length  of  rest  becomes  about  fifty  hours. 

The  stretch-limit  of  the  same  metal  is  invariably  raised 
by  repeated  testing,  either  with  or  without  '  *  rests. ' ' 

In  nearly  all  the  cases  of  Nos.  8  to  13  the  coefficient  of 
elasticity  is  found  to  be  slightly  decreased  by  repeated 
testing. 

For  a  very  clear  and  detailed  account  of  these  experi- 
ments reference  must  be  made  to  the  *  *  Civilingenieur. '  * 

Resistance  of  Iron  to  Suddenly  Applied  Stress. 

The  effect  of  suddenly  applied  tensile  stress  to  a  test 
piece  of  wrought  iron  or  other  ductile  material  has  been 
more  or  less  obscured  by  the  attendant  conditions  whose 
influence  on  the  results  are  not  easily  recognizable.  It  is 
extremely  difficult  to  make  a  sudden  application  of  loading 
without  comparatively  rapid  movement  of  heavy  parts 
of  the  testing  machine  whose  accumulated  energy  is  usually 
expended  in  stretching  the  test  piece.  The  true  influence 
of  sudden  loading  can  only  be  observed  where  such  acctmiu- 
lated  energy  is  absent,  and  that  is  rarely  if  ever  the  case. 
Some  of  the  early  investigators,  like  Kirkaldy  ("Experi- 
ments on   Wrought   Iron  and  Steer*),   found  that  with 
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suddenly  applied  loading  the  ultimate  resistance  was 
apparently  considerably  decreased,  as  well  as  the  ductility 
of  the  piece  tested.  Kirkaldy's  results  show  an  apparent 
decrease  of  ultimate  resistance  of  about  i8  per  cent,  as  an 
average  and  nearly  20  per  cent,  decrease  in  the  final  stretch. 
As  a  matter  of  fact,  the  accumulated  energy  in  the  weights 
on  the  scale  beam  of  his  machine  probably  fully  compen- 
sated for  ^  the  less  amount  of  static  load  when  suddenly 
applied. 

The  movements  of  the  molecules  exhibited  in  the  final 
contraction  and  final  stretch  of  a  test  specimen  undoubtedly 
require  tim^,  and  when  a  sufficient  time  is  not  afforded, 
doubtless*  there  will  be  less  deformation,  but  it  may  be 
and  is  a  serious  question  whether  in  the  case  of  wrought 
iron  and  steel  that  effect  becomes  sensible  within  the  rates 
of  application  of  loading  ordinarily  available.  These 
effects  will  vary  with  different  classes  of  material.  The 
investigations  of  Bauschinger,  Fischer,  Martens,  and  others 
show  that  they  may  have  considerable  value  in  connection 
with  such  metals  as  zinc  and  tip.  On  the  other  hand,  it 
is  probably  safe  to  state  that  there  are  no  investigations 
whose  results  are  available  at  the  present  time  which  are 
sufficient  to  prove  that  sudden  applications  of  test  loads  to 
iron  and  steel  will  sensibly  affect  the  ultimate  resistance, 
although  it  is  possible  that  the  final  stretch  and  final  con- 
traction  may  be  somewhat  affected. 

These  observations  must  not  be  taken  to  mean  that  the 
conditions  under  which  tests  are  made  need  not  be  care- 
fully prescribed  and  controlled  if  the  results  are  to  be 
either  intelligently  interpreted  or  compared.  In  order  to 
attain  either  of  those  ends  it  is  necessary  that  the  condi- 
tions of  testing  be  completely  controlled  or  made  as  nearly 
identical  as  possible. 

In  the  consideration  of  such  matters  as  those  of  sud- 
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denly  applied  loading  or  making  tests  by  shock  or  impact, 
it  is  imperative  that  precautions  be  taken  to  apply  the 
loading  in  such  a  manner  as  to  make  the  distribution  of 
stress  imiform  throughout  the  section  of  the  test  piece. 
The  contradictory  or  inconsistent  results  which  have  in 
many  cases  been  found  in  experimental  work  connected 
with  suddenly  applied  loads  are  undoubtedly  largely  due 
to  the  confusing  attendant  conditions  of  the  tests  which 
have  been  either  disregarded  or  tinobserved. 

Reduction  of  Resistance  Between  the  Ultimate  and 
Breaking  Point, 

It  has  already  been  observed  that  the  ultimate  tensile 
resistance  of  wrought  iron  is  the  greatest  tensile  resistance 
which  it  offers  to  being  pulled  asunder,  and  that  a  test 
specimen  finally  parts  at  much  less  than  the  ultimate  re- 
sistance. This  is  due  to  the  ductility  of  the  iron,  which 
allows  it  to  **pull  out"  or  stretch,  thus  decreasing  the 
cross-section  as  well  as  the  actual  resisting  capacity  of 
the  metal. 

The  ultimate  resistance,  therefore,  is  not  exerted  on  the 
pial  section  of  fracture,  but  on  a  section  somewhat  greater; 
referring  it  (the  ultimate  resistance)  to  the  section  of  frac- 
ture, then,  may  mean  little  or  nothing. 

The  United  States  Commission  made  six  tests,  for  the 
purpose  of  determining  this  reduction,  on  some  specimens 
which  had  previously  been  stressed  with  a  subsequent  rest. 
The  highest,  lowest,  and  mean  losses  were  as  follows: 

Highest 14.5  per  cent. 

Mean 13.8  per  cent. 

Lowest 12.9  per  cent. 

It  was  observed  from  a  number  of  specimens,  by  the 
same  Commission,  that  the  reduction  of  area  at  the  instant 
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of  ultimate  resistance  (or  greatest  resistance)  was  about 
one  half,  and  the  elongation  or  strain  a  little  over  three 
quarters,  of  the  corresponding  quantities  at  the  instant  of 
fracture,  supposing  failure  to  be  produced  by  a  steady 
strain. 

Some  further  observations  seemed  to  show  that  if  failure 
were  produced  by  shock,  the  final  contraction  would  be 
nearly  the  same  as  at  the  instant  of  greatest  resistance  in 
the  case  of  a  steady  failure. 

Ktrkaldy's  Conclusions. 

The  following  conclusions  were  deduced  by  Mr.  Kirkaldy 
from  the  results  of  his  experiments.  As  will  be  seen,  they 
belong  both  to  wrought  iron  and  steel  in  tension,  and  are 
taken  from  his  ' '  Experiments  on  Wrought  Iron  and  Steel, ' ' 
i86i. 

1.  The  breaking  strain  does  not  indicate  the  quality,  as  hitherto  assumed. 

2.  A  high  breaking  strain  may  be  due  to  the  iron  being  of  superior  quality, 
dense,  fine,  and  moderately  soft,  or  simply  to  its  being  very  hard  and  un- 
yielding. 

3.  A  low  breaking  strain  may  be  due  to  looseness  and  coarseness  in  the 
texture,  or  to  extreme  softness,  although  very  close  and  fine  in  quality. 

4.  The  contraction  of  area  at  fracture,  previously  overlooked,  forms  an 
essential  element  in  estimating  the  quality  of  specimens. 

5.  The  respective  merits  of  various  specimens  can  be  correctly  ascertained 
by  comparing  the  breaking  strain  jointly  with  the  contraction  of  area. 

6.  Inferior  qualities  show  a  much  greater  variation  in  the  breaking  strain 
than  superior. 

7.  Greater  differences  exist  between  small  and  large  bars  in  coarse  than 
in  fine  varieties. 

8.  The  prevailing  opinion  of  a  rough  bar  being  stronger  than  a  turned  one 
is  erroneous. 

9.  Rolled  bars  are  slightly  hardened  by  being  forged  down. 

ID.  The  breaking  strain  and  contraction  of  area  of  iron  plates  are  greater 
in  the  direction  in  which  they  are  rolled  than  in  a  transverse  direction. 

11.  A  very  slight  difference  exists  between  specimens  from  the  centre  and 
specimens  from  the  outside  of  crank  shafts. 

12.  The  breaking  strain  and  contraction  of  area  are  greater  in  those 
specimens  cut  lengthways  out  of  crank  shafts  than  in  those  cut  crossways. 
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13.  The  breaking  strain  of  steel,  when  taken  alone,  gives  no  clue  to  the 
real  quahties  of  various  kinds  of  that  metal 

14.  The  contraction  of  area  at  fracture  of  spedmens  of  steel  must  be 
ascertained  as  well  as  in  those  of  iron. 

15.  The  breaking  strain,  jointly  with  the  contraction  of  area,  affords  the 
means  of  comparing  the  peculiarities  in  various  lots  of  specimens. 

16.  Some  descriptions  of  steel  are  found  to  be  very  hard,  and,  consequently, 
suitable  for  some  purposes;  whilst  others  are  extremely  soft  and  equally 
suitable  for  other  uses. 

17.  The  breaking  strain  and  contraction  of  area  of  puddled  steel  plates,  as 
in  iron  plates,  are  greater  in  the  direction  in  which  they  are  rolled;  whereas 
in  cast  steel  they  are  less. 

18.  Iron,  when  fractured  suddenly,  presents  invariably  a  crystalline 
appearance;  when  fractured  slowly,  its  appearance  is  invariably  fibrous. 

19.  The  appearance  may  be  changed  from  fibrous  to  crystalline  by  merely 
altering  the  shape  of  specimen  so  as  to  render  it  more  liable  to  snap. 

20.  The  appearance  may  be  changed  by  varying  the  treatment  so  as  to 
render  the  iron  harder  and  more  liable  to  snap. 

21.  The  appearance  may  be  changed  by  applying  the  strain  so  suddenly 
as  to  render  the  specimen  more  liable  to  snap  from  having  less  time  to  stretch. 

22.  Iron  is  less  Uable  to  snap  the  more  it  is  worked  and  rolled. 

23.  The  "skin"  or  outer  part  of  the  iron  is  somewhat  harder  than  the 
imier  part,  as  shown  by  appearance  of  fracture  in  rough  and  turned  bars. 

24.  The  mixed  character  of  the  scrap  iron  used  in  large  forgings  is  proved 
by  the  singularly  varied  appearance  of  the  fractures  of  specimens  cut  out  of 
crank  shafts. 

25.  The  texture  of  various  kinds  of  wrought  iron  is  beautifully  developed 
by  immersion  in  dilute  hydrochloric  acid,  which,  acting  on  the  surrounding 
impurities,  exposes  the  metallic  portion  alone  for  examination. 

26.  In  the  fibrous  fractures  the  threads  are  drawn  out  and  are  viewed 
externally,  whilst  in  the  crystalline  fractures  the  threads  are  snapped  across 
in  clusters  and  are  viewed  internally  or  sectionally.  In  the  latter  cases  the 
fracture  of  the  specimen  is  always  at  right  angles  to  the  length;  in  the  former 
it  is  more  or  less  irregular. 

27.  Steel  invariably  presents,  when  fractured  slowly,  a  silky  fibrous 
appearance;  when  fractured  suddenly  the  appearance  is  invariably  granular, 
in  which  case  also  the  fracture  is  always  at  right  angles  to  the  length ;  when 
the  fracture  is  fibrous  the  angle  diverges  always  more  or  less  from  90®. 

28.  The  granular  appearance  presented  by  steel  suddenly  fractured  is 
nearly  free  of  lustre  and  unlike  the  brilliant  crystalline  appearance  of  iron 
suddenly  fractured;  the  two  combined  in  the  same  specimen  are  shown 
in  iron  bolts  partly  converted  into  steel. 

29.  Steel  which  previously  broke  with  a  silky  fibrous  appearance  is 
changed  into  granular  by  being  hardened. 
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30.  The  little  additional  time  required  in  testing  those  specimens  whose 
rate  of  elongation  was  noted  had  no  injurious  effect  in  lessening  the  amount 
of  breaking  strain,  as  imagined  by  some. 

31.  The  rate  of  elongation  varies  not  only  extremely  in  different  qualities 
but  also  to  a  considerable  extent  in  specimens  of  the  same  brand. 

32.  The  specimens  were  generally  found  to  stretch  equally  throughout 
their  length  until  close  upon  rupture,  when  they  more  or  less  suddenly  drew 
out,  usually  at  one  part  only,  sometimes  at  two,  and,  in  a  few  exceptional 
cases,  at  three  different  places. 

33.  The  ratio  of  ultimate  elongation  may  be  greater  in  short  than  in  long 
bars  in  some  descriptions  of  iron,  whilst  in  others  the  ratio  is  not  affected  by 
difference  in  the  length. 

34.  The  lateral  dimensions  of  specimens  form  an  important  element  in 
comparing  either  the  rate  of  or  the  ultimate  elongation,  a  circumstance 
which  has  been  hitherto  overlooked. 

35.  Steel  is  reduced  in  strength  by  being  hardened  in  water,  while  the 
strength  is  vastly  increased  by  l^eing  hardened  in  oil. 

36.  The  higher  steel  is  heated  (without,  of  course,  running  the  risk  of 
being  burned)  the  greater  is  the  increase  of  strength  by  being  plunged  into 

oil. 

37.  In  a  highly  converted  or  hard  steel  the  increase  in  strength  and  in 
hardness  is  greater  than  in  a  less  converted  or  soft  steel. 

38.  Heated  steel  by  being  plunged  into  oil  instead  of  water  is  not  only 
conaderably  hardened  but  toughened  by  the  treatment. 

39.  Steel  plates  hardened  in  oil  and  joined  together  with  rivets  ate 
fully  equal  in  strength  to  an  unjointed  soft  plate,  or  the  loss  of  strength  by 
riveting  is  more  than  counterbalanced  by  the  increase  in  strength  by  hardening^ 

in  oil. 

40.  Steel  rivets  fully  larger  in  diameter  than  those  used  in  riveting  iron 
plates  of  the  same  thickness  being  found  to  be  greatly  too  small  for  riveting 
steel  plates,  the  probability  is  suggested  that  the  proper  proportion  for  iron 
rivets  is  not,  as  generally  assumed,  a  diameter  equal  to  the  thickness  of  the 
two  plates  to  be  joined. 

41.  The  shearing  strain  of  steel  rivets  is  found  to  be  about  a  fourth  less 
than  the  tensile  strain. 

42.  Iron  bolts,  case-hardened,  bore  a  less  breaking  strain  than  when  wholly 
iron,  owing  to  the  superior  tenacity  of  the  small  proportion  of  steel  being  more 
than  counterbalanced  by  the  greater  ductility  of  the  remaining  portion  of  iron. 

43.  Iron  highly  heated  and  suddenly  cooled  in  water  is  hardened,  and  the 
breaking  strain,  when  gradually  appUed,  increased,  but  at  the  same  time  it  is 
rendered  more  liable  to  snap. 

44.  Iron,  like  steel,  is  softened,  and  the  breaking  strain  reduced,  by  being 
heated  and  allowed  to  cool  slowly. 

45.  Iron  subject  to  the  cold-rolling  process  has  its  breaking  strain  greatly 
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increased  by  being  made  extremely  hard,  and  not  by  being  "consolidated" 
as  previously  supposed. 

46.  Specimens  cut  out  of  crank-shafts  are  improved  by  additional  hammer- 
ing. 

47.  The  galvanizing  or  tinning  of  iron  plates  produces  no  sensible  effects  on 
plates  of  the  thickness  experimented  on.  The  result,  however,  may  be 
different  should  the  plates  be  extremely  thin. 

48.  The  breaking  strain  is  materially  affected  by  the  shape  of  the  specimen. 
Thus  the  amount  borne  was  much  less  when  the  diameter  was  uniform  for 
some  inches  of  the  length  than  when  confined  to  a  small  portion — a  peculiarity 
previously  unascertained  and  not  even  suspected. 

49.  It  is  necessary  to  know  correctly  the  exact  conditions  under  which  any 
tests  are  made  before  we  can  equitably  compare  results  obtained  from  different 
quarters. 

50.  The  startling  discrepancy  between  experiments  made  at  the  Royal 
.\rsenal  and  by  the  writer  is  due  to  the  difference  in  the  shape  of  the  respec- 
tive specimens,  and  not  to  the  difference  in  the  two  testing  machines. 

^51.  In  screwed  bolts  the  breaking  strain  is  found  to  be  greater  when  old 
dies  are  used  in  their  formation  than  when  the  dies  are  new,  owing  to  the  iron 
t)ecoming  harder  by  the  greater  pressure  required  in  forming  the  screw  thread 
when  the  dies  are  old  and  blunt  than  when  new  and  sharp. 

52.  The  strength  of  screw-bolts  is  found  to  l)e  in  proportion  to  their 
relative  areas,  there  being  only  a  slight  difference  in  favor  of  the  smaller 
compared  with  the  larger  sizes,  instead  of  the  very  material  difference  pre- 
viously imagined. 

53.  Screwed  bolts  arc  not  necessarily  injured,  although  strained  nearly  to 
their  breaking  point. 

54.  A  great  variation  exists  in  the  strength  of  iron  bars  which  have  lieen 
cut  and  welded;  whilst  some  bear  almost  as  much  as  the  uncut  bar,  the 
strength  of  others  is  reduced  fully  a  third. 

55.  The  welding  of  steel  bars,  owing  to  their  being  so  easily  burned  by 
slightly  overheating,  is  a  difficult  and  uncertain  operation. 

56.  Iron  is  injured  by  being  brought  to  a  white  or  welding  heat,  if  not  at 
the  same  time  hammered  or  rolled. 

57.  The  breaking  strain  is  considerably  less  when  the  strain  is  applied 
suddenly  instead  of  gradually,  though  some  have  imagined  that  the  reverse  is 
the  case. 

58.  The  contraction  of  area  is  also  less  when  the  strain  is  suddenly  applied. 

59.  The  breaking  strain  is  reduced  when  the  iron  is  frozen ;  with  the  strain 
gradually  applied,  the  difference  between  a  frozen  and  unfrozen  bolt  is  less- 
ened, as  the  iron  is  warmed  by  the  drawing  out  of  the  specimen. 

60.  The  amoimt  of  heat  developed  is  considerable  when  the  specimen  is 
suddenly  stretched,  as  shown  in  the  formation  of  vapor  from  the  melting  of 
the  layer  of  ice  on  one  of  the  specimens,  and  also  by  the  surface  of  others 
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assuming  tints  of  various  shades  of  blue  and  orange,  not  only  in  steel,  but 
also,  although  in  a  less  marked  degree,  in  iron. 

61.  The  specific  gravity  is  found  generally  to  indicate  pretty  correctly  the 
quality  of  specimens. 

62.  The  density  of  iron  is  decreased  by  the  process  of  wire  drawing,  and  by 
the  similar  process  of  cold  rolling,  instead  of  increased,  as  previously  imagined. 

63.  The  density  in  some  descriptions  of  iron  is  also  decreased  by  additional 
hot-rolling  in  the  ordinary  way;  in  others  the  density  is  very  slightly  in- 
creased. 

64.  The  density  of  iron  is  decreased  by  being  drawn  out  under  a  tensile 
strain,  instead  of  increased,  as  believed  by  some. 

65.  The  most  highly  converted  steel  does  not,  as  some  may  suppose, 
possess  the  greatest  density. 

66.  In  cast  steel  the  density  is  much  greater  than  in  puddled  steel,  which 
is  even  less  than  in  some  of  the  superior  descriptions  of  wrought  iron« 

Ultimate  Resistance  and  Working  Stresses  for 
^_  Wrought  Iron. 

/  The  ultimate  resistance  of  wrought  iron  in  such  bars 


as  were  commonly  used  for  structural  purposes  was  gen- 
erally taken  from  45,000  to  50,000  potmds  per  square  inch^ 
the  smaller  value  for  large  bars  and  the  larger  for  small 
sections.  The  working  stresses  ranged  from  12,500  down 
to  8000  poimds  per  square  inch,  the  former  value  for 
highway  bridges  and  the  latter  for  the  net  sections  of  the 
tension  flanges  of  stringers  and  floor  beams  in  railroad 
bridges.  The  usual  value  for  the  main  tension  members, 
of  railroad  bridges  was  10,000  poimds  per  square  inch. 

Art.  42. — Cast  Iron. 

Coefficient  of  Elasticity  and  Elastic  Limit. 

Cast  iron  is  a  material  of  much  less  value  to  the  engi- 
neer than  wrought  iron  or  steel,  and  consequently  has  been 
a  subject  of  much  less  experimental  investigation.  Its 
quality  depends  upon  the  character  of  the  ore  from  which 
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the  pig  iron  is  made,  the  mixttires  of  diflFerent  qualities  of 
pig  or  of  pig  and  scrap  or  other  metal  which  is  introduced 
into  the  melting  furnace  to  produce  the  final  casting,  upon 
the  manner  of  cooling  the  casting,  and  upon  various 
other  influences,  including  chemical  composition,  condi- 
tion of  the  elements  entering  the  cast  product,  and  manip- 
ulation in  the  foimdry.  As  it  is  a  result  of  fusion  without 
subsequent  working,  such  as  forging  or  rolling,  it  is  a  metal 
of  exceedingly  irregular  texture.  Bubbles  of  gases  not 
escaping  from  the  molten  mass  will  leave  voids  or  *  *  blow- 
holes'*  in  the  final  product  and  the  carbon  exists  both  in 
the  graphitic  and  combined  condition,  but  in  varying  pro- 
portions. The  mode  of  production  and  the  practically 
unavoidable  irregularities  in  cooling  induce  both  variable 
conditions  of  crystallization  and  internal  stresses  that  are 
sometimes  high  enough  even  to  create  a  rupture  of  the 
completed  casting.  For  all  these  and  other  reasons  the 
physical  characteristics,  both  elastic  and  otherwise,  are 
exceedingly  variable.  There  are  some  grades  of  cast  iron, 
like  those  used  for  car  wheels  and  ordnance  purposes, 
which  give  a  high  ultimate  resistance  and  comparatively 
high  coefficients  of  elasticity  and  which  exhibit  an  approxi- 
mation at  least  to  what  may  be  termed  an  elastic  limit, 
although  the  latter  point  is  never  well  defined  as  it  is  in 
wrought  iron  and  steel.  The  ordinary  soft  grade  castings 
used  in  engineering  practice  for*  water  pipes,  machine 
frames,  and  other  similar  purposes  disclose  in  testing  such 
erratic  properties  that  they  cannot  be  said  to  have  either 
a  well-defined  coefficient  of  elasticity  or  any  real  elastic 
limit  whatever.  The  irregular  elastic  behavior  of  cast 
iron  tmder  stress  is  shown  by  the  strain  diagrams  in  Fig.  i, 
in  which  the  vertical  ordinates  are  intensities  of  stress, 
while  the  horizontal  ordinates  or  abscissae  are  the  strains 
or  elongations  per  linear  inch.     The  amoimts  written  at 
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the  extreme  upper  ends  of  the  curves  indicate  the  loads  or 
stresses  per  square  inch  at  which  the  test  specimens  failed. 
The  two  curves  Of  and  Oe  were  constructed  from  data 
given  on  pages  597  and  605  of  the  **  U.  S.  Report  of  Tests 
of  Metals  and  Other  Materials"  for  1899.     These  two  cast- 
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Fig.  I. 


iron  test  specimens  were  of  metal  of  superior  or  special 
grades,  proposed  to  be  used  for  ordnance  ptirposes,  as  is 
indicated  by  the  high  ultimate  resistances,  22,300  and 
35,280  pounds  per  square  inch. 

The  two  curves  On  and  Oq  are  taken  from  a  paper  on 
'Xast  Iron,"  by  Prof.  J.  B.  Johnson,  in  the  '*  Trans.  Am. 
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Soc.  C.  E.  "  for  February,  1890.  The  specimen  to  which 
the  curve  On  belonged  failed  at  22,300  pounds  per  square 
inch,  while  the  metal  represented  by  Oq  failed  at  16,000 
pounds  per  square  inch. 

There  is  seen  to  be  the  greatest  diversity  in  the  incli- 
nation and  general  character  of  the  four  strain  curves. 
The  curve  Oe  has  a  fairly  straight  portion  ha,  the  point  a 
representing  an  intensity  of  stress  of  7000  pounds,  while 
the  point  h  represents  an  intensity  of  2000  pounds  per 
square  inch.  The  cross-sectional  area  of  this  test  speci- 
men was  I  square  inch.  The  difference  in  strains  at  the 
two  points  a  and  h,  or  for  a  range  in  intensity  of  5000  pounds, 
was  .0003  inch.  Hence  the  coefficient  of  elasticity  for 
these  data  would  be 

-^      5000 

£  = =  16,667,000  pounds. 

In  the  same  manner  the  increase  of  strain  per  linear 
inch  of  test  specimen  resulting  from  increasing  the  stress 
of  2000  pounds  per  square  inch  at  k  to  8000  pounds  per 
square  inch  at  b  was  .00032.  Hence  with  these  data  the 
coefficient  of  elasticity  would  be 

..       6000         _ 

T^^2  "  ^8'75o.ooo  pounds. 

The  strain  curve  On  is  an  extraordinary  one  for  cast  iron, 
as  it  is  straight  for  nearly  its  entire  length.  For  the  in- 
tensity of  stress  of  16,200  pounds  the  strain  or  stretch  is 
seen  to  be  .002  inch;  hence  the  coefficient  of  elasticity 
would  be 

16,200 

t.^—— —  =8,100,000  poimds. 
.002  ^ 

The  metal  represented  by  the  strain  curve  Oq  cannot  be 
said  to  have  any  coefficient  of  elasticity  at  all,  as  no  part  of 
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the  curve  is  straight.  These  instances  selected  from  a 
large  number  of  tests  are  representative  of  what  may  be 
expected  in  elastic  behavior  of  cast  iron.  As  a  rule,  the 
grades  possessing  the  higher  ultimate  resistances  exhibit 
a  more  nearly  normal  elastic  character  and  possess  what 
niay  be  termed  not  very  well-defined  coefficients  of  elas- 
ticity running  from  about  14,000,000  to  perhaps  18,000,000 
potmds  per  square  inch,  while  the  usual  grades  or  quanti- 
ties employed  in  engineering  castings  may  have'  no  coeffi- 
cient of  elasticity  at  all  or  as  low  as  8,000,000  or  10,000,000 
potmds  per  square  inch.  In  view  of  all  experimental  data 
available  at  the  present  time  it  is  probably  about  as  near 
correct  as  practicable  to  take  the  tensile  coefficient  of  cast 
iron  for  ordinary  engineering  purposes,  as 

E  =  i  2,000,000     to     14,000,000  poimds, 

or  one  half  that  of  wi-ought  iron.  For  the  special  grades 
of  stronger  cast  iron,  such  as  are  used  for  ordnance  and 
car-wheel  purposes,  a  coefficient  or  modulus  of  16,000,000 
pounds  to  18,000,000  poimds  per  square  inch  may  be  used. 
As  is  usually  the  case  in  cast  iron,  the  elastic  limits  of 
the  curves  in  Fig.  i  are  so  ill-defined  that  they  cannot  be 
placed  with  certainty  even  on  the  curves  Of  and  Oe,  or 
scarcely  on  On,  and  not  at  all  on  curve  Oq.  If  the  points 
are  approximately  located  on  the  first  three  of  these  curves 
they  may  perhaps  be  placed  at  b  (8000  poimds  per  square 
inch),  at  a  (7000  pounds  per  square  inch),  and  at  m  (19,000 
pounds  per  square  inch).  In  none  of  these  cases,  however, 
can  the  metal  be  said  to  have  either  a  well-defined  limit  of 
elasticity  or  a  true  yield  point,  and  that  observation  is  in. 
general  true  of  all  cast  iron. 
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Resilience,  or  Work  Performed  in  Straining  Cast  Iron. 

As  the  scale  of  the  original  of  Fig.  i  was  8000  pounds 
to  each  inch  of  vertical  ordinate  and  .001  inch  to  each  inch 
or  horizontal  ordinate  or  abscissa,  and  as  the  strains  shown 
in  Fig.  I  belong  to  a  test  piece  i  inch  square  in  section  and 
I  inch  long,  each  square  inch  of  area  on  the  original  dia- 
gram between  any  one  of  the  strain  curves  and  the  axis 
of  abscissae  drawn  through  0  will  represent  8000 X. 001  =8 
inch-pounds  of  work  performed  in  stretching  that  test 
piece.  The  strain  at  the  point  b  on  the  curve  Of  is  .00036 
inch,  as  shown  in  the  figure,  while  the  mean  intensity  of 
stress  in  producing  that  strain  is  4400  pounds.  Hence  if 
h  represents  the  elastic  limit  the  resilience  or  work  per- 
formed in  stretching  the  metal  up  to  the  elastic  limit  of 
8000  pounds  per  square  inch  is 

4400  X  .00036  =  1.38  inch-pounds  per  cubic  inch. 

Similarly,  if  a  is  the  elastic  limit  in  the  strain  curve  Oc^ 
the  total  strain  for  each  inch  in  length  of  the  test  specimen 
is  .00038  inch  and  the  mean  intensity  of  stress  is  3750 
potmds,  all  as  shown  in  Fig.  i.  Hence  the  resilience  or 
work  performed  was 

3750  X  .00038  — 1.43  inch-pounds  per  cubic  inch. 

A  similar  computation  may  be  made  for  the  straight  por- 
tion of  the  strain  curve  On,  but  the  preceding  operations 
suflSciently  illustrate  the  procedure. 

The  total  work  performed  in  breaking  each  specimen 
may  readily  be  found  in  precisely  the  same  manner.  In 
the  case  of  the  curve  Of  the  strains  or  elongations  of  the 
specimen  were  actually  observed  only  up  to  the  point  d, 
although  failure  acttially  took  place  at  /  or  at  the  intensity, 
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35,280  pounds  per  square  inch.  The  part  df  of  the  curv^e 
is  drawn  approximately  as  a  continuation  of  the  observed 
curve  and  therefore  is  shown  as  a  broken  line.  The  area 
included  between  the  curve  Of  and  the  horizontal  ordinate 
Os,  i.e.  the  area  of  the  figure  Ofs,  is  11.97  sqtiare  inches. 
Hence  the  work  performed  in  rupturing  the  test  piece  was 

11.97  X 8000 X. 001  =95.76  inch-pounds  per  cubic  inch. 

Again,  in  the  case  of  the  strain  curve  Oe  the  area  of  the 
figure  Oet  is  4.69  square  inches.  The  total  work  expended, 
therefore,  in  rupturing  the  specimen  was 

4. 69  X 8000 X  .001  =37.5  inch-pounds  per  cubic  inch. 

In  the  latter  case  the  short  portion  ce  of  the  strain  curve  is 
drawn  approximately,  as  the  strain  observations  ceased 
at  c.  It  is  to  be  remembered,  as  is  indicated  in  each  of 
these  cases,  that  when  the  data  apply  to  each  linear  inch 
of  test  piece  and  each  square  inch  of  sectional  area,  the 
work  computed  will  be  for  i  cubic  inch  of  material.  It 
is  only  necessary  to  multiply  by  the  number  of  cubic  inches 
in  the  test  piece  in  order  to  obtain  the  work  performed  in 
the  entire  piece. 

Ultimate  Resistance, 

The  ultimate  tensile  resistance  of  cast  iron  is  an  ex- 
ceedingly variable  quantity;  it  may  range  from  not  more 
than  8000  or  10,000  poimds  in  castings  of  indifferent  quality 
to  values  of  nearly  50,000  poimds  per  square  inch  in  such 
special  grades  of  metal  as  those  which  have  been  used  for 
car  wheels  and  ordnance.  Cast  iron  has  passed  com- 
pletely out  of  use  for  the  manufacture  of  heavy  guns,  but 
there  are  other  ordnance  purposes  for  which  it  is  still 
used.  The  castings  usually  employed  by  civil  engineers 
are  generally  of  soft-grade  iron;    they  are   such  as  water 
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pipes,  frames,  beds  of  machines,  and  other  similar  purposes 
which  do  not  reqtiire  special  grades  produced  by  special 
mixtures  of  raw  material  or  special  processes  of  manu- 
facture. The  ultimate  resistances  will,  therefore,  be  con- 
siderably less  than  those  belonging  to  ordnance  and  car- 
wheel  irons,  or  for  specially  strong  grades  of  metal.  As 
with  all  material,  the  character  of  cast  iron  affects  to  a 
great  extent  its  resistance,  i.e.,  whether  it  is  fine  or  coarse 
grained,  as  does  also  the  character  of  the  ore  from  which 
it  is  produced. 

Three  specimens  turned  down  to  a  diameter  of  about 
.625  inch  taken  from  iron  used  in  the  Boston  water  pipes 
and  broken  at  the  Warren  Foundry,  Phillipsburg,  New 
Jersey,  gave  the  following  ultimate'  resistances  in  potmds 
per  square  inch: 

18,300,  i5»47o,  13.070. 

Although  these  tests  were  made  nearly  twenty  years 
ago,  they  represent  fairly  the  ultimate  resistance  of  cast- 
ings ordinarily  used  at  the  present  time  in  civil  engineering 
practice. 

It  has  sometimes  been  urged  that  the  outer  portions  or 
•'skin"  of  castings  possesses  a  higher  degree  of  ultimate 
resistance  than  the  interior  of  the  same  casting,  but  this  is 
not  confirmed  by  the  results  of  actual  tests.  It  is  not 
improbable  that  the  impression  may  have  been  gained 
from  the  tests  of  pieces  in  which  internal  strains  have  been 
created  by  irregular  or  other  injudicious  cooling  of  the 
casting.  While  there  are  many  irregularities  exhibited 
by  cast  iron,  it  is  probable,  if  not  practically,  certain 
that  when  other  things  are  equal  the  exterior  metal 
of  a  casting  has  about  the  same  ultimate  resistance  as 
the  interior  portions.  This  point  has  been  investigated 
with  care  by  Prof.  J.  B.  Johnson,  the  results  of  whoso  tests 
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are  given  in  a  paper  on  "Cast  Iron"  in  the  "Transactions 
of  the  American  Society  of  Civil  Engineers"  for  February, 
1890,  in  which  he  says  that  the  ultimate  resistances  of  five 
cast-iron  test  specimens  turned  down  to  \  inch  in  diameter 
gave  ultimate  resistances  running  from  14,545  potmds  to 
24,597  pounds  per  square  inch,  with  a  mean  of  21,100 
poimds,  while  the  tdtimate  resistances  of  test  specimens, 
as  cast,  ran  from  12,470  poimds  to  20,387  poimds  per 
square  inch  with  a  mean  of  16,600  pounds  per  square  inch. 
These  tests  seem  to  indicate  that  the  interior  portion  of 
the  metal  was  stronger  than  the  skin,  but  that  conclusion 
probably  would  be  discredited.  It  is  more  probable  that 
the  difference  is  due  to  cooling  strains  in  the  original  spec- 
imens, which  were  relieved  by  turning  oif  the  outside  or 
skin  of  the  material. 

In  the  same  paper  by  Prof.  Johnson  he  concludes,  from 
his  tests  of  cast  iron  used  in  the  vicinity  of  St.  Louis,  that 
the  ultimate  resistance  of  cast  iron  of  ordinary  castings 
may  be  taken  at  20,000  to  25,000  pounds  per  square  inch. 
While  such  values  may  readily  be  obtained  by  special 
mixtures,  they  are  too  high  for  the  castings  commonly 
employed  by  civil  engineers. 

Mr.  George  A.  Just,  C.E.,  in  the  discussion  of  the  paper 
of  Prof.  Johnson,  to  which  reference  is  made  in  the  pre- 
ceding paragraph,  cites  a  number  of  tensile  tests  of  castings 
made  for  the  Jackson  Architectural  Iron  Works  of  New 
York  City.  The  metal  of  these  test  specimens  was  such 
as  is  ordinarily  used  in  cast-iron  columns  or  other  castings 
requiring  a  similar  grade  of  metal.  The  test  specimens 
were  I  inch  square,  and  the  maximum,  mean,  and  mini- 
mum ultimate  resistance  in  pounds  per  square  inch  of  six 
test  pieces  were  as  follows: 

18,981,  i7»o8i,  iS»693- 
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These  values  are  fair  and  reasonable  for  the  gieneral  run 
of  castings  employed  in  engineering  practice. 

•  A  good  grade  of  cast  iron  tested  by  Mr.  Jtist  in  fotir 
samples  averaging  an  tdtimate  tensile  resistance  of  17,160 
pounds  per  square  inch  exhibited  the  following  partial 
chemical  analysis: 

Phosphorus 

Silicon 

Sulphur 


.733 
.646 
.017 
.227 


.025 

.239 
.271 
.164 

■549 


Another,  Southern  iron,  untested  gave 

Phosphorus 672 

Silicon 4.080 

Stdphtir 

Manganese 

Combined  carbon 

Graphitic  carbon 3 . 

Iron 91 . 

The  *  •  Report  of  the  Tests  of  Metals  and  Other  Mate- 
rials"  at  the  United  States  Arsenal,  Watertown,  Mass., 
for  1900,  contains  a  mass  of  tensile  tests  of  pig  irons  and 
ordnance  castings  of  a  great  variety  of  grades  and  quali- 
ties, from  which  the  following  tabular  statement  of  greatest 
and  least  values  have  been  taken.  There  are  also  given 
the  results  of  two  tests  of  gear  teeth  taken  from  the  same 

source. 

TENSILE  TESTS  OP  CAST  IRON. 


Iroa. 

.   Ultimate  Resistance.     Lbs.  i>erSq.  In. 

Greatest. 

Least. 

Pig 

Ordnance 

Castings  . 
Gear  teeth. 

31,890  Fine  granular,  gray. 

1 2,200  Fine  or  medium  granu- 
lar, gray. 

1 1 ,820  Coarse  granular,  dark  gray. 

14,900       "           "          "      *• 
12,080  Fine    or  medium    granu- 
lar, gray. 

268  TENSION.  [Ch.  VI. 

I        As  a  recapitulation  there  may  be  written: 
'        For  ordinary  castings: 

/  .  12,000.000  lbs.  per  sq.  in. 

Coefficient  of  elasticity  -|  to 

(  14,000,000  lbs.  per  sq.  in. 

Ultimate  tensile  resistance,  15,000  to  18,000  lbs.  per  sq.  in. 
For  specially  excellent  grades: 

116,000,000  lbs.  per  sq.  in. 
to 
18,000,000  lbs.  per  sq.  in. 
Ultimate  tensile  resistance,  20,000  to  35,000  lbs.  per.  sq.  in. 

Tensile  working  resistances  in  pounds  per  square  inch 
may  be  taken  as  follows : 

For  water  pipes  and  other  similar  purposes: 

3000  to  3500  lbs.  per  sq.  in. 

With  higher  grades  of  cast  iron  for  special  purposes : 

4000  to  7000  lbs.  per  sq.  in. 

Effects  of  Re-melting  and  Continued  Fusion, 
The  preceding  physical  qualities  of  cast  iron  are  sup- 
posed to  belong  to  the  metal  as  actually  used  in  castings, 
which  ordinarily  means  **  second-fusion  "  metal.  In  other 
words,  the  crude  pigs  are  first-fusion  iron,  formed  from 
the  molten  metal  as  it  flows  from  the  blast-furnace.  These 
pigs  are  ordinarily  melted  in  a  cupola  furnace  and  run  into 
suitable  moulds.  If  the  iron  were  twice  re-melted  before 
being  used  to  make  the  finished  castings,  it  would  be 
considered  third-fusion  metal.  The  effect  of  this  repeated 
fusion  is  an  improvement  in  quality.  As  far  as  experience 
indicates  it  appears  that  the  softer  grades  of  iron  can  be 
re-melted  a  greater  number  of  times  to  advantage  than 
the   harder   or   higher   grades.     Evidently   re-melting  in- 
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volves  a  material  additional  cost,  and  hence  it  is  seldom 
employed.  Indeed,  there  have  been  cases  in  which  the 
metal  has  been  run  from  the  blast-furnace  directly  into 
moulds  for  the  finished  castings.  Such  castings  must  be 
of  inferior  quality  and  they  are  seldom  or  never  produced 
other  than  in  a  clandestine  manner.  It  cannot  be  defi- 
nitely stated  how  many  re-meltings  will  continue  to  im- 
prove a  given  quality  of  cast  iron. 

Continued  fusion,  like  repeated  re-melting,  has  the 
general  result  of  mcreasing  tensile  resistance.  In  some 
cases  this  improvement  has  been  observed  to  continue 
up  to  three  and  three  fourths  hours  in  fusion,  but  there  is 
not  sufficient  information  available  to  predict  the  entire 
])eriod  during  which  improvement  would  continue  and  at 
the  end  of  which  no  further  improvement  could  be  ex- 
pected. Fusion  continued  for  three  and  three  fourths 
hours  has  been  shown  in  one  instance  to  increase  the  ulti- 
mate resistance  from  17,840  pounds  to  25,770  pounds  per 
square  inch. 


Eifect  of  Repetition  of  Stress. 

When  Captain  Rodman,  U.S.A.,  was  investigating  the 
qualities  of  cast  iron  suitable  for  ordnance,  he  subjected 
a  number  of  test  specimens  of  different  grades  of  cast  iron 
to  repeated  stresses  with  the  following  results : 

Specimen. 

Ao  broke  at    2301st  repetition  of    22,000  pounds  per  st^uare  inch. 


Ao       " 

•        282d 

' '    26,000 

Bo       " 

'         252d 

* '    20,000 

Bo       " 

•      150th 

' '    20,000 

Cc       " 

•      651st 

"    22,500 

Co       " 

'      457th 

'*    23,500 

Do      " 

'      i72d          " 

"    21 ,600 

The  tests  for  ultimate  resistance  of  the  same  grade  of 
iron  under  a  single  application  of  breaking  load  gave  the 
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following  results,  which  show  considerable  fatigue  by  the 
repetition  of  applied  loading  substantially  below  the  ulti- 
mate resistance: 


specimen. 

Density. 

Ult.  Ext. 

Ult.  Resist. 

Ao 
Bo 
Co 
Do 

7.267 
7.178 
7.255 
7.221 

.00303 
.00291 
.00287 
.00424 

30,117 
23.617 
287220 
25.627 

On  pages  166  and  167  of  his  ** Reports'*  he  also  gives 
'some  very  interesting  results  of  intermittent  repetitions  of 
stresses.  He  subjected  a  cylinder  of  cast  iron  1.382  inches 
in  diameter  and  35  inches  long  to  intermittent  repetitions 
of  15,000  pounds  per  square  inch  (about  three  quarters  of 
its  tdtimate  resistance)  as  follows:  250  repetitions,  then  a 
rest  of  40  hours;  next,  375  additional  repetitions,  then  a 
rest  of  30  days;  next,  155  additional  repetitions,  then 
a  rest  of  29  days;  next,  1020  additional  repetitions, 
then  a  rest  of  26  days;  finally  156  additional  repetitions, 
followed  by  breakage  at  the  1956th  repetition.  In  every 
case  **rest"  signifies  entire  freedom  from  load.  Captain 
Rodman's  table  gives  a  detailed  account  of  these  experi- 
ments. He  remarks  upon  them  as  follows:  **The  most 
interesting  point  ...  is  the  fact  that  at  every  interval 
of  rest  of  any  considerable  time  the  permanent  set  and 
the  extension  due  to  the  last  previous  appUcation  of  the 
force  diminished.  And  in  some  instances  it  required 
some  fifty  repetitions  to  bring  up  the  extension  and  set  to 
the  same  points  where  they  had  been  at  the  beginning  of 
the  period  of  rest,  thus  indicating  clearly  that  the  speci- 
men was  partially  restored  by  the  interval  of  rest  from 
the  injury  which  it  had  received,  and  that  it  endiuied  a 
greater  number  of  repetitions,  owing  to  the  intervals  of 
rest,  than  it  would  have  done  had  the  repetitions  succeeded 
each  other  continuously  and  at  short  intervals  of  time. ' ' 
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These  experiments  show  the  * '  fatigue '  *  of  cast  iron  and 
the  increase  of  the  ratio  of  stress  over  strain  produced  by 
**rest" — so  far  as  tensile  stress  is  concerned. 

An  examination  of  the  tables  also  shows  that  in  any 
series  of  repetitions,  between  any  two  consecutive  rests, 
both  the  extension  and  set  were  constantly  increasing,  con- 
sequently that  the  ratio  of  stress  over  strain  was  constantly 
decreasing. 

It  is  interesting  to  observe  that,  in  experimenting  upon 
cast-iron  cannon.  Major  Wade  C* Reports,''  pages  77  and 
78)  found  that  water  was  forced  through  the  "pores"  of 
the  metal  of  one  cannon  at  a  pressure  of  7000  pounds  per 
square  inch,  and  through  those  of  another  with  thicker 
metal  (thickness  equal  to  radius  of  bore)  at  a  pressure  of 
9000  poimds  per  square  inch. 

Effect  of  High  Temperatures. 

The  effect  of  high  temperatures  upon  the  resisting 
capacity  of  cast  iron  is  not  in  general  different  from  that 
foimd  in  connection  with  steel  and  wrought  iron.  Little 
if  any  softening  is  observed  imtil  a  temperature  of  500®  F. 
is  approached,  but  beyond  that  limit  it  is  liable  to  begin 
to  lose  capacity  of  resistance  to  a  material  extent,  if  not 
rapidly.  Some  experimental  data  on  this  point  will  be 
found  in  Table  XIV,  Art.  44. 

Art.  43. — Steel. 

Coefficient  of  Elasticity. 

The  great  number  of  varieties  and  grades  of  steel 
lenders  possible  the  existence  of  a  correspondingly  great 
number  of  physical  quantities  and  coefficients  used  in  its 
consideration  in  connection  with  the  *  *  Resistance  of  Mate- 
rials.'* 
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That  class  of  steel  generally  to  be  considered  here 
is  included  under  the  term  ** Structural  Steel,"  which 
may  be  divided  into  low,  medium,  and  high  steel.  These 
three  grades  of  structural  steel  are  mainly  based  upon  the 
amounts  of  carbon  which  they  contain.  While  each  class 
shades  insensibly  into  another  without  well-defined  limits, 
it  may  be  approximately  stated  at  least  that  low  or  soft 
steel  will  have  carbon  ranging  from  about  .1  to  .2  per  cent., 
and  that  the  carbon/ in  medium  steel  will  nm  from  about 
.2  to  .3  per  cent.,  while  high  steel  will  show  about  .3  to  .45 
]^r  cent,  of  carbon.  The  ultimate  resistance  of  low  steel 
may  nm  from  52,000  to  60,000  pounds  per  square  inch, 
medium  steel  from  60,000  to  68,000  pounds  per  square 
inch,  and  high  steel  from  68,000  to  about  76,000  pounds 
jx^r  square  inch,  or  possibly  higher.  Experimental  inves- 
tigations have  shown  that  the  coefficient  of  elasticity  is 
essentially  the  same  for  all  grades  of  steel  used  in  construc- 
tion. This  observation  holds  true  also  for  nickel  steel, 
which  has  within  the  past  few  years  come  into  use  for 
special  structural  purposes.  A  considerable  number  of 
tests  of  nickel-steel  specimens,  in  some  cases  containing 
3.37s  per  cent,  of  nickel  with  .3  per  cent,  of  carbon  and  .73 
per  cent,  of  manganese,  given  in  the  U.  S.  Report  of  Tests 
of  Metals  for  1898  and  1899,  show  that  the  coefficient  of 
elasticity  for  this  metal  may  be  taken  at  values  ranging 
from  28,700,000  pounds  to  30,385,000  pounds  per  square 
inch.  In  other  words,  the  coefficient  of  elasticity  of  this 
nickel  steel  may  be  taken  between  the  usual  limits  for 
ordinary  structural  steel  of  28,000,000  and  30,000,000 
pounds   per   square    inch. 

In  Table  I  are  contained  the  coefficients  of  elasticity  of 
the  hardened  and  tempered  steel  wire  (see  Table  XII), 
supplied  by  the  different  makers  named,  in  response  to  the 
call  for  bids  for  the  steel  cable  wire  for  the  New  York  and 
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Brookljm  suspension  bridge.     (Washington  A.  Roebling's 
** Report/'  January  i,  1877.) 

In  the  same  ** Report/'  page  72,  the  specifications 
state :  *  *  The  elastic  limit  must  be  no  less  than  iSV  oi  the 
breaking  strength.  .  .  .  Within  this  limit  of  elasticity  it 
must  stretch  at  a  uniform  rate  corresponding  to  a  modulus 
of  elasticity  of  not  less  than  27,000,000  nor  exceeding 
29,000,000. ' ' 

Table  I. 


Prodncer. 


Coefficienu  of  Elasticity. 


Greatest  £. 


Least  £. 


of 
Tests. 


J.LloydHaigh 

Cleveland  Rolling  Mills 

Washburne  &  Moen 

Sulzbacher,  Hymen,  Wolff  &  Co. 
Jno.  A.  Roebling*sSonsCo.  . . . 
Carey  &  Moen 


29,817,067 
30,142,026 
29,757.300 
30,389,946 
30,231,929 
31,261,041 


28,815,797 

28,917,715 
28,887,006 
29,103,238 
28,788,619 
29,418,025 


12 
6 
6 
6 

13 
12 


Table  I  gives  the  greatest  and  least  results  of  these 
tests,  in  pounds  per  square  inch,  in  the  columns  headed 
*  *  £, "  together  with  the  number  of  tests  of  the  product  of 
each  maker.  All  the  wire  was  No.  8  Birmingham  gauge; 
i.e.,  0.165  inch  in  diameter. 

It  is  not  evident  from  the  ** Report"  whether  these 
values  were  obtained  for  some  particular  intensity  of  stress 
or  whether  they  are  mean  values  for  the  entire  range  below 
the  elastic  limit. 

Table  II  gives  a  condensed  statement  of  the  results 
of  a  very  elaborate  investigation  in  the  ** constants"  of 
steel  by  Prof.  P.  C.  Ricketts  at  the  mechanical  laboratory 
of  the  Rensselaer  Polytechnic  Institute  during  the  year 
1886.  The  paper  containing  the  detailed  account  of  this 
series  of  important  tests  was  given  to  the  Am.  Soc.  of 
C.  E.   in    February,   1887.      Although  this  table  contains 
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^p« 

Cent. 
Car- 
bon. 

TBNSION. 

Specimen 

Pounds  per  Square  Inch. 

Mark. 

Per 

Per 

Ulti- 

Diam. 

Cent. 

Cent. 

Elastic 

mate 

Coefficient 

Inches. 

Reduc. 
of  Area 

Elon« 
in  8  Ins. 

Umit 

Resist- 
ance. 

of  Bias. 

Rivet  steel*... 

Xl 

.09 

0.756 

61.7 

.30.5 

39.600 

63,600 

30,039,oo!o 

Is 

0.758 

61.7 

30.5 

38,800 

63,300 

30,010,000 

I8 

•' 

0.757 

60.8 

38.9 

37.800 

63,000 

31.160,000 

41 

** 

0.757 

65.3 

39.6 

37.800 

63,000 

31,063,000 

4s 

•• 

0.758 

65.1 

39.4 

38.600 

63,300 

30,471,000 

4S 

•• 

0.758 

6a. 3 

29.9 

39.400 

63,800 

29,965.000 

6i 

'* 

0.760 

61.6 

30.1 

37.400 

60,600 

30,456.000 

6t 

•• 

0.760 

60.6 

39.6 

36.900 

61,300 

30,885.000 

•• 

6s 

" 

0.760 

61.8 

33.3 

39,xoo 

61,900 

27.335.000 

8i 

*• 

0.760 

57.9 

39.2 

38,100 

63.500 

30,618,000 

•• 

8> 

•* 

O.7S0 

6a. 4 

38.4 

37.100 

63,300 

30,173,000 

8, 

•• 

0.758 

61 .0 

38.3 

36,600 

61,400 

30,434,000 

lOi 

** 

0.756 

65.7 

38.6 

35600 

61,700 

39  696.000 

lOs 

•• 

0.755 

64.7 

39.0 

36.800 

61,600 

30.075.000 

I  OS 

*• 

0.754 

64.3 

39.1 

36,900 

63,100 

30.371.000 

•• 

31 

•* 

0.757 

63.4 

27.9 

36,700 

61,300 

30,918,000 

••          ,  ^ , 

3a 

** 

0.758 

64.0 

30.4 

37,700 

61,900 

30,801,000 

3« 

** 

0.758 

64.3 

39.2 

37.100 

61.800 

31,091,000 

•• 

5i 

*• 

0.757 

SI. 7 

30.1 

37.800 

62,900 

30,032,000 

••          , , , 

52 

•• 

0.75S 

49.4 

39.2 

38,500 

63,600 

31,646,000 

••          « . . 

58 

•  • 

0.7S7 

SI. a 

38.1 

37.800 

61,300 

30,031,000 

•• 

7i 

*• 

0.750 

6a. I 

30.9 

36,200 

61,300 

30,166,000 

••          , , , 

7a 

** 

0.749 

60.S 

29.6 

36,800 

62,400 

30,415,000 

*'          ... 

7a 

'  * 

0.751 

61.3 

31.7 

37,800 

63,000 

30,232,000 

**          ... 

"I 

' ' 

0.752 

64.3 

39.4 

36,400 

6  a, 400 

30,030,000 

"a 

" 

0.754 

63.0 

39.4 

36,400 

61,700 

30,556.000 

**          ... 

lis 

' ' 

0.749 

6a. 3 

39.  3 

36,700 

62,200 

30,011,000 

**          ... 

21 

" 

0.752 

55. 1 

39. 9 

37,200 

61,600 

30.210,000 

•* 

32 

** 

0.7S7 

53.7 

31.0 

36,700 

60.100 

32.965.000 

J» 

'* 

0.7S3 

53.3 

33.0 

39,300 

61.000 

30.097,000 

Bessemer t  '•• 

s* 

.11 

0.748 

60.3 

38.4 

41,500 

66,600 

28,950,000 

**            ... 

H« 

0.754 

58.3 

38.3 

41 .400 

65.300 

29,391,000 

**            ... 

Ji» 

" 

0.750 

S7.0' 

38.3 

43.400 

67,000 

29.899.000 

**            ... 

S* 

.13 

0.751 

59.7 

27.4 

41.500 

65,300 

29,186,000 

**            ... 

s? 

*' 

0.750 

59.3 

28.5 

4i,xoo 

65,100 

29,353,000 

**            ... 

0.750 

57.4 

37.0 

4X.400 

65,700 

39.464.000 

•'      : : ! 

0.747 

57.3 

30.6 

42,000 

66.100 

29.907.000 

0.750 

.30.1 

4x  .900 

6  5. 400 

39.899,000 

0.751 

57. 1 

28.7 

41.300 

65.400 

29.270,000 

•• 

..X3 

0.763 

S8.i 

36.8 

48,100 

69,400 

29,706,000 

0.760 

SO. 5 

37.0 

47.400 

69,300 

20.500,000 

0.760 

S6.4 

37.1 

47.100 

70,100 

20.238,000 

0.76.^ 

50.1 

38.3 

42,200 

65.300 

29,430.000 

!!       •  •  • 

*' 

o.f6o 

56.6 

37.6 

42,300 

65,600 

39.678,000 

0.756 

58.3 

37.0 

42,300 

66.400 

29,300,000 

&' 

.16 

0.747 

54.8 

28.9 

42,000 

68,300 

30,083,000 

^"^ 

" 

0.74.* 

55.7 

27.6 

4T,700 

68.500 

30,266,000 

"• 

&* 

0.74s 

55.0 

27.4 

41,000 

68,600 

39,442.000 

Pi 

.17 

0.746 

56.3 

27.x 

42.100 

70,400 

20,375,000 

s« 

" 

0.744 

57-2 

27.4* 

42,700 

70,500 

30.158,000 

^, 

' ' 

0.749 

55.8 

27.1 

41.500 

79,600 

30.784.000 

.36 

0.761 

40.7 

20.5 

60,900 

97.500 

29.045  000 

**       . . . 

x» 

*' 

0.756 

38. 5 

19.1 

60,400 

00.600 

30.236,000 

S' 

" 

0.750 

39   S 

19.4 

69,700 

99,100 

29,989.000 

•30 

0.763 

30.0 

20.0 

69  500 

9^,800 

30,025.000 

S' 

0.762 

36.8 

19.2 

69,600 

06,200 

30,944,000 

w. 

0.765 

36., 

19.0 

69,100 

95.200 

29,391,000 

♦Ooen  hearth  from  Stcolttm,  Pa. 


t  From  Troy.  N.  Y. 
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SHBAR. 

CO! 

iPRBSSION. 

Pounds  per 

Square  Inch. 

Double 
Shear 

UlUmate 

1 

Over 

Pcrands  per  Square  Inch. 

Single  Shear. 

•       Double  Shear. 

Single 

Shear 

Ultimata. 

Elastic 

Cocffidcnt  of 

Elastic 

Ultimate 

Elastic 

Ultimate 

limit. 

Elasticity. 

Limit. 

Resist. 

Limit. 

Resist. 

39,000 

29,897,000 

30.500 

27,113,000 

39,600 

45.440 

43,600 

46.460 

i.oaa 

30,000 

28,444,000 

41,100 

39,110,000 

41,100 

29,035,000 

34.600 

45,360 

38,200 

47.450 

i.04«     . 

41.000 

29.045,000 

40,200 

30,045,000 

40,300 

38,853,000 

31,500 

46,020 

33,800 

47.500 

1.034 

40,400 

29,411,000 

41,600 

30,193,000 

41,600 

29,302,000 

31.700 

46,910 

33,500 

.  48,300 

1.033 

41.600 

39,216,000 

38.600 

29,013,000 

38,600 

29,963,000 

31,100 

44.780 

34,000 

46,590 

X.040 

38.600 

29,478,000 

38.300 

39,090,000 

38.300 

29.807,000 

35,000 

44,600 

38.500  * 

47,350 

1.063 

38,300 

28,961,000 

4J.700 

29,630,000 

41,700 

28,941,000 

33.800 

46,440 

30.400 

48.800 

1. 053 

41.700 

29.696,000 

30,000 

29,437.000 

40,000 

30,009,000 

33.700 

45.100 

35,700 

47.aio 

I.04S 

40,000 

28.730,000 

30.500 

29,005,000 

30,700 

39,740,000 

30.000 

29,063.000 

40,000 

31,433,000 

• 

40,000 

29,783,000 

35,800 

46,100 

40.700 

47.310 

X.094 

30.700 

29,391,000 

41,800 

28,567,000 

41,700 

29,144.000 

30,500 

49.210 

38.600 

51,000 

1.036 

41.700 

28,747,000 

41,100 

28,503,000 

41,400 

29,531,000 

34,400 

51.470 

30.500 

51.470 

x.ooo 

41,300 

28,730,000 

43,600 

29,162,000 

42,400 

29,310.000 

37,000 

40,740 

40,300 

50,040 

1.034 

41 .000 

28,635,000 

44,400 

38,070,000 

44.800 

38,739,000 

4StOOO 

39,035,000 

44.100 

39,381,000 

44,300 

29,830,000 

36,600 

51.000 

40,800 

S1.510 

1. 0x0 

44,aoo 

39.334,000 

41,100 

38,813.000 

41,400 

39,343,000 

36,700 

51,380 

43,800 

53,550 

1.025 

41.000 

38.666,000 

41,400 

28.860,000 

41,600 

39.341.000 

41,500 

53.360 

46,000 

53,300 

X.003 

41,800 

29,803,000 

5S,»oo 

29.163,000 

54.400 

29.454,000 

53.500 

70,190 

54,400 

29,381,000 

50,500 

28.602,000 

SO.aoo 

38.981,000 

51.900 

67,760 

50.500 

29,281,000 
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other  values  than  those  immediately  desired,  the  opportu- 
nity of  directly  comparing  different  physical  constants  from 
the  same  quality  of  steel  is  a  sufficient  reason  for  inserting 
the  entire  table  at  this  place.  All  the  test  pieces  were 
uniformly  about  three  quarters  of  ail  inch  in  diameter, 
and  the  stretch  was  in  all  cases  measured  on  eight  inches. 
The  elongations  given  are  per  cents  of  the  original  length 
of  eight  inches. 

The  reductions  of  area  are  the  per  cents  of  original 
sections  of  the  test  pieces  which  indicate  the  differences 
between  the  original  and  fractured  areas. 

As  indicated,  the  first  half  of  the  table  belongs  to  speci- 
mens of  open-hearth  rivet  steel  from  Steelton,  Pa.,  while 
the  second  half  contains  results  drawn  from  tests  on  a  com- 
paratively wide  range  of  metal  from  the  Bessemer  process 
of  the  Troy  Steel  and  Iron  Co.,  of  Troy,  N.  Y.  The  open- 
hearth  rivet  steel  is  all  seen  to  contain  only  .09  per  cent, 
of  carbon,  while  the  Bessemer  metal  had  carbon  var)nng 
from  0.1 1  per  cent,  to  0.39  per  cent.,  with  a  wide  gap 
l)etween  0.17  and  0.36  per  cent. 

The  specimens  ij,  i^,  and  I3  were  cut  from  the  two  ends 
and  centre  of  bar  i,  and  tho^e  subjected  to  tension  were 
located  adjacent  to  specimens  of  the  same  name  subjected 
to  compression.  Similar  observations  apply  to  other  sets 
of  specimens  affected  by  the  same  figure  or  same  letter. 
Hence  there  is  shown  in  this  table  the  relation  of  different 
physical  quantities  belonging  to  as  nearly  identically  the 
same  material  as  the  possibilities  of  the  case  admit. 

The  coefficients  of  tensile  elasticity  exhibit  unusual 
uniformity.  Those  for  the  open-hearth  steel  show  no 
variation  with  the  small  variation  in  carbon.  Although 
the  tensile  coefficients  for  the  Bessemer  steel  are  slightly 
lower  for  the  lowest  per  cents  of  carbon  than  for  the  highest, 
yet  some  of  the  lowest  coefficients  arc  fecund  for  the  highest 
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carbons,  and  it  is  difficult  to  determine  any  essential  varia- 
tion with  varying  proportions  of  that  element. 

While  the  average  of  the  tensile  coefficients  is  a  very 
little  more  for  the  open  hearth  than  for  the  Bessemer  steel, 
there  is  really  no  sensible  difference  between  them.  The 
average  tensile  coefficient  may  be  taken  at  30,000,000 
pounds  per  square  inch. 

Too  much  importance  should  not  be  attached  to  the 
percentage  of  carbon  alone  in  these  specimens,  as  the 
presence  of  other  elements  not  given,  such  as  manganese, 
phosphorus,  etc.,  exert  marked  influences  on  the  physical 
characteristics  of  steel. 

The  '  *  Report  of  the  Naval  Advisory  Board, ' '  prepared 
by  Asst.  Naval  Constructor  R.  Gatewood,  U.S.N.,  con- 
tains on  pages  71  to  75  a  large  nimiber  of  tensile  tests. 

The  least  coefficient  of  tensile  elasticity  given  by  Lieut. 
Gatewood  is  24,360,000  potmds  per  square  inch,  while  the 
greatest  value  is  30,890,000  pounds  per  square  inch  and 
the  mean  27,720,000  pounds.  These  values  belong  to  42 
tests  of  accepted  material  and  were  distributed  about 
continuously  over  the  range  covered  by  the  limiting  values. 
The  carbon  varied  from  o.ii  per  cent,  to  0.24  per  cent., 
and  these  extreme  values  belonged  to  about  average 
values  of  the  coefficient  of  elasticity. 

Table  III  contains  a  most  valuable  set  of  results  ob- 
tained from  the  tests  of  full-size  steel  bars  for  the  Blair 
Crossing  bridge  by  Geo.  S.  Morison,  chief  engineer,  and  it 
is  taken  from  his  report  on  that  structure. 

"  E.  L. "  is  the  elastic  limit. 

*'Ult."  is  the  ultimate  tensile  resistance. 

*  *  E. "  is  the  coefficient  of  elasticity  in  pounds  per  square 
inch. 

' *  C. "  is  carbon  and  *  *  Mn. '  *  manganese. 

The    bars    were    broken    in    the     government     testing 
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machine  at  Watertown,  Mass.,  but  the  chemical  analyses 
were  made  at  the  Pittsburg  testing  laboratory. 

The  coefficients  of  elasticity  are  seen  to  vary  from 
28,089,000  to  30,627,000  and  thus  sensibly  coincide  with 
the  coefficients  for  test  specimens  foimd  by  Prof.  Ricketts 
and  Lieut.  Gatewood,  with  much  lower  percentages  of 
carbon.  The  phosphorus  was  determined  for  these  bars, 
although  it  is  not  given  in  Table  III ;  it  varied  from  about 
0.06  to  0.2  of  one  per  cent,  with  an  average  of  about  0.09. 
It  is  a  significant  fact  that  two  of  the  bars  which  broke 
m  the  head  contained  the  highest  phosphorus. 

Table  VII  contains  other  coefficients  of  tensile  elas- 
ticity for  fidl-size  bars.  ^ 

Table  III. 

FULL-SIZE  STEEL  BARS. 


'      Bar. 

Gauged 
Lcnith. 
Incnes. 

Lbs.  per  Sq.  In. 

Per  Cent.  Final 

E. 

Per  Cent,  of 

Inches. 

E.L. 

Ult. 

Stretch. 

Cont'n. 

c. 

Mn. 

6.5Xi.oa 

lao 

34,890 

69,250 

12. a 

44.2 

30,456,000 

0.37 

0.63 
0.885 

6.SX1.38 

lao 

33,670 

66,700 

aa.o 

45. 0 

38,846,000 

o.a5 

6.5X1.54 

xao 

34.470 

69,920 

16.6 

^I'l 

39,7oa,ooo 

0.395 

0.68 

6.5XX.14 

aoo 

32,570 

64.740 

ao.o 

46.6 

39,498,000 

0.34 

0.78 

6.0X1.03 

24,550 

52,390 

18.7 

38,089,000 

broke 

in  head. 

7.0XX.49 

aoo 

a4,a8o 

45,270 

7-9 

.'7-5, 

28,776,000 

6.5X1.03 

36,270 

broke 

in 

head 

29,940,000 

0.30 

0.74s 
0.8a 

6.SX1.26 

37,250 

broke 

in 

head 

30,130,000 

0.35 

6.5Xi.a6 

aoo 

34.680 

64.750 

16. 5 

45-9 

30,637.000 

0.395 

0.75 

6.5X1.40 

aoo 

35.230 

64,oao 

ao.7 

43.9 

30,030,000 

0.33 

0.76 

6.5X1.39 

aoo 

37.440 

70,470 

X3.I 

37.9 

29. 585.000 

6.5X1.59 

32,690 

30,030,000 

bar 

not  broken. 

•6.5X1.02 

aoo 

37,250 

67.630 

15.0 

43- 1 

38,001,000 

6.5X0.98 

x6o 

37.480 

67.800 

15.8 

33.7 

39,880,000 

0.30 

0.66s 

♦6.5X0.98 

160 

36,650 

7a,o5o 

13.8 

38.4 

30,370,000 

0.38 

0.65s 

6.5X0.98 

aoo 

37,600 

68,720 

13.3 

34.1 

39,630,000 

o.a8 

0.66 

6.5X0.98 

aoo 

35,810 

65.850 

la.o 

39.2 

39,960,000 

0.30 

0.65 

6.5X0.97 

aoo 

33.230 

64.410 

16.4 

49.5 

29,670,000 

0.  39 

0.38 

0.64s 

6.5X0.97 

aoo 

37,640 

68,390 

13.9 

42.4 

39,960,000 

0.68 

*  Broke  in  head  and  retested. 


Elastic  Limit,  Resilience,  and  Ultimate  Resistance. 

In  scrutinizing  the  restdts  of  tests  of  specimens  and 
full-size  members  in  this  section,  it  is  to  be  observed  that 
the  elastic  limit  is  almost  invariably  the  "stretch-limit," 
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or,  as  it  is  commonly  called, '  *  the  yield-point,  *  *  and  not  the 
true  "elastic  limit,"  below  which  the  ratio  between  in- 
tensity of  stress  and  rate  of  strain  is  essentially  constant. 
It  has  already  been  shown  and  stated  that  the  true  elastic 
limit  is  from  2000  to  3000  or  4000  poimds  per  square  inch 
below  the  stretch-limit  or  yield-point.  The  stretch-limit  is 
so  readily  observed  without  delaying  the  ordinary  routine 
of  testing  that  it  has  come  to  be  called,  although  erro- 
neously, the  elastic  limit,  in  spite  of  the  fact  that  it  is  a  little 
above  the  intensity  of  stress  to  which  that  term  should  be 
applied. 


Fig.  1. 

The  elastic  properties  of  three  grades  of  steel  are  ex- 
hibited graphically  in  Fig.  i.  The  curved  lines  represent 
the  tensile  strains  of  the  steel  specimens  at  the  intensities 
of  stresses  shown.  The  vertical  ordinates  are  intensities 
of  stress  and  the  horizontal  ordinates  the  rates  of  stretch, 
i.e.,  the  stretches  per  tmit  of  length,  the  latter  being  drawn 
20  times  their  actual  amounts.  The  Rock  Island  Steel 
belongs  to  a  specimen  of  steel  used  for  the  combined  rail- 
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Toad  and  highway  structure  across  the  Mississippi  River 
at  Rock  Island,  111.,  the  data  being  taken  from  the  U.  S. 
Report  of  Tests  of  Metals  for  1896.  The  lines  for  axle 
steel  and  nickel  steel  are  the  graphical  representations  of 
data  taken  from  the  *  *  U.  S.  Report  of  Tests  of  Metals"  for 
1899.  As  in  the  previous  case,  the  horizontal  ordinates 
are  the  stretches  per  lineal  inch  shown  at  20  times  their 
actual  values.  The  figures  at  the  right-hand  extremities 
of  the  curves  are  the  ultimate  resistances  per  square  inch. 
The  elastic  limits  and  stretch-limits  or  yield-points  are 
shown  with  clear  definition.  The  remarkably  high  elastic 
limit  of  the  nickel  steel  is  well  indicated. 

By  taking  areas  first  between  the  horizontal  axis  OB 
and  the  inclined  straight  portion  of  each  line,  and  then 
between  the  same  horizontal  axis  and  the  entire  line  in 
each  case,  the  following  values  of  the  elastic  and  ultimate 
resilience  per  cubic  inch  of  each  specimen  will  be  found: 


Elastic  Resilience 
Ultimate      '* 


Rock  Island 
Steel. 


24  in.  lbs. 
io,5cx>  in.  lbs. 


Axle-steel. 


15.7  in.  lbs. 
10,860  in.  lbs. 


Nickel-steel. 


49 . 6  in.  lbs. 
1 1,040  in.  lbs. 


The  three  stress-strain  lines  or  curves  of  Fig.  i  illus- 
trate completely  the  physical  characteristics  of  the  various- 
grades  of  steel  indicated  under  all  degrees  of  stress  up  to 
actual  failure,  except  that  the  lines  are  carried  only  to  the 
maximum  intensities  of  stress  sustained.  If  those  lines 
were  prolonged  to  the  actual  parting  of  the  metal,  they 
would  show  rapidly  descending  portions  like  the  broken 
portion  of  the  Rock  Island  Bridge  steel  line.  That  por- 
tion of  the  curve,  however,  has  little  practical  value, 
although  considerable  scientific  interest. 

Before  considering  in  detail  the  physical  quantities 
belonging  to  structural  steel,  it  is  advisable  to  examine 
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Tables  IV  and  IVa,  Table  IV  being  condensed  from  Prof. 
Woodward's  history  of  the  St.  Louis  Arch.  The  last  four 
restdts  in  that  table  are  from  the  experiments  of  Chief 
Engineer  Shock,  U.S.N.,  while  the  ''N.  Y.  Chrome  Steel 
Co."  restdt  is  from  Kirkaldy's  tests. 

Table  IV. 


Kakefs. 


Ultimate  Resistance,  Potinds 
per  Square  Inch. 


Greatest.'   Mean.       Least. 


Remariss. 


Coleman,  Rahm &  Co..  Pittsbtirs 
Am.  Tool  Steel  Co..  Brooklyn  . . 

Butcher  &  Co.,  Philadelphia 

Park  Bros.,  Pittebur« 

Steel  Works.  New  York 

Jessup.  She£5eld.  £n« 

Anderson  &  Woods,  Pittsburg  .  . 
Coleman,  Rahm&  Co.,  Pittsburg. 
Miller,  Barr  &  Parkin,  Pittsburg . 
Miller.  Barrft  Parkin,  Pitteburg. 
Hussey.Wells&  Co.,  Pittsburg  . 

Brown  &  Co.,  Pittsburg 

Thos.  Firth,  Sheffield,  Eng 

Butcher  &  Co..  Philadelphia 


N.  Y.  Chrome  Steel  Co. 
Park  Bros.,  Pitteburg 


118,400 


144.300 
1x8,000 


86,000 
100,000 


103,200 
I  aS.ooo 
81,300 
1x3,900 
no, 100 
»07,5oo 
151 ,000 

I2Q,000 

128,300 
142.000 
143,600 
135,400 
190,260 
131.864 
227,500 
176,100 
150,500 


91,200 
106,500 
112,100 
1 1 8,000 

85,400 

78.500 

100,000 

68.000 

90,000 

ioa,20o 

126,500 

75,450 

112,600 

103,500 

X  06 ,000 

148,700 

99,900 

98,300 

120,100 

X  39,300 

ii9,aoo 

146,400 

119,500 

217 ,400 

x65,5oo 

141,900 


74,000 


93.500 
118,000 


74.000 
X  00 ,000 


X0I,200 

X  25,000 

45,000 

112,000 

99,200 

xo3,5oo 

147,000 

69,800 

65.300 

X  00 ,000 

136,300 

XII. 700 

115,800 

109,500 

2ox,34x 

152,500 

132,700 


' '  Very  poor  steel.'* 
For  lathe  tools. 


}  2  Annealed. 
(  2  Unannealed. 


Annealed. 
Unannealed. 
Steel  Plate. 

Cast  **  machinery  steel.** 
"Gun  metal." 
Chrome  steel  stave. 
Chrome  steel  stave. 
Chrome  steel  ingot. 
Carbon  rivet  steel. 
Carbon  steel. 
Carbon  rivet  steel. 
Chrome  steel  stave. 
Chrome  steel  stave. 
Chrome  steel  bar. 
Steel  normal  imtemp. 
Temp,  in  oil  at  82°  F. 
Temp,  in  water  at  79*  F- 
Temp,  in  water  at  79**  F. 


The  diameters  of  the  (circular)  specimens  varied  from 
0.357  inch  to  1. 00  inch,  and  their  lengths  from  3  to  12 
inches.  The  elastic  limit  varied  from  45  to  55  (nearly) 
per  cent,  of  the  ultimate  resistance. 

Table  IVa  contains  the  results  of  the  experiments  of 
Sir  Wm.  Fairbaim  on  the  different  varieties  of  English  steel 
given  in  the  left-hand  column.  The  specimens  were  one 
inch  square,  and  had  previously  been  subjected  to  a  trans- 
verse load.     The  per  cents  of  strain  or  elongation  are  for 
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a  length  of  eight  inches,  which,  it  is  presumed,  included  the 
section  of  fracture. 

Table  IVa. 

BAR  SPECIMENS. 


Pxoduoera. 


I  Ultimate  Resistance 
per  Sq.  Inch. 


Pinal  Strain  c 
Elongation. 


C.  Cammel  &  Co, 
Cast  steel,  termed  "  Diamond-steer*  . . . 

Cast  steel,  termed  "Tool-steel" 

Cast  steel,  termed  "Chisel-steel" 

Cast  steel,  termed  "  Double-shear  Steel" 

Messrs.  Naylor,  Vickers  &  Co. 

Cast  steel,  called  "Axle-steel" 

Cast  steel,  called  "Tire-steel" 

"  VickersCast  Steel,  Special" 

"Naylor&  Vickers'  CastSteel" 

H.  Bessemer. 

Hard  Bessemer  steel 

Milder  Bessemer  steel 

Soft  Bessemer  steel 

Messrs.  Turion  &  Sons. 
Steelfor  cups 

'*   *'    drflls 

"   **    cutters 

* '   *  *    turning  tools 

**   *  *    machinery 

**   '*    punches 

"   "    mint  dies 

"  ••    dies 

••   'f    taps 

Double-shear  steel 


Pounds. 
"0,055 
109,072 
120,398 
96,665 


88,665 
91,520 

134,145 
118,066 


103,085 

88,175 
78,606 


100,155 

87.552 

95.372 

80,273 

102,915 

102,567 

106,237 

87,471 

97,994 

73,266 


Per  cent. 
1.53 
1.50 
2.50 
2.37 


16.25 
9.00 
1. 00 

1.75 


1.87 
20.00 
19.12 


2.75 
1.06 

1.37 
o.ia 

1.43 
1. 6a 
2.87 
0.87 
1.87 
0.81 


Although  these  tables  exhibit  results  obtained  a  con- 
siderable number  of  years  ago,  they  are  fairly  representa- 
tive of  the  physical  quantities  belonging  to  steel  of  the 
same  grades  at  the  present  time.  The  grades  of  metal 
shown  are  much  higher  steel  than  those  employed  for  struc- 
tural purposes ;  they  are  mostly  adapted  to  special  purposes, 
such  as  tools,  and  other  similar  uses.  Chrome  steel  is  not 
manufactured  at  the  present  time  C1903). 
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Table  II  contains  a  s)mopsis  of  the  valuable  series  of 
tests  of  specimens  by  Prof.  P.  C.  Ricketts.  This  table  has 
already  been  explained  on  page  273.  The  tension  tests 
show  remarkably  uniform  results  in  elastic  limit  and  ulti- 
mate resistance,  and  characterize  a  most  excellent  mate- 
rial. With  the  exception  of  the  two  Bessemer  specimens 
containing  0.36  and  0.39  per  cent,  carbon,  all  specimens 
were  of  mild  steel. 

Table  V  exhibits  the  results  of  late  tests  of  a  large  num- 
ber of  full-size  steel  bars  of  various  grades,  in  connection 
with  the  results  of  tests  of  specimens  in  their  natural 
condition,  as  cut  from  the  rolled  bars  from  which  the  bars 
were  forged,  and  after  being  annealed.  It  was  customary 
for  a  number  of  years  to  test  f-inch  round  specimens, 
rolled  from  small  4-inch  ingots  cast  from  the  same  melt 
which  produced  the  finished  bars,  but  this  testing  lately 
has  been  abandoned  as  being  not  sufficiently  relevant  to 
the  material  actually  used.  Specimens  are  now  cut  from 
the  full-size  rolled  bars  and  tested,  and  Table  V  shows  the 
results  of  such  tests  in  connection  with  those  of  the  finished 
and  annealed  bars.  These  specimens  are  not  usually 
annealed,  although  the  finished  bars  are  always  subjected 
to  that  process,  but  the  table  gives  the  results  of  testing 
some  annealed  specimens,  and  thus  exhibits  the  relation 
existing  between  the  physical  properties  of  specimens, 
annealed  and  unannealed,  and  those  of  the  completed 
(annealed)  bars  of  the  same  melt,  as  closely  as  it  can  be 
shown. 

The  process  of  annealing  softens  the  metal  and  reduces 
both  the  elastic  limit  and  ultimate  resistance,  but  it  in- 
creases the  ductility  and  largely  eliminates  the  internal 
stresses.  The  table  shows  that  the  reductions  of  elastic 
limit  and  ultimate  resistance  are  greater  for  the  bars  than 
for  the  specimens.     Aside  from  the  influence  of  the  possi- 
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Table  V. 
ALL  FULL-SIZE  BARS  BROKE  IN  THE  BODY. 


No. 


Siseof  Bar. 
Inches. 


Elastic  Limit,  Lbs.  per  Sq.  In. 


Natural 
Specimen. 


Annealed 
Specimen. 


Bar. 


Ult.  Resist.,  Lbs.  per  Sq.  In 


Specimen. 


Natural.     Annealed. 


Bar. 


X 

a 
3 
4 
5 
6 
7 
8 
9 
10 


13 
14 
IS 
16 
17 
18 
^9 


aa 

33 

24 

25 

a6 
ay 
a8 
ap 
30 
31 
3a 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
40 
50 


4X}I 


5X 
5X 
5X 
5X 
5X 
SX 
SX 
5X 
SX 
6X 
OX 
i'>X 
6X 
6X 
fiV 
7X 

sy 

HX 
«v 

8y 

8  V 
8  < 
8X 
roX 


11 


39,a8o 
40,490 
40,790 
33,400 
32,480 
34,190 
40,480 
38,110 
40,330 
40,400 
4»,.S8o 
41,580 
40.910 
43,750 
42,650 
40,a8o 
40,530 
40,aoo 
40,410 
38.OQO 
38,320 
40,730 
36,660 
39.870 
41,670 
38,340 
37,690 
37,840 
30,870 
39.030 
39.650 
40,650 
40.570 
37,030 
39,280 
43.100 
37.950 
33.560 
37.370 
38.6QO 
36,530 
32.3T0 
36.530 
37.400 
35.240 
38  600 
36.4";o 
30,400 
38.500 
34.500 
41.740 
40,400 


39.730 
'  38,880 


39.280 
39,760 
40,340 


38.900 
41.490 
37,690 


40,540 

39,600 

31.380 

30,370 

27.870 

38,980 

28,940 

32,590 

33,990 

32,520 

35, 100 

33.140 

30.500 

32,860 

37,680 

39,700 

32,290 

31,970 

33.360 

29,330 

38,080 

39,640 

39,030 

36,850 

38,780 

34.V90 

38,730 

43,6oo(?) 

30.820 

36.640 

37.330 

36.880 

38.180 

38.080 

37.170 

38.830 

35.170 

34.600 

38.480 

35,880 

34.840 

34.440 

32.470 

36,080 

35,5  2^5 

40.330 

37,550 

36,960 

37.040 

34.710 

31,310 

35,640 

33.250 


66,090 
69.700 
68,730 
57.170 
58,050 
58,460 
66,880 
60,920 
69,730 
70,490 
73.050 
73.050 
70.360 
7  5 ,000 
75.630 
70,380 
72,240 
71,860 
69,900 
71.300 
70,330 
68.480 
66,600 
70,650 
68,750 
65,680 
68,560 
67,030 
63,480 
59,8 10 
70,080 
69,650 
70,000 
6x,390 
67.740 
71.580 
66,770 
63,780 
60,080 
64.500 
64.310 
64.520 
64.840 
64,830 
68,850 
62,770 
^0,100 
72,400 
66.820 
58,600 
65.450 
68,550 


68,680 


66,850 


69,040 
68,580 
69,900 


67,330 
71.430 
66,310 


71,580 
56,700 
59.850 
51.500 
53,520 
53.010 
58,010 
57.410 
63.220 
60,710 
67,490 
65,060 
58,870 
65,600 
70,160 
65.500 
62.270 
53.8O0 
73,550 
63,100 
55.160 
67.770 
64,340 
64.630 
66,610 
61,040 
65,310 
66,1 10 
63,980 
58,330 
68,100 
65,a6o 
66,350 
63,000 
64,630 
68,800 
63,030 
63.130 
58,330 
59, 880 
61,110 
58.S00 
58,680 
60,770 
61.300 
61.840 
58.120 
63,210 
62,460 
56,210 
53.670 
60,730 
61,720 
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Table  V. — Continued. 
ALL  FULL-SIZE  BARS  BROKE  IN  THE  BODY. 


Stretch  and  Contraction. 

Per 

Cent. 

of 

Nat.  Spec. 

Bar. 

Remarks. 

Phos. 

Str. 

Cont. 

Str. 

Cont. 

31.3 

58. S 

10.6 

42.6 

.084 

Acid  open  hearth  steel. 

28.1 

45. 4 

13.4 

56.9 

.026 

Basic  open  hearth  steel. 

38.1 

47-0 

17.8 

40.9 

.03 

28.8 

Si-S 

31-5 

52. s 

.014 

'    Soft  steel. 

31.  g 

5a.7 

17. 

4S.8 

.027 

•    Foreign  matter  in  section  of 

i^i 

34.2 

22. s 

48.4 

•039 

•    Soft  steel.                 [fracture. 

23. 

46.5 

15. 5 

42.2 

.03 

28.7 

53.8 

23.3 

50.3 

.014 

;    SoftsteeL 

^8.1 

5a. 2 

13.7 

34.6 

.025 

27. 

43.6 

15.7 

44.6 

.023 

»7.S 

47.5 

T6.8 

39.6 

.027 

27.5 

47.  5 

»7.3 

38. 5 

.027 

^s. 

40.3 

»9.3 

48.6 

.014 

ao. 

44.5 

^^'S 

40. 

.021 

^i'i 

52.6 

8.2 

39.7 

•  ois 

;    Hii^h  steel. 

28.8 

47.9 

XI. 8 

44.4 

.062 

»»-3 

42.8 

13-1 

*3.5 

.056 

27. 

40.4 

2-S 

4.5 

.017 

'5.S 

51-5 

12.3 

10.3 

.063 

1    Piping  in  fracture. 

J8.8 

48.3 

13.  5 

32.6 

.017 

Ma 

43.2 

6.0 

7.3 

.023 

• 

'    Foreign  matter  in  section  of 

»7.S 

50.0 

»3.5 

49.8 

[fracture. 

30.7 

52.8 

20. 1 

S3.  I 

27.  s 

47.4 

»4. 

46.8 

^3.7 

48.7 

14.3 

46.7 

»7- 

55.3 

13.6 

49.3 

26.5 

47. Q 

»2.5 

4S.9 

23.2 

46.7 

10. 0 

SI. 5 

26.2 

52. 

\\% 

St. a 

»9-5 

59.3 

49.7 

22.5 

52.1 

12.3 

44.7 

22. 

44-5 

TI.4 

41.7 

22. 

44.5 

12. 

48. 

M-S 

49.2 

16.3 

48. 

^5-5 

47.4 

IZ  . 

SO. I 

»J-7 

48.8 

>3- 

40.4 

The  ultimate  stretches  for  these    full-size  bars 

26. 

45.1 

ta.6 

52.9 

belong  to  lengths  varying  from  about  x  a  feet  to 

-s.s 

47.7 

19. X 

44.3 

about  35  feet. 

31. 

63. 5 

17.4 

52.7 

21.  a 

54.9 

17. 5 

SI. 3 

»7.S 

47.5 

IS. 

46. 

'S.7 

46.4 

x8. 

SI. 7 

»7. 

40.7 
SO. 8 

14. a 

47.9 

26.7 

i8.i 

SO.  7 

27. s 

47.2 

«5.7 

55.9 

36. 

52.7 

13. 1 

46. 

31. 

6a. s 

IS. 7 

46.3 

23.5 

4a. 

14-3 

47.7 

»7.S 

48.6 

xS.t 

48.3 

33. 

64.3 

17.8 

49.1 

28. 

so. 4 

IS. 

SX.8 

»s. 

44.7 

XS. 

40.1 

^ 

20.47 

SO.  4 

Stretrh   is  for  ai  if^t  Unafh 
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ble  diflferences  in  the  annealing  temperatures  for  the  two 
cases,  the  general  average  of  the  bar  results  should  be  the 
lowest,  for  the  reason  that  the  whole  mass  of  the  bar  in- 
cludes incidental,  but  inevitable,  small  variations  of  con- 
ditions in  the  metal,  which  are  not  found  in  the  small  mass 
of  the  specimen,  and  which  necessarily  lead  to  still  wider 
variations  in  the  full-size  aimealed  member. 

The  diflferences  due  to  the  process  of  annealing  will 
naturally  be  materially  greater  in  high  steel  than  in  low 
steel. 

The  wide  range  in  grade  of  the  metal  tested  gives  special 
value  to  the  results  shown  in  the  table. 

Nos.  I  tp  21,  inclusive,  were  taken  from  "The  Con- 
tinuous Superstructure  of  the  Memphis  Bridge,"  by  Mr. 
George  S.  Morison,  M.  Am.  Soc.  C.  E.,  in  Trans.  Am.  Soc. 
C.  E.  for  Sept.,  1893;  and  the  remainder,  except  the  last, 
were  taken  from  a  paper  in  the  same  Transactions,  for 
Oct.,  1892,  by  Mr.  F.  H.  Lewis,  on  **The  Results  obtained 
from  the  Tests  of  Full-sized  Bars."  The  last  results  in 
the  table  belong  to  a  bar  manufactured  and  tested  by  the 
Phoenix  Iron  Co.,  of  Phoenixville,  Penn. 

The  gauged  lengths  of  Nos.  i  to  21,  inclusive,  in  Table 
V,  on  which  the  final  stretches  were  measured,  varied  from 
8  feet  to  36  feet. 

.  '"'Table  VI  shows  the  results  obtained  by  testing  to  failure 
fifteen  lo-inch  bars  among  those  forged  for  the  420  feet 
draw-span  of  the  Central  Bridge  across  the  Harlem  River, 
in  New  York  City,  Mr.  Alfred  P.  Boiler,  consulting  engi- 
neer. They  were  manufactured  and  tested  '  under  his 
supervision.  Nearly  all  the  bars  are  of  the  ordinary  open- 
hearth  steel,  although  No.  7  was  of  basic  open-hearth 
material.  The  gauged  length  on  which  the  final  stretch 
was  measured  was  26  feet  for  Nos.  2  and  7;  20  feet  for 
Nos.  I,  3,  4,  10,  and  15;  18  feet  for  No.  8;   17  feet  for  Nos. 
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5,  6,  II,  12,  and  14;  15  feet  for  No.  13;  and  12.7  feet  for 
No.  9.  The  final  stretch  for  the  12  inches  which  included 
the  section  of  fracture  varied  from  15  to  44.6  per  cent., 
although  very  nearly  all  those  values  were  included  within 
the  limits  of  29  and  44.6  per  cent. 

Upon  a  general  view  of  Tables  V  and  VI  there  cannot 

Table  VI. 


Pounds  per  Square 

P^  Cent,  of 

Inch  at 

Pina^ 

Sixc  of 
Bar, 

Ko. 

Fiacturie. 

trvches« 

Elastic 
Limit, 

UltimRtc 

anec. 

Sir. 

Reduc. 

1 

10X1 

34.00a 

<^3,aao 

13^7 

34*35   '■ 

3o%siJky 

centre,    70%  fine  j^nun. 
;              40%     ''      " 

t 

10  X  I 

30,340 

S7.4SO 

TJ.I 

41.2 

60% 

3 

loXii 

3J.J40 

S9.«»(Jo 

la.  t 

50.  s 

4 

10X1  : 

34*S«o 

60  .goo 

12. a 

48. g 

*oo% 

i 

10X1 

30,540 

63.770 

11.27 

36   3 

40% 

60%  grflin. 
100%  fine  grain. 

a 

10X1 

53,700 

*>S»4oo 

11.76 

3x^84 

7 

loXii 

3a,46o 

61,060 

11. a 

46.3 

^°% 

'               30%  grain. 

8 

loXiA 

3S,i6o 

63.320 

»2.5 

41.  a 

75% 

!         *5%    *; 

9 

loXxft 

34,100 

63.220 

12.7 

44.5 

80% 

20% 

10 

loXiU 

3a,86o 

65,600 

13.54 

40. 

^°%         ! 

*              60%  fine  grain. 

11 

10X1 

36,8qo 

65,490 

15. a 

39.4 

*s§ 

!         '5%  ;;    •; 

la 

loXil 

36,300 

65,840 

12.3 

43.1 

7°% 

30%        •; 

»3 

loXi  i 

33,290 

62,280 

13.05 

41.84 

5°% 

so%    *; 

14 

loXx  1 

29,330 

61,130 

14.14 

38.13 

25% 

75% 

15 

loXirf 

31,100 

61,060 

15.33 

39.4 

40% 

60%    **     •• 

be  discovered  much  difference  in  imiformity  of  results 
between  the  higher  and  milder  steels,  although  the  latter 
have  what  little  advantage  there  is. 

Table  III  contains  the  results  of  Mr.  Morison's  tests,  to 
which  reference  has  already  been  made  on  pages  277  and 
278.  These  bars  are  seen  to  be  of  high  steel  for  tension 
members,  and  as  they  were  annealed,  it  is  import^mt  to 
observe  that  their  elastic  limits  average  about  half  their 
ultimates,  i.e.,  relatively  much  lower  than  the  unannealed 
test  specimens.     Lower  steel  would  be  affected  less. 

Table  VII  gives  the  results  of  tests  of  some  full-size  eye- 
bars  of  Pemot  open-hearth  steel.  The  latter  was  made  by 
the  Cambria  Iron  Co.,  but  the  bars  were  formed  by  the 
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Keystone  Bridge  Co.  and  tested  in  the  government  machine 
at  Watertown,  Mass.  The  tests  are  reported  on  pages  194 
to  207  of  Ex.  Doc.  No.  5,  48th  Congress,  ist  Session.  The 
carbon  in  these  bars  varied  from  0.27  to  0.3  per  cent.,  while 
the  manganese  ran  from  0.58  to  0.71  per  cent.,  and  the 
phosphorus  from  0.074  to  0.098  per  cent. 

Table  VII. 

6J-INCH  X  1-INCH  FULL-SIZE  BARS. 


Pounds  per  Square  Inch. 

Per  Cent,  of 

Trj". 

Inches. 

Elastic 

Ultimate 

Coefficient  of 

Bearing  on 

Final 

Final  Con- 

Limit. 

Resistance. 

Elasticity. 

Pin-hole. 

Stretch 

traction. 

222 

37.480 

67,800 

29,880,000 

86,100 

15.9 

33.7 

222 

36,650 

64,000 

30,270,000 

79,430 

Retest 

Retest 

71,560 

36.5 

Retest 

Retest 

72.050 

38.4 

263 

37,600 

68,720 

29,630,000 

83,650 

12.6 

34.1 

262 

35.810 

65.850 

29,960,000 

80,060 

"5 

39.2 

262 

33.230 

64,410 

29,670,000 

79,060 

15.1 

49.5 

262 

37.640 

68,290 

29,960,000 

83.960 

13.5 

42.4 

No  bar  broke  in  the  head.  Tests  3  and  4  were  the 
retests  of  the  two  parts  of  the  second  bar.  The  parts  of 
the  bar  rested  five  days  before  being  retested.  The  ulti- 
mate resistance  is  markedly  increased  in  these  two  experi- 
ments. 

/       Some  of  these  bafs  showed  considerable  dishing  of  the 

'  head  as  failure  took  place,  although  no  head  failed.     This 

shows  that  a  bar  whose  \A4dth  is  6  J  times  its  thickness  has 

reached  about  the  limit  of  thinness^  i.e.,  that  a  thinner  bar 

of  the  same  width  would  be  liable  to  tear  in  detail  through 

\   the  eye  without  developing  the  full  resistance  of  the  bar. 

'         Table  VIII  exhibits  results  of  tests  of  a  number  of 

unusually  large  eye-bars  1 2  inches  wide  with  other  8-inch 

and  7-inch  bars  used  in  the  Pennsylvania  Railroad  bridge 

across  the  Delaware  River  a  short  distance  above  Phila- 
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delphia  and  completed  in  1896.  Theie  will  also  be  found 
in  the  table  tests  of  specimens  taken  from  the  same  bars, 
together  with  the  chemical  composition.  This  table  is 
interesting  as  disclosing  the  ultimate  tensile  resistance  of 
large  bars  of  mild  steel  having  the  chemical  composition 
shown.  The  decrease  in  ultimate  tensile  resistance  and 
elastic  limit  between  the  original  bar  and  the  finished  eye- 
bar,  due  to  the  process  of  manufacture  of  the  latter,  is  also 
evident  at  a  glance.  Although  the  steel  in  the  original 
bars  shows  ultimate  resistances  revealed  by  the  tests  of 
specimens  running  from  58,300  pounds  to  69,500  pounds 
I)er  square  inch,  no  ultimate  resistance  of  the  completed 
bars  exceeds  59,500  jx^unds  per  square  inch,  while  as  small 
a  value  as  52,300  pounds  per  square  inch  is  found.  This 
table  is  taken  from  the  description  of  the  Delaware  River 
bridge  by  Mr.  F.  C.  Kunz,  Assistant  to  V^ice-Presidcnt 
of  the  American  Bridge  Company,  Elngineering  Depart- 
ment, published  at  Vienna,  1901. 

~  Table  Villa  gives  the  results  of  testing  a  remarkable 
series  of  large  steel  eye-V)ars.  The  table  exhibits  not 
only  the  physical  results  of  the  tests  but  the  chemical 
composition  of  the  metal  and  the  relati\'e  results  for 
annealed  and  unannealed  bars.  The  table  was  supplierl 
by  Mr.  Henry  W.  Hodge,  C.E.,  of  the  firm  of  consulting 
engineers.  Boiler  &  Hodge,  of  New  York  City.  The  varia- 
tion in  chemical  composition  is  accounted  for  by  the  fact 
that  the  bars  tested  were  not  specimens  of  any  actual  • 
lot,  but  were  forged  and  broken  for  the  purpose  of  an 
investigation  to  determine  specifications  under  which 
12  and  14  inch  eye-bars  for  the  Monongahela  River  canti- 
lever bridge  should  be  manufactured.  The  machine  in 
which  the  eye-bar  heads  were  foraied  was  not  of  sufficient 
capacity  to  give  satisfactory  results,  and  h.ence  it  will 
be  observed  that  most  of  the  bars  broke  in  the  head  or 
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Table  VIII  * 
RESULTS  OF   TESTS  OF   EYE-BARS   AND   OF  TEST  SPECIMENS 


Pull-sise  Eye-bars. 

& 

9 

Potmds  per  Square 
Inch. 

1 

Length  L| 

Length  La 

Cross-sec- 

in Inches. 

in  Inches. 

"Sc 

tions  xy 

.s 

Percentage 
ce8SofSe< 
over  Sect 

c-S 

i 

in  Inches. 

■5 

1 

°^: 

Final. 

""nX 

Pinal. 

•g> 

Ultimate 
Strexigth. 

Elastic 
Limit. 

1 

xaXaJ 

9 

37 

410 

47a 

360 

414 

348 

SS.ooo 

39,aoo 

a 

9 

4x 

407 

478 

300 

4a3 

434 

53,500 

35,900 

3 

laXail 
iaXa,V 

9 

41 

408 

471 

360 

4i6 

433 

53,750 

37,800 

4 

9 

4a 

4aa 

487 

360 

4i8 

a8o 

58,300 

30,600 

5 

laXaA 

9 

4a 

430 

4»5 

360 

417 

a84 

57,600 

30,000 

6 

laXaA 

9 

4a 

407 

483 

360 

430 

296 

56.300 

30,000 

7 

xaXi 

9 

41 

403 

485 

^^5 

4a3 

3S6 

53,000 
58,000 

39,aoo 

8 

laXi 

9 

41 

400 

470 

348 

411 

33a 

31,400 

9 

laXi  k 

9 

38 

407 

471 

360 

419 

337 

54.800 

a9,8oo 

xo 

laXM 

9 

44 

407 

48a 

360 

430 

as6 

54,900 

39,300 

XX 

laXx   k 

9 

38 

400 

447 

348 

387 

Vd 

5  a, 600 

39,300 

xa 

»aXiA 

9 

41 

4x5 

X 

360 

487 

53,300 

39,900 

13 

laXi  •« 

9 

4a 

411 

360 

436 

393 

58,500 

30,600 

14 

laXi  b 

—^ 

— — 

■ 

— — 

— 

- 

■ 

IS 

8X1 

8 

47 

4a8 

483 

384 

434 

446 

53,500 

39,900- 

x6 

l^^  ! 

7 

34 

3a8 

394 

276 

334 

351 

53,300 

39,300 

^1 

!^'\« 

6 

46 

3a8 

390 

a76 

33a 

199 

53,000 

39.30O< 

x8 

8Xx  t 

7^ 

40 

3a8 

388 

a76 

3a8 

334 

58,500 

34,000 

19 

8X1 

6^ 

38 

470 

545 

432 

SOX 

306 

53,300 

33-,900 

ao 

7Xx* 

— 

— __ 



-^_. 

— ^ 



— — 

ax 

7X1J 

8i 

44 

501 

575 

456 

SaS 

495 

59,500 

33.700 

*Prom  page  5,  "The  Delaware  River  Bridge,  Built  by  Pencoyd  Bridge  Co.,"  by  P.  <X 
Kunz,  "Allgem.  Bauzeitung,"  Heft  x,  X90X. 


T 


neck.     The  actual  bars  for  the  structure  were  to  be  forged 
in  a  new  machine  of  greater  capacity. 

The  results  are  highly  interesting  as  indicating  what 
excellent  results  may  be  obtained  even  for  the  largest 
bars  under  satisfactory  conditions  of  manufacture. 

Shape  Steel  and  Plates, 

Table  IX  shows  a  few  of  the  large  number  of  tests, 
of  some  of  the  material  used  in  the  construction  of  the 


A  15  X  2-in.  steel  eye-bar  forged  at  the  shops  of  the  Phcienix  Bridi^e  Co.,  Phoenixville,  Pa. 
The  bar  developed  an  ultimate  resistance  of  50.  lOo  lbs  per  sc).  in.  and  28,000  lbs.  per 
sq.  in.  at  elastic  limit.  The  elongation  in  8  ins.  <»f  the  bar,  including  the  section  of 
failure,  was  25.6  per  cent,  and  the  elongation  of  the  pin-hole  was  5.26  inches.  The 
reduction  of  area  at  the  section  of  fracture  was  52.9  per  cent. 

(  To  jacc  page  290.) 
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Table  VIII. — Continiied, 
TAKEN  FROM  THE  SAME  EYE-BARS,  DELAWARE  RIVER  BRIDGE. 


Percentage  of 

Test  Specimen  8"  Long,  Approx.  i"  Square. 

1 

s 

£^4 

Stretch  in  is 

Inches,  including 

Fractured  Section. 

ifl 

f 

Chemical  Composition 
in  Per  Cent. 

Poimds  per 
Square  Inch. 

Per  Cent. 

C. 

S. 

p. 

Mn. 

Ulti- 

mate 

St'gth. 

Elastic 
Limit. 

Str'ch. 

Re- 
duc- 
tion. 

No. 

45.0 
36.0 

15.0 
17.7 

15-9 
19.5 

18.3 
16.5 
19.4 
II. 2 
18.8 
19.5 

13. 1 
ai.a 
20. 5 
19.7 
x6.i 

4<l-  1 
44   7 

4i.2 

45 '.^ 
3S.4 
41.4 
49   3 
4t  .  I 
41    J 
37-4 
S4-J 

o.tS 

O-05 

0,04 

ci,4g 

b%^too 

33paoo 

26. 0 

4^-4 

Imidc 

Bcid 

bade 

acid 
basic 

add 
basic 

t 

3 

3 

43*o 
40.0 
36.0 

O.S4 

0.03 

0,61 

6S.000 

4D.30D 

a6-7S 

St. 7 

4»  9 

39.5 

47   9 
57    3 
4|.6 

5J^7 

44'0 

0.34 

0.17 

0.20 

0.  2  3 

0.08 
c  .04 

0.07 

0.05 
0.07 

Q.04 

0.05 
0.05 

0.4s 
0.  s6 

44.0 
4a. 0 
30.0 
45.0 
47.0 

0,  07 

O.0& 

0.0s 
0.03 

69*500 
66,700 
6.5,  Boo 

66,soo 
65,oQo 
59.500 
60,300 
S8,joo 

36,200 
3^.300 
35>^o 

J5k35 

57   as 

27.00 

39,000 
36,8cM 
33. 700 

30.800 

iS  50 

Stt.OO 

29   35 

39.0 
40.0 
33.0 
4a. 0 
42.0 

44-9 
41.9 

4^.6 
49-3 

0,06 

o.sg 

0,08 

63*400 

35.600 

30  ^^5 

58,0 

19 

15.4 

45. a 

ao 

Chesapeake  and  Ohio  bridge,  across  the  Ohio  River,  at 
Cincinnati,  Ohio.  They  are  taken  from  a  paper  by  the 
author,  in  the  **  Trans,  of  the  Am.  Soc.  C.  E.,"  for  August, 
1890.     All  the  material  tested  was  steel. 

The  first  seventeen  tests  were  made  on  specimens  cut 
from  steel  plates  varying  from  9  inches  by  |  inch  to  30 
inches  by  J  inch,  and  all  these  plates  were  universal  rolled. 
While  the  results  are  by  no  means  regular,  the  thinner 
plates  in  the  aggregate  jdeld  somewhat  higher  results 
both  in  elastic  limit  and  ultimate  resistance  than  the 
thicker  ones. 

A  similar  result  is  much  more  marked  in  the  case  of 
the  steel  angles,  of  which  there  are  only  two  sizes,  but 
with  a  wide  range  of  weights  per  yard  for  the  6  inches  by 
4  inches.     These  results  are  due  to  the  fact  that  the  light 
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Table  Villa. 

RESULTS    OF   FULL-SIZE    EYE-BAR    TESTS   ON    TRIAL    STEEU 
MONONGAHELA    RIVER    CANTILEVER.    BOLLER    &    HODGE, 
CONSULTING  ENGINEERS. 
The  steel  was  basic  open-hearth  metal  manufactured  and  rolled  by  the 
Carnegie  Steel  Company,  1902.     All  bars  were  about  30  feet  long. 
"A"  means  annealed  and  "N"  not  annealed. 


Chemical  Composition. 

Specimen. 

Bar. 

Elas.              Ult. 

Elonga- 

Car. 

Phos. 

Mang. 

Sulph. 

Pounds  per  Sq.  In. 

tion, 

Percent 

in  8". 

Reduct. 

12"  XI}" 

.30 

.021 

.62 

.026     j 

A  37380 
N  44330 

67600 
71080 

27.0 
21.5 

46.5 
40.0 

l2"Xli" 

.28 

.020 

.54 

.022 

A  32050 
N  37230 

60230 
68000 

26.5 
25-7 

54.1 
39-8 

I2"Xl|" 

.26 

.03 

.52 

"  ) 

A  38610 
N  39700 

69700 
72400 

28.7 
27.2 

43-9 
46.2 

12"  Xlf" 

.36 

.019 

.57 

.035    ■ 

A  31250 

N  37740 

70720 
76980 

28.5 
18.7 

45.6 
26.6 

l2"Xir 

.32 

.03 

.51 

.0,,  ) 

A  29140 
N  35600 

67120 
72120 

28.5 
25.0 

45.5 
38.5 

12"  Xlf 

.28 

.03 

.46 

.«  i 

A  37050 
N  40450 

69820 
73340 

30.5 
27.5 

45.0 
44.7 

Ptill-size  Bar. 

Bw. 

Elas.                Ult. 

Elongation, 
Per  cent, 
in  JO  Feet. 

Reduct., 
Per  cent. 

RemarlB. 

Pounds  per  Sq.  In. 

12"  xii" 

12"  xir 

I2"Xlt" 

12"  Xii" 
12"  XI  " 

i2"xii" 

38190 
37480 
33330 
34320 
34210 
35930 

64140 
58670 
61090 
63030 
59170 
65520 

1505 
5-7 

11.55 
7.05 
6.0 
9.56 

55.54 

Broke  in  body. 
"      "  neck. 
"      "  head. 

H              (<               (f 

5.96 

"      "  bodv. 
"      "  head. 

sections  are  reduced  materially  more  between  the  rolls 
than  the  heavier  sections,  and  thus  more  work  is  impressed 
upon  the  material  of  the  former.  Indeed,  it  is  a  matter 
of  serious  doubt  whether,  with  the  same  percentage  of 
reduction  from  the  ingot  to  the  finished  piece,  the  quality 
of  the  metal  in  the  larger  section  would  equal  that  in 
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the  smaller;  the  metal  in  the  interior  of  the  larger  mass 
appearing  to  feel  the  pressure  of  the  rolls  less  than  that 
in  the  interior  of  the  smaller  section. 

The  last  seven  results  of  the  Table  belong  to  specimens 
cut  from  some  unusually  heavy  plates  that  were  employed 
as  massive  links,  and  which  were  at  that  time  excessively 
difficult  to  obtain  of  the  desired  quality.  These  plates 
were  of  irregular  shape,  and  varied  from  2\  to  2\  inches 
thick;  such  material  had  not  then  generally  been  rolled 
under  the  specifications  which  governed  this  work.  Re- 
peated attempts  secured  only  plates  which  proved  to 
be  porous,  but  the  most  porous  portions  could  be  worked 
under  a  steam  hammer  to  perfectly  satisfactory  material, 
which  showed  that  the  reduction  between  the  rolls  had 
been  insufficient.  These  difficulties  were  finally  over- 
come. 

The  results  given  in  Table  X  belong  to  steel  angles 
and  deck  beams  rolled  by  the  Phoenix  Iron  Co.  for  cruisers 
built  by  the  U.  S.  Gov't  in  1887.  The  tests  were  made 
at  the  works  of  the  Phoenix  Iron  Co.,  and  show  excellent 
metal;  the  carbon  varied  from  about  0.15  to  0.20  per  cent. 

A  niunber  of  specimen  tests  were  made,  during  1899- 
190 1,  of  the  open-hearth  acid  and  basic  steel  shapes  and 
plates  for  the  construction  of  the  City  Island  bridge  and 
the  145th  Street  bridge  across  the  Harlem  River,  both 
in  the  city  of  New  York,  under  the  direction  and  super- 
vision of  the  author.  Table  XI  contains  the  results  of 
a  portion  of  such  tests  for  the  quality  of  material  used. 
It  will  be  seen  that  the  specimens  were  taken  from  a 
wide  range  of  shapes  and  plates,  and  that  a  large  portion 
of  the  material  was  produced  by  the  basic  open-hearth 
process.  The  table  is  of  special  value  in  consequence 
of  the  wide  range  of  sections  covered  by  it,  as  well  as  for 
the  chemical  data  which  it  contains,  showing  the  percent- 
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Table  X. 
STEEL  ANGLES  AND  DECK  BEAMS. 


Original 

Angle  or  Deck 

Beam, 

Inches. 

Test  Specimen. 

Poimds  per  Square 

Inch  ot  Original 

Section. 

Per  cent,  of  Final 

Section, 

Length, 

Elastic 

Ultimate 

Contrac- 

Stretch in 

Inches. 

Inches. 

Limit. 

Resistance. 

tion. 

8  Inches. 

HXaf 

1.J3X  .40 

8 

39.S00 

64,XS4 

53.7 

28.5 

3   Xa 

i.a5X.33 

8 

62,622 

SI'S 

25.6 

3   Xa 

I.  as  X.  33 

8 

64.595 

49-4 

35.4 

3    Xa 

i.asX.33 

8 

62,980 

53.6 

37.3 

3   Xai 

I. asX. 3a 

8 

62,733 

54.x 

35.6 

3   X3 

x.asX.38 

8 

57.990 

6x.i 

26.9 

3    X3 

I.3SX.4X 

8 

39,ao9 

61,991 

5X.8 

35.31 

3    X3 

i.a5X.43 

8 

38,79X 

6a,943 

51. X 

37.9 

3   X3 

1.3SX.46 

8 

39.4x4 

66.538 

SI. 3 

36.3 

4   X3'| 

i.a6X.38 

8 

67.356 

53.8 

36.6 

J^lh 

x.a7X.38 

8 

66,307 

51.7 

35.5 

i.a7X.38 

8 

66,307 

53.3 

as. 7 

4  X3J 

i.a6X.38 

8 

67,878 

50.8 

33.1 

4   X3 

i.a4X.4i 

8 

62,390 

53.3 

36.4 

4   X3 

i.asX.38 

8 

64.84a 

49.0 

34. 4 

*A  X3 

I.  25  X. 40 

8 

63.356 

5X.8 

34.6 

4   X3 

1.25X.40 

8 

63,485 

47.7 

28.6 

5    X3 

1.24X  .40 

8 

37,8ao 

61,407 

53.1 

35.6 

5    X3 

i.a5X.4a 

8 

38,930 

62,809 

50.9 

32.8 

5    X3 

x.a6X.40 

8 

37.68s 

62,675 

5X.4 

35.7 

5    X3       ^ 

x.a6X.4o 

8 

37,303 

63,078 

47.0 

35.5 

6   X3.as1 

X.24X.38 

8 

37.000 

63,803 

47. S 

33.3 

6   X3.asl 

x.a4X.34 

8 

41,321 

66,777 

48. a 

37.0 

6    X3.2sV6 

X.2SX.33 

8 

4X,2o6 

63,671 

so. 3 

38.2 

6   X3.asl 

X.24X.38 

8 

30,178 

64,63a 

SI. 3 

39.0 

6   X3.a5j 

I.3SX.39 

8 

38,777 

63,513 

SX.6 

30.3 

a   Xa 

x.24X.a6 

8 

4a,34a 

65,237 

:2:I 

37-5 

a   Xa 

i.24X.a6 

8 

4«.3iS 

63,984 

37-8 

a  Xa 

X .  25  X  .  a6 

8 

43,600 

66,873 

45. 0 

96.0 

a   Xa 

x.a4X.a6 

8 

4a,oi2 

60,310 

43.7 

35.0 

aiXa* 

x.soX.aS 

8 

40,396 

63.730 

48.6 

27.8 

aiXa 

i.SoX  .29 

8 

40,900 

62,770 

r^ 

27.8 

aiXa 

i.SoX  .ap 

8 

4X,6i6 

63,933 

26. 5 

a   XaJ 

i.SoX.a6 

8 

43.460 

63,300 

47.6 

23.8 

3    X3 

1.25X  .4x 

8 

40,850 

66,730 

50.4 

25.0 

.4X3 

i.2sX.4a 

8 

40,380 

65.190 

57.9 

25.8 

3iX3 

I. asX. 48 

8 

39.a30 

62,440 

64.6 

26.5 

ihXi 

I.  25  X. 4a 

8 

39,570 

63,130 

S6.2 

28.3 

8    X.O 

x.soX  .47 

8 

42,709 

65.177 

44.8 

8    XSvu 
8   XS*^* 
8   XsJ 

1.50X.47 

8 

39,534 

63.375 

43.9 

26:5 

X.50X  .55 

8 

40,272 

66.677 

44.3 

26.8 

I. so  X .50 

8 

37,007 

61,924 

50.2 

31.3 

The  angles  marked  "a"  are  of  Bessemer  steel;  all  other  members  represented  in  tho 
table  are  of  open-hearth  steel.     The  members  marked  "6"  are  deck  beams. 

ages  of  carbon,  manganese,  phosphorus,  and  sulphtir 
contained  by  the  steel.  ^  Both  the  chemical  analyses 
and  the  physical  results  indicate  that  many  of  the  shapes 
are  of  mild  steel,  while  the  remaining  portion  is  of  low 
steel. 
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The  quality  of  metal  either  in  steel  shapes  or  plates 
depends  largely  upon  the  amount  of  reduction  reached 
in  the  passage  of  the  blooms  through  the  rolls  before  the 
final  area  of  section  is  attained.  In  the  early  days  of 
rolling  steel  sufficient  work  between  the  rolls  was  not 
always  done,  and  the  quality  of  the  metal  suffered  corre- 
spondingly. This  defect  is  seldom  or  never  found  at  the 
present  time  and  the  corresponding  variations  in  certain 
physical  qualities  are  avoided.  In  the  case  of  wide  and 
thin  plates,  in  which  the  temi)erature  of  the  metal  may 
be  lower  than  in  thicker  plates  at  the  last  pass  through 
the  rolls,  increased  hardness  may  sometimes  l^e  found, 
but  as  a  rule  there  w411  be  little,  if  any,  difference,  as  the 
preceding  tables  show,  in  the  physical  results  for  the  thick 
and  thin  sections  ordinarily  used  in  engineering  construc- 
tion. 
Steel  Wire, 

The  process  of  production  of  steel  wire  is  one  of  cold 
drawing  which,  like  all  cold  work,  increases  ultimate 
resistance  and  elastic  limit  but  decreases  ductility. 

The  physical  properties  of  wire  will  depend  to  a  con- 
siderable extent  upon  its  diameter ;  the  smaller  the  latter, 
as  a  rule,  the  greater  will  be  the  ultimate  resistance.  The 
wire  used  in  the  cables  of  the  new  East  River  bridge  (1902) 
across  the  East  River  at  New  York  City  having  the  diameter 
of  0.192  inch  (No.  6  Roebling  gauge),  is  required  by  the 
specifications  to  show  an  ultimate  tensile  resistance  of 
at  least  200,000  pounds  per  square  inch,  with  a  final 
stretch  of  at  least  2.5  per  cent,  in  5  feet  and  5  per  cent, 
in  8  inches.  The  steel  from  which  this  wire  was  made 
was  required  to  be  acid  open-hearth  metal  A^dth  elements 
not  to  exceed : — phosphorus  .04  per  cent,  and  sulphur  .03 
per  cent.,  manganese  .5  per  cent,  and  silicon  .1  per  cent., 
copper  .02  per  cent. 
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In  the  U.  S.  Report  of  Tests  of  Metals  for  1897  will 
be  found  the  results  obtained  by  testing  piano  wire  of 
different  diameters,  as  follows: 


Wire. 

Ultimate  Resistance, 
Pottnds  per 
Square  Inch. 

Pinal  Contraction* 

No.  14  (.033  in.  Diam.) 
No.  23  (.0513  in.  Diam.) 

357,440  to  389,470 
325,110  to  337.200 

28  to  37.9% 
42.2  to  45.1% 

Table  XII  contains  the  results  of  testing,  to  ultimate 
resistance,  the  wire  for  which  the  coefficients  of  elasticity- 
were  given  in  Table  I,  together  with  some  belonging  to 
the  Chrome  Steel  Co.'s  wire,  also  tested  by  the  engineers 
of  the  New  York  and  Brooklyn  bridge.  The  diameter 
of  this  wire  was  about  0.165  ii^ch  (No.  S  Birmingham 
gauge).  As  will  presently  be  shown,  some  of  the  material 
was  cast  steel  and  other  Bessemer  steel,  all  having  been 
hardened  and  tempered. 

Table  XIL 

STEEL  WIRE. 


Producer. 


J.  LloydHaigh (i) 

Cleveland  Rolling  Mills  (3) 
Washburn  &  Moen (3) 

Sulzbacher,  Hymen,  Wolff 
&Co (4) 

John  A.Roebling's  Sons 
Co (s) 

Johnson  &  Nephew.  . .  .(6) 


Carey  &  Moen. . . . 
Chrome  Steel  Co. . 


(7) 
.(8) 


No.  of 
Tests. 


6 
6 
6 
13 
9 


Ultimate  Resistance  in  Pounds 
per  Square  Inch. 


Greatest. 


183,450 
183,576 
184,019 
179.833 
179,010 
206,170 
194,337 
170,150 


Mean. 


175.340 
178,400 
J76.457 
175.291 
163,344 
177,706 
167,880 
160,544 


Least. 


166,169 
173.984 
169,706 
167,807 
ia5.3ai 
163,037 
136,814 
150.657 


Per  Cent. 

Final 
Stretch. 


Diameter 

Fracture, 

Inch. 


o.  161 
0.147 
o.  161 
0.138 
0.147 
0.133 
o.  163 

0 .  1 30 

0.167 
o .  1 30 

0.T48 

O.  T3Q 

o.  i6o 
o.  135 


The  column  ''Per  cent  final  stretch''  givCvS  the  highest 
values  for  the  s-feet  lengths  tested,  and  the  lowest  for  the 
loo-feet  lengths;  these  were  the  greatest  and  least  found. 
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The  column  ''Dia.  fracture*'  gives  the  greatest  and 
least  values  of  the  diameter  of  the  fractured  section  in 
decimals  of  an  inch.  There  seemed  to  be  no  definite 
relation  between  the  ultimate  resistance  and  contraction 
of  section  of  rupture. 

Col.  W.  A.  Roebling  states  that  the  character  of  the 
above  steel  was  believed  to  be  as  follows: 

(i)  English  crucible  cast  steeL 

(2)  Open-hearth  steel. 

(3)  English  crucible  cast  steeL 

(4)  Krupp's  Bessemer  and  cast  steeL 

(5)  Crucible  cast  steel  and  American  Bessemer  steel 

(6)  English  crucible  cast  steel. 

(7)  English  crucible  cast  steeL 

(8)  Crucible  cast  steel. 

It  is  therefore  seen  that  steel  drawn  into  wire  jDossesses 
an  excess  of  resistance  over  that  in  larger  masses,  as  bars; 
it  thus  exhibits  the  same  general  phenomenon  as  wrought 
iron  tmder  similar  circumstances. 

Steel  Castings. 

The  results  exhibited  in  Table  XIII  belong  to  the 
steel  castings  used  in  the  turntable  of  the  draw-span  of 
the  145th  Street  bridge  across  the  Harlem  River  in  New 
York  City.  The  tests  were  made  in  1901.  The  left- 
hand  column  of  the  table  shows  the  particular  (cast) 
members  of  the  turntable  from  which  the  specimens 
were  taken.  They  also  show  that,  in  steel  castings,  a 
sensibly  higher  grade  (in  the  sense  of  containing  more 
carbon  and  manganese)  of  steel  is  used  than  in  rolled 
shapes.  As  indicated  in  the  heading  of  the  table,  the 
material  was  acid  open-hearth  steel.  The  ultimate  tensile 
resistance  runs  from  about  67,000  pounds  to  nearly  76,000 
pounds  per  square  inch.  The  elastic  limit  is  also  observed 
to  be  high,  in  consequence  of  the  rather  large  percentage 
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of  manganese.  The  quality  of  metal  exhibited  by  the 
physical  results  of  the  table  is  fairly  representative  of  that 
ordinarily  used  in  steel  castings.  Obviously  the  ductility 
exhibited  is  less  than  that  fotmd  in  connection,  with  rolled 
shapes. 

Table  XIII. 
TENSILE  TESTS  OP  ACID  OPEN-HEARTH  STEEL  CASTINGS,  1901. 


per  Sq.  In. 

a 

'it 

Qmraoter 

|1 

of 

i 

Pnuturc. 

KlmKl  it- 
Li  mi  t. 

Ulli^ 

igg 

C.     Mn. 

P.  1    S. 

Si. 

Ttim table  wheel. 

47.510 

72i.^QO 

31    3 

39.8 

.3.^L70 

.05a  .004 

,27 

Silky  cup. 

Track  seginents. . 

49.  500' 67,200 

304 

J9. 

,J7i-65 

.043  .018 

.26 

■  ■ 

'* 

47,50o|  67*900 

34-3 

46.5 

.  27 1 .  60 

.047Lo07 

.38 

"      ang. 

H                            11 

47kSOo;  7Mao 

32 . 0 

40.  R 

.30  .65 

.040  .004 

.28 

Irregiilar, 

Rack  augments. . 

49,775I7^,U5 

31^2 

39. H 

^3 

.70|.05J  ,004 

.27 

Saky  ling. 

Track  segments  . 

47,500  68,100 

.12.6 

44  5 

^7 

,60   047  .oo« 

SS 

1*        *♦ 

4t                            H 

46,370  71,9:20 

2g.6 

.^>^  S 

33 

.60  ,052. 004 

^7 

cup. 

44                            ** 

4H,goo  74,700 

.V^.4 

42   5 

30 

.65  .041;. 009 

.2G 

Tmegular. 

Turntable  whecL 

46.1.^0  7i.Br>o 

j8.i 

37.6 

.59  .70 

.046    006 

^5 

Silky  cup. 

H                                 i* 

4H/j4t>  71/joo 

31   4 

39-4 

■  29^  70 

.046  .006 

25 

*i                 n 

Rack  segments. . , 

49i77S  7  "..^35 

ii  .9 

37   1 

39    70 

.046  ,006 

J5 

f*         *+ 

Track  segments. . 

47,600  76,0^0 

31.6 

31   7 

30^65 

037  .004 

.27 

"      tttlg. 

Shoes.. .,.  - 

45,^cxi  6M,ooo 

29.6 

,^7.7 

^.■i  .50 

.043  .03 

.20 

rrregular. 

$4 

47,5fKj  6K,7oo 

3*  ^ 

40 

39    65 

^05  L024 

■27 

M 

It 

49,Sqd  75.7«ci 

29.6 

45  5 

1 

.036I.OO3 
1 

.36 

«» 

/?at7  Steel. 

The  grade  of  steel  adapted  to  railroad  rails  is  much 
higher  in  the  hardeners  carbon  and  manganese,  and  corre- 
spondingly higher  in  physical  quantities  than  structural 
steel,  at  the  same  time  it  is  a  quite  different  metal  from 
that  adapted  to  the  finer  purposes  of  tools ;  it  is  manufac- 
tured by  the  Bessemer  process.  The  great  increase  in 
the  immediate  past  in  the  weight  and  speed  of  railroad 
locomotives  and  trains  has  subjected  rails  to  intensely 
severe  duties  which  can  be  performed  without  deteriora- 
tion of  metal  only  by  steel  of  the  highest  powers  of  en- 
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durance,  which  means  a  steel  of  high  ultimate  resistance, 
elastic  limit,  and  corresponding  ductility.  The  grades 
of  steel  used  for  rail  purposes  at  the  present  time  are 
well  illustrated  by  the  following  tabular  statement,  show- 
ing the;  chemical  composition  of  the  metal  and  the  results 
of  its  tests  by  the  West  End  Street  Railway  Company 
of  Boston.  The  tests  were  made  in  1898  and  are  reported 
in  the  Engineering  News  of  November  2  2d   of  that  year. 


Carbon 

Silicon 

Phosphorus 

Sulphur 

Manganese 

Specific  gravity . 


Soft. 

Hard. 

.28 

.59 

.026 

.056 

.106 

.097 

.066 

■059 

.79 

.83 

7.855 

7.841 

West  End. 


.57 
.234 
•05 
.078 
.98 
7.825 


Ultimate  Tensile 
Resistance. 

Elastic  Uinit. 

Soft  rail 

75,860 
118,100 
120,380 

45.730  (?) 
62,500  (?) 
53,160  (.?) 

Hard  rail 

West  End  rail 

All  results  are  in  pounds  per  square  inch. 

Under  actual  traffic  the  West  End  rail  disclosed  the 
least  wear  on  the  head  and  the  soft  rail  the  most,  with 
the  hard  rail  in  intermediate  position. 

The  following  tabular  statement  shows  the  chemical 
composition  of  the  rails  of  various  weights  and  sizes  used 
by  the  N.  Y.  C.  &  H.  R.  R.  R.  Co.,  the  pounds  at  the 
head  of  the  columns  indicating  the  weight  of  rail  per  yard. 
The  metal  of  the  lightest  or  65-potmd  rail  corresponds 
to  an  ultimate  resistance  of  85,000  to  90,000  pounds 
per  square  inch,  with  an  elastic  limit  of  .5  to  .7  of  that 
value.  The  highest  or  loo-pound  rail  corresponds  to 
metal  having  an  ultimate  tensile  resistance  of  probably 


30* 


TENSION. 


[Ch.  VI. 


110,000  to  120,000  potinds  per  square  inch,  with  an  elas- 
tic limit  of  .6  to  .7  of  those  amotints.  In  these  chemical 
compositions  it  is  pertinent  to  observe  the  high  carbon 
and  manganese,  and  the  low  phosphorus  and  sulphur. 

NEW  YORK  CENTRAL  &  HUDSON  RIVER  R.  R.  SPECIFICATIONS. 


65-Lb.       70-Lb.      7  5 -Lb.       80-Lb.      xoo-Lb, 


Carbon.. 


Silicon.. 


Manganese.. 


Sulphur  not  to  exceed. 

Phosphorus  not  to  exceed. 

Rails  having  carbon  below  will  be 

rejected 

Rails  having  carbon  above  will  be 

rejected 


0.45 
to 

0.55 
0.15 

to 
0.20 
1.05 

to 

1.25 

0.069 

0.06 

0.43 
0.57 


0.47 

to 
0.57 
0.15 

to 
0.20 

1.05 

to 

1.25 

0.069 
0.06 

0.45 
0.59 


0.50 

to 

0.60 

0.15 

to 
0.20 
1. 10 

to 

1.30 

0.069 

0.06 

0.48 

0.62 


0.55 

to 

0.65 
to 

0.60 

0.70 

0.15 

to 

0.15 

to 

0.20 

0.20 

1. 10 

1.20 

to 

to 

1.30 

0.069 
0.06 

1.40 

0.069 
0.06 

0.53 
0.65 


0.60 
0.70 


The  numbers  represent  the  per  cents  of  the  various  elementSL 


Rivet  Steel. 

The  grade  of  steel  ordinarily  used  for  rivets  is  the 
softest,  or  lowest  in  hardeners,  employed  in  engineering 
construction;  it  should  thus  be  correspondingly  low  in 
phosphorus  and  carbon.  In  Table  II  of  this  article 
there  will  be  found  the  measures  of  ductility  and  other 
physical  properties  of  a  number  of  specimens  of  rivet 
steel,  which  are  fairly  representative  of  that  metal,  except 
that  the  ultimate  resistance  is  frequently  much  lower 
than  is  shown  there.  In  much  of  the  rivet  metal  used 
at  the  present  time  the  ultimate  tensile  resistance  may 
run  from  52,000  to  60,000  pounds  per  square  inch.  la 
such  steel  the  carbon  may  run  down  to  .06  or  .08  per  cent, 
with  sulphur  between  .02  and  .03  per  cent.,  and  phos* 
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phorus  even  lower.  The  treatment  to  which  rivet  metaL 
must  be  subjected  in  the  heading  of  rivets  makes  it 
imperative  that  the  metal  possess  qtialities  of  ductility 
and  toughness  to  an  imusual  degree  and  that  the  vari- 
ations of  temperature  in  the  rivet  sliall  not  reduce  its 
resisting  capacity.  In  other  words,  rivet  steel  must  pos- 
sess physical  properties  enabhng  it  to  resist  torturing 
treatment  to  the  highest  practicable  degree. 


Nickel  Steel 
The  alloy  nickel  steel,  to  which  allusion  has  ah^ady 
been  made  in  connection  with  the  subject  of  the  coefficient 
of  elasticity  of  steel,  possesses  marked  characteristics 
of  high  ultimate  resistance  and  elastic  limit,  the  latter 
usually  running  from  six  tenths  to  three  fourths  of  the 

Table  XIV. 


Shape  o£  Member. 


Rounds.. 


Angles. 


Universal  plates, 
longitucunal. . . 

Universal  plates, 
transverse.  . . . 


Sheaxed  plates,       J 
longitudinal. ...  I 

Sheared  plates,      j 


Kind  ol  Steel, 


Nickel 

Hard  forging 
Forging. . 


Nickel 

Hard  forging 
Forging 


Nickel 

Hard  forging 
Forging 


Nickel 

Hard  forging 
Forging. 


Nickel 

Hard  forging 
Forging 

Nickel 

Hard  forging 
Forging. 


r<? 


86,015 
87.663 
78,066 

86,960 
87,8ao 
76,970 

85,773 
8»,773 
78,996 

86,417 
85.173 


85.337 
85,012 
78.918 

84.377 
84,337 


s  ^  ^ 


63.575 
58.055 

51.793 

58,553 
54,153 
49.544 

58,410 
50.163 
46,654 

58.203 
(50,000)* 


58.169 

(50,ooo)* 
49,128 

57,260 
(50,000)* 


li 

O  R 


73.9 

66.2 
66.3 

67.3 
61.7 
64.4 

68.1 
60.6 
59.1 

67.4 
(58.7)^ 


68.  z 
(58.8)* 
62.3 

67.9 
(59. 3)* 


Ill 

m 

000  c 

«  ^ 


'0.X9 
16.70 
23. 94 

21.75 
19.25 


21.08 
20.50 
26.78 

16.50 
18.83 


19.00 
22.10 
22.03 

17.13 
31. 71 


HI 


.2  **«" 


34.00 
24.44 


39  67 
34.83 


39.25 
37.67 


28.92 
2317 


35.50 
39.40 


32.50 
37.00 


It 


li 

46.3 
30.3 
52.0 

50. 5 
43.3 
49.6 

52.0 
47.0 

52.1 

36.1 
27.4 

48.1 
48.4 
50.8 

43-4 
41. 5 


*  Approximate;  cotdd  not  determine  accurately. 
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former.  The  amount  of  nickel  in  the  alloy  is  usually 
about  3  per  cent.,  although  it  sometimes  runs  from  3.25 
^^  3-375  P^^*  cent.  The  amount  of  carbon  in  ccnmection 
with  the  nickel  usually  runs  from  about  .25  to  .30  per 
cent. 

Table  XIV  exhibits  comparative  tests  of  specimens 
of  nickel  and  two  grades  of  carbon  steel,  taken  from  the 
shapes  and  plates  indicated.  This  table  and  the  succeed- 
ing one  are  taken  from  a  paper  in  the  **  Transiicti^ms  of 
the  American  Society  of  Civil  Engineers,"  for  1895,  by 
Mr.  H.  H.  Campbell,  of  the  Penna.  Steel  Co.  The  results 
are  a\'erages  of  at  least  3  in  each  case,  and  frequently 
more,  but  the  greatest  and  least  values  do  not  generally 
differ  more  than  about  2  to  3  per  cent,  from  the  a\erage. 
The  high  ratio  of  the  elastic  limit  over  the  ultimate  resist- 
ance is  at  once  noticeable  and  indicates  one  of  the  most 
valuable  qualities  of  nickel  steel. 

The  composition  of  these  acid  open -hearth  steels  is 
given  in  the  following  tabular  statement. 

COMPOSITION  OF  ACID  OPEN-HEARTH  STEELS. 


Carbon. 

.       Man. 

Sulphur.  \     Ph(»s. 

Nickel. 

Copper. 

Nickel  steel 

.24 

(  .35 
.25 
to 

( .30 

.7« 

(     .60 

1       to 

1  f  1.00 

'(     .60 

!^       to 

;(     .80 

.027  !    .032 

'     to     \l     to 

'  .05    ,  ( .05 
(  ^3     ( .03 

^     to       -^     to 
(  .07       '  .06 

3.25 

Hard  forging  steel 

Forcine"  steel 

-   to 

(.40 

The  relative  ductility  under  various  conditions  of 
these  three  grades  of  metal  are  further  illustrated  by 
the  comparative  miscellaneous  tests  of  specimens  shown 
in  Table  XV. 
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COMPARATIVE   MISCELLANEOUS  TESTS  ON  THE  STEELS 
IN  TABLE  XIV. 


Shape. 
Rounds < 

f 

I 

Rounds \ 

I 
I 

Rounds J 

( 

Angles ) 

Angles i 

Angles < 

Angles \ 


Sheared  plates, 
longitudinal.. 


Sheared  plates 
longitudinal 


:] 


Kind  of  Steel. 

Nickel 

Hard  forging.  .  . 
PoT^ing 

Nickel 

Hard  forging.  .  . 
Forging 

Nickel 

Hard  forging.  . . 
Forging 

Nickel 

Hard  forging.  . . 
Forging 

Nickel 

Hard  forging.  .  . 
Forging. 

Nickel 

Hard  forging.  . , 
Forging 

Nickel 

Hard  forging.  . . 
Forging 

Nickel 

Hard  (orging.  .  . 
Forging 

Nickel 

Hard  forging.  . . 
Forging. 


Nature  of  Tests. 


Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 

When  nicked,  six  bars  lient  an  average  of  57®  be- 
fore cracking. 

When  nicked,  five  bars  bent  an  average  of  54" 
before  cracking. 

When  nicked,  six  bars  bent  an  average  of  35*  be- 
fore cracking. 

When  quenched,  bent  flat  upon  itself. 
When  quenched,  bent  flat  upon  itself. 
When  quenched,  bent  flat  uixin  itself. 

Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  uiKin  itself. 

When  quenched,  bent  flat  upon  itself. 
When  quenched,  bent  flat  ui>on  itself. 

Opened  out  flat,  without  fracture. 
Opened  out  flat,  without  fracture. 
Opened  out  flat,  without  fracture. 

Closed  about  45",  before  fracture. 
Closed  about  60",  before  fracture. 
Closed  shut,  without  fracture. 

Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  up>on  itself. 

When  quenched,  broke  at  a  very  small  angle  of  bend. 
When  quenched, broke  at  a  very  small  angle  of  bend- 


It  should  he  observed  from  the  results  of  both  tables 
that  the  ductility  of  the  nickel  steel  is  in  general  in  excess 
of  that  of  the  other  two  accompanying  grades. 

In  the  U.  wS.  Report  of  Tests  of  Metals  for  1898  there 
will  be  found  the  results  of  the  tests  of  two  specimens, 
of  nickel  steel,  one  giving  an  ultimate  resistance  of  107,950 
pounds  per  square  inch  and  the  otlier  an  ultimate  resistance 
of  111,350  pounds  per  square  inch.  Again,  in  the  corre- 
six)nding  report  for   1899  there  will  be  found  the  results 
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of    tests  of    nickel-steel  specimens  given  in  Table  XVI 
and  having  the  following  chemical  composition  : 

Carbon. 30  per  cent.  Phosphorus. 027  per  oenU 

Manganese. 73    "      "  Copper 035   "      " 

Silicon 203"       "  Nickel 3.375    "      " 

Sulphur. 035  "      " 

Table  XVI. 
TENSILE  TESTS  OP  NICKEL-STEEL  SPECIMENS 


Diameter 

Pounds  per 

Sqtiare  Inch. 

Percentage  Pinal 

of  Piece, 

Remarks. 

Inches. 

Elastic 
Limit. 

Ultimate. 

Stretch. 

Contrac- 
tion. 

.8 

44.500 

88,370 

20.9 

54.4 

Annealed. 

.8 

56,000 

88,900 

2f  . 

54.4 

«f 

.79 

73,000 

97.290 

18.6 

56.9 

Tempered  and  annealed. 

.79 

70,000 

96,000 

18.2 

55.6 

<(          «          <i 

.21 

57,3x0 

91,680 

26.5 

56.2 

Annealed. 

.21 

55,500 

90,480 

26.5 

56.5 

<i 

.21 

74.210 

100,770 

23. 

58.9 

Tempered  and  annealed. 

.21 

73,630 

101,410 

24. 

59.4 

As  would  be  expected,  the  annealed  specimens  gave 
less  ultimate  resistance  and  elastic  limit  than  the  tempered 
and  annealed.  In  all  cases  the  ductility  is  excellent, 
although  the  final  stretch  is  materially  less  for  the  tern- 
XJered  and  annealed  specimens  than  for  the  annealed,  as 
would  be  anticipated. 

It  has  been  stated  that  nickel  steel  carrying  about  3 
per  cent,  of  nickel  and  .25  per  cent,  of  carbon  will  yield 
a  metal  of  ultimate  resistance  and  elastic  limit  equivalent 
to  a  carbon  steel  of  .45  per  cent,  carbon,  but  having  the 
ductility  of  low  carbon  steel,  and  the  preceding  results 
with  those  that  follow  indicate  that  that  statement  is 
well  within  the  actual  results  of  tests. 

The  following  tabular  statements  give  the  physical 
qualities  of  nickel  steel  adapted  to  the  various  purposes 
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indicated.    They  are  taken  from  results  published  in  the 
Railroad  Gazette  for  August  8th,  1903. 


MlC&J^l, 

r:iir,r,Lt  ry 

^icviinuo. 

* 

Tensile 

Elastic 
limit.  Lbs. 

Bxten., 
Percent. 

Percent. 

DrivinflT-wheel  axles. 

99.310 
90,140 
93.570 
92,180 
92,040 

64,170 
60,090 
65,450 
64,170 
59.820 

25.00 
25.50 
24.00 
24.50 
26.00 

53.76 
54.08 

Piston-rods. 

Main  oranlr-frins 

49.37 
51.00 
53.01 

Front  crank-pins. 

Connecting-rods  and  guides 

NICKEL-STEEL  CASTINGS. 


Crosshead. 

Furnace-bearer,  bearer-guide. . . 
Annealed: 

Carbon  steeL 

Nickel  steeL 

Oil-tempered: 

Carbon  steeL 

Nickel  SteeL 


84.540 
85,050 

53.980 
54.490 

18.50 
18.00 

109,500 
100,330 

51,440 
66,720 

19.50 

25.00 

129,360 
103,890 

67,230 
76,390 

17.50 
25.00 

31.10 
26.04 

36.31 
54.56 

38.53 
61.56 


SMALL  RIFLE  BARRELS— NICKEL  STEEL. 


Tensile  Strength,  Lbs. 

Elastic  Limit.  Lbs. 

Ext.  in  a  Inches, 
Percent. 

Cont.orArea» 
Percent. 

115,100 
114,080 
114.590 
116,620 
116,120 
114.590 

99,820 
97,780 
99.820 
96,770 
97.780 
98,800 

23 

23 

23 

22.50 

23 

24 

64.00 
64.95 
65.45 
62.05 
64.00 
62.53 

Effect  of  Low  and  High  Temperatures  on  Steel 

The  results  of  scmie  German  experiments  and  the 
experience  of  the  Massachusetts  Railroad  Commissioners 
with  steel  rails  for  one  year,  have  already  been  given  in 
connection  with  wrought  iron. 

Table  XVII  contains  the  results  of   the  experiments 
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by  Mr.  Chas.  Huston,  as  given  in  the  **  Journal  of  the 
Franklin  Institute''  for  Feb.,  1878. 

'*  U.  R."  is  the  ultimate  resistance  in  pounds  per  square 
inch,  while  **C."  is  the  per  cent,  of  contraction  at  the 
section  of  fractiure. 

Each  result  is  a  mean  of  three  experiments. 


Table  XVII. 


Kind  of  Material. 

"Cold." 

57  a**  Pahr. 

93a*  Palir. 

U.R. 

c. 

U.R. 

C. 

U.R. 

C. 

Charcoal  boiler-plate,  piled . 

Siemens  -  Martin     (exceptionally 
soft) 

55.400 

54,600 
64,000 

78.400 

26 

47 
36 

27 

63,100 

66,100 
69,300 

82,800 

23 

38 
30 

16 

65:300 

64,400 
68,600 

77.300 

21 

34 
21 

20 

Crucible  steel  (ordinarily  soft).  . 

Crucible    steel    (not   quite    hard 

enough  to  temper) 

The  method  of  producing  rupture  at  the  desired  place 
was  such  as  to  make  the  specimens  partake,  to  some 
extent  at  least,  of  the  nature  of  "short*'  ones,  which, 
however,  would  not  affect  the  comparative  results. 

It  will  be  observed  that  the  charcoal  boiler-plate 
iron  gave  the  highest  resistance  at  the  highest  temperature, 
but  that  all  the  steels  gave  the  highest  '*  U.  R."  at  the 
intermediate  temperature  572°  Fahr. 

It  is  somewhat  remarkable  that  in  every  case  but 
the  last  (the  hardest  steel)  the  contraction  of  fractured 
section  decreased  with  the  rise  in  temperature. 

Other  results  for  steel  will  be  found  in  Table  XIV',  of 
Article  44,  and  it  will  be  seen  that  they  tend  to  confirm 
the  conclusions  just  drawn. 

In  the  "Annales  des  Fonts  et  Chauss^es*'  for  Feb., 
1881,  page  226,  are  given  the  number  of  breakages  of 
steel  rails  which  occurred  in  Russia  in  1870.     The  follow- 
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ing  is  the  table  showing  the  number  of  failures  fbr  each 
month  of  the  year. 

These  results  conflict  somewhat  with  those  given  by 
the  Massachusetts  Railroad  Commissioners,  in  Art.  32. 

January 699 

February 598 

March. 854 

ApriL 235 

May. 235 

June 160 

J«iy 247 

August 156 

September 214 

October 328 

November 341 

December 692 

The  greatest  number  is  found  in  the  coldest  half  of 
the  year,  but  the  greatest  number  for  any  one  month 
belongs  to  March,  which  is  not  the  coldest  month.  It  is 
probable  that  this  is  due  to  the  effect  of  long  wear  on 
the  frozen  grotmd  of  the  entire  winter  in  connection  with 
the  possible  alternate  freezing  and  thawing  of  the  ground 
in  the  month  of  March. 

Prof.  R.  C.  Carpenter  of  Cornell  University  has  in- 
vestigated the  effect  of  high  temperatures  on  the  tensile 
resistance  of  wrought  iron  and  steel  circular  test  speci- 
mens -5  inch  in  diameter,  and  reported  the  results  in  the 
•* Trans,  of  the  Am.  Soc.  of  Mechanical  Engineers"  for 
1896.  The  number  of  wrought-iron  specimens  tested  was 
about  thirty,  and  about  twenty  of  steel.  Fig.  2  shows 
graphically  the  relation  between  the  ultimate  resistances 
and  the  corresponding  temperatures  in  degrees  Fahr. 

The  ductility  represented  by  the  final  elongations 
or  stretches  in  8  inches  at  the  corresponding  temperatures 
of  rapture  are  exhibited  in  Fig.  3. 
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Prof.  Carpenter  observes  '*that  all  the  curves  have 
a  point  of  contraflextire  at  about  70®  F.,  and  another 
at  a  temperature  not  far  from  500^.  The  maximum 
strength  is  found  at  temperatures  of  400°  to  550^.    At 
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Fig.  2. 

temperatures  higher  than  this  all  the  materials   show  a 
rapidly  decreasing  strength." 

As  a  general  result  or  consensus  of  all  results,  includ- 
ing the  older  and  the  later,  it  may  be  stated  that  iron 
and  steel  lose  no  sensible  portion  of  their  resisting  capac- 
ity under  about  500°  Fahr.,  but  that  softening  is  liable 
to  begin  when  the  temperature  rises  much  above  that 
limit.  At  a  temjperature  of  about  800^  Fahr.  these  metals 
may  lose  as  much  as  20  per  cent,  of  ultimate  resistance. 
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Hardening  and  Tempering. 
The  processes  of  hardening  and  tempering  are  not 
usually  applied  to  structural  steel,  but  to  those  higher 
^grades  of  metal  used  for  such  special  purposes  as  tools 
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Fig.  3. 

or  wire.  The  hardening  process  consists  in  heating  the 
-steel  to  such  temperature  as  may  be  desired  to  accomplish 
a  given  purpose  and  then  quenching  in  water,  brine, 
oil,  molten  lead,  or  other  proper  bath.  The  temperature 
from  which  the  quenching  is  done  may  be  that  indicated 
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by  an  orange  color ;  it  depends  upon  the  size  or  character 
of  grain  of  metal  desired.  In  general  terms,  the  higher 
the  content  of  carbon,  the  more  marked  will  be  the  re- 
sults of  the  hardening  processes.  Quenching  has  a  com- 
paratively small  eflfect  upon  low  or  medium  structural 
steel. 

The  process  of  tempering  is,  in  reality,  supplementary 
to  the  process  of  hardening  in  the  manner  jiist  described. 
After  a  piece  of  steel  has  been  hardened  by  quenching- 
so  that  its  temperature  is  that  of  the  air,  if  it  be  again 
heated  it  will  exhibit  different  colors  as  the  temperature 
is  increased.  The  first  noticeable  color  will  be  a  light 
delicate  straw,  then  deep  straw,  light  broTATi,  dark  brown, 
brownish  blue,  called  "pigeon  wing,"  light  bluish,  light 
brilliant  blue,  dark  blue,  and  black,  after  which  the  temper 
is  completely  removed.  The  preceding  colors  are  due 
to  thin  films  of  oxide  that  form  on  the  exterior  surfaces 
of  the  pieces  as  the  temperature  increases.  When  this 
heating  is  stopped  at  any  color  and  the  steel  allowed  to 
cool,  the  metal  is  said  to  be  drawn  to  the  temper  shown 
by  the  corresponding  color. 

The  tempers  at  different  colors  for  different  processes 
are  sometimes  stated  as  follows: 

Light  stxaw For  lathe-tools,  files,  etc. 

Straw "       "        "         "       " 

Light  brown "  taps,  reamers,  drills,  etc. 

Darker  brown "       " 

Pigeon  wing "  axes,  hatchets,  and  some  tools. 

Light  blue "  springs. 

Dark  blue "  some  springs,  occasionally. 

Tempering  or  hardening  increases  both  the  elastic 
limit  and  ultimate  resistance,  but  decreases  the  ductility* 
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Annealing. 

The  processes  of  annealing,  like  those  of  hardening 
and  tempering,  produce  more  marked  results  in  the  higher 
steels  than  in  the  lower.  Steel  has  a  sensibly  varying 
density  at  different  temperatures;  in  other  words,  a 
given  weight  of  metal  will  occupy  sensibly  different  volumes 
at  different  temperatures.  Hence  if  a  piece  of  steel  be 
subjected  to  any  operation,  such  as  forging,  which  gives 
to  different  portions  concurrently  widely  varying  tem- 
peratures, those  portions  will  necessarily  be  subjected 
to  considerable  intensities  of  internal  stresses,  and  if 
those  stresses  are  not  removed  they  may  reduce  greatly 
both  the  ultimate  resistance  and  ductility.  In  the  higher 
grades  of  steel  and  in  special  steels  it  is,  therefore,  impera- 
tive to  anneal  members  which  have  been  subjected  to 
sucli  operations.  These  observations  are  specially  perti- 
nent to  such  high  steels  as  those  adapted  to  the  manufacture 
of  tools  or  other  similar  purposes.  In  general  it  is  neces- 
sary in  structural  engineering  practice  to  resort  to  anneal- 
ing only  in  the  case  of  eye-bars,  or  other  members  which 
have  been  subjected  to  the  operations  of  forging.  The 
process  consists  simply  in  heating  the  member  to  be 
annealed  to  about  a  cherry-red  temperature  tmtil  the 
piece  is  heated  through,  and  then  allowing  it  to  cool  grad- 
ually to  a  normal  temperature.  At  the  cherry-red  heat 
the  metal  is  sufficiently  softened  to  allow  the  molecules 
to  readjust  their  relative  positions  so  as  to  remove  the 
internal  stresses.  After  the  operation  of  cooling  is  com- 
pleted the  metal  will  be  at  least  approximately,  if  not 
entirely,  in  a  condition  of  no  internal  stresses,  i.e.,  if  the 
annealing  has  been  properly  done.  The  more  gradually 
and  uniformly  the  cooling  is  accomplished  the  more  ex- 
cellent will  be  the  results.     Sometimes  resort  is  made  to 
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such  special  means  to  accomplish  these  ends  as  covering 
the  members,  after  bringing  them  to  a  proper  temperature, 
with  sand,  ashes,  or  other  similar  material,  to  insure  a 
slow  and  uniform  cooling. 

The  i^receding  tables  show  what  is  always  fotmd  in 
a  comparison  of  results  for  the  natural  and  the  an- 
nealed metal.  The  process  of  annealing  will  diminish 
the  ultimate  resistance  of  structural  steel  in  general  from 
about  4,000  to  6,000  or  8,000  pounds  per  square  inch, 
and  the  elastic  limit  will  be  reduced  correspondingly. 
These  effects  will  be  foimd  more  marked  as  the  metal  is 
finished  between  the  rolls  at  lower  temperattires.  In 
general,  steel  which  is  hardened  by  the  conditions  of 
manufacture,  like  that  of  comparatively  low  temperature 
in  rolling,  will  exhibit  greater  decreases  of  ultimate  resist- 
ance and  elastic  limit  under  annealing. 

The  process  of  annealing  increases  the  ductility  of 
the  steel,  since  it  softens  the  metal.  In  spite  of  the  re- 
duction in  ultimate  resistance  and  elastic  limit,  therefore, 
the  operation  gives  a  valuable  quality  to  the  steel. 

Table  XVIII  exhibits  the  effects  of  simply  annealing, 
or  of  first  oil-tempering  and  subsequent  annealing,  on 
specimens  of  gun  steel  manufactured  by  the  Midvale 
Steel  Company  of  Phila.,  for  the  Ordnance  Dep't  U.  S. 
Army,  1884.  The  results  are  taken  from  the  ReiK)rt  of 
Chief  of  Ordnance  for  1884.  Oil-tempering,  or  hardening 
in  oil,  may  be  said  to  increase  almost  imiversally  both 
the  elastic  limit  and  ultimate  resistance. 

Annealing  in  all  cases  reduces  the  ultimate  resistance 
and  increases  the  final  stretch  and  final  elongation,  i.e., 
increases  the  ductility.  Oil-tempering,  with  subsequent 
annealing,  however,  is  seen  in  Table  XVIII  to  produce 
a  very  irregular  effect,  although  on  the  whole  it  slightly 
reduces  the  final  elongation,  except  in  the  case  of  high 
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Table  XVIIL 

SPECIMEN  TESTS. 


Results  Before  Treatment. 

Results  After  Treatment. 

Treatment. 

Ult. 
Resist. 

Per  Ct.  of  Pinal 

Ult. 
Resist, 

Per  Ct.  of  Pinal 

Pounds 

Potmds 

per 

Sq.  Inch. 

Elong. 

Con. 

per 
Sq.  Inch. 

Elong. 

Con. 

JVnnealed 

100,500 
80.400 
95,068 

10.5 

•i:o* 

»7.7oo 
.  71,500 
10  a, 900 

x6.o 

ao.o 

•• 

9.0 
xa.s 

as -5 
145 

39.7 

aa.o 

Oil-tempeiisd  and  annealed 

13.0 

*           "           "       . . . . 

88.900 

ao.5 

33-0 

106,600 

175 

35.0 

*       . . . . 

94.100 

19.5 

33.0 

10  a, 000 

ao.s 

47.0 

**           **       .... 

89.500 

ax. 5 

31.0 

loo.aoo 

175 

35. 0 

**          **           '*           "       .... 

97.500 
89.000 

ai  .0 

a8.7 

107,000 

18.0 

40.0 

**           **           '*           **.... 

18.5 

ay.o 
a8.o 

107,000 

19.0 

390 

**           **           '*           '*.... 

97.000 

aa.o 

X  06,000 

ao.o 

41.0 

**          **           "           ••       , , , . 

86.13a 

II. S 

la.o 

97.7ao 

15.0 

31.0 

**           **           **           **       ■  .  .  • 

84.880 

a4.o 

41.0 

94,880 

ao.o 

41.0 

**           **           **.          "       .... 

88,400 

ao.o 

37.0 

86,oao 

a4.o 

48.0 

'*.... 

103,813 

55 

5. a 

97.500 

17.5 

a9.o 

«... 

SS.»20 

13.0 

13.0 

94,700 

19.0 

40.0 

85,780 

aa.o 

34.0 

101,160 

19. 0 

34.0 

Steel,  for  which  the  opposite  effect  is  produced.  In  all 
cases  the  combined  operations  are  seen  to  produce  a  very 
material  increase  in  the  final  contraction. 


Effect  of  Manipulations  common  to  Constructive  Processes; 
also  Punched,  Drilled,  and  Reamed  Holes, 

The  shop  treatment  of  steel  must  in  some  respects  be 
peculiar  to  that  metal,  and  different  from  that  which 
characterizes  the  manufacture  of  iron-bridge  members. 
The  processes  of  ptmching  and  shearing  have  bepn  con- 
sidered very  injurious  to  steel  and  comparatively  un- 
injurious  to  wrought  iron.  More  intimate  acquaintance 
with  steel,  in  the  various  shop  processes  requisite  for  the 
production  of  finished  members,  has  shown  that  the  idea 
is  certainly  erroneous  for  the  milder  grades  of  metal. 
There  is  no  question  that  punching  and  shearing  are 
injurious,  but  it  is  found  that,  for  steel  with  a  tensile 
resistance  below  65,000  pounds  per  square  inch,  the  injury 
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may  be  even  less  than  for  iron.  It  is  chiefly  necessary 
that  no  crack,  even  the  most  minute,  should  be  started 
in  any  pxmched  or  sheared  surface,  for  the  reason  that 
such  a  minute  fissure  may,  within  a  short  time,  extend 
itself  injuriously  l^efore  it  is  discovered.  If  punches  and 
dies  are  maintained  in  a  sharp  condition  the  metal  will 
be  more  cleanly  severed  and  there  will  be  less  liability 
to  this  i)eculiar  injury.  Table  XIX  is  taken  from  a 
paper  by  Mr.  James  Christie,  M.  Am.  Soc.  C.  E.,  on  the 
Treatment  of  Metals  for  Structural  Purposes,  in  the  Trans- 
actions of  that  society  for  October,  1893.  It  will  be  ob- 
served that  the  effect  of  punching  is  a  great  reduction 

Table  XIX. 

BARS  ROLLED  THREE  INCHES  WIDE.  WITH  HOLES  THROUGH 
THE  MIDDLE  OF  THE  BAR,  AND  TREATED  AS  DESCRIBED. 


Size  of 

Bar 
Inches. 


3X1 

3X|- 
3X1" 
3Xt 

3*  XI 


Treatment. 


As  rolled 

Punched  i'\  . 

Reamed  J|"  f 

Drilled  1^' 

As  rolled 

Punched  i".. 

Reamed  J|"  f  ' 

As  rolled , 

Punched  i"  .. 

Reamed  U"  \  ' 

As  rolled 

Punched  i"  . 

Reamed  U"  f 
As  rolled.  .  . . 
Drilled  fV'  • 
Punched  jV  I. 
Reamed  yj"  t 


Ultimate 
Resist- 
ance, 

Pounds 
per 

Square 
Inch. 


65,900 
60,800 

52,600 

65.500 
61,900 
53.300 

60,200 

60.300 
46..}00 

55.000 
6.^,100 
5 1 ,000 
65.900 

70.500 
73.000 

73,700 


Elastic 
Limit. 
Pounds 

Square 
Inch. 


41,800 
46,100 


45,000 
36,400 
51,100 

46,700 

37.300 
44,aoo 


39.900 
47,300 


37.900 
39,000 


Final 
Stretch, 
Percent 


2Q. 

1 1 . 


15. 
31. 


31. 
7.3 


32. 

2.3 

M. 
S6.7 


Pinal 
Gmtrac- 

tion, 
Percent 


54. 
13. 


29. 
53. 
5.6 


40. 

3.7 


55. 

20. 

47. 


Fracture. 


Silky. 


Crystalline. 
Silky. 

Crystalline. 


Silky. 
Crystalline. 

Silky. 


Fnur  tests  of  each.      Elongations  of  bars  measured  on  8-inch  lenjrth,  of  perforated 
specimens  on  3 -inch  length,  except  last  one,  on  a-inch  lenn^th. 

l:>oth   in   the   final  contraction   and  in  the  final  stretch. 
It  has  been  found  by  these  and  other  experiments  that 
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the  region  affected  by  the  punch,  or  jaw  of  the  shear, 
extends  but  a  very  sliort  distance  from  the  cutting  edge 
of  the  tool.  Within  that  region,  however,  the  metal 
is  very  much  hardened,  and  the  loss  of  ductility  and 
■elevation  of  elastic  limit  is  due  to  that  hardening.  The 
loss  of  ultimate  resistance  is  probably  due  to  the  violent 
disturbance  of  the  molecules,  and  the  resulting  minute 
fissures  in  the  metal  within  the  same  region.  The  preju- 
dicial effect  is  therefore  removed  by  reaming  from  the 
punched  hole  a  thin  ring  of  metal  about  one  sixteenth  of 
an  inch  thick.  It  will  be  shown  further  on,  by  reference 
to  some  French  tests,  that  usually  a  thickness  of  one 
twenty-fifth  of  an  inch  at  most  is  sufficient  for  the  removal 
of  all  injured  metal,  but  as  the  die  is  usually  about  one 
sixteenth  of  an  inch  larger  than  the  punch  a  little  greater 
thickness  must  be  removed  in  order  to  cover  the  require- 
ments of  the  die  side  of  the  plate.  It  is  probable  that  the 
metal  on  that  side  is  less  injured  than  that  on  the  punch 
side.  In  all  cases  in  Table  XIX  the  ultimate  resistance 
is  reduced  from  ten  to  twenty-three  per  cent.,  with  a  very 
large  elevation  of  the  elastic  limit.  The  effects  on  the 
thinner  plates  are  somewhat  less  than  on  the  thicker 
ones.  Indeed  it  is  possible  to  take  a  plate  so  thin  that 
the  prejudicial  effects  would  disappear,  and,  as  a  general 
rule,  it  may  be  stated  that  the  injurious  effects  increase 
with  the  thickness  of  the  plate,  as  they  also  increase  with 
the  carbon,  i.e.,  as  the  steel  becomes  higher  in  grade. 
It  will  be  seen  that  reaming  to  the  dimensions  indicated 
removes  essentially  all  the  injurious  effects  of  the  punch 
so  far  as  elastic  limit  and  ultimate  resistance  are  con- 
cerned, and  the  observation  can  be  extended  to  the  final 
stretch  and  final  reduction,  although,  apparently,  the 
table  does  not  justify  it.  This  is  due  to  the  fact  that 
the  reamed  hole  makes  the  specimen  a  short  one  at  the 
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section  of  fracture,  and,  as  usual  in  such  cases,  both  per- 
centages of  stretch  and  elongation  are  reduced.  The 
same  shortening  effect  raises  the  ultimate  resistance  of 
the  piece  with  the  reamed  hole  above  that  of  the  original 
specimen. 

Table  XX,  also  from  Mr.  Christie's  paper,  shows  the 
result  of  testing  strips  of  steel  plates  of  each  given  thick- 
ness, with  widths  varying  from  one  and  a  half  to  three 
inches. 

The  general  effects  of  the  cutting  edge  of  the  shear 
are  precisely  the  same  as  those  of  the  punch,  as  the  oper- 
ation in  each  case  is  a  shear.  Hence,  if  sheared  edges 
are  planed  off  to  a  depth  of  one  sixteenth  to  one  eighth 
of  an  inch,  the  injured  metal  will  be  entirely  removed. 
The  hardening  effects  of  both  shearing  and  punching 
may  also  be  removed  by  the  process  of  annealing,  although 
less  effectually  than  by  reaming  and  planing.  As  naturally 
would  be  inferred  by  experience  in  punching,  higher  steels 
and  thicker  plates  are  more  injuriously  affected  by  shear- 
ing than  low  steels  and  thinner  plates. 

Table  XX. 


Thiclcness 
of  Steel. 

Treatment  of  Edges. 

Pounds  per 
Square  Inch. 

Percent, 
Pinal 

No. 

Ultimate 
Resistance. 

Elastic 
Limit. 

Stretch. 

Contnux 
tion. 

f 

General  avc 

Sheared         

64,600 
65,100 
68,800 
69,000 
64,300 
j    61,600    » 
j  doubtful  C 
65,900 
67,000 

45,100 
41 ,600 
43,600 
43,000 
41,600 

37,aoo 

40,600 
46,600 

10.6 

as.  7 
16. S 

28.4 

>4-4 
as. 8 

a8 

Planed 

6x.8 

Sheared     

28.3 

Planed 

57-8 

Sheared 

35. 

Planed 

47.5 

rage  of  sheared  edges 

**    planed  edges 

27.1 

55.7 

Strips  1.5  to  3  inches  wide,  cut  from  plates  6  to  xo  inches  wide,  tV  to  i  inch  materia] 
removed  from  sheared  edges  by  planing,  to  make  planed  edges. 
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In  consequence  of  the  irregular  edge  of  a  large  sheared 
plate,  bridge  specifications  frequently  reqtdre  that  at 
least  one  quarter  of  an  inch  of  metal  shaU  be  removed 
from  the  edge  of  such  plates  by  planing. 

It  has  been  found  that  the  deterioration  of  the  riveted 
joints  in  steel  plates  with  punched  holes  is  frequently, 
and  perhaps  usually,  appreciabty  less  than  might  be 
expected  from  such  tests  with  punched  plates  as  have  been 
just  cited.  This  is  probably  due  largely  to  a  possible 
annealing  effect  of  the  hot  rivet  on  the  walls  of  the  punched 
holes.  Comparative  tests  of  riveted  joints  with  steel 
and  iron  plates  would  appear  almost  certainly  to  indicate 
that  with  steel  running  not  higher  than  65,000  to  70,000 
pounds  i)er  square  indi  in  ultimate  resistance,  and  with 
a  thickness  not  exceeding  one  half  inch,  the  loss  in  such 
joints  due  to  pxmched  holes  is  less,  and  sometimes  very 
materially  less,  for  steel  than  for  iron.  Nevertheless, 
as  there  is  a  material  gain  in  reaming,  it  is  usual,  as  it  is 
certainly  the  best  practice,  to  remove  the  injured  material 
with  the  reamer  in  all  cases  of  steel  plates,  and  if  a  thick- 
ness exceeds  about  three  quarters  of  an  inch  it  is  not 
tmusual  to  reqtdre  holes  to  be  drilled.  It  is  also  good 
practice,  although  not  usually  required,  to  remove  the 
sharp  comers  of  reamed  and  drilled  holes  so  as  to  form 
a  little  fillet.  This  removes  all  liability  of  sharp  shearing 
action  on  the  shaft  of  the  rivet,  and  it  makes  the  contact 
of  adjacent  plates  perfectly  satisfactory. 

Steel  seems  to  be  very  sensitive  to  the  effects  of  hammer- 
ing or  working  at  what  is  termed  a  "blue  heat."  Con- 
sequently it  is  necessary  to  heat  the  rivet  to  such  a  tem- 
perature as  will  enable  the  operation  of  heading  to  be 
completed  before  the  rivet  cools  to  the  blue  stage.  A 
bright  red  or  yellow  heat  is  requisite  for  good  work,  and 
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the  rivet  should  be  held  tinder  a  pressure  of  fifty  or  sixty 
tons  per  square  inch  of  the  shaft  section  until  the  metal 
has  time  to  flow  throughout  the  rivet  length  and  thus 
completely  fill  the  hole,  otherwise  the  upsetting  will  be 
complete  at  and  in  the  vicinity  of  the  rivet-heads  only. 
An  additional  advantage  in  holding  the  rivet  under  the 
greatest  pressure  of  the  riveter  for  a  short  time  is  the 
fact  that  the  rivet  becomes  cool  enough  to  prevent  the 
separation  of  the  plates. 

The  forging  of  steel  reqxiires  imusual  skill  and  ex- 
jjerience.  When  a  piece  has  been  heated  to  a  proper 
temperature  it  should  be  kept  tmder  work  tintil  it  has 
fallen  in  temperature  to  a  proper  point  to  secure  all 
the  advantages  of  working,  but  of  course  not  below 
red  heat.  The  forging  should  be  done  with  a  hammer 
whose  weight  is  suitably  proportionate  to  the  mass  to  be 
forged.  If  the  hammer  is  too  light,  the  result  will  be  a 
surface  effect  only,  with  the  interior  but  little  changed. 
Pressure  forging,  with  appropriate  facilities  for  attaining 
great  pressures,  is  probably  capable  of  producing  the 
best  results. 

The  operation  of  annealing,  particularly  as  applied 
to  full-size  bars,  is  one  of  great  importance  in  the  manu- 
facture of  structural  steelwork.  The  metal  is  heated  as 
uniformly  as  possible,  so  that  undue  stresses  will  not  be 
developed,  to  a  bright  cherry-red,  corresponding  probably 
to  about  iioo  or  1200  degrees  Fahr.,  and  then  allowed 
to  cool  gradually.  By  this  means  any  internal  stresses 
that  may  have  been  produced  by  the  process  of  forging, 
or  any  other  shop  manipulation,  are  eliminated.  The 
metal  is  sufficiently  softened  at  the  highest  temperature 
to  allow  the  molecules  to  adjust  themselves  to  a  condition 
of  essentially  no  stress,  and  if  the  cooling  is  gradual  the 
internal  stresses  will  not  be  re-developed 
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Number 

Percent. 

Carbon, 
Percent. 

Bent 
Without 

Number 
Cracked. 

Number 
Breaking. 

Without 
Crack 

Crack. 

Cracking. 

Breaking. 

.13 

17 

I 

0 

94.4 

5.6 

0 

.14 

32 

5 

0 

86.5 

13.6 

0 

.15 

30 

6 

2 

78.9 

15.8 

5.3 

.16 

40 

10 

3 

75.5 

18.9 

5.6 

.17 

35 

18 

7 

58.3 

30 

II   7 

.18 

18 

II 

7 

50 

30 

19.4 

.19 

16 

5 

14 

45.7 

14.3 

40 

.20 

5 

3 

12 

25 

15 

60 

.21 

4 

5 

6 

26.7 

33.3 

40 

.22 

4 

3 

4 

36.4 

.       27.3 

36.4 

.23 

I 

0 

7 

II. 5 

0 

87.5 

The  hardening  of  steel  is  accomplished  in  many  dif- 
ferent ways,  but  the  common  method  of  testing  structural 
steel  in  this  connection  is  by  quenching  in  water,  usually 
at  about  80  degrees  Fahr.  In  the  paper  by  Mr.  Christie, 
already  cited,  he  gives  an  account  of  tests  made  with  a 
series  of  three-quarter-inch  square  bars  heated  to  a  bright 
red,  and  quenched  in  water  at  80  degrees  Fahr.  The 
sjjecimens  were  then  bent  around  a  curve  whose  radius 
was  not  greater  than  the  thickness  of  the  piece. 

This  bending  was  accomplished  with  a  light  power 
hammer,  but  there  is  less  liability  of  cracking  when  it 
is  done  with  pressure.  Table  XXI  shows  his  complete 
results,  with  the  percentage  of  carbon  in  each  piece.  No 
specimen  containing  less  than  .13  per  cent,  of  carbon 
cracked,  but  all  containing  more  than  .23  per  cent,  of 
carbon  broke.  The  table  shows  what  may  be  expected 
from  this  quenching  test,  with  ordinary  structural  steel, 
as  the  latter  usually  will  be  fotmd  considerably  within 
■the  limits  of  carbon  shown. 
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The  experiments  of  Prof.  Alex.  B.  W.  Kennedy,  on 

-71^ V       I 1  the   effect   of   punching   and 

-  '    drilling    holes,    in    mild-steel 

boiler-plate,    are    well    illus- 
trated by  Table  XXII,  which 
is  condensed  from  one  given 
y'""^ J  in  London   Engineering,  May 


o 


Fig.  4.  6,    i88i.        None     of     these 

plates  was  annealed,  but  all  were  drilled   or   punched  as. 
received. 

Within  the  limits  of  these  experiments,  Prof.  Kennedy 
observes,  neither  the  width  of  the  test  piece  nor  the 
different  diameters  of  die  had  any  essential  influence  on 
the  results. 

The  injurious  effect  of  punching  is  shown  by  the  fact 
that  the  punched  specimens  gave  only  92  to  98  per  cent^ 
of  the  resistance  of  the  drilled  ones. 

It  wall  be  noticed  that  both  the  drilled  and  punched 
specimens  gave  higher  resistances  than  the  natural  plate. 
This  is  due  to  the  "shortening"  and  other  influence  (i.e.,. 
the  disturbance  of  the  lateral  strains)  of  the  rivet-holes, 
as  before  observed,  and  explained  in  Art.  41,  '*  Ultiinate- 
Resistance  and  Elastic  Limit,'* 

A  duplicate  set  of  experiments  on  32  specimens  of  a 
somewhat  softer  steel  boiler-plate  gave  essentially  the- 
same  results  (see  Engineering,  May  6,  1881). 

By  experimenting  on  mild  Fagersta  steel  plates  \vith 
the  thickness  J,  J,  |,  i,  and  f  inch,  Mr.  Kirkaldy  found 
the  ratio  of  the  resistance  of  drilled  specimens  over  that 
of  punched  ones  to  vary  from  about  i.i  (for  i,  i,  and 
|-inch  specimens)  to  1.5  (for  f  specimen)  when  unannealed, 
and  to  be  about  i.i  for  all  the  thicknesses  when  annealed. 
All  the  specimens  were  12.5  inches  wide,  with  three  rows 
of  0.77-inch  holes,  pitched  2.5  inches  apart,  nmning  across. 
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the  specimens.  The  average  resistance  per  square  inch 
of  net  section  was  greater  than  that  of  the  original  plate 
for  the  drilled  holes,  but  considerably  less  for  .the  punched 


ones. 


Table  XXII. 

PUNCHED  AND  DRILLED  HOLES. 


el 

Hole. 

Diameter  of  Hole 
Inches. 

Tenacity 

in  Tons, 

Sq,  Inches. 

Net 

Section. 

Tenacity  Compared 
with  that  of 

Nat.  Plate. 

Drilled 
Plate. 

1 

Drilled 

0.940 

0.940 

0.912-0.876 

0.892  0.871 

0.926 

0  934 
0.998-0.890 
0.945-0.875 

38.12 
38.22 
35.04 
34-44 
35.39 
34.90 
33.91 
34.38 

1. 105 
1. 108 

I.OOO 

1.025 
1. 126 
I. Ill 

1.073 
1.096 

Lrilled 

i  puich,  fj  die.  .  .  . 
I  punch,  1 1  die.  .  .  . 
L  rilled 

0.918 
0.902 

LriPcd 

I  runch,  i  die 

i  punch,  \  ii  die.  . .  . 

0.965 
0.978 

Each  result  is  a  mean  of  four,  from  plate  specimens  2,  4,  6,  and  8  inches 
wide.  The  pitch  of  rivet-holes  across  the  middle  of  specimens  was  2  inches, 
and  the  width  of  each  specimen  was  so  chosen  that  each  side  passed  through 
the  centre  of  the  rivet-hole,  as  shown  in  Fig.  4.  A  "ton"  is  2,240  pounds. 
The  two  diameters  of  punched  holes  are  for  the  two  sides  of  the  plate. 

Mr.  Kirkald}^  states  that  **  the  loss  from  ptinching  is  not 
constant,  but  varies  with  the  thickness  and  also  with 
the  hardness  of  the  material."  He  also  concluded  that 
punching  hardens  the  material  in  the  vicinity  of  the  punch, 
and  tV>at  the  effect  of  punching  is  counteracted  "to  a 
considerable  extent  *'  by  annealing. 

At  the  commencement  of  the  use  of  steel  for  structural 
purposes  the  effects  of  pimching  and  shearing  were  re- 
garded with  much  apprehension,  and  many  tests  were 
made  to  ascertain  the  extent  of  the  prejudicial  influence. 
The  preceding  matter  is  practically  a  r6stmi6  of  American 
and  English  experience.  __ — 
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Experiments  on  French  steel  plates,  produced  by  the 
Bessemer  and  Martin  processes  {metal  fondu),  confirm 
this  result  and  form  a  basis  for  other  conclusions,  as  follows 
(**  The  Use  of  Steel/'  by  J.  Barba,  A.  L.  HoUey,  translator, 
p.  40) : 

**  ist.  That  the  effects  of  punching  and  shearing  are 
essentially  local  and  spread  only  over  a  very  restricted 
region,  less  than  0.039  inch  on  the  edges  of  the  sheared  or 
punched  parts; 

*'  2d.  That  no  cracks  exist  in  this  altered  region; 

**3d.  That  tempering  destroys  the  effects  of  shearing 
and  punching  by  bringing  the  metal  back  to  the  state 
it  would  be  in  if  drilling  or  planing  had  been  substituted 
for  punching  or  shearing; 

**4th.  That  annealing  alone  or  after  tempering  de- 
stroys, as  tempering  alone  does,  the  alterations  caused  by 
shearing  and  punching." 

These  conclusions  relate  to  plates  from  0.27  inch  to 
0.46  inch  thick. 

In  first-class  practice,  holes  in  steel  plates  and  shapes 
are  frequently  first  punched  and  then  reamed  to  a  diameter 
0.125  inch  greater. 

Experiments  on  some  narrow  specimens  of  steel  plate 
seem  to  indicate  that  conical  ptmching  (the  die  0.16  to 
0.20  inch  greater  in  diameter  than  the  pimch)  injures 
the  material  less  than  cylindrical  punching  (with  a  clear- 
ance of  perhaps  jV  inch). 

In  the  working  of  steel  plates  and  shapes,  during 
ordinary  constructive  processes,  all  local  pressure  of  great 
intensity,  and  hammering  while  cold  or  at  a  low  temper- 
ature, tend  to  produce  internal  strains  of  great  intensity 
or  other  changes  in  molecular  condition  which  cause  the 
finished  plate  or  shape  to  be  liable  to  great  brittleness 
and  unlooked-for  failure  of  a  local  character. 
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For  these  reasons  M.  Barba  gives  the  following  directions 
in  r«5gard  to  the  working  of  steel: 

"  ist.  Avoid  any  local  pressure  of  whatever  nature 
it  may  be;  2d.  If  local  pressures  have  been  produced 
by  bk)ws  of  a  hammer,  the  action  of  the  punch,  etc.  (which 
may,  as  we  have  seen,  cause  ruptures),  heat  the  piece 
to  a  cherry-red  in  a  very  r^^gular  manner  and  as  much 
as  possible  in  its  entirety — the  whole  of  it  at  once — and 
let  it  cool  in  the  open  air  on  a  homogeneous  surface,  which 
has  all  over  equal  ccn^.ucting  power.  This  simple  re- 
heating, which  may  be  considered  as  annealing  for  plates 
and  bars,  on  account  of  their  slight  thickness,  restores 
to  the  worked  m^/tal  its  original  qualities,  even  if  it  was 
in  a  very  unstable  state  of  equilibrium/' 

If  a  large  amount  of  working  (such  as  bending  or 
curving)  of  a  single  kind  is  to  be  done  to  a  single  piece, 
it  is  best,  if  possible,  to  heat  to  a  cherry-red  and  do  the 
work  by  stages,  rather  than  all  at  once ;  and  then  anneal 
after  the  working  is  completed.  If  the  working  is  local 
and  the  heating  irregular,  it  may  be  necessary  to  anneal 
once  or  more  during  the  progress  of  the  work. 

Local  heating  in  the  production  of  the  ordinary  steel 
eye-bar  head,  for  example,  frequently  gives  much  trouble, 
unless  resort  is  had  to  subsequent  annealing. 

These  difficulties  in  the  working  of  steel  are  found 
more  pronounced  in  the  higher  grades. 

On  accoimt  of  the  homogeneous  character  of  the  metal, 
upsetting  processes,  as  in  riveting,  etc.,  seem  to  injure 
the  molecular  condition  of  steel  much  less  than  that  of 
iron. 
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Bauschinger's  Experiments  on  the  Change  of  Elastic  Limit 
and  Coefp.cient  of  Elasticity, 

The  details  of  these  experiments  are  given  in  "Der 
Civilingenieur,"  Part  5,  1881.  The  manner  of  application 
of  the  tests,  and  remarks  on  the  quantities,  elastic  limit, 
stretch-limit,  and  final  load,  will  be  found  by  referring 
to  page  246.     The  following  is  the  notation: 

E.  L.  =  elastic  limit  in  poxmds  per  scjuare  inch. 
S.-L.  =  stretch-limit  in  pounds  per  square  inch. 

F.  L.  =  final  load  in  pounds  per  square  inch. 

E.  =- coefficient  of  elasticity  in  pounds  per  square 
inch. 

BESSEMER  STEEL. 


In  Original 

Omditifm. 

After  69  Hoxirs. 

After  o.s  Hour. 

After  68  Hours. 

E.  L. 
S.-L. 

F.  L. 
E. 

25.970 

40,380 

46,140 

29,848,000 

43,272 

51,920 

57,690 

29,549,000 

8,760 

55,470 

70,080 

29,009,000 

14,970 
71,850 

30,146,000 

A  small  specimen  of  this  Bessemer  steel,  about  an 
inch  in  diameter,  gave  an  ultimate  resistance  of  75,800 
pounds  per  square  inch. 

The  elastic  limit  rises  twice  after  two  long  periods  of 
rest  and  falls  in  a  very  marked  manner  after  the  short 
rest  of  0.5  hour. 

The  stretch-limit  rises  steadily  while  the  coefficient 
of  elasticity  falls  twice  and  then  rises  above  its  original 
value. 

Prof.  Bauschinger  was  the  first  to  determine,  in  regard 
to  Bessemer  steel,  that  by  stretching  the  metal  beyond 
its  elastic  limit  its  elasticity  is  elevated,  not  only  during 
the  time  of  action  of  tlie  lond,  but  also  during  a  longer 
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period  of  rest,  without  load,  of  one  or  more  days;  and 
that,  in  this  manner,  the  elastic  limit  may  exceed  the 
load  which  caused  the  stretching.  (Dingler's  Jotimal, 
Band  224.) 

Fracture  of  Steel, 

The  character  of  steel  fractures  has  been  incidentally 
noticed,  in  some  cases,  in  the  different  tables. 

If  the  steel  is  low,  or  if  some  of  the  higher  grades  are 
thoroughly  annealed,  the  fracture  is  fine  and  silky,  pro- 
vided the  breakage  is  produced  gradually.  In  other 
cases  the  fracture  is  partly  granular  and  partly  silky,  or 
wholly  granular. 

In  any  case  a  sudden  breakage  may  produce  a  granular" 
fracture. 

The  Effects  of  Chemical  Elements  on  the  Physical  Qualities 

of  Steel. 

Anything  more  than  a  meagre  statement  of  the  influ- 
ence of  the  chemical  composition  of  steel  on  its  physical 
properties  is  obviously  out  of  place  here,  but  a  knowledge, 
however  slight  it  may  be,  of  the  influence  of  certain  ele- 
ments on  those  properties  is  so  essential  to  the  engineer 
in  his  structural  work  that  attention  should  at  least  be 
called  to  it. 

Although  other  elements  exert  highly  important  influ- 
ences upon  the  resisting  qualities  of  steel,  carbon  is  un- 
doubtedly the  most  prominent  hardener.  The  effect 
of  a  given  percentage  of  carbon,  at  least  within  certain 
rather  wide  limits,  is  to  give  greater  toughness  and  resist- 
ing qualities  to  steel  wth  less  concurrent  brittleness  than 
any  other  contained  element.  It  is  made,  therefore, 
the  basis  of  classification  of  structural  steel,  the  low  steels 
being  low  in  carbon  and  the  high  steels  high  in  carbon. 


3^8  TENSION.  [Ch.  Vr. 

The  metal  manganese  also  gives  to  steel  some  advan- 
tageous qualities.  At  the  present  time  it  seldom  enters 
steel  to  an  amotmt  less  than  .5  per  cent.,  nor  more  than 
about  I  per  cent.  Its  presence  seems  to  confer  the  capacity 
of  resisting  the  effects  of  high  temperatures  in  shop  pro- 
cesses. Metal  low  in  phosphorus  and  sulphur  appears 
to  require  less  manganese  than  that  which  is  higher  in 
those  impurities.  It  has  been  found  that  the  influence  of 
manganese  upon  steel  depends  in  a  rather  extraordinary 
manner  upon  its  amount.  If  the  content  reaches  1.5 
or  2  per  cent,  steel  becomes  practically  worthless  on 
account  of  its  brittleness,  but  when  a  content  of  6  or  7 
j)er  cent,  of  manganese  is  reached,  the  tnetal  becomes 
extremely  hard  and  acquires  to  a  high  degree  the  property 
of  toughness  by  quenching  in  water  without  becoming 
much  harder. 

When  steel  is  alloyed  with  more  than  about  7  per 
cent,  of  manganese,  manganese-steel  is  the  product,  which, 
in  its  natural  state,  may  have  an  ultimate  tensile  resist- 
ance running  from  74,000  to  over  116,000  pounds  per 
square  inch.  When  quenched  in  water  the  ultimate 
tensile  resistance  of  the  same  metal  may  run  from  about 
90,000  poimds  per  square  inch  up  to  nearly  137,000  pounds 
per  square  inch.  Before  quenching  the  final  stretcli 
ranged  from  i  to  4  or  5  per  cent.,  and  after  quenching 
from  4  to  44  per  cent.  The  preceding  figures  belong  to 
a  range  in  manganese  from  about  7  per  cent,  to  over  iq 
per  cent,  concurrently  with  carbon  from  about  .61  per 
cent,  up  to  1.83  per  cent.  This  metal  is  an  interesting 
alloy,  but  is  never  used  in  structural  engineering  work. 

Opinions  var>^  much  as  to  the  influence  of  silicon 
on  steel,  but  it  seems  now  to  be  well  established  that, 
that  influence  within  the  limits  ordinarily  found  is  of 
minor  consequence,  or  at  least  not  prejudicial  to  either 
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resistance  or  ductility.  In  structural  steel  it  usually 
ranges  from  less  than  .03  to  .05  per  cent.,  while  in  rail 
steel  it  may  run  as  hi^h  as  .3  per  cent.  In  some  excellent 
tool-steel  it  may  run  even  from  .2  to  .75  per  cent. 

Sulphur  is  an  impurity  carrying  with  it  highly  preju- 
dicial effects.  It  essentially  injures  metal  for  rolling,  as 
it  makes  the  steel  liable  to  crack  and  tear  at  the  usual 
temi[X}ratures  found  between  the  rolls.  It  also  diminishes 
capacity  to  weld.  Its  effects  may,  to  some  extent,  be 
overcome  by  the  presence  of  manganese  and  by  proper 
care  in  heating.  It  is,  however,  highly  prejudicial  as 
an  element  and  is  usually  kept  below  about  .04  per  cent. 

Of  all  the  objectionable  elements  found  in  steel,  phos- 
phorus has  the  position  of  prim.acy.  Although  it  is  a 
hardener  which  may  increase  the  ultimate  resistance 
to  some  extent,  it  produces  brittleness  and  diminishes 
most  materially  the  capacity  to  resist  shock,  and  it  is 
one  of  the  chief  purposes  of  the  best  methods  of  steel 
production  to  reduce  phosphorus  to  the  lowest  practicable 
limit.  Its  effects  are  sometimes  erratic,  being  occasionally 
foimd  in  excess  in  apparently  good  material.  In  structural 
steel  it  is  seldom  permitted  to  run  over  .08  per  cent.,  and 
in  the  basic  processes  of  manufacture  it  frequently  falls 
to  .03  or  .04  per  cent. 

The  presence  of  .i  to  .25  per  cent,  copper  appears  to 
have  no  deleterious  effect  upon  steel  and  may  even  be 
beneficial.  As  high  as  i  per  cent,  of  copper  has  been 
found  in  steel  without  serious  effects  where  sulphur  was 
low. 

Aluminum  steel  is  an  alloy  containing  at  times  as 
high  as  5  to  6  per  cent,  of  aluminum.  The  effect  of  altmii- 
num  on  ultimate  resistance  does  not  seem  to  be  prejudicial, 
nor,  again,  is  it  of  any  special  advantage;  nor  does  it 
act  seriously  upon  the  ductility  imtil  its  amount  approaches 
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about  2  per  cent,  or  more.  On  the  whole  it  does  not 
seem  to  be  a  valuable  element  for  steel. 

There  are  other  special  alloys  such  as  tungsten  and 
chromium  steel.  They  are  used  for  the  special  purposes 
of  tools  on  accoimt  of  their  hardness,  which  is  so  extreme 
that  neither  quenching  nor  tempering  is  required.  They 
do  not,  however,  enter  into  structural  use. 

As  an  illustration  of  the  effect  of  some  of  the  more 
prominent  constituents  which  enter  the  composition  of 
steel,  Table  XXIII  is  taken  from  a  paper  presented  by 

Table  XXIII. 


For  Carbon, 
Hundredths  Per  Cent. 


9 

lO 

II 

12 

13 
14 
15 
i6 

17 


Increase  of  Ultimate  Resist- 
ance per  o.oi  Per  Cent.  P 
added.  Lbs.  per  Sq.  Inch. 


900 
1,000 
1,100 
1,200 
1,300 
1,400 
1,500 
1,500 
1,500 


EflFect  of  Unit  of  P  to 
Unit  of  C  as  I  to 


INCRBASB 

IN   Xn^TIMATE 

RESISTANCE   BY  SUCCBS 
MANGANESE 

SIVE  INCREMENTS  O* 

Manganese 

,  Per  Cent. 

Increase  in  Ultimate 
Resistance. 

Total  Increase  in  Ultimate 

Resistance  from  0. 

Mani^anese. 

From 

To 

Lbs.  per  Square  Inch. 

Lbs.  per  Square  Inch. 

0.00 

0.15 

3,600 

3,600 

0.15 

0.20 

1,200 

4,800 

0.20 

0.25 

1,100 

5,900 

0.25 

0.30 

1,000 

6,900 

0.30 

0.35 

900 

7,800 

0.35 

0.40 

800 

8.600 

0.40 

0.45 

700 

9,300 

0.45 

0.50 

600 

9.900 

0.50 

0.55 

500 

10,400 

0.55 

0.60 

500 

10,900 

0.60 

0.65 

500 

11,400 
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Mr.  Wm.  R.  Webster,  C.E.,  before  the  Chicago  meeting 
of  the  Am.  Inst,  of  Mining  Engineers,  at  the  International 
Engineering  Congress,  August,  1893.  The  investigations 
relate  to  basic  Bessemer  steel  plates  (both  sheared  and 
universal  rolled),  varying  in  ultimate  resistance  from 
about  50,000  to  about  80,000  pounds  per  square  inch. 
While  phosphorus  (P),  sulphur  (S),  carbon  (C),  and  man- 
ganese (Mn)  are  all  "  hardeners,''  the  influence  of  the  two 
former  is  wholly  prejudicial. 

According   to    these    investigations    of    Mr.    Webster, 

the  increase   of  ultimate    resistance  per   square   inch   in 

this  particular  metal  for  each  .01   per  cent,   increase  of 

hardener  depends  upon  the  amount  of    that    and  other 

,    hardeners. 

Art.  44. — Copper,  Tin,  Aluminum,  and  Zinc,  and  their  Alloys — 
Alloys  of  Aluminum — Phosphor-bronze — Magnesium.    ^ 

Table  I  gives  the  tensile  coefficients  of  elasticity 
(£)  of  copper  and  the  alloys  indicated  as  determined 
by  Prof.  R.  H.  Thurston. 

Table  I. 


Metal. 

Authority. 

E. 

Remarks. 

Gun-bronze . 

Alloy 

Thurston 
II 

it 

it 

11,468,000 

13,514,000 

14,286,000 

4,545,000 

9,091,000 

Copper,  0.90;   tin,  o.io  (nearly). 
Copper,  0.80;  zinc,  0.20. 
Copper,  0.625;  zinc,  0.-^75. 
Composition,  below  table. 
Casi  metaL 

Alloy 

Tobm's  alloy.  . . 
Copper 

Tobin's  alloy  is  a  composition  of  copper,  tin,  and 
zinc,  in  the  proportions  (very  nearly)  of  58.2,  2.3,  and 
39.5,  respectively.  The  value  of  E  for  this  metal,  and 
those  for  the  two  preceding  and  one  follo\\4ng  it,  are 
calculated  for  small  stresses  and  strains  given  by  Prof. 
Thurston  in  the  "Trans.  Am.  Soc.  Civ.  Engrs.,"  for  Sept., 
1881. 
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There  will  also  be  found  in  Tables  IX,  X,  XI,  and 
XII  coefficients  of  elasticity  for  altrniinum-zinc,  alumintim- 
magnesium,  and  other  alloys,  and  for  magnesium,  alumi- 
num, and  zinc. 

Table  II. 

CAST    TIN. 


1,950 
2.360 
2,580 


E. 


1,147,000 
472,000 
172,000 


3,200 
4,000 


96,400 
41,540 


Broke  at  4,200  lbs. 


Table  III. 

CAST    COPPER. 


p' 

E. 

P- 

E. 

800 

2.000 
4,000 
8,000 

10,000,000 
9,091,000 
9,091,000 

14,815,000 

12,000 
13,600 
16,000 
22,000 

18,750,000 

8,193,000 

2,235,000 

137.000 

Broke  at  29,200  lbs. 

The  values  of  E  (stress  over  strain)  for  different  inten« 
sities  of  stress  (potmds  per  square  inch)  for  cast  tin,  cast 
copper,  and  Tobin's  alloy,  are  given  in  Tables  II,  III, 
and  IV. 

"  />"  is  the  intensity  of  stress  in  potmds  per  square  inch, 
at  which  the  ratio  E  exists. 

Each  of  these  metals  is  seen  to  give  a  very  irregular 
elastic  behavior. 

Tables  II,  III,  and  IV  are  computed  from  data  given 
by  Prof.  Thurston  in  the  United  States  Report  (page 
425)  and  "  Trans.  Am.  Soc.  Civ.  Engrs.,"  already  cited. 
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Table  IV. 

TOBIN'S  ALLOY. 
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p- 

£. 

.  ^• 

=• 

2,000 

4,545.000 

18,000 

5,455.000 

4,000 

4,545,000 

24,000 

5,941,000 

6,000 

4,688,000 

30.000 

6,250,000 

8,000 

4,938,000 

40,000 

6.390,000 

10,000 

5,263,000 

50,000 

4,744.000 

14,000 

5,110,000 

60,000 

3,436,000 

Broke  at  67,600  lbs. 


Ultimate  Resistance  and  Elastic  Limit. 

Table  V  is  abstracted  from  the  results  of  the  experi- 
ments of  Prof.  Thurston  as  given  in  the  "  Report  of  the 
XJ.  S.  Board  Appointed  to  Test  Iron,  Steel,  and  other 
Metals,'*  and  "Trans.  Am.  Soc.  of  Civ.  Engrs.,*'  Sept., 
1 88 1.  The  composition  of  the  various  alloys  was  as 
given  in  the  table,  which  also  contains  results  for  pure 
copper,  tin,  and  zinc.  All  the  specimens  were  of  cast 
metal. 

The  mechanical  properties  of  the  copper-tin-zinc  alloys 
have  been  very  thoroughly  investigated  by  Prof.  Thurston 
("Trans.  Am.  Soc.  of  Civ.  Engrs.,''  Jan.  and  Sept.,  1881). 
As  results  of  his  work  he  has  fotmd  that  the  ultimate 
tensile  resistance,  in  pounds  per  square  inch,  of  '*  ordinary 

bronze,  composed  of  copper  and  tin, as  cast  in  the 

ordinary  course  of  a  brassfounder's  business/*  may  be 
well  represented  by 

T^  =  30,000  -f  1 ,000/ ; 

**  where  t  is  the  percentage  of  tin  and  not  above  15  per 
cent." 
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Pounds  Stress  per 
Square  Inch  at 

Per  Cent.,  Final 

Copper. 

Tin. 

Zinc. 

Elastic 
Limit. 

Ultimate 
Resistance. 

Stretch. 

Contrac- 
tion. 

lOO 

00 

00 

11,^20 

19,872 

0.05 

10. 0 

lOO 

00 

00 

11,000 

12,760 

0.005 

8.0 

lOO 

00 

00 

14,400 

27,800 

0.065 

15.0 

90 
80 

10 

00 
00 

15,740 

26,860 
32,980 

0.037 
0.004 

13.5 
00.0 

20 

70 

30 

00 

5,585 

5,585 

00.0 

62 
52 

38 
48 

00 
00 

688 
2.555 

688 
2,555 

00.0 
00.0 

39 

61 

00 

2,820 

2,820 

00.0 

29 

71 
79 

00 
00 

1,648 
4,337 

00.0 
00.0 

21 

10 

90 

00 

3,500 

6,450 

0.07 

15.0 

00 

100 

00 

1,670 

3,500 

0.36 

75.0 

00 

Queensl'd 
100 

00 

2,760 

47.0 

Banca 

00 

100 

00 

2,000 

3,500 

0.36 

86.0 

Gun 

Bronze 

90 

80 

10 
00 

00 
20 

10,000 

31,000 
33,140 

4.6 
32.4 

40.0 

62.5      • 

00 

37.5 

48,760 

31.0 

29.5 

58.2 
100 
90.56 

2.3 
0.0 
0.0 

39.5 
0.0 
9.42 

67,600 
29,200 

4.0 
7.5 

8.0 
16.0 

81.91 

0.0 

17.99 

10,000 

52,670 

31.4 

43  0 

71 .20 

0.0 

28.54 

9,000 

30,510 

29.2 

38.0 

60.94 

0.0 

38.65 

16,470 

41,065 

20.7 

28.0 

58.49 

0.0 

41 .  10 

27,240 

50,450 

10. 1 

17.0 

49.66 
41-30 

0.0 
0  0 

50.14 

58.12 

16,890 
3,727 

30,990 

3,727 

50 

"5 

32.94 

0.0 

66.23 

1,774 

1,774 

20.81 

0.0 

77.63 

9,000 

9,000 

0.16 

0.0 

10.30 

0.0 

88.88 

14.450 

14,450 

0.39 

0.0 

0.0 

0.0 

100.00 

4,050 

5,400 

0.69 

0.0 

70.0 

S.75 

20.25 

18,000  (?) 

31,600 

0.36 

0.0 

57.50 

21.25 

21.25 

1,300 

1,300 



45.0 

23.75 

•31.25 

2,196 

2,196 

66.25 

23.75 

10.00 

3.294 

3,294 

58.22 

2.30 

39.48 

30^000  (?) 

66,500 

313 

70 

10.00 

50.00 

40.00 

5,000  (?) 

9,300 

0.7 

0.0 

60.00 

10.00 

30.00 

21,780  (?) 

21,780 

0.15 

0.0 

6s. 00 

20.00 

15.00 

3.765 
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Percentage  of 

Pounds  Stress  per 
Square  Inch  at 

Per  Cent.,  Final 

Copper. 

Tin. 

Zinc. 

Elastic 
Limit. 

Ultimate 
Resistance. 

Stretch. 

Contrac- 
tion. 

70.00 
75.00 
80.00 
55.00 
60.00 
72.50 
77.50 
85.00 

10.00 
5.00 

10.00 
0.50 
2.50 
7.50 

12.5 

12.5 

20.00 
20.00 
10.00 
44.50 
37.50 

2.00 
10.00 

2.50 

24,ooo(?) 

I2,000(?) 

I2,000(?) 

22,000 

22,000 

11,000 

20,000 

I2,000(?) 

33,140 
34.960 
32,830 
68,900 
57,400 
32,700 
36,000 
34,500 

0.31 

3.2 

1.6 

9.4 

4.9 

3-7 

0.7 

1.3 

5.4 
4.0 

25.0 
6.6 

II. 0 
0.0 
3.0 

The  values  of  the  elastic  limit  in  the  lower  part  of  the  table  were  not  at 
all  well  defined. 

"  For  brass  (copper  and  zinc)  the  tenacity  may  be 
taken  as: 

r^  =  30,000  + 500s, 

where  z  is  the*  percentage  of  zinc  and  not  above  50  per 
cent/' 

He  found  that  a  large  portion  of  the  copper-tin-zinc 
alloys  is  worthless  to  the  engineer,  while  the  other,  or 
valuable  portion,  may  be  considered  to  possess  a  tenacity, 
in  potmds  per  square  inch,  well  represented  by  combining 
the  above  formulae  as  follows: 

_- — ..  T^  =  30,000  + 1 ,000/  +  5000. 

Tliese  formulae  are  not  intended  to  be  exact,  but  to 
give  safe  results  for  ordinary  use  within  the  limits  of  the 
circumstances  on  which  they  are  based. 

Prof.  Thurston  found  the  '*  strongest  of  the  bronzes" 
to  be  composed  of: 

Copper 55.0 

Tin. 0.5 

Zinc 44.5 

100.00 
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This  alloy  possessed  an  ultimate  tensile  resistance  of 
68,900  pounds  jxjr  square  inch  of  original  section,  an 
elongation  of  47  to  51  i^er  cent,  and  a  final  contraction 
of  fractured  section  of  47  to  52  per  cent. 

The  first  and  sixth  alloys  of  copper,  tin,  and  zinc,  in 

Table  V,  are  called  by  Professor  Thurston  **Tobin*s  alloy.'* 
**  This  alloy,  like  the  maximum  metal,  was  capable  of 
being  forged  or  rolled  at  a  low  red  heat  or  worked  cold. 
Rolled  hot,  its  tenacity  rose  to  79,000  pounds,  and  ]A^hen 
moderately  and  carefully  rolled,  to  104,000  pounds.  It 
could  be  ben.t  double  either  hot  or  cold,  and  was  found 
to  make  excellent  bolts  and  nuts.'* 

As  just  indicated  for  the  particular  case  of  the  Tobin 
alloy,  the  manner  of  treating  and  working  these  alloys 
exerts  great  influence  on  the  tenacity  and  ductility. 

Baudrimont  found  for  a  copper  wire  0.0177  inch  in 
diameter,  an  ultimate  resistance  of  about  45,000  poimds 
per  square  inch,  the  wire  being  unannealed,  while  for  a 
diameter  of  0.064  inch,  Kirkaldy  found  about  63,000 
pounds  per  square  inch. 

Professor  Thurston  states:  ''brass,  containing  copper 
62  to  70,  zinc  38  to  30,  attains  a  strength  in  the  wire  mill 
of  90,000  pounds  per  square  inch,  and  sometimes  of  100,000 
pounds." 

All  of  Professor  Thurston's  specimens  were  what  may 
be  called  **long'*  ones,  i.e.,  they  were  turned  down  to 
a  diameter  of  0.798  inch  for  a  length  of  five  inches,  gi\'ing 
an  area  of  cross-section  of  0.5  square  inch. 

The  U.  S.  Report  of  Tests  of  Metals  for  1897  contains 
a  number  of  tests  of  bronze  castings  and  cast  copper, 
a  synopsis  of  which  is  given  in  tlie  following  two  tables: 
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TENSILE  TESTS  OF  BRONZE  DRY  SAND  CASTINGS  (COPPER- 
TIN-ZINC  ALLOYS),  THE  SECTIONAL  AREA  BEING  .25 
SQUARE  INCHES  AND  THE  GAUGED  LENGTH   2  INCHES. 


Per  Cent. 

Ultimate  Resistance, 
Lbs.  per  Sq.  Inch. 

Final  Per  Cent,  of 

Number 

Tin. 

Zinc. 

Stretch. 

Contrac- 
tion. 

of  Teste. 

57.5 
88. 

.5 
10. 

42 
2 

C    Max.    59,220 
-!    Mean  55,ooo 
(    Min.     50,760 

1 
f  Max.    34,640 
Mean  30,700 
I  Min.     25,280 

37 

25.3 
17-5 

20.5 
17.4 
X2.5 

42       ) 
31.7  { 
21.6) 

21.6 
20 

15.2) 

30 

4 

TENSILE  TESTS  OF  CASl 

*  COPPER 

Sect.  Area 

Specimen, 

Square  Inch. 

Ultimate 
Resistance. 

Lbs.  per 
Square  Inch. 

Final  Per 
Stretch. 

Cent,  of 
Contraction. 

1 

GauK«l 

Length,                  Remarks. 

Inches.       1 

.448 
.792 
.795 
.449 

28,840 
18,720 
22,040 
23,360 

39-8 
14.6 
18.2 
27.2 

41.  I 
19.7 
28.7 
28.3 

4 
10 

5 

4 

Cast  in  chill 
"     "  sand 

Getieral  Results, 

Table  VT  gives  general  results  of  various  European 
experimenters.  T  represents  the  ultimate  tensile  resist- 
ance in  potmds  per  square  inch. 

Some  of  these  results  are  from  the  experiments  of 
early  investigators,  who  attached  little  importance  to 
the  size  and  form  of  the  test  specimen.  In  all  the  cases 
the  results  would  be  more  valuable  if  the  circumstances 
of  testing  were  given.  Those  belonging  to  the  more 
unusual  alloys,  however,  possess  considerable  general 
interest  in  spite  of  the  uncertainty  surrounding  their 
experimental  origin.  The  presence  of  a  little  phosphorus 
in  copper  is  seen  to  increase  its  resistance  in  a  marked 
manner. 
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Metal. 


Experi- 
menter. 


Copper,  wrought Anderson 

Copper,  cast f  " 

Copper,  bolts,  with  phosphorus  o.oi '* 

Copper,  bolts,  with  phosphorus  0.015 " 

Copi^er,  bolts,  with  phosphorus  0.02 |  " 

Copper,  bolts,  with  phosphorus  0.03 " 

Copper,  bolts,  with  phosphorus  0.04 


r— -  Proportions. — > 
Gun  metal,  copper  12,  tin  i. 
Gun  metal,  copper  11,  tin  1. 
Gun  metal,  copper  10,  tin  i. 
Gun  metal,  copper    9,  tin  i. 


/ Weights  in  100. » 

Alloy,  copper  84.29,  tin  15.71 

Alloy,  copper  82.81,  tin  17.19 

Alloy,  copper  81.10.  tin  18.90 

Alloy,  copper  78.97,  tin  21.03,  brasses 

Alloy,  copper  34.92,  tin  65.08,  small  bells 

Alloy,  copper  15.17,  tin  84.83,  speculum  metal.. 
Tin 


/ — Proportion. . 

Aluminum  bronze,  copper  90,  Al.  i 

Aluminum  bronze,  greatest 

Tin,  cast 

Zinc,  cast 

Brass,  yellow 

Brass,  yellow,  copper  67,  zinc  33 

Brass,  tube,  copper  62,  zinc  38 

Brass,  tube,  copper  70,  zinc  30 

Brass,  wire 

Muntz  metal,  copjier  60,  zinc  40 

Sterro-mctal,  copper  10,  iron  10,  zinc  80 

St'^rro-metal,  copper  60,  iron  3,  zinc  39,  tin  1.5  . 
Sterro-metal,  copper  60,  iron  4,  zinc  44,  tin  2.0 . 

—cast  in  sand 

— cast  in  iron,  annealed 

— cast  in  iron,  forged  red  hot 

Copper  60,  iron  2,  zinc  37,  tin  i 

Copp'^r  60,  iron  2,  zinc  35,  tin  2 

Copper  55,  iron  1.77,  zinc  42.36,  tin  0,83 — cast.. 

— forged  red  hoU 

— drawn  cold 


Mallet. 


Anderson. 

Rennie. 
Stoney. 
Rennie. 
Anderson. 
Everitt. 

Dufour. 
Anderson. 


T. 


33,600 
19,000  to  26,100 
16,900 
38,400 
45,400 
47,900 
50,000 


29,000 
30,700 

38,100 

36,100 

34,050 

39.650 

30,500 

3,140 

6,950 

5,600 


73,000 

96,300 

4,740 

3,000 

18,000 

28,900 

103,000 

80,600 

9>,300 

49,300 

7,100 

53,»oo 

43,100 
54,300 
69,400 
76,200 
85,100 
60,500 
76,200 
85,100 
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Alloys  of  Aluminum. 

Prof.  R.  C.  Carpenter,  of  Cornell  University,  in  the 
transactions  of  the  Am.  Soc.  Mech.  Engrs.,  vol.  xix,  has 
reported  a  number  of  interesting  and  valuable  tests  of 
alloys  of  aluminum,  as  well  as  tests  of  pure  magnesium. 

Table  VII. 
ALLOYS  OF  GREATEST  RESISTANCE. 


Percentage  of 

Ultimate 
Resistance, 

Lbs.  per 
Square  Inch. 

specific 
Gravity. 

• 
Per  Cent,  of 

Aluminum. 

Copper. 

Tin. 

Final  Stretch. 

85- 
6.25 
5- 

7-5 

87.5 

5- 

7.5 
6.25 
90. 

30,000 
63,000 
11,000 

3.02 

7-35 
6.82 

4. 

3.8 

10. 1 

The  greater  part  of  the  results  for  the  aluminum-tin- 
coi^per  alloys  are  given  in  Table  VIII,  but  the  composition 
of  those  giving  the  greatest  ultimate  resistances  are  ex- 
hibited in  Table  VII.  It  will  be  observed  that  the  highest 
tdtimate  resistance  belongs  to  the  alloy  of  greatest  density, 
but  the  alloy  of  least  resistance  has  nearly  as  great  density. 
The  ductility  of  none  of  these  alloys  of  greatest  ultimate 
resistance  is  specially  marked;  indeed,  the  ductility  is 
-very  low  except  in  the  case  of  the  least  ultimate  resistance. 

The  composition  and  corresponding  elastic  limits  and 
ultimate  resistances  of  aluminum-tin-copper  alloys  will 
be  found  in  Table  VIII.  Like  all  the  aluminimi  alloys 
the  specific  gravity  varies  between  wide  limits,  being 
low  where  there  is  much  aluminum  and  high  where  there 
is  little.  The  ductility  is  low  in  all  cases  except  in  that 
of  pure  tin  or  the  alloy  in  which  it  appears  to  the  extent 
of  90%.  There  is  in  this  table  the  usual  wide  range  of 
physical  qualities  belonging  to  such  a  series  of  mixtures. 
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Table  VIII. 

ALUMINUM  AI.U)YS. 


Composition.  Per  Cent. 

Ultimate  Resistance, 

Final 
Stretch, 

by  Weiffht. 

Lbs.  per  Square  Inch. 

Elastic  Limit, 

Specific 

Lbs.  per 
Square  Inch. 

Per  Cent. 

Gravity. 

in  6 

Al. 

Tn. 

Cu. 

A. 

B. 

Inches. 

100 
90 

27,000 
40,815 

28,330 
42,038 

12,000 

13,832 

6.5 
7.6 

6.5 

5 

5 

4.0 

ID 

10 

80 

32,209 

34,200 

24,829 

6.5 

0.8 

20 

20 

60 

1,966 

2,225 

* 

5.7 

30 

30 

40 

849 

1,077 

* 

5.05 

40 

40 

20 

4,800 

5.672 

* 

4.91 

100 

15,000 
15,476 

14,316 
17,070 

6,432 
8,227 

2.67 

2.82 

5.62 

90 

5 

5 

3. 

80 

10 

10 

18,580 

21,140 

13,329 

3.09 

1.2 

60 

20 

20 

4,416 

5,950 

* 

3-53 

.3 

40 

30 

30 

915 

1.123 

i|: 

4.4 

20 

40 

40 

2,221 

2,622 

* 

5.21 

100 
90 

3,505 
11,582 

3,933 
10,418 

7-3 
6.77 

35.51 
10.15 

5 

5 

4.823 

10 

80 

10 

5,999 

5,922 

2.988 

6.24 

1  .1 

20 

60 

20 

1,198 

1,200 

* 

5.55 

30 

40 

30 

993 

961 

* 

4.96 

40 

20 

40 

3,798 

3,997 

♦ 

4.48 

A,  Results  of  first  melting.     B.  Results  of  second  melting. 
Test  pieces  6  in.  between  shoulders,  diam.  J  inch. 
*  Could  not  be  turned  in  the  lathe. 

The  results  in  this  table  were  obtained  by  Messrs.  Geb- 
hardt  and  Ward,  at  the  testing  laboratory  of  Sibley  Col- 
lege of  Mechanical  Engineering,  Cornell  University,  in 
1896. 

The  physical  properties  of  aluminum-zinc  alloys,  in- 
cluding those  metals  unalloyed,  are  equally  fully  givefn 
in  Table  IX,  as  well  as  values  of  the  coefficients  of  elas- 
ticity. There  is  not  as  wide  variation  of  results  in  .this 
table  as  in  Table  VIII,  although  there  is  a  considerable 
range  of  ultimate  resistance,  especially  if  the  results  for 
imalloyed  zinc  be  included.  It  will  be  observed  that 
this  table  also  includes  the  intensitv  of  stress  fotmd  in 
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Table  IX. 

ALUMINUM-ZINC  ALLOYS. 


Percentage. 

Specific 
Gravity. 

Ultimate 
Resist- 
ance, 

Lbs.  per 
Sq.  In. 

Transverse 
Tests. 

Maximum 

Fibre 

Stress 

Lbs.  per 

Sq.^. 

Coefficient 

of 
Elasticity. 

Alumi- 
num. 

Zinc. 

100 
100 

0 
0 
10 
10 
15 
15 
20 
20 
25 
25 
30 
30 
33 
35 
40 
40 
50 
50 
75 
75 

100 

2.67 

2.67 

2.77 

2.74 

2.918 

2.918 

2.998 

2.975 

3.15 

3.14 

3.191 

3.24 

3.326 
3.471 
3.57 

7.19 

14,460 
16,750 
17,940 

18,100 
21,850 

22,940 

24,400 
23,950 

14,500 
14,150 
18,950 

28,091 

6,535,000 

Shrinkage  uneven. 
II             «< 

90 
90 

85 
85 
80 

7,710,000 
9,260,000 

Shrinkage  uneven 

9,110,000 

80 

34,600 

it             11 

75 
75 
70 
70 
66} 

65 
60 
60 
50 
50 
25 
25 

0 

8,210,000 

If              « 

45,080 

43,200 

'  41,200 

II              <i 

8,178,000 

Shrinkage  even. 
Poor  spedmen. 

19,770 
19,300 
19,060 
13,175 
14,150 

2,522 

40,350 
38,100 
39,850 
25,500 

8,540,000 
8,500,000 
8,670,000 
6,680,000 

7,556 

(  Elongation  of  all  the 
■J    specimens  less  than 
(    I  per  cent. 

Note. — ^The  experimental  results  given  in  Table  IX  are  those  of  Messrs. 
Hunt  and  Andrews,  obtained  at  Sibley  College  of  Mechanical  Engineerings 
Cornell  University,  in  1894. 

Table  X. 

TENSILE  TESTS  OF  MAGNESIUM— CAST  METAL. 


Number  of 
Tcet  Piece. 

Diameter. 

Ultimate 
Resistance, 

Lbs.  per 
Square  Inch. 

Elastic  Limit, 

Lbs.  per 
Square  Inch. 

Pinal 
Extension, 
Per  Cent. 

Coefficient  of 
Elasticity. 

I 

.433 
-433 
.442 
.435 
.424 
.432 

23,800 
22,050 
20,900 
19.500 
24,800      • 

22,SOO 

8,800 

4.2 

2,040  000 

2 

1 ,860,000 

% 

10,780 
8,400 
7,090 

1.8 
2.5 
31 
2.  1^ 

2,060,000 

4, 

1,8^0,000 

5 

6 

1,930,000 

' 

343 


TENSION. 


[Ch.  VL 


Table  XI. 

ALLOYS  OF  ALUMINUM  AND  MAGNESIUM 


Number  of 
Test  Piece. 

Percentage  of 
Magnesium. 

Specific 
Gravity. 

Ultimate 
Resistance, 

Lbs.  per 
Square  Inch. 

Elastic  Limit, 

Lbs.  per 
Square  inch. 

GDefficient  of 
Elasticity. 

I 

O 

2 

5 

lO 

30 

2.67 
2.62 
2.59 
2.55 
2.29 

13,685 
15,440 
17,850 
19,680 
5,000 

4,900 

8,700 

13,090 

14,600 

1 ,690,000 
2,650,000 
2,917,000 
2,650,000 

n 

3 ' 

A 

5 

the  extreme  fibres  of  beams  subjected  to  transverse  load- 
ing. Although  these  values  are  not  required  at  this 
point,  it  is  more  convenient  to  insert  them  here  and  refer 
to  them  in  the  article  devoted  to  the  flexure  of  such  beams. 
The  sizes  of  the  specimens  subjected  to  transverse  load- 
ing are  not  given,  but  they  were  small. 

Table  XII. 


Character  of  Alloys. 

Resistance,  Pounds  per  Square  Inch. 

1 

Composition  and  Remarks. 

Tension. 

Transverae. 

Al. 

Cu. 

Tin. 

Elastic. 

Ulti- 
mate. 

Elastic. 

Ulti- 
mate. 

I 
2 

3 

% 
too 

93 

75.7 

% 

% 

4,000 
6,250 

12,055 
18,555 
35,075 

2,.345 
9,000 

I 

7 
3 

25,250 
23.420 

20%  zinc,  1.3  man. 

4 
5 
6 

7 
8 

9 
10 

100 
100 
98 
98 
96 
96 
96.5 

I  inch  bars 

}     "       "     

12.500 

17,185 

17.154 
18,870 
13,720 
18,870 
22,300 
30,880 
26,313 

i 

2 

2 
4 
4 
2 

I       "       "     

1     "       "     

9,000 

18,647 

I 

I       "       "     

a      <f        << 

16,000 

23,045 

ii%  chromium. 

19,000 

26,310 

II 

12 
13 
14 
15 

98 
96 
94 
92 
90 

2 

4 

6 

8 

10 

2,150 
2,400 
2,250 
2,000 
1,750 

8,622 
9,565 
9,315 
7,270 
7.352 

it. 

1^ 

• 
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The  experimental  results  given  in  Tables  X  and  XT 
were  also  established  at  the  testing  laboratory  of  Sibley 
College  of  Mechanical  Engineering  of  Cornell  University. 
The  tests  were  made  by  Messrs.  Marks  and  Barraclough, 
graduate  students  in  1893.  Table  X  gives  results  for 
pure  magnesium,  including  the  coefficients  of  elasticity 
and  the  final  stretch,  while  Table  XI  exhibits  the  results 
for  alloys  of  aluminum  and  magnesium,  the  per  cent, 
of  magnesium  being  shown  in  one  of  the  columns,  the 
remaining  per  cent,  being  aluminum.  The  ultimate  resist- 
ances given  in  Table  X  show  that  magnesium  is  a  metal 
of  considerable  tensile  resistance,  especially  in  comparison 
with  its  density,  its  specific  gravity  being  but  1.74,  that 
of  aluminum  being  2.67. 

Table   XII   exhibits    the    elastic    limits   and   ultitnate 

Table  XIL — Continued, 


Pinal  Stretch 
Percent. 
(Tension 
Pieces). 

Pinal 

Contraction, 

Per  Cent. 

(Tension 

Pieces). 

Hardness 
(Relative). 

Specific  Gravity 
of  Specimen. 

Coefficient  of  Elasticity. 
Lbs.  per  Square  Inch. 

Ten- 
sion. 

Trans- 
verse. 

Tension. 

Transverse. 

5.62 

I. CO 

.15 

10.93 
3.08 

1.77 

3.61 
12.87 
35.56 

2.670 
2.830 
3. "7 

2.654 
2.810 

3.055 

8,385.000 

11,115,000 

9,685,000 

8,440,000 
8,065,000 
8,060,000 

8.49 

38.30 

7.12 

6.94 

6.79 

I  2  .  30 

12.42 

13-35 
14.09 

2.710 
2.715 

2.725 
2  .  756 
2.774 
2.773 

2-759 

9,780,000 

10,110,000 
10,000,000 

19.49 

39  02 

9,505,000 

10,330,000 

Q,  600,000 

3.62 

10. lO 

10,440,000 

10,595,000 
10,070,000 

1. 31 

9.78 

9,8so,ooo 

9,813,000 

4.00 
5.38 
5.19 
3.06 

3.87 

8.64 
6.86 
7.97 
5.41 
8.89 

3.71 
3.74 
3.49 
3.33 
3.09 

2.689 
2.739 
2.771 
2.804 
2.856 

5,435,000 
6,210,000 
5,035,000 
5,175,000 
6,675,000 
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Tesistances  of  all  the  diflferent  alloys  shown  in  the  table,  and 
in  the  conditions  also  exhibited  by  the  table,  i.e.,  whether 
cast  or  rolled.  There  are  also  given  coefficients  of  elasticity 
for  both  tension  and  transverse  tests,  as  well  as  elastic 
limits  and  ultimate  stresses  (intensities)  in  the  extreme 
fibres  of  small  beams,  to  which  reference  wall  be  made 
in  the  article  devoted  to  transverse  resistance. 

It  will  be  observed  that  both  the  elastic  limits  and 
the  ultimate  resistances  of  Table  XII  are  fotmd  within, 
the  range  exhibited  by  the  results  already  shown  in  the 
preceding  tables. 

If  desired,  diagrams  can  readily  be  constructed  from 
the  results  of  each  table  which  will  show  the  variations 
of  physical  quantities  corresponding  to  the  variations  of 
composition  of  the  alloys. 

In  189  s  the  Fairbanks  Company  tested  at  their  New 
York  office  foiu:  specimens  of  Tobin  bronze  manufactured 
by  the  Ansonia  Brass  and  Copper  Co.,  with  the  following 
results. 
ROLLED  TOBIN  BRONZE  PLATES— SPECIMENS  8  INCHES  LONG. 


Specimen, 
Inches. 

Resistance  in  Pounds  per  Sq.  Inch. 

Per  Cent.,  Final 

Elastic. 

Ultimate. 

Stretch. 

Contraction. 

1X.185 
1X.185 
1X.25 
1X.25 

51,350 
51.350 
56,000 
56,450 

78,920        ' 
78,810 
79.200 
79,640 

20.5 
17.5 
17.5 
16.25 

45.4 
44.33 
43.2 
40.72 

Phosphor-bronze,  and  Brass  and  Copper  Wire. 

Table  XIII  contains  the  results  of  the  experiments 
of  Mr.  Kirkaldy  on  phosphor-bronze,  with  two  results, 
each  for  brass  and  copper  wire. 

The    diameter   of    the    phosphor-bronze    wire    varied 
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from  about  0.06  inch  to  o.ii   inch;    that  of  the  copper 
wire  was  0.064  inch,  and  that  of  the  brass  wire  0.0605  inch. 
The  final  stretch  is  the  per  cent,  of  the  original  length, 
and  belongs  to  the  annealed  wire. 

Table  XIII. 

PHOSPHOR-BRONZE. 


Metal. 

E.L, 

Ultimate  Resistance. 
Pounds  per  Square  Inch. 

Final 
Stretch. 

Unanncaled. 

Annealed. 

Phosphor 

-bronze 

55,800 
55,200 
40,500 
26,300 
21,700 

75.000 

74,000 

63.700 

54,100 

50,100 

102,750 

121,000 

121,000 

139,100 

159,500 

151,100 

63,100 

8i,aoo 

49,400 
47,800 
53,400 
54,200 
58,900 
64,600 
37,000 
51,500 

"             wire 

37.5 
34.1 
42.4 
44.9 
46.6 
42.8 
34.1 
36.5 

(                 fi 

1                 « 

, 

(                 <f 

<                 tt 

Copper  wi 
Brass  wir< 

re 

a 

The  contraction  of  fractured  section  for  the  phosphor- 
bronze  specimens  varied  from  about  four  to  thirty-two 
per  cent,  of  original  area. 

The  first  five  results  belong  to  metal  of  the  same  com- 
position, but  subjected  to  difTerent  treatment. 

Some  specimens  tested  by  Mr.  Kirkaldy  gave  as  low 
as  about  21,700  pounds  per  square  inch. 

Variation  of  Ultimate  Resistance  and  Stretch  at  High 
Temperatures. 

The  results  contained  in  Table  XIV  were  obtained  at 
Portsmouth  (England)  Dockyard,  and  were  published  in 
the  Engineer  Oct.  5,  1877.  **/?"  is  the  ultimate  tensile 
resistance  in  pounds  per  square  inch,  and  "5/."  is  the  per 
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cent,  of  stretch  for  a  length  of  lo  inches  in  all  except  the 
last  (steel)  specimen. 

At  250®  to  350®  the  gun-metal  specimens  lose  about 
half  their  tdtimate  resistance  and  nearly  all  their  ductility. 
Phosphor-bronze  loses  about  one  third  of  its  resistance 
and  two  thirds  of  its  ductility  at  300®  to  400**.  Muntz 
metal  and  copper  are  not  much  affected,  nor  is  cast  iron. 
Wrought  iron  and  steel  gain  in  ultimate  resistance  but 
lose  in  ductility.  These  restilts  would  probably  be  some- 
what varied  by  different  processes  of,  and  treatment  in, 
mantifacture  and  construction. 

The  Mimtz  metal  and  copper  specimens  were  rolled. 

Bauschinger's  Experiments  with  Copper  and  Red  Brass. 

Prof.  Bauschinger  extended  his  experiments  on  the 
repeated  application  of  stress  so  as  to  cover  not  only 
wrought  iron  and  steel,  the  results  of  which  have  already 
been  given,  but  also  copper  and  red  brass. 

The  notation  is  that  already  used:  , 

E.  L.  =  elastic  limit  in  poimds  per  square  inch. 
S.'L.  =  stretch -limit  in  pounds  per  square  inch. 

F.  L,  «=  final  load  in  pounds  per  square  inch. 

E.    =  coefficient  of  elasticity  in  pounds  per  sq.  inch. 
Imy  =*' immediately." 

The  copper  specimens  were  of  rolled  material  about 
16  inches  long  with  a  cross-section  about  2.4  inches  by 
0.64  inch.  These  specimens  gave  an  ultimate  tensile 
resistance,  per  square  inch,  of  28,900  to  32,000  pounds 
and  a  final  contraction  of  27  to  46  per  cent. 

The  red  brass  specimens  were  turned  to  about  one 
inch  in  diameter  and  16  inches  long.  They  gave  ultimate 
tensile  resistances,  in  pounds  per  square  inch,  varjang 
.from  19,600  to  23,460. 

With  one  exception,  in  the  second'  case  of  red  brass^ 
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the  elastic  limit  and  stretch -limit  were  elevated  by  re- 
peated application  of  stress,  whether  immediately  or  at 
the  end  of  following  periods  of  rest. 

The  effects  on  the  coefficient    of    elasticity  are  seen 
to  be  somewhat  irregular. 

COPPER. 


• 

In  Original 
Condition. 

Im'y. 

Im'y* 

Im'y. 

E.  L. 

5,475 

8,030 

8,790 

".450 

S.-L. 

11,670 

14,650 

22,880 

F.L 

14,600 

21,970 

E. 

16,651,000 

17,249,000 

16,154,000 

15.770,000 

COPPER. 


In  Original 
Condition. 

After  18  Hotus. 

After  83  Hours. 

After  24  Hours. 

E.L. 

2,560 

7,320 

8,080 

11,520 

S.-L. 

14.680 

23,040 

P.L. 

14,650 

22,010 

E. 

16,011,000 

16,295,000 

15,197,000 

15,756,000 

COPPER. 


In  Original 
Condition. 

After  43  Hours. 

After  44-S  Hours. 

After  5 1. 5  Hours. 

E.L. 

5,840 

8,030 

10,340 

15,390 

&-I,. 

11,670 

14,760 

23,080 

F.L 

14,600 

22,160 

E. 

16,097,000 

16,780,000 

16,069,000 

15,472,000 

35© 
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E.  L. 
S.-L. 

F.  L. 
E. 


I     InOrigma] 
I      Condition. 


7.680 

13,960 

16,770 

12,030,000 


Im'y. 

9,090  . 
16  070 
19,550 
12,485,000 


Im'y 


9,260 
19.240 

12,727,000 


RED  BRASS. 


In  Original  Condition. 

After  17.5  Hours. 

E.  L. 

5,600 

9,"5 

8.550 

S.-L. 

14,020 

16,130 

19,240 

F.L. 

16,820 

19,640 

E. 

12,322,000 

12,314,000 

12,485,000 

RED  BRASS. 


In  Original  Condition. 


After  53  Hours. 


E.  L. 
S.-L. 

F.  L. 
E. 


3,480 

13,910 

16,690 

13,239,000 


9,090 
16,070 

12,940,000 


The  explanation  of  the  method  of  applying  these 
repeated  stresses  will  be  found  in  connection  with  the 
results  for  wrought  iron  on  page  246. 
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Art.  45. — Various  Metals  and  Glass. 

Coefficients  of  Elasticity. 

The  following  values  of  the  coefficients  of  elasticity, 
in  pounds  per  square  inch,  contained  in  Table  I  are  taken 
from  Wertheim's   **  Physique  M^canique/'   pages   57   and 

Table  I. 


Metal. 

Hxperimenter. 

Coefficient  of  Elasticity. 

Drawn. 

Annealed. 

Lead     

Werthdm 
tt 

it 

tt 

«« 

tt 

2,564,000 
7,713,000 
11,564,000 
10,463,000 
16,721,000 
24,237,000 

2,457,000 

7,555,000 

7,942,000 

10,155,000 

13,920,000 

22,067,000 

Cadmium 

Gold 

Silver 

Palladium 

Platinum 

58.  The  coefficients  are  the  means  of  a  large  number  of 
tensile  experiments,  with  the  exception  of  that  for  cadmium, 
which  was  derived  from  experiments  on  transverse  vibra- 
tions. This  last  method  gave  results  which  differed  in 
most  cases  from  the  direct  tensile  ones  not  more  than  the 
latter  did  from  each  other. 

Wertheim  also  gives  for  the  tensile  coefficients  of 
elasticity  of  some  different  glasses : 

Mirror  glass £  =  8,792,000  pounds  per  square  inch. 

Goblet  (common) £  =  9,559,000       "         "        "         " 

Goblet  (fine) £=8,589.000       " 

Goblet  (violet) £  =  7,110,000       " 

"Crystal" £  =  5,830,000       " 

Ultimate  Resistance  and  Elastic  Limit. 

Wertheim  determined  the  elastic  limit  of  many  of  the 
more  rare  metals,  such  as  those  named  in  Table  I,  and 
they  are  here  given  in  potmds  per  square  inch : 


Drawn. 

to 

355 

to 

171 

to 

19.200 

to 

16,350 

to 

25.600 

to 

37,000 
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Annealed. 

Lead 284 

Cadmium. 142 

Gold 4,266 

Silver 4,266 

Palladium 7,i  10 

Platinum 20,600 

His  '*  limit  of  elasticity"  is  that  force  which  will  perma- 
nently elongate  the  metal  0.000,05  of  its  original  length, 
and  all  his  experiments  were  made  on  wires  of  very  small 
diameters. 

The  following  ultimate  resistances  were  found  for 
wires  about  ^jV^h  ^ch  in  diameter  by  Baudrimont  ("An- 
nales  de  Chimie,"  1850): 

Gold 17,100  to  26,200  pounds  per  square  inch. 

Silver 40.300  to  40,550       "         "        "         " 

Platinum 32,300  to  32,700       **         "         "         " 

Palladium 5ii750  to  52,640       "         "        "         " 

The  ultimate  resistances  of  some  other  metals  are: 

Metal.  Experimenter.  Ult.  Resist. 

Cast  lead Rennie 1,824  pounds  per  square  inch. 

Sheet  lead Navier 1.926       " 

Pipe  lead Jardine 2,240      " 

Soft  solder  (}  tin,  i  lead) .  Rankine 7,500       " 


Art.  46, — Cement,  Cement  Mortars,  etc, — Brick. 

The  ultimate  tensile  resistance  of  cements  and  cement 
mortars  depends  upon  many  conditions.  The  two  great 
divisions  of  cements,  i.e.,  natural  and  Portland,  possess  very 
different  ultimate  resistances  whether  neat  or  mixed  with 
sand,  the  latter  being  much  the  stronger.  With  given 
proportions  of  sand  or  neat,  the  ultimate  resistances  of 
cement  mortar  or  cement  will  varv  with  the  amount  of  water 
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used  in  tempering  and  with  the  pressiire  under  which  the 
moulds  are  filled.  Again,  the  character  of  the  sand  used 
will  obviously  influence  largely  the  tensile  resistance  of  the 
mortar  produced,  and  not  only  the  degree  of  cleanliness, 
but  the  size  of  grain  and  the  variety  of  sizes  are  elements 
which  must  be  considered.  It  has  also  been  maintained  by 
some  that  silica-sand  will  give  better  results,  other  things 
being  equal,  than  other  sand.  Finally,  the  shape  of 
briquette  used  will  affect  the  results  to  some  extent.  Fig.  t, 
on  page  370,  shows  the  form  of  briquette  recommended  by  the 
Committee  of  the  American  Society  of  Civil  Engineers,  and 
it  is  the  form  generally  used  in  American  practice.  It  is 
foreign  to  the  purpose  of  this  work  to  enter  into  the  consider- 
ation of  all  these  influences;  they  are  only  mentioned  to 
enable  the  few  typical  experimental  results  which  follow 
to  be  interpreted  properly. 

As  the  fineness  of  grinding  is  an  important  quality  of  a 
cement,  it  is  usually  noted  by  stating  the  percentage  of 
weight  of  the  cement  which  either  passes  through  or  is 
retained  upon  a  sieve  having  a  stated  number  of  meshes 
per  linear  inch,  which  number  squared  gives  the  number 
of  meshes  per  square  inch.  The  sizes  of  the  grains  of  sand 
used  are  graded  in  .the  same  way.  The  "No."  of  a  sieve 
to  which  reference  may  be  made  in  what  follows  indicates, 
therefore,  the  number  of  meshes  per  linear  inch. 


Coefficient  of  Elasticity. 

In  consequence  of  the  fact  that  cement,  mortars,  and 
•concrete  begin  to  exhibit  permanent  stretch  at  compara- 
tively low  tensile  stresses  there  is  a  little  uncertainty  as  t-o 
the  value  of  the  coefficient  of  elasticity  unless  distinct 
statement  is  made  of  the  intensities  of  stress  at  which 
those  values  are  obtained,  and  whether  the  total  stretch  is 
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used  or  that  total  less  the  permanent  set.  It  is  not  possible 
to  make  such  statement  in  connection  with  all  the  values 
which  follow,  except  that  they  have  been  reached  at  low 
intensities  of  stress  unless  otherwise  stated,  and  with 
elongations  which  may  be  considered  wholly  elastic.  Al- 
though cement  mortars  and  concrete  do  not  exhibit  a  per- 
fectly elastic  behavior  their  stress-strain  lines  for  intensities 
of  stress  even  exceeding  those  used  in  practice  are  essentiaUy 
straight  and,  on  the  whole,  exhibit  elastic  properties  at 
least  equal  to  those  of  cast  iron. 

Comparatively  few  tests  have  been  made  to  determine 
either  the  tensile  or  compressive  coefficient  of  elasticity  of 
cement,  mortar,  and  concrete,  altho"ugh  that  quantity  is  a 
most  important  element  in  the  theory  aud  design  of  concrete- 
steel  members.  Among  the  more  valuable  determina- 
tions of  the  tensile  coefficient  of  elasticity  yet  made  is  the 
series  of  values  given  by  Mr.  W.  H.  Henby  in  a  paper  read 
before  the  Engineers'  Club  of  St.  Louis,  June,  1900,  and 
shown  in  Table  A.  Tlie  cross-section  of  each  test  specimen 
was  2jX3i  inches  for  a  length  of  14  inches,  the  length  for 
which  the  extensions  were  measured  being  10  inches. 
The  composition  of  the  concrete  is  given  in  the  table,  as  are 
the  ages  and  conditions  before  testing.  The  specimens 
were  kept  in  air  either  dry  or  tmder  a  damp  cloth,  or  in 
water. 

The  entire  table  is  required  to  exhibit  the  relative 
influences  of  composition,  age,  mode  of  keeping  specimens 
prior  to  testing,  and  consistency  of  the  original  mixtures. 
Some  of  the  values  ranging  from  5,000,000  to  8,000,000 
pounds  or  more  seem  abnormally  high,  and  they  are 
certainly  higher  than  should  be  taken  in  practice.  It  is 
probable  that  these  test  specimens  were  better  mixed  and 
more  densely  made  than  would  be  the  large  masses  in 
engineering  structures,  so  that  in  the  latter  the  tensile 
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coefficient  of  elasticity  should  probably  not  be  taken  higher 
than  2,500,000  to  3,000,000  potinds  i>er  square  inch. 

Table  A. 

TENSILE  TESTS  OF  PORTLAND  CEMENT  CONCRETES  GIVEN 

BY  HENBY. 


*^ 

Wt., 

Ult. 

Agp, 

Parta  of  Ccrnent, 

1 

Lh^, 

G^cfficietii 

kt^jifit. 

Dfiya. 

Sand*  and  Brukcn 

Kept  in 

TILT 

Id- 

Uiii. 

ConsLGtency, 

Stone. 

Lu,  Pi. 

Elasticity. 

prt- 

6 

Sti.  In, 

I 

7 

I 

2 

4 

L 

Air  dry 

2,000,000 

130 

S,''y . 

2 

8 

A 

Air 

157 

3,720.000 

213 

Plastic 

3 

18 

M 

Air  dry 

2,280,000 

75 

Excess  water 

4 

30 

L 

•*      " 

142 

2,882,000 

198 

Dry 

5 

30 

L 

•t      (1 

148 

4,727,000 

227 

*' 

6 

30 

L 

*'      " 

142 

2,269,000 

191 

Plastic 

7 

30 

A 

Air 

148 

3,300,000 

192 

" 

8 

30 

A 

** 

150 

3,f)00,ooo 

241 

** 

9 

30 

A 

** 

149 

8,300,000 

183 

Dry 

10 

30 

A 

" 

149 

7,280,000 

214 

II 

30 

A 

" 

153 

3,750.000 

223 

Plastic 

12 

30 

A 

Water 

JS8 

3.550.000 

279 

*• 

13 

35 

L 

Air  dry 

147 

4,543.000 

149 

*' 

U 

64 

A 

Air 

151 

7.744.000 

252 

Dry 

15 

65 

A 

** 

144 

3.810,000 

143 

Plastic 

16 

65 

A 

149 

3.724,000 

102 

•* 

J- 

65 

A 

Water 

150 

5.440.000 

82 

*• 

18 

90 

M 

Air  dry 

»47 

3.500.000 

125 

Excess  water 

10 

96 

'• 

L 

'*      " 

146 

3,9f)^,ooo 

190 

Plastic 

20 

06 

•• 

L 

•1      t« 

147 

4.7^>o,ooo 

226 

*' 

ai 

100 

L 

'* 

M7 

5.075,000 

209 

** 

22 

120 

M 

**      " 

M3 

3.473.000 

136 

Excess  water 

23 

7 

A 

Air 

152 

3.968,000 

147 

Plastic 

24 

u 

M 

Air  dry 

»39 

2,000.000 

85 

" 

25 

18 

M 

■ 

2,106,000 

120 

" 

26 

30 

A 

Air 

145 

4,532,000 

i6s 

*• 

27 

30 

A 

" 

152 

4,425,000 

242 

" 

28 

33 

A 

Water 

155 

5,000,000 

239 

*' 

29 

60 

A 

Air  dr. 

144 

1,857,000 

III 

Very  dry 

30 

60 

A 

"      " 

146 

3,253 ,000 

128 

Dry 

31 

60 

A 

•*      *• 

146 

3.023,000 

189 

32 

63 

A 

Air 

146 

4,980,000 

154 

" 

33 

63 

A 

" 

146 

3,744.000 

192 

" 

34 

90. 

A 

Air  dn 

144 

3.696,000 

129 

Very  dry 

35 

90 

A 

"       " 

144 

3.896,000 

93 

"        ** 

36 

90 

M 

"      " 

140 

3,776,000 

142 

Dry 

37 

7 

A 

Wnter 

154 

3.828,000 

115 

Plastic 

38 

30 

A 

Air 

150 

3,810,000 

119 

Dry 

39 

30 

A 

** 

M7 

2,427,000 

104 

Plastic 

40 

30 

A 

** 

148 

2,440,000 

128 

41 

30 

A 

" 

144 

4,496,000 

93 

" 

42 

30 

1 

4 

8 

A 

** 

143 

3.553.000 

71 

** 

43 

30 

*' 

" 

A 

Water 

149 

6,ioS,ooo 

125 

Dry 

44 

90 

I 

3 

- 

M 

Air  dry 

136 

3,988.000 

199 

45 

90 

X 

3 

— 

M 

"      " 

139 

5. 202,000 

234 

** 

46 

120 

I 

3 

~ 

M 

136 

5,144.000 

144 

Very  dry 

47 

120 

X 

3 

M 

136 

5,1  50.000 

154 

*•       •* 

48 

95 

' 

- 

" 

M 

Water 

137 

6,423,000 

645 

Plastic 

*  M,  Medusa-    L.  Lehigh:   and  A,  Atlas. 
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It  is  important  to  observe  that  the  coefficient  does  not 
ap{>ear  to  gain  much  in  value  beyond  the  age  of  thirty 
da^s.  Nor  does  it  seem  to  make  much  difference  whether 
the  si^ecimens  were  kept  in  air  or  water. 

The  broken  stone  used  in  the  concrete  of  Table  A  was 
limestone,  the  maximum  size  of  some  of  which  was  i^ 
inches  and  2  inches  for  the  remainder.  The  voids  in  the 
broken  stone  varied  from  43  to  46  jjer  cent. 


Table  B. 

TENSILE  TESTS  OF  ATLAS  (PORTLAND)  CEMENT  CINDER 
CONCRETES  GIVEN  BY  HENBY. 


Arc, 
Days. 

Parts  of  Cement. 
Sand,  and  Cinders. 

Kept  in 

Weight. 
Lbs.  per 
Cu.  Ft. 

Coefficient 

of 

Elasticity, 

Lbs.  per 

Sq.  In. 

Ult. 
Resist., 
Lbs.  per 
Scj.  fn. 

Ult. 
Comp. 
Resist., 
Lbs.  per 
Sq.fn. 

I 

7 

2 

4 

Air 

118 
114 

1,854,000 
1,892,000 

46 

2 

7 

2 

4 

3 

7 

2 

4 

W^ter 

122 

1,826,000 



4 

30 

2 

4 

Air 

113 

2,800,000 

133 

993 

5 

30 

2 

4 

Water 

121 

2,909,000 

77 

1,415 

6 

30 

2 

5 

' ' 

126 

1,900,000 

76 

1,166 

7 

30 

2 

5 

Air 

109 

2,853,000 

86 

1,039 

8 

30 

2 

5 

' ' 

107 

2,329,000 

86 

1,054 

9 

30 

2 

5 

*  * 

102 

1,820,000 

7H 

688 

10 

30 

2 

5 

t  ( 

112 

1,900,000 

129 

1,005 

II 

30 

3 

6 

Water 

114 

1,422,000 

41 

653 

12 

60 

2 

.S 

Air  dry 

'I7 

2,413,000 

97 

882 

i.^ 

60 

3 

6 

14              1   < 

I  10 

1,274,000 

58 

699 

14 

60 

3 

6 

<   <              <   1 

I  10 

1,892,000 

88 

949 

i.S 

60 

3 

6 

1  <              11 

107 

2,215,000 

62 

677 

16 

60 

3 

6 

(   <              <   < 

108 

2,922,000 

52 



'7 

30 

3-5 

7 

Air 

102 

1 ,034,000 

30 

409 

iK 

30 

I 

3.5 

7 

104 

937,000 

31 

510 

Unscreened  commercial  Mississippi  River  sand,  as 
found  in  the  St.  Louis  market,  was  used  in  all  of  Mr.  Henby's 
tests. 

In  both  tables  A  and  B  the  ultimate  tensile  resistances 
of  the  concrete  are  given,  and  in  Table  B  the  ultimate 
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compressive  resistances  of  the  cinder  concretes  are  also 
shown. 

Table  B  exhibits  the  same  class  of  data  as  Table  A, 
but  for  cinder  concrete,  which  is  seen  to  be  mtijch  lower 
in  both  elastic  and  ultimate  properties  than  stone  concrete. 
It  appears  from  the  values  in  the  table  that  the  tensile 
coefficient  of  elasticity  should  not  be  taken  higher,  cer- 
tainly, than  2,000,000,  and  1,500,000  would  probably  be 
more  advisable  for  general  practice,  supposing  the  concrete 
to  be  well  made  and  put  in  place  with  care.  The  dimen- 
sions of  specimens  were  the  same  as  for  the  stone  concrete 
of  Table  A. 

Mr.  Henby  made  a  number  of  tests  to  ascertain  the 
relative  values  of  cinder  concrete  kept  dry  and  in  water. 
His  results  indicate  that  both  the  coefficient  of  elasticity 
and  ultimate  resistances  are  materially  greater  for  the 
material  kept  dry.  Indeed  in  testing  eight  specimens 
he  found  the  average  coefficient  for  the  dry  specimens  about 
two  and  a  half  times  that  of  the  wet  sjjecimens. 

Professor  W.  Kendrick  Hatt,  of  Purdue  University, 
in  a  paper  read  before  the  American  Section  of  the  Inter- 
national Association  for  Testing  Materials,  at  its  con- 
vention, 1902,  gave  the  following  values  for  the  tensile 
coefficient  of  elasticity  and  ultimate  tensile  resistances  of 
Portland  cement  concrete  composed  of  i  cement,  2  sand, 
and  4  broken  stone  at  the  ages  of  25,  26,  28,  and  '33  days: 


Maximmn. 
Average. . . 
Minimiiin. , 


Coefficient  of  Elasticity, 
Lbs.  per  Sq.  In. 


2,700,000 
2,100,000 
1 ,400,000 


Ultimate  Tensile 

Resistance, 
Lbs.  per  Sq.  In. 

360 

280 


It  will  be  seen  in  discussing  the  compressive  coefficient 
of  elasticity  that  practically  its  full  value,  like  the  tensile 
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coefficient,  is  acquired  at  the  age  of  one  to  three  months. 
Neither  coefficient  adds  much  to  its  value  after  one  month. 


Ultimate  Resistance. 

The  ultimate  resistances  of  neat  Portland  cement  and 
mortar  made  with  the  same  cement  have  been  somewhat 
increased  within  the  past  half  dozen  years ;  but,  upon  the 
whole,  those  resistan^jes  as  exhibited  in  the  following 
tables  are  fairly  representative  of  the  best  grades  of  cement 
used  at  the  present  time  (1902).  The  conditions  of  manu- 
facture are  now  so  well  controlled  that  a  very  high  7-day 
or  28-day  test  cement  may  readily  be  produced;  but  that 
is  not  always  desirable;  the  main  purpose  in  masonry 
construction  being  rather  tlie  attainment  of  an  ultimate 
resistance  possibly  less  high  tmder  a  short-time  test  but 
which  continues  to  increase  indefinitely.  A  cement  show- 
ing a  high  ultimate  resistance  on  a  short-time  test  may  not 
continue  to  increase  its  ultimate  resistance  satisfactorily, 
or  that  resistance  may  even  recede  with  the  lapse  of  time. 

Professor  W.  Kendrick  Hatt,  in  the  paper  to  which 
reference  has  already  been  made,  determined  the  following 
ultimate  tensile  and  compressive  resistances  of  the  Portland 
cement  and  cement  mortar  used  in  his  tests  of  reinforced 
or  concrete-steel  beams.  The  ages  of  the  different  bri- 
quettes are  given  in  the  table,  as  are  also  their  compositions, 
i.e.,  whether  neat  or  with  proportions  of  i  cement  to  3  sand : 

ULTIMATE  TENSILE  RESISTANCE  IN  POUNDS  PER 
SQUARE  INCH. 


Age 

34  Hours. 

7  Days. 

X  Month. 

3  Months. 

Neat 

78 

803 
412 

505 

802 

-1:1 

626 
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ULTIMATE  COMPRESSIVE  RESISTANCE  OF  2-INCH  CUBES  IN 
POUNDS  PER  SQUARE  INCH. 


Age. 

34  Hours. 

7  Days. 

z  Month. 

3  Months. 

Neat    

2,402 
610 

7,337 
3,145 

9,537 
5,860 

9,740 
8,005 

■»  :  I 

The  ultimate  compressive  resistances  are  given  at  this 
point  because  it  is  more  convenient  to  record  them  here. 
Reference  will  be  made  to  these  later  results  in  the  article 
on  the  compressive  resistance  of  cements,  mortars,  and 
concretes. 

Probably  the  latest  series  of  a  great  number  of  tests 
of  cement  and  mortar  briquettes  is  that  of  the  cement- 
testing  laboratory  of  the  Rapid  Transit  Railroad  Com- 
missioners of  New  York  City,  William  Barclay  Parsons, 
C.E.,  Chief  Engineer.  The  numbers  of  briquettes  broken 
during  the  years  1900  and  1901  were  over  2000  and  16,000 
respectively.  The  average  ultimate  tensile  resistances*  in 
pounds  per  square  inch  disclosed  by  that  series  of  tests  of 
both  Portland  and  natural  cements,  as  given  in  the  report  of 
the  Chief  Engineer,  are  the  following : 


Year. 


Portland: 

Average  result 1900 

Average  result ,     1901 

Spec,  requirements I    

Natural: 


Average  result 

Average  result ..;.., 
Spec,  requirements. . 


1900 
1901 


Neat  Cement. 


I  Day.      7  Days.     28  Days. 


229 
300 
150 


552 
645 
400 

172 
215 
125 


714 
763 
500 

249 
322 
200 


♦  Sand  2,  Cement  i 


7  Days.     28  Days. 


276 
380 
200 

118 
218 
100 


434 
525 
300 

215 
350 
150 


*  For  natural  cement  a  i  cement  i  sand  mortar  was  used. 

These  restilts  represent  closely  the  best  high  test  Port- 
land and  natural  cements  produced  in  the  United  States 
during  the  execution  of  the  Rapid  Transit  Subway  work. 
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The  following  tables  disclose  not  only  the  ultimate 
resistances  of  the  diflFerent  compositions  but  also  the 
variation  of  those  resistances  with  age. 

Table  I  exhibits  the  results  of  tests  of  briquettes  of 
twelve  different  brands  of  domestic  and  one  of  foreign 
Portland  cements  as  made  in  the  testing  laboratory  of  the 
Bureau  of  Surveys  of  the  Department  of  Public  Works  of 
Philadelphia,  Pa.,  for  the  year  1901,  Mr.  George  S.  Webster, 
Chief  Engineer.  This  table  gives  the  fineness  of  the  cements. 
in  the  terms  of  the  percentages  by  weight  which  were 
retained  on  sieves  with  2500,  10,000,  and  40,000  meshes 
per  square  inch ;  it  also  shows  the  amount  of  water  used 
for  the  different  mixtures.  The  table  is  useful  in  showing 
the  gain  in  resistance  both  for  the  neat  cement  and  cement 
mortar  briquettes  up  to  the  age  of  six  months. 
;-''^able  II  shows  the  results  of  testing  both  mortar 
briquettes — one  part  cement  to  three  parts  sand — and 
those  of  the  neat  cement  at  the  ends  of  the  periods  named, 
extending  to  two  years.  All  cements  are  Portland,  and 
the  tests  were  made  for  the  Water  Commissioners  of  St. 
Louis.  The  figures  for  Table  II  were  taken  from  the 
annual  report  of  the  Water  Commissioners  for  the  year 
ending  April,  1894. 

Table  III  shows  the  results  of  a  large  number  of  tests 
of  the  ** Giant*'  brand  of  American  Portland  cement  made 
in  connection  with  the  construction  of  the  works  named. 
These  results  were  compiled  by  Mr.  R.  W.  Lesley  from 
the  official  records  of  those  works,  and  they  are  averages 
in  each  case  from  3  to  over  4000  tests.  The  table  is 
particularly  interesting  in  consequence  of  the  long  period 
(five  years)  which  elapsed  before  the  oldest  specimens 
were  broken.  The  proportions  **  2  to  i"  and  "3  to  i" 
mean  2  volumes  of  sand  and  3  volumes  of  sand  to  i  volume 
of  cement. 
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Table  I. 

AVERAGE  RESULTS  OF  PORTLAND  CEMENT  TESTS  MADE 
DURING  1901. 


Brand. 


N«.    of 
Tests. 


Broken. 


Fineness  in  Per  Cent. 


No.  so. 


No.  100. 


No.  aoo. 


Per  Cent,  of  Water. 


Neat. 


Sand. 


Alpha.  .  . . 
Atlas.  .  .  . 
*  Castle.  . 
Dexter.. . 
Giant.  . .  . 
Krause's. 
Lehigh..  . 
Phoenix.  . 
Reading.  . 
Saylor's.  . 

Star 

Vulcanite. 
Whitehall 


136 

820 
16 
28 

816 
72 

112 
36 
16 

764 

4,012 

204 

356 


99.8 

9  9 

99.2 

100. o 

99-5 
100.0 

99.8 
100. o 
100. o 
100. o 
100. o 

99.5 

100.0 


91 .0 

90.4 
86.4 
95.1 
90.3 
91.2 

90.3 
93.8 

96.6 

95-5 
91.7 
89.9 
91 .0 


76.6 

76.5 
740 

83.1 
76.4 
76.1 
77  I 
78.2 
86.9 
82.4 
76.1 
74.7 
75.4 


20. 1 

9.3 

17.1 

8.8 

25.0 

10.2 

20.0 

9-3 

19.5 

92 

19.0 

9.2 

19.9 

9.3 

19.5 

9.2 

20.0 

9.3 

20.6 

9.4 

»9-7 

9-3 

20.3 

9  4 

19.4 

9.2 

No.  of 
Tests. 

Ultimate  Tensile  Resistance  in  Pounds  per  Square  Inch. 

Brand. 

Neat. 

Broken. 

24Hrs. 

7  Days. 

28  Dys. 

2M0S. 

S  Mos. 

4  Mos. 

6  Mos. 

Alpha 

136 

820 
16 
28 

816 
72 

112 
36 
16 

764 
4,012 

204 

356 

357 
542 
235 
363 
424 
418 

377 
345 
460 

295 
437 
290 

524 

770 
728 
336 
826 
669 
830 
699 
721 
800 
697 
721 
748 
713 

834 
790 

387 
932 
719 
864 

747 
7 '3 
955 
766 
746 
767 
765 

885 
802 
443 
778 
713 
775 
684 

775 
756 
731 
707 

788 

813 
761 

745 

735 

766 

715 
807 
796 

785 
815 

776 
774 

733 
727 
710 

775 

827 
825 

786 
760 

745 

Atlas 

*  Castle 

Dexter 

Giant 

Krause's 

Lehigh 

Phoenix 

Reading 

Saylor's 

Star 

Vulcanite 

Whitehall 

740 

*  Belgian. 
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Table  I. — Continued. 

AVERAGE  RESULTS  OF  PORTLAND  CEMENT  TESTS  MADE 

DURING  \^\. -Continued, 


Brand. 


Alpha 

Atlas 

*  Oistle.  .  . . 

Dexter 

Giant 

Krause's.  .. . 

Lehigh 

Phoenix.  .  .  . 
Reading.  .  .. 
Say  lor' s.  .  . . 

Stdr 

Vulcanite.  .. 
Whitehall.  . 


No.  of 
Tests. 


Broken. 


136 

820 
16 
28 

816 
72 

112 
36 
16 

764 
4,012 

204 

356 


Ultimate  Tensile  Resistancv  i  1 


I  to  3  Standard  O'^Ttz  S-ind. 


34  Hrs. 


81 
104 

65 
63 

87 
74 
76 
94 
150 
64 
77 
45 
87 


7  Days. 


252 
204 
121 
298 
227 
229 

233 
264 
263 
217 
219 
226 
232 


28  Dys. 


314 
289 
176 
336 
309 
285 
329 
343 
301 
296 
298 
287 
313 


(  Mos. 


344 
324 
215 
312 
328 
270 
296 

338 
319 
321 
269 
295 


T,  Mos. 


312 
321 


317 
310 


301 
301 
298 
295 


4:.i 


6  .Mos. 


302 
337 


328 
303 


3" 
286 

280 
343 


262 
308 


329 

325 

286 
330 


*  Belgian. 

The  average  results  for  a  considerable  number  of  tests 
for  periods  of  time  up  to  four  years,  made  in  connection  with 
the  construction  of  the  Sodom  Dam  of  the  Croton  water 
system  (the  supply  for  the  city  of  New  York),  are  given 
in  Table  IV. 

They  are  taken  from  a  paper  by  Mr.  W.  McCulloch  in 
the  **  Trans,  of  the  Am.  Soc.  Civ.  Engrs.'*  for  March,  1893. 
The  composition  of  the  mortar  in  the  mortar  specimens 
is  shown  in  the  extreme  left-hand  column  to  have  been 
2  volumes  and  3  volumes  of  sand  to  i  volume  of  cement. 

A  considerable  number  of  tests  made  by  Mr.  P.  K.  Yates, 
resident  engineer  on  the  Seventh  Avenue  bridge  across  the 
Harlem  River,  at  New  York  City,  are  illustrated  by  the 
results  given  in  Table  V.  The  greatest  age  of  any  specimeri 
is  seen  to  be  two  years. 

Table  VI  contains  the  results  of  tests  by  Mr.  Geo.  W. 
Rafter  on  domestic  Portland  cements  as  given  in  the  report 
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Table  III. 
AVERAGE  TENSILE  RESISTANCE  IN  POUNDS  PER  SQUARE  INCH. 


Age. 


Mode 

of 
Mix- 
ing. 


°l 


■r% 


1= 

< 


u 

< 


< 


li 


1^ 


Si's 

Is 

U 

< 


< 


^t 


Fineness^ 


§1 


Sodom  and  Bog  Brook 
dams.  New  York 
Aqueduct 

Titicus  Dam,  New  York. 
Aqueduct 

Carmel  and  Craft's  Dam, 
New  York  Aqueduct. . 

Reading  Terminal  Rail- 
road  and  Station. 
Philadelphia 

Niamu  Palls  Tunnel, 
Niagara  Power  Co 


Neat 
a  to  I 
3  to  I 
Neat 

3  to  I 

3  to  1 
Neat 
a  to  I 
a  to  I 
3  to  I 
3to  I 
Neat 
3  to  I 
a  to  I 
Neat 
a  to  I 
3  to  I 


348 
1 66 
140 
3S0 
aoo 
1x5 
343 
i8a 
164 
100 
iia 
31S 

2^ 

84 

321 

15a 

q8 


482 

ago 
234 
476 

^V 
185 

443 
308 
237 
174 
166 
376 
lag 
144 
4ao 
a4a 
177 


634 
468 
4a8 
575 
491 
347 
548 
480 
404 
37a 
480 
549 
aa8 
234 
563 
454 
301 


68a 
490 
430 
64  a 
540 
436 
617 
585 
367 
413 
541 
523 
a6i 
325 
661 
472 
391 


672 

530 

514 

584 

54 

416 

604 

477 

516 

401 

437 


694 

564 

512 

641 

536 

410 

61 

475 

568 

406 

406 


736 
680 
572 
668 
573 
483 


771 
674 


840 
700 
590 


18.0 
117 
14-7 

14.79 
14.9 


Table  IV. 
AVERAGE  TENSILE  RESISTANCE  IN  POUNDS  PER  SQUARE  INCH. 


S-< 

Time  Set  in  Water. 

Cement. 

One 
Day. 

One 
Week. 

One 

Month. 

One 
Year. 

Two 
Years. 

Three 
Years. 

Fotir 
Years. 

Portland:      | 

10,000 
mesh. 

Btirham,  neat 

IC2S... 

80% 

167 

429 
141 

615 

258 

798 
468 

700 

532 

764 
632 

1^2 
658 

ic.  3S... 

169 

224 

404 

520 

552 

Natural: 

2500 
mesh. 

Union,  neat 

96% 

160 

240 

228 

510 

542 

650 

654 

IC.  2S 

34 

94 

394 

430 

514 

522 
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Cement. 

Af^  and  Ultimate  Tensile  Resistance  in  T^hn.  per  Sq.  In. 

H 

d 

Seven 

One 

Three 

Four 

Six 

Nine 

One 

Two 

^ 

Days. 

Mo. 

Mos. 

Mos. 

Mos. 

Mos. 

Year. 

Yean. 

20 

Alsen's  Portland,  neat 

450 

453 

606 

701 

739^ 

766 

10 

"        IC.   IS. 

399 

418 

428 

655 

6 

**             "      IC.  3s. 

146 

193 

—  iRosendale,  neat*.  .  .  . 

11-3 

155 

297 

377 

412 

I           "            IC.  IS 

1 

115 

225 

269 

"- 

309 

*  At  end  of  one  day,  eighty  ix>unds  per  square  inch. 


Table  VI. 

ULTIMATE  TENSILE  RESISTANCES  IN  POUNDS  PER  SQUARE 
INCH  AT  THE  AGES  SHOWN. 


Cement. 

j 
Mixture. 

One  Day. 

Seven 
Days. 

Twenty- 
eight 
Days. 

Ninety 
Days. 

One 
Hundred 

and 
Fiftv 
Days. 

Empire  Portland.  .  . 
Wayland  Portland- 

neat 
neat 

1  S.  I  c. 

2  S.  I  c. 

3  s.  I  c. 

4  s.  I  c. 

5  s.  I  c. 

324 
340 

520 

519 
272 
203 
144 
132 
104 

625 
61Q 
386 
270 
246 
200 
136 

649 

489 
326 

351 
242 

698 

527 
440 

of  the  State  Engineer  and  Surveyor  of  the  State  of  New 
York  for  1894.  Each  result  is  an  average  of  twenty  tests 
of  briquettes.  The  sand  was  clear  and  rather  fine,  more 
than  one-third  of  it  passing  a  No.  50  sieve. 

The  values  exhibited  in  Table  VTI  were  determined 
during  the  year  1901  at  the  testing  laboratory  of  the 
Bureau  of  Surveys  in  the  Department  of  Public  Works  of 
Philadelphia,  Pa.,  and  are  taken  from  the  same  report  as 
was  Table  T:  they  belong  to  six  brands  of  domestic  natural 
cement.     This  table  also  shows  the  fineness  of  the  cements 
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Table  VII. 

AVERAGE  RESULTS  OF  NATURAL  CEMENT  TESTS  MADE 
DURING  1901. 


Brand. 

No.  of 
Tests. 

Fineness  in  Per  Cent. 

Per  Cent,  of 
Water. 

No.  50. 

No.  100. 

No.  200. 

Neat. 

Sand. 

Cumberland  and  Potomac. 

Improved  Anchor 

Improved  Bonneville 

Improved  Shield 

152 
3,260 
4,500 

16 
2,308 

16 

94-4 
99.9 
99.3 
99.8 
98.7 
99.2 

80.9 
92.6 

89.4 
90.4 
90.2 
94  0 

68.9 
79.4 
75.4 
76.0 

78.9 
85.0 

32.9 
26.4 
24.8 
24.0 
26.7 
32.0 

13.3 
11.9 
11.5 
"3 
11.9 

13.1 

Imoroved  Union 

Umon  Rosendale 

Brand. 


No.  of 
Tests. 


Ultimate  Tensile  Resistance  in  Pounds  per 
Square  Inch. 


Neat. 


24 

7 

28 

a 

3 

4 

Hrs. 

Days. 

Days. 

Mos. 

Mos. 

Mos. 

149 

253 

325 

389 

390 

380 

123 

280 

408 

453 

470 

475 

174 

342 

445 

475 

470 

518 

155 

229 

279 

334 

184 

253 

342 

383 

413 

434 

86 

135 

230 

"~ 

6 
Mos. 


Cumberland  and  Potomac. 

Improved  Anchor 

Improved  Bonneville 

Improved  Shield 

Improved  Union 

Union  Rosendale 


342 
477 
522 

447 


No.  of 
Tests. 

Ultimate  Tensile  Resistance  in  Pounds  per 
Square  Inch. 

Brand. 

I  to  2  Standard  Quartz  Sand. 

24 
Hrs. 

Days. 

28 
Days. 

Mos. 

Mos. 

Mt,s. 

6 
Mos. 

Cumberland  and  Potomac. 

Improved  Anchor 

Improved  Bonneville 

Improved  Shield 

'52 
3,260 
4,500 

16 
2,308 

16 

61 

49 
62 

63 
91 
33 

137 
159 
183 
143 
162 

63 

231 

274 
298 
231 
250 
147 

303 
346 
379 
3»5 
332 

374 
381 
397 

369 

303 
383 
417 

412 

287 
385 
417 

Improved  Union 

460 

Union  Rosendale 
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and  the  percentages  of  water  used  in  the  mixtures  of  both 
neat  cement  and  cement  mortar.  It  will  be  observed 
that  the  sand  used  in  the  tests  of  both  Tables  I  and  VII 
was  the  standard  crushed  quartz  used  for  such  purposes. 
The  recent  cement  product,  called  silica-Portland 
cement,  is  manufactured  by  grinding  together  certain 
portions  of  clean  silicious  sand  and  Portland  cement. 
The  results  given  below  are  taken  from  the  tests  of  such 
silica-Portland  cement,  manufactured  by  the  Silica-Port- 
land Cement  Co.,  of  Long  Island  City,  N.  Y.  One  part, 
by  weight,  of  Aalborg  Portland  cement  was  ground  to- 
gether with  six  parts,  by  weight,  of  clean  silicious  sand 
to  such  a  degree  of  fineness  that  essentially  all  of  the 
product  passed  through  a  32,000-mesh  sieve.  This  finely 
ground  mixture  of  i  cement  to  6  sand,  by  weight,  is  called 
**neat "  in  what  follows,  while  **  (1-6)  s.  c.-2  q."  is  i  part,  by 
weight,  of  the  **neat"  silica- Portland  cement  to  2  parts,  by 
weight,  of  crushed  quartz,  or  ** standard"  sand,  all  of  which 
passes  a  No.  20  sieve  and  is  retained  on  a  No.  30  sieve.  The 
results  were  obtained  in  the  cement-testing  laboratory  of 


Table  VIII. 

SILICA-PORTLAND  CEMENT. 

Ultimate  Tensile  Resistance  in  Pounds  per  Square  Inch. 


Per  Cent, 
of  Water. 

Age. 

Mixture. 

Seven 
Days. 

Fifteen 
Days. 

Twenty-one 
Days. 

Two 

Hundred  and 

Nineteen 

Days. 

Neat 

11% 

(148 

8^  130 

f  121 

1    ^' 
23]    69 

(    58 

(  172 
6]  165 

(  166 
si  149 

121 
114 

8-     98 
(    88 

(1-6)  s.  C.-2  q. .. 

(220 

5-  204 

(  194 

All  specimens  one  day  in  air  and  remainder  in  water. 
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the  department  of  civil  engineering  of  Coltimbia  Univei"sity. 
The  figures  on  the  left  of  the  brackets  show  the  number  of 
tests  of  which  the  ultimate  resistances  are  the  greatest, 
mean,  and  least  in  each  case. 

Five  seven-d^y  tests  of  the  Aalborg  Portland  cement 
used  in  the  manufacture  of  the  silica-Portland  cement 
gave  the  following  greatest,  mean,  and  least  ultimate 
tensile  resistances,  the  specimens  having  been  one  day  in 
air  and  six  days  in  water: 

Greatest.  Mean.  Least. 

594  lbs.  per  sq.  in.  536  lbs.  per  sq.  in.  441  lbs.  per  sq.  in. 

Four  specimens  of  the  neat  silica- Portland  cement  (i~6), 
one  day  in  air  and  the  remainder  of  the  time  in  water, 
gave  the  following  results: 

Age. 

308  lbs.  per  sq.  in 199  days. 


(: 


»«.(.-«) «>*  :;  ::  r  ;: 

1294  i«9 

I260        "  ••       185     " 

One  of  the  earliest  authorities  on  English  Portland 
cement  was  Mr.  John  Grant,  who  published  his  **  Experi- 
ments on  the  Strength  of  Cements''  in  1875.  Although  his 
experimental  determinations  are  now  displaced  by  those 
applicable  to  cements  and  mortars  of  the  present  time,  his 
work  is  one  of  the  classics  in  Portland  cement  literature. 
The  conclusions  which  he  reached  through  investigations 
and  practical  experience  still  hold  in  great  measure  and 
are  of  sufficient  value  to  be  given  here.  They  are  the 
following : 

1.  Portland  cement,  if  it  he  preserved  from  moisture,  does  not,  like  Roman 
cement,  Tose  its  strength  by  being  kept  in  casks,  or  sacks,  but  rather  improves 
by  age ;  a  great  advantage  in  the  case  of  cement  which  has  to  be  exported. 

2.  The  longer  it  is  in  setting,  the  more  its  strength  increa!«s. 

.V  Cement  mixed  with  an  equal  quantity  of  sand  is  at  the  end  of  a  year 
approximately  three  fourths  of  the  strength  of  neat  cement. 
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4.  Mixed  with  two  parts  of  sand,  it  is  half  the  strength  of  neat  cement. 

5.  With  three  parts  of  sand,  the  strength  is  a  third  of  neat  cement. 

6.  With  four  parts  of  sand,  the  strength  is  a  fourth  of  neat  cement. 

7.  With  five  parts  of  sand,  the  strength  is  about  a  sixth  of  neat  cement. 

8.  The  cleaner  and  sharper  the  sand,  the  greater  the  strength.  * 

9.  Very  strong  Portland  cement  is  heavy,  of  a  blue-gray  color,  and  sets 
slowly.  Quick -setting  cement  has,  generally,  too  large  a  proportion  of  clay 
in  its  composition,  is  brownish  in  color,  and  ttuns  out  weak,  if  not  useless. 

10.  The  stiffer  the  cement  is  gauged,  th&t  is,  the  less  the  amount  of  water 
used  in  working  it  up,  the  better. 

11.  It  is  of  the  greatest  importance  that  the  blocks,  or  stone,  with  which 
Portland  cement  is  used,  should  be  thoroughly  soaked  with  water.  If  under 
water,  in  a  quiescent  state,  the  cement  will  be  stronger  than  out  of  water. 

1 2.  Blocks  of  brickwork,  or  concrete,  made  with  Portland  cement,  if  kept 
under  water  till  required  for  use,  would  be  much  stronger  than  if  kept  dry. 

13.  Salt  water  is  as  good  for  mixing  Portland  cement  as  fresh  water. 

14.  Bricks  made  with  neat  Portland  cement  are  as  strong  at  from  six  to 
nine  months  as  the  best  quality  of  Staffordshire  blue  brick,  or  similar  blocks 
of  Bramley  Fall  stone,  or  Yorkshire  landings. 

15.  Bricks  made  of  four  parts  or  five  parts  of  sand  to  one  part  of  Portland 
cement  will  bear  a  presstu'e  equal  to  the  best  picked  stocks. 

16.  Whenever  concrete  is  used  tmder  water,  care  must  be  taken  that  the 
water  is  still.  Otherwise  a  current,  whether  natural  or  caused  by  pumping, 
will  carry  away  the  cement,  and  leave  only  the  clean  ballast. 

17.  Roman  cement,  though  about  two  thirds  the  cost  of  Portland,  is  only 
about  one  third  its  strength,  and  is  therefore  double  the  cost,  measured  by 
strength. 

18.  Roman  cement  is  very  ill  adapted  for  being  mixed  with  sand. 

Mr.  Don.  J.  Whittemore  has  proposed  the  following 
formula  for  the  ultimate  tensile  resistance  of  cements: 

in  which  T  is  the  ultimate  tensile  resistance  in  pounds  per 
square  inch;  A,  an  empirical  coefficient,  and  A^  the  age  of 
the  cement  in  days.  This  equation  cannot  be  appKed  to 
any  extended  length  of  time,  but  it  may  be  used  approxi- 
mately for  periods  ix)ssibly  ranging  from  7  days  to  30  days. 
If  the  7-  and  28-day  results  obtained  in  the  testing  labora- 
tory of  the  Rapid  Transit  Railroad  Commission  of  New 
York  City,  given  in  the  preceding  portion  of  this  article, 
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be  used  there  will  result  for  Portland  cement  with  close 
approximation,  ^4=500  and  ^  =  8.7;  while  for  natural 
cement  ^=120  and  ^=3.4-  Such  approximate  formulae^ 
however,  have  very  little  practical  value. 


Fig.  I. 

All  the  preceding  tensile  tests  of  cement  and  cement 
mortars,  unless  otherwise  stated,  were  made  with  the  shape 
of  briquette  shown  in  Fig.  i,  which  was  recommended  for 
use  in  the  report  of  the  **  Committee  on  a  Uniform  System 
for  Tests  of  Cemenf  of  the  American  Society  of  Civil 
Engineers.  That  report  was  made  in  1885,  and  the  bri- 
quette recommended  has  become  the  standard  in  American 
pr;  .  '  ice  for  the  testing  of  cements  and  mortars. 

Adhesion  between  Bricks  and  Cement  Mortar, 

General  O.  A.  Gillmore  (**  On  Limes,  Hydraulic  Cements, 
and  Mortars")  cemented  Croton  bricks  together  crosswise 
and  then  separated  them  by  a  pull.  He  used  pure  cement 
paste  and  mortars  of  various  proportions,  by  volume,  of 
cement  to  sand,  but  never  more  sand  than  i  volume  of 
cement  to  2  volumes  of  sand.     Nearly  all  the  cement  was 
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Rosendale,  although  some  specimens  were  prepared  with 
Hancock  (Maryland)  or  James  River  cement.  Bricks  so 
cemented  in  pairs  were  kept  320  days  and  then  separated. 
Reviewing  the  results,  Gen.  Gilhnore  says:  **  In  tearing  the 
bricks  apart,  at  the  expiration  of  the  time  specified,  in  a 
majority  of  cases  the  surface  of  contact  of  the  brick  and 
mortar  remained  intact,  the  adhesion  to  the  brick  over- 
coming the  cohesive  strength  either  of  the  bricks  themselves, 
or  of  the  mortar  composing  the  joint  between  them.  The 
results,  therefore,  although  interesting  for  other  reasons, 
furnish  no  entirely  satisfactory  measure  of  the  power 
of  adhesion.'* 

Also,  "at  the  age  of  320  days  (and  perhaps  considerably 
within  that  period)  the  cohesive  strength  of  ptire  cement 
mortar  exceeds  that  of  Croton  front  bricks.  The  converse 
is  true  when  the  mortar  contains  fifty  per  cent.,  or  more, 
of  sand." 

Table  IX. 


Mortar  or  Paste. 

Materials  Cemented. 

Adhesion  per 
Square  Inch 
in  Pounds. 

Ratio  of 
Adhesion  to 
Resistance  of 
Pure  Cement. 

Pure  cement   

Croton  bricks  . 

<  <           (1 
tt           1 1 
It    '       tt 
tt           tt 

Fine  cut  granite 

< 1      tt        tt 
tt      tt        tt 
tt      it        tt 

30.8 

15.7 

12.3 

6.8 

4.3 

3.3 

27.5 

20.8 

12.6 

9.2 

7.9 

I    GO 

I  vol.  cement,  i  vol.  sand 

I    "        "        2    "      " 

1    •■        "        3    "      " 

1    '•        "        4   "      " 

I    "         *'        6    "      "  ...... 

Pure  cement 

0.51 
0.40 
0.22 
0.17 
0.  14 
0.  II 
I    00 

I  vol.  cement,  i  vol.  sand 

,    ««         tt        ^    tt      it 

_    i«        (1         -    it      i« 

^                         4                

0.76 
0.46 

0.33 
0.29 

Table  IX  contains  the  results  of  another  series  of 
experiments  by  General  Gillmore,  made  for  the  purpose  of 
determining  the  adhesion  to  Croton  front  bricks  and  fine 
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cut  granite  of  mortars  containing  different  proportions  of 
sand.  **The  bricks  were  used  wet,  and  were  well  pressed 
together  by  hand.  They  were  wetted  with  fresh  water 
every  alternate  day  for  29  days,  the  age  of  the  mortar  when 
tested.     Each  result  is  the  average  of  five  trials." 

Table  X  exhibits  other  experimental  restilts  on  the 
adhesive  resistance  of  cements  and  mortars  to  both  stone  and 
brick;    it  is  taken  from  a  similar  table  prepared  by  Mr. 

Table  X. 

ADHESIVE  RESISTANCE  OF  CEMENTS  AND  MORTARS. 


0 

^1 

Materials  Cemented 
together. 

Average  Ahhesive  Strength 
in  Pounds  per  Sqtiare  Inch. 

Kind  of 

Cement 

Used. 

|l 

0 

38 

53 
45 
73 

46.  Q 
56.9 

Cd 

|l 

Authority. 

I 

2 

3 

4 

5 

6 

7 

K 

0 

10 

1 1 

12 

i.i 

14 

15 

16 

17 

x8 

19 
20 
21 
22 

23 
24 

25 

a6 

27 

7. 

28 

30 

42 

48 

56 
95 
no 

t8o 
lyr. 

•t 

Port 

Hvd 

lirr 
Port 

land 

raulic 

le 

land 

« 

Sawed  limestone 

Cut  granite 

Polished  marble 

Bridgewater  brick 

*  Brick 

t  Brick      / 

♦Brick 

t  Brick 

Sawed  limestone 

Cut  granite 

Polished  marble 

Bridgewater  brick 

Sandstone 

J  Brick 

X  Brick 

t  Brick 

t  Brick 

1  Brick 
Sawed  slate 
Portland  stone 
Polished  marble 
Gault-clay  brick 

pressed 
Stock  brick  in  air 
Stock  brick  in  water 
Staf .  blue  brick  in 

air 
Staf.  blue  brick  in 

water 
Fareham  red  brick 

in  air 
Fareham  red  brick 

in  water 

57 
41 
38 
19 
168 

213 

Ul 

1   66 

40 
6S.8 

I    0? 
S    55 
J    75 

45 
78 
96 

48 

40 
126 
123 

102 
117 
105 
146 

54 

44 

63 

70 

47 
29 
83 
62 

20 
26 
24 
48 

24.2 

lA-2 
12.8 

9 
16 
14 
45 

I.J.Mann,  1883 
Prof.  Warren,  1887 
I.  J.  Mann,  1882 

Bauschinger,  1873 

I.  J.  Mann.  1883 

J.  Grant.  1871 
•1            •« 

M                       M 
««                       M 

28 

•  •* 

««                        M 

♦  Clean  river  sand  used  in  mixture, 
t  Fine  river  sand  used  in  mixture. 
§  Coarse  particles  in  cement  sifted  out  before  testing 


t  Crushed  sandstone  used  in  mixture 
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Emil  Kuichling  in  his  report  to  the  Executive  Board  of  the 
City  of  Rochester,  N.  Y.,  for  1888.  Tables  IX  and  X 
contained  at  that  time  practically  all  the  reliable  informa-. 
tion  of  this  class  available. 

Other  experimental  determinations  of  the  adhesive 
resistance  of  natural  and  Portland  cement  mortars  to 
brick  and  stone  may  be  found  in  the  report  of  the  Chief  of 
Engineers,  U.  S.  A.,  for  1895.  At  the  age  of  28  days 
the  adhesive  resistance  of  neat  Portland  cement  to  the 
surface  of  sawn  limestone  was  about  270  poimds  per  square 
inch;  about  240  poimds  per  square  inch  with  a  mortar  of 
I  cement  to  ^  sand;  about  225  pounds  per  square  inch 
with  a  mortar  of  i  cement  to  i  sand,  and  about  1 70  potmds 
per  square  inch  with  a  mortar  of  i  cement  to  2  sand. 

Table  XI  exhibits  the  average  results  of  three  and  six 
months'  tests  of  the  adhesion  of  Portland  and  natural 
cement  mortars  to  bricks  which  were  cemented  to  each 
other  at  right  angles  and  then  pulled  apart  normally  at  the 
ends  of  the  periods  named.  These  average  results  are 
taken  from  the  same  report  of  the  Chief  of  Engineers, 
U.  S.  A.,  for  1895. 

Table  XL 

AVERAGE  ADHESIVE  RESISTANCE  OF  BRICKS  CEMENTED 
TOGETHER  AT  RIGHT  ANGLES  TO  EACH  OTHER. 


Cement. 

Mortar. 

Adhesion, 
Pounds  per  Square  IncK 

Portland 

Neat 

60 

K 
it 
t€ 

I  c,  i  s. 
I  C,   I  s. 
I  c,  2  s. 

60 
40 
20 

Natural 

I  c,  3  s. 

Neat 
I  c,  i  s. 

20 
55 
50 

I  C,   I  s. 

45 

I  c,  2  s. 

30 

ic.  3S. 

15 
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There  will  also  be  found  in  that  report  average  values 
of  the  shearing  adhesion  of  plain  i-inch  round  bolts  to  neat 
Portland  cement  and  to  Portland  cement  mortars  of  i 
month's  age,  the  bolts  having  been  embedded  at  various 
depths  from  2  to  lo  inches  in  the  mortars.  The  shearing 
adhesion  for  the  neat  cement  varied  from  a  maximum 
of  345  poimds  per  square  inch  for  a  depth  of  insertion  of  4 
inches  down  to  230  pounds  per  square  inch  for  a  depth  of 
insertion  of  about  8f  inches.  In  the  case  of  the  Portland 
cement  mortar  of  i  cement  to  2  sand  the  shearing  adhesion 
varied  from  a  maximum  of  280  poimds  per  square  inch  for  a 
depth  of  insertion  of  the  bolt  of  2^  inches  down  to  250 
pounds  per  square  inch  for  a  depth  of  insertion  of  about 
7 1  inches.  When  the  bolt  was  embedded  in  the  Portland 
cement  mortar  of  i  cement  to  4  sand  the  shearing  adhesion 
ranged  from  a  maximum  of  about  145  poimds  per  square 
inch  for  a  depth  of  insertion  of  10  inches  to  a  minimum  of 
about  70  poimds  per  square  inch  for  a  depth  of  insertion 
of  2  inches.  These  values  of  shearing  adhesion  are  impor- 
tant results  in  the  theory  and  design  of  concrete-steel 
members. 

The  Effect  of  Freezing  Cements  and  Cement  Mortars. 

There  have  been  many  attempts  made  to  determine  the 
effect  of  freezing  neat  cements  and  cement  mortars  after 
having  been  mixed  for  use  at  various  ages  and  under 
various  conditions.  Some  valuable  -data  have  been  ac- 
cumulated, but  the  conditions  attending  such  investiga- 
tions are  so  complicated  and  so  difficult  to  be  analyzed 
quantitatively  that  many  most  discordant  conclusions  have 
been  reached.  Different  results  will  follow  if  the  freezing 
is  done  immediately  after  the  mixing  of  the  cement  or 
mortar,  or  after  the  initial  set  has  taken  place,  or  after  the 
considerable  hardening  which  takes  place  at  the  age  of 
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12  to  24  hours.  Probably  the  best  data  in  this  connection 
arise  from  an  engineer's  practical'  experience  in  laying 
masonry  when  the  temperature  of  the  air  is  below  the 
freezing-point.  Under  such  circumstances  it  is  rarely 
the  case  that  anything  more  than  surface  freezing  takes 
place  before  the  hardening  of  Portland  cement.  With  the 
slower  action  of  the  natural  cements  similar  conditions  do 
not  exist.  It  is  undoubtedly  prejudicial  even  with  Port- 
land cements  to  have  alternate  freezing  and  thawing  take 
place  at  comparatively  short  intervals  of  time.  On  the 
other  hand,  the  great  majority  of  laboratory  investigations 
indicate  that  Portland  cement  or  cement  mortars  may  be 
severely  frozen  and  remain'  so  for  long  periods  of  time 
without  essential  injury.  It  is  probable  that  setting  usually 
proceeds  during  a  frozen  condition,  but  at  an  exceedingly 
slow  rate,  and  that  the  operation  of  setting  is  actively 
renewed  after  thawing. 

While  it  has  been  stated  in  some  quarters  that  natural 
cements  may  be  frozen  similarly  and  thawed  without 
essential  injury,  there  is  considerable  laboratory  evidence 
as  well  as  that  of  practice  which  indicates  that  conclusion 
to  be  erroneous,  especially  if  it  be  given  any  considerable 
application.  There  may  be  cases  in  which  natural  cements 
can  be  or  have  been  frozen  without  essential  injury,  but 
the  author's  experience  in  extended  practical  operations  in 
masonry  construction  induces  him  to  believe  that  any 
natural  cement  severely  frozen  before  being  thoroughly 
hardened  is  so  seriously  injured  as  to  be  practically  de- 
stroyed. On  the  other  hand,  his  extended  observations 
not  only  on  his  own  work,  but  on  those  of  others,  lead  him 
to  believe  that,  as  a  rule,  Portland  cement  will  not  be 
sensibly  injured  under  the  conditions  of  actual  masoniy 
construction  by  being  frozen.  It  is  customary  in  most 
large  works  to  permit  no  masonry  to  be  laid  at  a  tempera- 
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ttire  much  below  about  26*^  Fahr.  above  zero,  but  with 
precautions  easily  attained  it  is  certain  that  concrete  and 
other  masonry  laid  in  Portland  cement  mortar  may  prop- 
erly and  safely  be  put  in  place  several  degrees  below  that, 
temperature. 

It  has  also  been  stated  in  some  quarters  that  natural 
cements  and  some  Portlands  have  been  actually  improved 
by  being  frozen.  Such  conclusions  should  be  received  with 
exceeding  caution.  The  author  believes  that  there  is  no 
conclusive  evidence  that  any  cement  or  cement  mortar  can 
be  improved  by  freezing. 

In  cold  weather  it  is  customary  on  some  works  to  use 
salt  water  for  mixing  mortars  and  concretes,  and  that^ 
practice  when  suitably  conducted  may  be  resorted  to  with 
safety  and  propriety.  Such  solutions  generally  rtin  from 
2  to  8  or  10  per  cent,  by  weight  of  salt.  Occasionally,  also, 
soda  is  dissolved  in  water  at  the  rate  of  2  pounds  per  gal- 
lon. Before  using  this  solution  an  equal  volume  of  water 
is  added  so  that  the  final  solution  contains  about  i  pound 
of  soda  to  a  gallon  of  water.  This  solution  expedites 
the  setting  of  the  cement  with  a  view  to  accomplishing 
a  safe  degrefe  of  hardening  before  the  mortar  is  frozen. 
It  is  doubtful  whether  this  practice  should  be  encouraged. 

The  Linear  Thermal  Expansion  and  Contraction  of 
Concrete  and  Stone. 

Satisfactory  investigations  regarding  the  expansion  and 
contraction  of  concrete  and  stone  are  exceedingly  few  in 
number,  and  the  data  by  which  variations  in  the  dimen- 
sions of  large  masses  of  masonry  due  to  temperature  changes 
can  be  computed  are  correspondingly  meagre.  Professor 
William  D,  Pence,  of  Purdue  University,  has  made  such 
investigations  and  presented  the  results  in  a  valuable 
paper    read    before    the    Western    Society    of    Engineers, 
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November  20,  1901.  In  his  experimental  work  he  com- 
pared the  thermal  linear  changes  of  concrete  bars  and  bars 
of  steel  and  copper,  basing  the  coefficients  of  expansion  of 
the  concrete  and  mortar  on  the  relative  changes  of  the 
two  materials  for  the  same  range  of  temperature.  These 
experiments  were  conducted  with  great  care,  but  the 
resulting  values  might  perhaps  have  been  at  least  better 
defined  had  two  materials  been  employed  with  a  greater 
difference  in  their  rates  of  thermal  expansion  and  contrac- 
tion. Professor  Pence  employed  two  kinds  of  concrete  and 
one  bar  of  Kankakee  limestone,  seven  experiments  having 
been  performed  on  a  concrete  of  i  Portland  cement,  2  sand, 
and  4  broken  stone ;  one  on  a  concrete  of  i  Portland  cement, 
2  sand,  and  4  gravel ;  and  three  on  a  concrete  composed  of  i 
cement  and  5  of  sand  and  gravel,  making  the  mixture 
essentially  equivalent  to  the  preceding  concrete  of  i  cement, 
2  sand,  and  4  gravel.  The  maximum,  mean,  and  minimum 
coefficients  of  linear  expansion  per  degree  Fahr.  fotmd  in 
these  tests  were  as  follows: 


Kind  of  Concrete. 

Maximum. 

Mean. 

Minimum. 

Broken  stone,   1:2:4 

Gravel     1  '.  2  i  ±. 

.0000057 
.0000055 

.0000055 
.0000054 
.0000053 
.0000056 

.0000052 

Gravel,   i  :  s 

.0000052 

ICankakee  liiriestone.  ...  . .  r , . ,  r 

Between  January  and  June,  1902,  Messrs.  J.  G.  Rae 
and  R.  E.  Dougherty,  graduating  students  in  Civil  Engineer- 
ing at  Coltimbia  University,  with  the  aid  of  Professor 
Hallock  of  the  Department  of  Physics  of  the  same  university, 
determined  with  great  care  by  the  most  accurate  direct 
measurements  the  coefficients  of  linear  thermal  expansion 
of  one  bar  of  concrete  of  i  Portland  cement,  3  sand  and  5 
gravel,  and  one  bar  of  mortar  of  i  Portland  cement  and  2 
sand,  each  bar  being  4  inches  by  4  inches  in  cross-section 
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and  about  3  feet  long,  both  bars  being  tested  at  the  age 
of  about  si  years.  The  coefficients  of  linear  thermal 
expansion  for  each  degree  Fahr.  found  in  these  investiga- 
tions were  as  follows: 

For  1:3:5  concrete 00000655 

"     1:2  mortar 00000561 

It  is  believed  that  these  last  two  determinations  were 
made  with  the  utmost  accuracy  attainable  at  the  present 
time  in  an  imusually  well  equipped  physical  laboratory 
and  under  most  favorable  conditions. 

When  it  is  remembered  that  the  coefficient  of  hnear 
thermal  expansion  of  such  iron  and  steel  as  are  used  in 
engineering  structures  is  about  .0000066,*  it  is  apparent 
that  structures  of  combined  concrete  or  other  masonry  and 
steel  may  be  expected. to  act  under  thermal  changes  essen- 
tially as  a  tmit,  a  conclusion  which  is  justified  at  the  present 
time  by  extended  experience. 

Art.  47.— Timber  in  Tension. 

The  ultimate  resistance  of  timber  in  general  is  much 
affected  by  the  moisture  which  it  contains,  except  that  the 
amount  of  moisture  does  not  appear  to  affect  sensibly  the 
ultimate  tensile  resistance.  At'  this  point,  therefore,  no 
further  attention  will  be  given  to  the  effect  of  moisture  or 
sap  on  the  tensile  resistance,  but  the  influence  of  moisture 

*  A  large  number  of  determinations  of  the  thermal  expansion  of  iron  and 
steel  per  degree  Fahr.  may  be  found  in  the  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials  for  1887.  The  maximum,  mean,  and  minimum  for 
steel  bars  are  as  follows: 

.000006756  .000006466  .00000617 

Other  coefficients  of  thermal  expansion  are  also  given  as  follows: 

Wrought  iron 00000673 

Cast  iron 000005926 

Copper 000009129 
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on  the  compressive  and  bending  resistances  will  be  fully- 
set  forth  in  the  articles  devoted  to  timber  in  compression 
and  bending. 

There  are  but  few  results  of  investigations  which  lead 
to  satisfactory  coefficients  of  elasticity  for  tension.  Among 
those  are  some  determinations  of  that  coefficient  for  Douglas 
fir  or  Oregon  pine  in  the  '*  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials"  for  1896.  There  were  seven  tests, 
which  gave  the  following  results  in  pounds  per  sq.  in.; 

Maximum.  Meaa.  Minimum. 

2,662,000  2,065,000  1,739,000 

The  timber  was  not  well  seasoned.  It  seems  probable 
from  such  tensile  tests  as  have  been  made  that  the  coeffi- 
cient of  elasticity  for  the  more  common  structural  timbers 
like  pine,  spruce,  and  oak  may  be  taken  at  values  running 
from  2,000,000  down  to  1,200,000  pounds  per  square 
inch.     . 

In  determinmg  the  tensile  resistance,  and,  indeed,  other 
resistances  of  timber,  the  size  of  the  specimen  plays  a 
more  important  part,  probably,  than  in  any  other  class 
of  materials  used  by  the  engineer.  Small  specimens,  such 
as  are  usually  employed  in  tensile  tests,  are  inevitably  so 
selected  as  to  eliminate  such  defects  as  decay  and  decayed 
or  other  knots,  wind  shakes,  season  cracks,  and  other 
deteriorating  features,  so  that  the  results  exhibit  physical 
properties  belonging  to  the  best  parts  of  full-size  sticks. 
In  engineering  practice,  on  the  other  hand,  large  pieces  of 
timber  must  be  used  as  furnished  in  the  timber  market. 
However  close  the  inspection  tcvqy  be  such  pieces  in- 
variably include  within  their  volumes  many  spots  of  weak- 
ness due  to  those  features  which  in  the  small  specimen  are 
carefully  excluded.  It  is  of  the  utmost  consequence, 
therefore,  in  dealing  with  physical  data  belonging  to  timber 
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to  realize  that  results  determined  by  the  testing  of  small 
specimens  are  almost  without  exception  materially  mis- 
leading in  consequence  of  reaching  higher  values  than  those 
which  can  possibly  belong  to  the  average  stick  used  in 
structural  work.  These  observations  must  be  carefully 
remembered  in  considering  the  experimental  data  which 
follow. 

There  are  comparatively  few  general  data  available 
regarding  the  tensile  tests  of  timber  as  it  is  employed  in 
structural  work,  and  almost  no  tensile  tests  giving  values 
of  the  coefficient  of  elasticity  in  tension  which  can  be 
accepted  for  use.  In  Art.  69,  on  timber  beams,  there  will 
be  found  some  very  satisfactory  determinations  of  the 
coefficient  of  elasticity  for  bending  which  may  be  taken 
as  representing  the  stiffness  of  timber  under  stress. 

Between  1891  and  1895  Professor  J.  B.  Johnson  of 
Washington  University  made  a  mass  of  tests  of  American 
timber  for  the  Forestry  Division  of  the  U.  S.  Department 
of  Agriculture.  Among  his  results  will  be  foimd  a  large 
number  belonging  to  long-leaf  yellow  pine  (Pinus  palustris) 
in  tension.  These  results,  although  not  much  affected  by 
moisture,  are  for  specimens  containing  15  per  cent,  of 
moisture  and  about  i  square  inch  in  cross-sectional  area. 
They  are  as  follows,  expressed  in  pounds  per  square  inch: 

Maximum.  Average.  Minimum. 

22,792  17.359  13,220 

These  ultimate  resistances  are  excessively  high  for  the 
reasons  given,  and  they  should  not  be  used  for  the  com- 
mercial timber  employed  in  engineering  practice. 

The  preceding  values  belong  to  specimens  taken  from 
twenty-six  different  trees,  some  of  which  had  been  tapped 
for  turpentine  while  others  had  not;  the  investigations  of 
the  Forestry  Division  of  the  U.  S.  Department  of  Agricul- 
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ture  having  shown  that  the  operation  of  "boxing,"  or 
tapping  the  trees  for  turpentine,  has  no  sensible  effect  upon 
the  resistance  of  the  timber. 

The  ultimate  tensile  resistances  of  many  woods,  domestic 
and  foreign,  are  given  in  Table  I,  as  well  as  the  specific 
gravities. 

The  colimin  **  B*'  will  be  explained  hereafter,  in  the 
diapter  on  transverse  resistance  or  bending. 

Table  I. 


Kind  of  Timber. 


Bxponmeiiter. 


Specific 
Gravity. 


Ultimate 

Resistance 

in  Pounds 

per 

Sqtiare 

Inch. 


B, 
in  Pounds 

Square 
Inch. 


Oak.  English 

Oak,  English 

Oak,  French 

Oak.  Dantzic 

Oak,  American  white. . . . 
Oak,  American,  Baltimore 
Oak.  African  (or  Teak). . . 

Teak,  MouUnein 

Iron  wood,  Burmah 

Chow,  Borneo 

Grecnheart,  Guiana 

Sabicu,  Cuba. 

Mahogany,  Spanish 

Mahogany,  Honduras. .  . . 

Mahogany,  Mexican 

Eucalyptus.  Australia: 

Tewart 

Mahogany 

Iron-bark 

Blue  jrum 

Ash,  Enghsh 

Ash,  Canadian 

Beech 

Elm,  English 

Rock  elm,  Canada 

Hornbeam,  England 

Fir,  Dantzic 

Fir,  Riga 

Fir,  spruce,  Canada 

Larch.  Russia 

Cedar,  Cuba 

Red  pine,  Canada , 

Yellow  pine,  Canada 

Yellow  pine,  Canada 

Pitch  pme,  American 

Kauri  pine.  New  Zealand.  . 
Georgia  pine,  American.  .  . 

Locust,  American 

White  oak,  American 

Spruce,  American 

White  pine,  American 

Hemlock 


Laalett 


Hatfield 


0.858 
0.893 
C.Q76 
0.838 
0.969 
0.74a 
0.971 
0.777 
1. 176 
1.134 
1. 141 
0.917 
0.765 
0.659 
0.655 

1.169 
0.996 
1.X50 
1.049 
0.750 
0.588 
0.705 
0.64a 
0.748 
0.819 
0.603 
O.SS3 
0.484 
0.649 
0.469 
0-S53 
0.551 
0.552 
0.65Q 
O.S44 


3.837 
7,571 

8,X02 

4.ai7 
7,021 
3,832 
7.052 
3,301 
9.656 
7,199 
8.830 
5,558 
3,791 
2,998 
3.427 

10,284 
2,940 
8,377 
6.048 
3,780 
5.495 
4.853 
5.460 
9.182 
6,405 
3.231 
4.051 
3,934 
4.203 
2,870 
2.70s 
2.759 
2.259 
4,666 
4,040 
16,000 
24,800 
19.500 
10.500 
1  a, 000 
8.700 
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The  table  gives  average  results.  Those  determined  from 
experiments  of  Mr.  Laslett  are  of  English  origin  (**  Timber 
and  Timber  Trees,  Native  and  Foreign,"  by  Thomas 
Laslett,  1875);  the  others  are  from  American  experiments 
by  the  late  R.  G.  Hatfield  C* Transverse  Strains,"  1877). 
Mr.  Laslett's  specimens  were  2  inches  square  in  cross-sec- 
tion, and  generally  were  30  inches  long,  while  those  of 
Mr.  Hatfield  were  about  0.35  inch  roimd. 

It  will  be  obserN'^ed  that  Mr.  Hatfield  reached  far  higher 
results  than  Mr.  Laslett.  This  disagreement  may  be  due  to 
the  larger  cross-sectional  area  of  the  latter's  specimens, 
which  certainly  brings  his  (Mr.  Laslett's)  results  more 
nearly  in  accordance  with  what  might  be  expected  from 
such  pieces  as  are  ordinarily  used  by  engineers.  Mr. 
Hatfield's  specimens  were  far  toq  small  for  technical  pur- 
poses. 

Table  IL 

DIAMETER  OF  TEST  SPECIMENS,  1  INCH. 


Number. 

Kind  of  Wood. 

Ultimate  Resistance  per  Square 
Inch  in  Pounds. 

No.  of 
Testa. 

Greatest. 

Mean. 

Least. 

I 
2 

3 
4 
5 
6 

7 
8 

9 
fo 

Yellow  pine 

Oregon  pine 

Oregon  spruce 

White  pine 

Spruce 

17.922 

11,299 

17,044 

7,466 

19,400 

15,714 
14,650 
22,838 
27,532 
11,733 
22,703 

12,133 
20,520 
19,610 

15,478 
13.810 
16,160 

8,916 
14,283 

6,787 

14,313 
11,164 
11,492 
18,682 
24,120 
11,632 
17,410 
10,124 
20,390 
15,995 

12.066 

5,300 

11,600 

6,107 

4,586 

7,3" 

9,286 

13.885 

18,961 

10,667 

12,670 

7,600 

20.260 

12,400 

a 
4 
3 
3 
3 
3 
3 

White  wood 

Gum  wood 

White  maple 

Black  walnut 

Red  birch 

11 

White  ash 

12 

Brown  ash 

13 
14 
15 
16 

White  oak 

Red  oak 

4 
3 

2 

3 

Yellow  oak 

Hickory 

All  specimens  were  of  well -seasoned  wood. 
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The  values  given  in  Table  II  were  found  by  Col.  Laidley, 
U.  S.  Anny,  in  the  Government  machine  at  Watertown, 
Mass.  (Ex.  Doc.  No.  12,  47th  Congress,  2d  Session).  Two 
of  the  specimens  were  about  0.63  inch  in  diameter,  and  one 
1.25  inches.  All  the  rest  possessed  diameters  of  about  one 
inch  each. 

Such  small  specimens  as  those  of  Hatfield  and  Laidley, 
which  were  probably  selected,  give  much  larger  results 
than  would  be  fo\md  for  large  pieces  of  ordinary  limiber; 
these  considerations  are  highly  prejudicial  to  the  technical 
value  of  the  results. 

Table  III. 


Kind  of  Timber. 


Ultimate  Resistance, 

Pounds  per 

Square  Inch. 


With 
Grain. 


Across 
Grain. 


Working  Stresses, 

Pounds  per 

Square  Inch. 


With 
Grain. 


Across 
Grain. 


White  oak 

White  pine 

Southern  long-leaf  or  Georgia  yellow 

pine 

Douglas,  Oregon,  and  yellow  fir 

Washington  fir  or  pine  (red  fir) 

Northern  or  short-leaf  yellow  pine.  . 

Red  pine 

Norway  pine 

Canadian  (Ottowa)  white  pine  .... 

Canadian  (Ontario)  red  pine 

Spruce  and  Eastern  fir 

Hemlock 

Cypress 

Cedar 

Chestnut 

California  redwood 

California  spruce 


10,000 
7,000 

12,000 

12,000 

10,000 

9,000 

9,000 

8,000 

10,000 

10,000 

8,000 

6,000 

6,000 

8,000 

9,000 

7,000 


2,000 
500 

600 


500 
500 


500 


1,000 
700 

1,200 

1,200 

1,000 

900 

900 

800 

1,000 

1,000 

800 

600 

doo 

800 

900 

700 


200 
50 

60 


50 
50 


50 


•         Reviewing  all  the  experimental  work  which  has  been 

j  done  up  to  the  present  time   (1902)  in  determining  the 

tiltimate  tensile  resistance  of  timber,  and  keeping  in  view 

experience  with   the   resistance   of  full-size  timber  sticks 
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in  completed  structures,  the  best  representative  series  of 
values  of  the  ultimate  and  working  tensile  intensities  of 
timbers  is  that  recommended  by  the  Committee  on 
•* Strength  of  Bridge  and  Trestle  Timbers"  of  the  Associa- 
tion of  Railway  Superintendents  of  Bridges  and  Buildings 
at  the  Fifth  Annual  Convention  in  New  Orleans,  1895. 
That  series  is  given  in  Table  III. 

The  values  given  in  the  table  belong  to  just  such  timber 
as  is  used  in  engineering  structures,  and  they  are  as  high 
as  should  be  taken  for  practical  purposes. 

It  will  be  noticed  that  the  ultimate  tensile  resistance 
of  the  various  timbers  across  the  grain,  so  far  as  they  are 
given,  are  but  small  fractions  of  the  ultimate  resistances 
along  the  grain.  A  corresponding  large  decrease  in  resist- 
ance across  the  grain  will  also  be  fotmd  in  connection  with 
the  compressive  resistance  of  the  same  timbers.  The 
working  resistances  given  in  this  table  are  those  employed 
in  the  great  bulk  of  engineering  timber  structures. 


CHAPTER   VII. 
COMPRESSION. 

Art.  48. — Preliminary. 

With  the  exception  of  material  in  the  shape  of  long* 
•columns,  but  few  experiments,  comparatively  speaking, 
have  been  made  upon  the  compressive  resistance  of  con- 
structive materials. 

Pieces  of  material  subjected  to  compression  are  divided 
into  two  general  classes — '*  short  blocks  "  and  "  long  col- 
umns"; the  first  of  these,  only,  afford  phenomena  of  pure 
compression, 

A  "  short  block  '*  is  such  a  piece  of  material  that  if  it  be 
subjected  to  compressive  load  it  will  fail  by  pure  compres- 
sion. 

On  the  other  hand,  a  long  column  (as  has  been  indi- 
cated in  Art.  24)  fails  by  combined  compression  and  bending. 

Short  blocks  only  will  be  considered  in  the  articles 
immediately  succeeding,  while  long  columns  will  be  sepa- 
rately considered  further  on. 

The  length  of  a  short  block  is  usually  about  three  times 
its  least  lateral  dimension  or  less. 

It  has  already  been  shown  in  Art.  4  that  the  greatest 
shear  in  a  short  block  subjected  to  compression  will  be 
found  in  planes  making  an  angle  of  45°  with  the  surfaces 
•of  the  block  on  which  the  compressive  force  acts,  i.e.,  with 
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its  ends.  If  the  material  is  not  ductile  this  shear  will 
frequently  cause  wedge-shaped  portions  to  separate  from 
the  block.  But  the  friction  at  these  end  surfaces,  and  in 
the  surfaces  of  failure  will  prevent  those  wedge  portions 
shearing  off  at  that  angle.  In  fact  the  friction  will  cause 
the  angle  of  separation  to  be  considerably  larger  than  45°; 
let  it  be  called  a.  Then,  in  order  that  there  may  be  perfect 
freedom  in  failure,  the  length  of  the  block  must  not  be  less 
than  its  least  width  or  breadth  multiplied  by  2  tan  a.  In 
some  cases,  a  has  been  foimd  to  be  about  55*^,  for  which 
value. 

2  tan  a  =  2  X 1 .43  =2.86. 

It  was  shown  in  the  first  section  of  Art.  41,  that  the 
"ultimate  resistance''  to  tension  is  in  reality  a  mean,  and 
not  the  greatest  intensity  which  the  material  exerts.  The 
same  course  of  reasoning  will  show  that  it  is,  also,  in  general, 
impossible  to  subject  a  short  block  to  a  tmiform  intensity  of 
compression  throughout  its  mass,  and  that  the  "  ultimate 
resistance  to  compression"  is  a  mean,  usually  considerably 
less  than  the  greatest  intensity  which  exists  at  the  centre  of 
a  normal  section.  As  the  inner  portion  will  be  supported 
laterally  by  that  outside  of  it,  large  blocks  of  brittle  material 
may  give  greater  intensities  of  ultimate  resistance  than 
small  ones. 

Art,  49.— Wrought  Iron. 

It  is  difficult  to  fix  the  point  of  failure  of  a  short  block 
of  wrought  iron  or  other  ductile  material.  An  excessive 
compressive  force  causes  the  material  to  increase  very 
considerably  in  lateral  dimensions,  or  to  "bulge"  out,  so 
that  every  increase  of  compressive  force  simply  produces 
an  increased  area  of  resistance,  while  the  material  never 
truly  fails  by  crumbling  or  shearing  off  in  wedges. 


Failure  of  short  cylinders  of  cast  iron  showing^  the 
shearing  of  the  metal  on  the  plane  of  maximum 
shear. 


View  exhibiting  the  failure  of  short  cylinders  of  Connecticut  brown  sandstone. 

iTo  face  pa^e  386.) 
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A  short  block  of  wrought  iron  is  usually  considered  to 
fail  when  its  length  is  shortened  by  five  to  ten  per  cent 

If  pj  is  any  intensity  of  stress  while  l^  is  the  compressive 
strain,  or  shortening  per  unit  of  length  caused  by  p^,  then, 
according  to  eq.  (2)  of  Art.  2,  the  coefficient  of  elasticity  for 
compression  at  the  intensity  p^  will  be 


■J 


(I) 


This  ratio  is  not  constant  for  all  degrees  of  stress  and 
strain,  though  for  wrought  iron,  within  the  elastic  limit,  the 
divergences  from  a  mean  value  are  not  great.  Table  I 
contains  coefficients  of  elasticity  calculated  by  Prof.  De 
Volson  Wood,  in  the  manner  shown  by  eq.  (i),  from  the 
data  determined  by  Mr.  Eaton  Hodgkinson,  and  given  in  his 
work  before  cited.  (See  Prof.  Wood's  **  Treatise  on  the 
Resistance  of  Materials.'') 

Table  I. 


A'>,. 

L/,. 

Ex. 

Lh. 

^1. 

Po-'-,. 

Inch. 

Pounds. 

Inch. 

Pounds. 

5.09«S 

0.028 

20,796,500 

0.027 

21,864,000 

9,578 

0.052 

21,049,000 

0.047 

23,595,000 

i4iOf.8 

0.073 

21,979.000 

0.067 

24,273,000 

16,298 

0.085 

21,343,000 

18,5:8 

0.096 

22,156,000 

0.089 

24,108,000 

20,778 

0.107 

22,160,000 

O.IOO 

24,038,000 

23,018 

O.I19 

23,587,000 

0.II3 

23,587,000 

25,258 

0.130 

22,095,000 

0.128 

23,679,000 

27,498 

0.142 

22,111,000 

0.143 

22,259,000 

29,7:8 

0.152 

21,938,000 

0.163 

21,139,000 

31,978 

0.174 

20,979,000 

0.190 

19,478,000 

The  results  belong  to  two  square  bars,  and  £j  is  in 
pounds  per  square  inch.  A  is  the  area  of  cross-section ; 
it  was  1.0506  square  inches  for  the  first  bar  and  1.0363 
square  inches  for  the  other.  Hence  the  bars  were  about 
one  inch  square.     They  were  also  ten  feet  long  (L  =  10.00 


3SS 


COMPRESSION, 


[Ch.  VII. 


feet)  and  required  lateral  support  to  he  kept  in  alignment 
so^  to  act  like  short  blocks. 

The  table  shows  that  the  values  of  E^  increase  with  />j, 
when  the  latter  is  small;  an  opposite  result  was  found 
for  tension. 

What  may  be  called  the  elastic  limit  is  found  for  p^  — 
30,000  potmds  per  square  inch  (nearly).  Hence  it  is  seen 
that  the  greatest  value  of  E^  is  fotmd  for  /?„  equal  to  one 
half  to  two  thirds  the  elastic  limit. 

The  same  general  remarks  in  regard  to  the  elastic  limit 
which  were  made  in  connection  with  tension  may  be  also 
applied  to  the  compressive  elastic  limit. 

The  ** Steel  Committee''  of  British  civil  engineers,  in 
1870,  made  some  experiments  on  twelve  bars  of  Lowmoor 

Table  II. 


Pounds  per  S<iuare  Inch  for 

Elastic  Limit. 

Ciieflficient  of 
Elasticity. 

Pounds. 
29,800 

25,800 

29,100 

26,200 

Pounds. 
29,091,000 

29,091,000 

28,718,000 

28,000,000 

wrought  iron,  1.5  inches  in  diameter  and  120  inches  long. 
These  twelve  experiments  were  divided  into  four  sets  of 
three  each,  and  the  table  gives  the  means  of  each  of  these  sets 
or  groups.  The  coefficients  are  computed  at  the  elastic 
limit. 

As  a  mean  value,  the  coefficient  of  elasticity  for  wrought 
iron  in  compression  may  be  taken  at  28,000,000  poimds  per 
square  inch.      For  every  ton  (2000  pounds)  of  compression 
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per  square  inch,  therefore,  a  piece  of  wrought  iron  will  be 
shortened  by  an  amount  equal  to 


2000 


28,000,000     14,000 


of  its  length. 


Table  III  contains  the  results  of  some  experiments 
made  by  Mr.  Kirkaldy  on  specimens  of  Swedish  iron  in 
1866.  The  last  colimin  gives  the  per  cent,  of  compres- 
sion of  original  length  which  the  piece  suffered  at  the  point 
called  the  **  ultimate  compressive  resistance.''  The  results 
show  well  the  great  increase  of  resistance  which  a  short 
block  of  ductile  material  offers  with  the  increase  of  com- 
pression. 

Table  III. 


Section  of 
specimen. 

Length. 

Pounds  per  Square  Inch  for 

Per  Cent. 
Compression. 

Elastic  Limit. 

Ultimate 
Resistance. 

In. 
1.0  □ 

Ins. 
1.5 

1.5 

3 

I 

Lbs. 
24,050 

21,200 

23,300 

Lbs. 
148,800 

28,100 

84,900 

184,100 

45 

4 
33 
53 

Table  IV  gives  the  results  of  experiments  on  some  very 
short  lengths  of  Phoenix  and  Keystone  columns.  The  first 
six  results  are  for  Phoenix  sections  from  experiments  by  the 
Phoenix  Iron  Co.  in  1873;  the  two  following  are  for  the 
same  section  from  experiments  made  at  Watertown,  Mass., 
in  1879;  while  the  last  result  belongs  to  a  Keystone  section 
experimented  upon  by  Mr.  G.  Bouscaren  in  1875.  Un- 
fortunately the  amount  of  compression  or  shortening,  in 
each  instance,  was  not  recorded. 
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Length,  Inches. 

Ratio  of  Lcnjfth  to 
Diameter  of  Section. 

Area  of  Section, 
Square  Inches. 

Pounds  per  Sqtiare 
Inch. 

8.00 

I  .46 

6.97 

60,570 

8.00 

1.46 

6.97 

60,390 

4.00 

0.92 

5.62 

65.870 

4.00 

0.92 

5.62 

65,870 

4.00 

1. 01 

2.92 

56,890 

4.00 

1. 01 

2.92 

55.560 

8.00 

1. 00 

11.90 

57,130 

8.00 

1. 00 

11.90 

57,300 

9.00 

I. 12 

14.25 

51,500 

Reviewing  the  results  given  in  Tables  II.  Ill,  and  IV, 
it  is  seen  that  the  ''elastic  limit''  of  wrought  iron  in  com- 
pression, in  short  blocks,  may  be  takea  from  0.4  to  0.5  its 
ultimate  compressive  resistance,  while  the  latter  may  be 
taken  at  about  55,000  pounds  per  square  inch. 

Art.  50. — Cast  Iron. 

The  irregular  elastic  behavior  of  cast  iron,  as  seen  in 
tension,  will  also  be  discovered  in  compression.  Table  I 
contains  results  computed  from  the  data  obtained  by 
Captain  Rodman  by  testing  solid  cylinders  10  inches  long 
and  1.382  inches  in  diameter.  The  second  column  belongs 
to  a  specimen  cylinder  taken  from  a  lo-inch  columbiad, 
and  the  third  01  last  to  a  trial  cylinder  of  remelted  Green- 
wood and  Salisbury  iron.  Neither  specimen  can  be  con- 
sidered to  possess  a  true  elastic  limit,  but  what  is  ordinarily 
so  termed  may  be  taken  at  about  20,000  pounds  per  square 
inch. 

In  the  first  specimen  the  first  permanent  set  took  place 
at  3000,  and  in  the  second  at  5000  pounds  per  square  inch. 

For  a  bar  ten  feet  long  and  one  inch  square  Mr.  Eaton 
Hodgkinson  fotmd  the  following  values: 


Greatest. 
13,216,000 


Mean. 
1 2, 1  ;4.  TOO 


Least. 
10,837,100 


// 


.<. 


L'V'^' 


5^: 


i  rV 


l^ylATi 


U\^ 
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^11  in  poiinds  per  square  inch.  The  greatest  value  was 
found  at  2240,  and  the  least  at  38,080  pounds  per  square 
inch. 

Table  I. 


Intensity  of  Stress. 

Coefficient  of  Elasticity  in  Pounds  per  Square  Inch. 

1,000 

6,896,600 

2,000 

8,888,900 

33,333,300 

3,000 

9,836,100 

18,750000 

4,000 

10,666,700 

13,793,100 

5,000 

10,752,700 

13,888,900 

6,000 

11,320,800 

12,766,000 

7,000 

11,382,100 

13,725.500 

8,000 

11,510,800 

13.559,300 

9,000 

11,920,500 

13,432,800 

10,000 

12,121,200 

13,333,^00 

11,000 

12,290,500 

13,095,200 

12,000 

12,182,700 

13,186,800 

14,000 

12,444,400 

13.207,500 

16,000 

12,260,500 

12,903,200 

18,000 

11,920,500 

12,857,100 

20,000 

11,695,900 

12,578,600 

22,000 

11,253,200 

12,290,500 

26,000 

10,356,200 

11,607,200 

30,000 

8,596,000 

10,101,000 

35.000 

7,658,600 

40,000 

5,333.300 

Since  the  coefficient  of  elasticity  measures  the  stiffness 
of  a  body,  and  since  the  coefficient  of  elasticity  for  wrought 
iron  in  compression  has  been  seen  to  be  at  least  twice  as 
great  as  that  of  cast  iron  in  the  same  condition,  wrought 
iron  is  at  least  twice  as  stiff,  compressively,  as  cast  metal. 
A  bar  of  the  latter  material  will  be  compressed  by  2000 
pounds  per  square  inch,  about 


2000 


=  > of  its  length. 

12,000,000     6000  ^ 

As  long  ago  as  1840  Mr.  Eaton  Hodgkinson  tested 
specimens  of  British  cast  irons  0.75  inch  in  diameter  and 
0.75  and  1.5  inches  long  with  results  ranging  from  117,605 
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pounds  down  to  56,445  pounds  per  square  inch  and  with 
an  average  value  of  86,284  pounds  per  square  inch. 

Sir  William  Fairbaim  also  tested  English  cast  irons  after 
successive  remeltings  from  one  to  eighteen  times,  and  found 
the  ultimate  resistance  to  increase  from  98,560  pounds  at 
the  first  remelting  to  197,190  pounds  per  square  inch  after 
the  eighteenth  remelting. 

It  is  thtis  seen  that  the  ultimate  compressive  resistance 
of  cast  iron  may  vary  between  wide  limits,  but  experi- 
mental investigations  on  the  whole  show  that  the  ul- 
timate compressive  resistance  of  such  metal  as  is  used 
for  ordinary  engineering  castings  should  not  be  taken 
higher  than  about  80,000  pounds  per  sqtiare  inch,  but  that 
100,000  poimds  per  square  inch  may  be  taken  for  the  better 
and  stronger  grades  used  for  special  piuposes  where  higher 
degrees  of  excellence  are  required. 

Major  Wade  tested  a  number  of  specimens  of  cast  iron 
of  different  numbers  of  fusions,  in  order  to  determine  the 
ultimate  compressive  resistance.  His  specimens  were  from 
0.5  to  0.6  inch  in  diameter,  and  from  1.25  to  1.5  inches 
long  (nearly).  The  results  were  as  follows  in  poimds  per 
square  inch. 


Fusion. 

No.  of 
Experiments. 

Greatest 

Mean. 

Least. 

2d       

4 
2 
2 

2 
I 

5 
4 

114,504 
140,415 
169,427 

140.415 
168,251 
163,528 
174,120 

99,770 
139,540 
168,589 
136,868 
168,251 
154,576 
167,030 

84,529 

3d 

138,666 

2d  and  3d.  . . 
2d 

167,752 
1^1,321 

-id 

168,251 

2d:::::::... 

144,141 

-id 

156,863 

The  working  resistance  of  cast  iron  in  compression 
for  short  blocks  and  massive  castings  may  be  taken  from 
8000  to  perhaps  12,000  pounds  per  square  inch,  according 
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to  the  conditions  under  which  the  castings  are  to  be  em- 
ployed. 

Art.  51.— Steel. 

Table  II  of  Art.  43  contains  the  results  found  by  Prof. 
Ricketts  in  testing  cylindrical  specimens  of  mild  steel  in 
compression.  These  specimens  were  six  inches  long  be- 
tween carefully  faced  ends,  and,  as  the  table  sho\^s,  their 
diameter  was  about  0.75  inch.  The  coefficients  of 
elasticity  for  compression  were  fotmd  by  measurements 
very  carefully  made  with  a  micrometer  on  a  length  of  four 
inches.  The  elastic  limits,  however,  were  determined  by 
operating  with  a  cylinder  two  inches  long,  and  were  taken 
at  those  points  where  the  material  of  the  specimens  ceased 
to  hold  up  the  scale  beam,  and  may  have  been  somewhat 
above  that  point  where  the  ratio  between  stress  and  strain 
ceases  to  be  essentially  constant. 

The  coefficients  of  elasticity  are  foimd  to  be  quite 
uniform,  irrespective  of  the  per  cents  of  carbon,  within  the 
limits  of  the  table,  and  they  are  seen  to  be  a  very  little 
less  than  the  coefficients  for  tension.  The  difference  is 
so  small  that  no  essential  error  will  arise  if,  for  all  en- 
gineering purposes,  they  are  assumed  the  same. 

A  comparison  of  the  elastic  limits  for  tension  and 
compression  presents  some  irregularities;  yet  with  the 
exception  of  the  high  percentages  of  carbon  in  the  last  two 
grades  of  Bessemer  metal,  the  two  sets  of  elastic  limits  as 
wholes  are  not  very  different  from  each  other.  In  the 
Bessemer  steel  with  the  two  high  per  cents  of  carbon,  the 
tensile  elastic  limits  are  materially  higher  than  those  for 
compression.  The  following  very  important  conclusion 
results  from  this  comparison  of  the  elastic  limits  for  the- 
mild  structural  steels:    since  these  elastic  limits  are  es- 
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sentially  equal  it  is  not  only  permissible  but  wholly  rational 
to  increase  the  working  resistances  of  mild  steel  bridge 
columns  over  those  for  iron  in  at  least  the  same  proportion 
that  the  tensile  working  stress  of  the  same  steel  is  increased 
over  that  of  iron  in  tension.  Experiments  on  a  sufficient 
number  of  full-size  steel  coliunns  are  yet  lacking  to  verify 
this  conclusion. 

It  appears  from  such  data  on  the  compressive  resistance 
of  steel  as  exist  that  not  only  the  coefficient  of  elasticity 
but,  also,  the  limit  of  elasticity  in  compression  may  be 
taken  the  same  as  that  for  tension  for  the  same  grade  of 
steel.  This  was  practically  true  in  the  older  investiga- 
tions of  Kirkaldy,  and  it  is  essentially  confirmed  in  the 
few  later  investigations  available. 

The  ultimate  compressive  resistance  of  steel,  like  the 
ultimate  tensile  resistance,  varies  with  the  content  of 
carbon,  being  comparatively  low  with  a  small  percentage 
of  carbon,  and  correspondingly  large  with  a  high  percentage 
of  that  element.  It  is  also  much  affected  by  the  operations 
of  tempering  and  annealing. 

Chief  Engineer  Wm.  H.  Shock,  U.S.N.,  1868,  gives  .the 
following  results  for  Parker  Bros.  **  Black  Diamond"  steel: 

Normal  untempered  steel:  Ult,  Resist,  from  100,100  to 
112,400  pounds  per  square  inch. 

Heated  to  light  cherry-red  and  plunged  in  oil  at  82® 
Fahr. :  Ult.  Resist,  from  173,200  to  199,200  potmds  per 
square  inch. 

Heated  as  before  and  plimged  in  water  at  79®  Fahr., 
with  final  temper  (plum-blue)  drawn  on  heated  plate: 
Ult.  Resist,  from  325,400  to  340,800  pounds  per  square  inch. 

Heated  as  before  and  plunged  in  water  at  79®  Fahr.,  and 
tested  at  maximimi  hardness:  Ult.  Resist,  from  275,640 
to  400,000  pounds  per  square  inch.  In  each  of  these  cases 
there  were  three  tests. 


Art.  51.] 


STEEL 


395 


The  following  values  (each  is  a  mean  of  8  tests)  were 
found  by  the  United  States  Test  Board,  **Ex.  Doc.  23, 
House  of  Rep.,  46th  Congress,  2d  Session,*'  for  small 
annealed  specimens  of  -tool  steel,  of  about  one  inch  in 
length  and  0.715  inch  in  diameter: 

Ult.  comp.  per  sq.  in.  )  175,992;  174,586;  183,938;  193.413;  i93,i97;  ^74,586; 

of  original  section.  )  193,517 ;  174,895  pounds  per  square  inch. 

Final  comp.  persq.     )  134,717;  127,579;  149.881;  139,196;  I45,75i;  "8,834; 

in.  of  final  section.   )  1 25, 1 26 ;  140,489  pounds  per  square  inch. 

The  final  lengths  varied  from  56  to  89  per  cent,  of  the 
originals. 

Table  I  contains  the  results  of  Major  Wade's  experi- 
ments on  specimens  of  cast  steel  in  1851.  The  results 
are  seen  to  be  very  high. 

Table  I. 


Descnptioa. 

Length  over 
Diameter. 

Ultimate  Resistance  in 
Pounds  per  Sq.  In. 

Not  hardened 

2.55 
2.47 
2.52 

2.48 

198,944 
354,544 
391,985 
372,598 

Hardened,  low  temper 

Hardened,  mean  temper 

Hardened,  high  temper 

All  specimens  about  i  inch  long  and  0.4  inch  in  diameter. 

A  piece  of  the  Hay  steel  used  by  Gen.  Smith  in  the 
Glasgow,  Mo.,  bridge,  about  i\  inches  square  and  3J  inches 
long,  gave  an  ultimate  compressive  resistance  of  139,350 
pounds  per  square  inch  (**  Annales  des  Fonts  et  Chauss^es," 
Feb.,  1881). 

There  is  the  same  uncertainty  as  to  the  point  at  which 
compressive  failure  takes  place  in  steel  which  attaches  to 
the  ultimate  compressive  resistance  of  all  ductile  metals 
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and  which  was  commented  upon  in  Art.  49.  It  is  probably 
safe,  however,  if  not  entirely  correct,  to  take  the  ultimate 
compressive  resistances  of  different  grades  of  steel  equal 
to  their  ultimate  tensile  resistances  in  the  absence  of 
explicit  determinations;  and  a  similar  observation  may 
be  applied  to  the  working  resistances  in  piu*e  compression 
of  same  grades  of  steel. 


Art.  52. — Copper,  Tin,  Zinc,  Lead,  and  Alloys. 

Table  I  shows  some  coefficients  of  elasticity  (i.e.,  ratios 
between  stress  and  strain),  computed  from  data  deter- 
mined by  Prof.  Thurston,  and  given  by  him  in  the  **  Trans. 
Amer.  Soc.  of  Civ.  Engrs.,*'  Sept.,  1881.  The  gun  bronze 
contained  copper,  89.97;  ^i^»  10.00;  flux,  0.03.  The  cast 
copper  was  cast  very  hot.  • 

Table  I. 


Coefficients  of  Elasticity  in  Pounds  per  Square  Inch. 

Stress  in  Pounds 
per  Square  Inch. 

Gun  Bronse. 

Cast  Copper. 

1,620 

1,254,000 

3,260 

3,622,000 

1,415,000 

6,520 

4,075,000 

1,651,000 

9,780 

6,113,000 

1,795.000 

13,040 

6,520,000 

1,824,000 

16.300 

5,433,000 

1,842,000 

19,560 

5,148,000 

1,845,000 

22,820 

3,935.000 

1.735.000 

26,080 

2,308,000 

1,503.000 

29.340 

1,144,000 

32,600 

1,073,000 

815,000 

48,900 

463.600 

332,500 

The  ratios  of  stress  over  strain  are  far  from  being  con- 
stant. Strictly  speaking,  therefore,  there  is  no  elastic 
limit  in  either  case.  In  that  of  the  gun  bronze,  however, 
it  may  be  approximately  taken  at  20,000  pounds  per  square 
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inch  (Prof.  Thurston  takes  it  22,820),  and  in  that  of  the 
copper  at  25,000  potmds.  The  test  specimens  were  two 
inches  long  and  tiimed  to  0.625  inch  in  diameter. 

At  38,000  potmds  per  square  inch  the  gun  bronze  speci- 
men was  shortened  about  41  per  cent,  of  its  original  length, 
while  its  diameter  had  become  0.77  inch. 


Table  II. 


Composition. 

Pounds  per  Square  Inch 
CausiniT  a  ShorteninR  of 

Greatest 
Load  in 

Percent, 
of  Short- 

Ultimate 

Crushing 

Resist- 

Pounds 

ening 
Caused 

Manner  of 

per 
Square 
Inch. 

ance  in 

Failure. 

Copper. 

Tin. 

Cent. 

10  Per 
Cent. 

10  Per 
Cent. 

by 

Greatest 

Load. 

Lbs.  per 
Square 
Inch. 

07.83 

1.9a 

39,340 

34,000 

46,000 

46,360 

0.37 

34,000 

Flattened 

QS.96 

3.80 

39.aoo 

4a, 050 

5a. 150 

Sa,i5o 

0.30 

43,050 

'* 

Qa.07 

7.76 

31.S00 

43,000 

65,000 

84,xoo 

0.45 

4  a. 000 

'* 

90.43 

9.50 

33,000 

38,000 

60,000 

61.930 

0.34 

38.000 

*' 

«7.iS 

X3.77 

39.000 

53.000 

80,000 

89,640 

0.39 

53,000 

** 

80. QQ 

x8.9a 

65,000 

78,000 

103.490 

103,490 

0.  30 

78,000 

" 

76.60 

33- a3 

xo  1,040 

1x4,080 

0.09 

114,080 

Crushed 

60.90 

a9.8s 

146.680 

0.04 

146,680 

" 

65.31 

34-47 

84.750 

0.03 

84,750 

" 

61.83 

37.74 

39.110 

0.03 

39.110 

" 

47.7a 

51.09 

84.750 

o.oa 

8-,75o 

** 

44.62 

55.15 

35,850 

O.OI 

35,850 

*' 

38.83 

60.79 



39,110 

o.oa 

39,110 

" 

38.37 

61 .33 

39.340 

O.OI 

39,340 

*' 

34. aa 

65.80 

19,560 

19.560 

0.06 

19.560 

*' 

aS.ia 

74. SI 

17.930 

17,9^0 

17.030 

17.930 

0.38 

17,930 

** 

30.  ax 

79.63 

16,300 

16,300 

16,300 

16,300 

0.39 

16,300 

" 

15.1a 

84. 58 

6,530 

6,530 

6,520 

9.450 

0.51 

6,530 

Flattened 

IX. 48 

88.50 

10,100 

XO,IOO 

10,100 

14,020 

0.50 

10,100 

'* 

8.i7 

91 .  39 

6,500 

9,780 

0.06 

9,780 

" 

3.7a 

96.31 

6.530 

6,520 

6,520 

9,780 

0.34 

9,780 

" 

0.74 

99.0a 

6,530 

6,530 

6,530 

9,780 

0.36 

9.780 

*' 

0.3a 

99.46 

6,530 

6,530 

6,520 

9,780 

0.38 

9,780 

" 

Caste 

»i>per 

36,000 

39,000 

5 1 .000 

74,970 

0.45 

39,000 

" 

33,000 

45.500 

58,670 

78.230 

0.43 

45,500 

** 

** 

34,000 

42,000 

58,000 

71,710 

0.3a 

-    43,000 

*' 

'* 

30,000 

36,000 

50,000 

104,300 

0.5a 

36,000 

** 

" 

30,000 

37,000 

50,000 

91,370 

0.48 

37,000 

•* 

•* 

35.000 

48,000 

65,000 

97.700 

0.41 

48,000 

Cast 

t  tin 

6,030 

6,400 

6.530 

7,500 

0.44 

6.400 

The  copper  specimen  failed  at  71,700  pounds  per  square 
inch,  having  been  shortened  about  one  third  of  its  length. 

The  results  of  a  series  of  tests  by  Prof.  Thurston,  in 
connection  with  the  United  States  testing  commission,  are 
given  in  Table  II;  they  were  abstracted  from  "Mechanical 
and  Physical  Properties  of  the  Copper-tin  Alloys,"  United 
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States  Report,  edited  by  Prof.  R.  H.  Thurston,  1879.  All 
the  specimens  were  0.625  i^ch  in  diameter  and  2  inches 
long.  Scarcely  one  of  them  can  be  said  to  possess  an 
elastic  limit. 

The  series  of  alloys  presents  some  interesting  results. 
About  the  middle  third  of  the  series  are  seen  to  be  brittle 
compoimds  giving  (as  a  rule)  high  ultimate  compressive 
resistances,  while  the  other  two  thirds  are  ductile,  and  give 
at  the  copper  end  high  results,  and  low  ones  at  the  tin  end. 

It  will  be  observed  that  Prof.  Thurston  took  the  load  per 
square  inch  which  gave  a  shortening  of  10  per  cent,  of  the 
original  length  as  the  ultimate  resistance  to  crushing  of  the 
ductile  alloys  and  metals,  since  such  materials  cannot  be 
said  to  completely  fail  tmder  any  pressure,  but  spread 
laterally  and  offer  increased  resistance. 

Table  III. 


Per  Cent,  of 

Pounds  per  Square  Inch  for 

Per  Cent,  of 
Shortening. 

Manner  of 
Failure. 

Ultimate 
Resistance. 

Copper. 

Zinc. 

El. 

96.07 

3.79 

305.500 

29,000 

0.0 

Flattened 

90.56 

9.42 

342,100 

30,000 

10. 0 

«< 

89.80 

10.06 

29.500 

10.0 

«i 

76.65 

23.08 

656,500 

42,000 

10. 0 

<< 

60.94 

38.65 

1,772,500 

75,000 

10. 0 

Cfl 

5515 

44.44 

78,000 

10. 0 

<< 

49.66 

50.14 

1,345,500 

117,400 

10. 0 

<< 

47.56 

52.28 

1,500,000 

121,000 

10. 0 

<< 

25-77 

73.45 

4,232,800 

110,822 

5.85 

Crushed 

20.81 

77.63 

2,485,000 

52,152 

2.75 

<i 

14.19 

85.10 

897,000 

48,892 

10.8 

<< 

10.30 

88.88 

49,000 

10. 0 

Flattened 

4.35 

94.59 

48,000 

10. 0 

<  < 

0.00 

100.00 

318,500 

22,000 

10. 0 

i< 

Table  III  contains  the  results  of  Prof.  Thurston's  tests 
of  the  copper-zinc  alloys  made  while  he  was  a  member  of 
the  United  States  Board.     The  data  are  taken  from  "Ex. 
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Doc.  23,  Hotise  of  Representatives,  46th  Congress,  2d 
Session."  The  specimens  were  two  inches  long  and  0.625 
inch  in  diameter  of  circular  cross-section. 

The  values  of  E^  (ratios  of  stress  over  strain)  are  com- 
puted for  about  one  quarter  the  ultimate  resistance.  This 
ratio  is  so-  very  variable  for  different  intensities  of  stress 
that  these  alloys  can  scarcely  be  said  to  have  a  proper 
"elastic  limit.*' 

Two  specimens  of  tobin  bronze,  each  .75  inch  in  diameter 
and  I  inch  long,  tested  by  the  Fairbanks  Company  of  New 
York  City  in  1891,  were  compressed  about  .8  per  cent,  at 
45,000  pounds  per  square  inch,  and  a  little  over  10  per  cent, 
at  90,000  pounds  per  square  inch.  Tobin  bronze  contains 
58.2  per  cent,  copper,  2.3  per  cent,  tin,  and  39.5  per  cent, 
zinc. 

Art.  53. — Glass. 

The  following  results  are  taken  from  Sir  Wm.  Pair- 
bairn's  **  Useful  Information  for  Engineers,"  second  series. 
The  cylinders  were  about  0.75  inch  in  diameter  and  annealed. 

Table  I. 


Kind  of  Glass. 


Specimen. 


Height  of 
Specimen. 


Crushing    Resistance, 
Lbs.  per  Sq.  In. 


Flint.  . 
<f 

«« 

<< 

Green. 
«i 

«i 

Crown. 
<< 

Flint. .' 
( f 

ti 

t€ 

Green. 

it 

Crown. 


Cylinder 


Cube 


Inch. 
1 .00 
1 .00 
1.60 
2.05 
1 .00 
1.50 
2.00 
I  .00 
1.50 

I.  16 
I  .  ID 
1.  ID 
I. GO 
1. 00 
0.90 


23,480 
34,850 
20,780 
32,800 
22,580 
35,030 
38,020 
2-^,180 
38,830 
14,240 
13,200 
13,260 
11,820 
20,470 
19,950 
21,870 
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It  will  be  observ:ed  that  the  cubes  give  considerably  less 
resistance  than  the  cylinders. 

All  the  glass  was  annealed,  but  Fairbaim  remarks  that 
the  cubes  may  have  been  only  imperfectly  so,  since  they 
were  cut  out  of  the  interior  of  larger  masses,  while  the 
cylinders  were  cut  from  rods  as  they  were  drawn.  The 
latter,  also,  thus  retained  their  natural  skins,  which  md.y 
have  increased  their  resistances. 

At  the  instant  of  failure  the  specimens  were  shattered 
into  a  great  number  of  small  pieces. 

Art.  54. — Cement — Cement  Mortar — Concrete. 

The  ultimate  compressive  resistances  of  mortars  and 
concrete  determine  the  carrying  power  of  many  engineering 
works,  and  it  is  of  the  greatest  importance  to  ascertain 
those  resistances  and  the  conditions  imder  which  they 
may  be  made  the  greatest  possible.  Obviously,  the  car- 
rying power  in  compression  of  both  mortars  and  concretes 
will  depend  upon  a  considerable  number  of  elements  such 
as  the  character  of  the  cement,  the  proportions  of  mixture 
of  the  sand  and  cement  for  mortar  or  of  the  cement,  sand, 
and  gravel  or  broken  stone  for  concrete,  the  thoroughness 
of  the  admixture,  the  amount  of  water  used,  the  conditions 
under  which  the  mortar  and  concrete  are  maintained 
while  the  operation  of  setting  is  taking  place,  the  tempera- 
ture, and  other  various  influences. 

Table  I  is  made  up  from  data  contained  in  the  **  Report 
of  Tests  of  Metals  and  Other  Materials,"  as  carried  on  by 
U.  S.  officers  at  the  Watertown  Arsenal  for  1898.  The 
results  belong  to  the  various  brands  of  Portland-  and  Silica- 
cement  concrete  exhibited  in  the  table,  considerably  ex- 
tended so  as  to  include  a  great  variety  of  data.  It  will 
Ix)  noticed  that  there  are  three  different  brands  of  cement 
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and  a  great  variety  of  proportions  of  cement,  sand,  and 
broken  stone  for  1 2-inch  cubes  of  both  concrete  and  mortar 
which  give  the  table  exceptional  value,  especially  in  view 
of  the  number  of  conditions  imder  which  the  cubes  were 
kept  and  the  three  grades  of  mortar — "Dry,*'  "Plastic," 
and  "Excess/'  The  mortar  of  "Dry"  consistency  con- 
tained relatively  a  small  amount  of  water  and  just  enough 
to  give  in  ordinary  engineering  practice  the  name  which 
it  carries.  That  mortar  which  is  indicated  as  carrying  an 
"  Excess"  of  water  would  be  considered  wet  or  even  sloppy 
in  practice,  while  the  "  Plastic"  mortar  may  be  considered 
as  midway  in  consistency  between  the  other  two.  The 
age  of  the  cubes  when  tested  varying  from  about  a  year 
and  a  half  to  a  year  and  three  quarters  also  enhances  the 
value  of  the  results. 

Sfnong  the  important  elements  of  the  table  is  that  of 
the  coefficient  of  elasticity  which  nms  in  general  from 
somewhat  less  than  2,000,000  pounds  per  square  inch  to 
over  2,500,000  potmds  per  square  inch,  the  smaller  values 
in  general  belonging  to  the  lean  concretes.  These  results 
and  those  in  the  tables  which  follow  appear  to  indicate 
that  the  coefficient  of  elasticity  for  first-class  concrete 
masonry  need  not  be  taken  less  than  about  2,500,000 
pounds  per  square  inch,  and  some  of  the  results  appear  to 
indicate  that  even  3,000,000  pounds  per  square  inch  would 
be  justifiable.  Indeed,  in  carefully  fabricated  concrete 
masonry,  such  as  is  used  in  combined  concrete  and  steel 
construction  with  a  concrete  as  rich  as  i  cement,  2  sand, 
and  4  gravel  or  broken  stone,  3,000,000  poimds  per  square 
inch  is  probably  as  reasonable  a  value  as  can  be  used. 

In  Table  I  it  should  be  carefully  noted  that  the  weight 
of  mortar  per  cubic  foot  is  materially  less  than  that  of  the 
concrete.  Obviously  this  condition  is  due  to  the  in- 
creased weight  of  the  greater  amount  of  stone  in  the  con- 
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Crete.  It  is  equally  evident  that  the  weight  of  concrete 
will  depend  materially  upon  the  weight  of  the  gravel  or 
broken  stone  used.  In  Table  I  the  broken  stone  was  a  hard 
sandstone  from  Portageville,  N.  Y.  The  results  of  this 
series  of  tests  justify  the  following  general  conclusions  in 
reference  to  this  particular  series: 

In  the  majority  of  cases  the  40  per  cent,  mortar  cubes 
gave  by  small  amount  the  greater  ultimate  compressive  re- 
sistance, but  the  differences  were  not  great  enough  to  be  of 
practical  importance. 

In  the  majority  of  instances  the  *'Dry''  concrete  gave 
a  little  higher  ultimate  resistances  than  the  *' Plastic''  or 
** Excess''  cubes,  but  the  differences  were  small,  and  it  is  not 
believed  that  these  results  indicate  in  general  any  real  ad- 
vantage in  actual  engineering  practice  for  the  ''Dry"  concrete. 

The  ultimate  resistances  in  reference  to  the  treatment  of 
the  cubes  after  setting  were  greatest  for  those  kept  in  water 
and  sand,  while  those  kept  in  air  and  covered  with  wet  sacking 
came  next,  followed  by  those  kept  in  a  cool  cellar,  while  those 
exposed  to  the  weather  gave  the  least  ultimate  resistance. 
The  weight  of  the  concrete  varied  as  a  rule  inversely  as  the 
amount  of  sand  in  it. 

There  was  no  sensible  difference  in  the  weights  of  the  two 
sets  of  cubes,  one  having  30  per  cent,  of  mortar  and  the  other 
40  per  cent.,  nor  did  the  consistency  of  the  mortar  appear  to 
have  any  sensible  effect  upon  the  weight  of  the  concrete;  finally, 
the  treatment  of  the  concrete  after  setting  appeared  to  have  no 
sensible  effect  upon  the  weight,  although  those  kept  in  a 
cool  cellar  had  a  little  less  weight  than  the  others. 

Nearly  the  same  set  of  observations  may  be  applied 
to  the  mortar  cubes  except  that  the  heaviest  appear  clearly 
to  be  those  with  the  "Dry"  consistency,  while  those  con-- 
taining  the  excess  of  water  were  the  lightest. 
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Table  II. 

MEAN  ULTIMATE  COMPRESSIVE  RESISTANCES  OF  12-INCH  PORT- 
LAND-CEMENT CONCRETE  CUBES. 


Portland  Cements. 
Brand;  Composition. 


7  Days.    I  Mo.    3  Mos.   6  Mos. 


Saylors. 


Atlas 


■iiii 


Alpha.  . 


Germania 


Aken. 


1  c, 
I  c, 
1  c, 
1  c, 
1  c, 
I  c, 
I  c, 

Kc-.: 
fc:; 

Lie, 


,  2  s.,  4  b.  St. 

,  3  s.,  6  b.  St. 

,  6s.,iab.  St. 

,  a  s.,  4  b.  St. 

,  3  s.,  6  b.  St. 
6  s.,iab.st, 

,  o  s..  2  b.  St. 

,  2  s..  4  b.  St 

,  3  s.,  6  b.  St. 
6  8.,  1 2  b.st 
o  s.,  a  b.  st 
a  s.,  4  b.  st 
3  s.,  6  b.  st 
6  8., 12  b.st 
o  s.,  a  b.  st 

2  s.,  4  b.  st 

3  8.,  6  b.  st 
6  s., I  a  b.  st 


Mean  Ultimate  Resistance, 

Pounds  per  Square  Inch 

at  Age. 


1,724 
1,625 

675 
1.387 
1,050 

594 
3.294 

90  a 

892 

564 
2,734 
2,219 
i.SSO 

759 
3,118 
1,592 
1,438 

417 


2,238 
2,568 

800 
2,428 
1.8x6 
1,090 
5.053 
2,420 
5,150 
1,218 
3.246 
2,642 
2,174 

987 
3,240 
2,269 
2,114 

873 


2,702 
a, 88  2 
x,ia8 
3,966 
2.538 
1,201 
5,047 
3,123 
2,355 
1,257 
3.858 
3,082 
a,486 

963 
3,710 
2,608 
2,.?49 

844 


3.506 
3.567 
1,542 
3.953 
3,170 
1.583 

4.411 
2,750 
1,532 
5,129 
3.643 
2,930 
81S 
5,332 
3,612 
3.026 
1,323 


Coefficient  of  Elasticity  in 

Pounds  per  St^uare  Inch 

at  Affe. 


I  Mo. 


3,500,000 
2,778,000 
833.000 
3,1 35,000 
3,125,000 
1,316,000 
3.125,000 
2,083,000 
2,083,000 
1,667,000 
3.571,000 

2,273,000 
96 1 ,000 
2,273,000 
2,788,000 
3,373.000 
1,563,000 


3  Mos. 


3,571,000 
4,167,000 
2,273,000 
4,167,000 
3,778,000 
1,136,000 
5,000.000 
4,167,000 
3,571,000 
1,786,000 
2.778,000 
.^. 5  7 1,000 
2,778,000 
2,083,000 
2,273,000 
2,778,000 
3,778,000 
1,562,000 


6  Mos. 


5,000,000 
2,500,000 
2,083,000 
3,125,000 
3,571,000 
1,786,000 


3,125,000 
4,167,000 
1,923,000 
3,571,000 
4,167,000 
3,125.000 
1,786,000 
3.571.000 
4,167,000 
3,571,000 
1,786,000 


10-INCH    CU6BS. 


A^iha. . .     z  c,  o  s.,  a  b.  st. 


5,463 


6,556 


In  this  table  each  ultimate  resistance  is  a  mean  of  four  to  six  tests. 


Table  III. 

MEAN  ULTIMATE  COMPRESSIVE  RESISTANCES  OF  12-INCH  PORT- 
LAND-CEMENT CONCRETE  CUBES  WITH  LOAD  TAKEN  ON 
g//  BY  8''.25  PLATE  ON  ONE  FACE. 


Portland  Cements. 
Brand;  Composition. 

Mean  Ultimate  Rirsistance, 

Pounds  per  Square  Inch 

at  A«e. 

I  Month. 

3  Months. 

4.531 
3.522 
3.426 

6  Months. 

Alnha          3  Jl  C-.  0  S.,  2  b.  St... 
Alpha....  ^  J..    ^..    ^     .. 

Germania  jjf/'^fr  ^  ^^•• 

5.089 
3,287 
4,327 
3.587 
4,087 
3,233 

5.669 
6,671 
4.582 
6,382 
4.983 

Each  ultimate 
resistance    is     a 
mean     of    three 
tests. 
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Tables  II  and  III  contain  the  results  taken  from  the 
'•  U.  S.  Report  of  Tests  of  Metals  and  Other  Materials  '*  for 
1899.  They  exhibit  the  ultimate  compressive  resistances 
of  cubes  of  Portland-cement  concrete,  the  cements  being 
among  the  well-known  brands.  The  ages  of  these  cubes 
vary  from  seven  days  to  six  months.  The  data  show 
clearly  the  increase  of  ultimate  resistance  with  the  ages  of 
the  cubes,  and  the  same  observation  applies  to  the  three 
columns. showing  the  coefficients  of  elasticity  at  one  month, 
three  months,  and  six  months.  The  compositions  of  the 
different  concretes  of  Table  II  are  those  quite  generally 
employed  in  engineering  practice. 

Table  III  exhibits  the  ultimate  resistances  of  the  same 
concretes,  but  with  the  pressure  applied  to  the  12-inch 
cubes  on  areas  8  inches  by  8}  inches,  this  end  being  at- 
tained by  the  use  of  steel  plates.  As  would  be  expected, 
the  ultimate  resistances  are  seen  to  be  considerably  greater 
than  are  found  with  the  total  load  distributed  over  the 
entire  surface  of  a  cube. 

The  broken  stone  used  in  the  cubes,  the  results  of  whose 
tests  are  given  in  Tables  II  and  III,  was  a  conglomerate  from 
Roxbury,  Mass.,  and  the  sand  was  coarse,  clean,  and  sharp. 
The  voids  of  the  broken  stone  measured  49.5  per  cent,  of 
their  total  volume. 

Table  IV,  taken  from  the  same  volume  of  the  "  U.  S. 
Report  of  Tests  of  Metal  and  Other  Materials  "as  Tables  II 
and  III,  exhibits  the  ultimate  compressive  resistances  of 
the  mortar  and  concrete  12-inch  cubes  described  therein. 
These  results  need  no  explanation,  as  they  are  similar  to 
those  which  have  already  been  given,  but  it  is  well  to  note 
that  the  last  four  lines  of  the  table  give  results  belonging  to 
two  brands  of  natural  cement.  There  are  also  shown  one 
test  of  a  steel-slag  cement  mortar  cube  and  one  of  concrete. 

Table  V  exhibits  the  chemical  analyses  of  the  Portland 
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Table  IV. 

:mean  ultimate  compressive  resistances  of  mortar  and 
concrete  12-inch  cubes. 


Mean  Ultimate 

Resistance, 

Weight  per 

Cubic  Poot, 

Pounds 

Coefficient  of 

Brand;  Composition. 

Pounds  per 
Square  Inch 

Elasticity, 
Pounds  per 

at  Age  of 
Pour  Months. 

Square  Inch. 

1  c,  I  s.,  0  b.  St 

4,371 

136.5 

3,571,000 

I  "    2  '*   0    "    

2,506 

134.2 

3,125,000 

Alpha            , 
Portland      ' 

i"    3"   0    "    

1,812 

133.8 

1,786,000 

X  "    4      0    '     

829 

120.9 

I  "    .5 "   0    "    

484 

II9-5 

I  "    6"    0    "    

185 

116. 9 

Li  "    7"   0    "    

118 

III. 5 

Atlas            \ 
Portland 

1  '•    I  "    0    "    

5,570 

141. 5 

6,250,000 

Star 
Portland 

-  I  "    I  "   0     "    

5,045 

134-5 

4,167,000 

Saylors 
Portland 

-  I  "    I  "    0    "    

3,979 

134.7 

3,125,000 

Germania 
Portland 

•  I  "    I  "    0     "    

4,353 

1347 

2,500,000 

Alpha 
Portland 

-I  "    I*     0    "    ....  . 

5,306 

137.3 

3,571,000 

Steel  slag 

I  "      I  8.,  0      "      

1,743 

126.6 

1,190,000 

" 

»"      ^"     4      "      

1,939  t 

152. I  t 

2,500,000 

Hoffman       | 

■  I  "      I  *'     0      "      

Rosendale 

741 

127.7 

Norton 

»;;  ^;;  ^  ;; 

643 
277  t 
332  t 

125.2 

Rosendale    " 

\.  ^.  ^  .  

120.7 
146.2 t 

12          4              

*  Granite 

dust.             t  Age,  3  m 

onths.             t 

Trap  rock,  bn 

3ken  stone. 

Table  V. 

CHEMICAL  AN4LYSES  OF  PORTLAND  AND  STEEL-SLAG  CEMENTS. 


Cement. 

Silica. 

Oxide 
of  Iron, 

Alumina. 

Lime. 

Magnesia. 

Sulphur 
Trioxide. 

'      I  .  34 

Carbnn 
Dioxide. 

Alpha. . . 

20 

2.8 

10.87 

58.66 

3..\S 

2.56 

Star.  .  .  . 

21.73 

2.5 

9.47 

56.34 

3.61 

1       '91 

3-94 

Standard 

22.5 

2.6 

11.98 

51-44 

3.61 

'      1-57 

5  96 

Alsen.  .  . 

20.67 

2.1 

14.6 

42.  16 

2.32 

2.32 

4.45 

Steel.  .  . . 

31.02 

Trace 

10.9 

57. ^i 

4  05 

3.36 

4. Si 
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and  steel-slag  cements  named  in  Table  IV.  These  analyses 
exhibit  about  the  usual  composition  of  the  various  grades 
of  cement  to  which  they  belong. 

Table  VI. 

COMPRESSION  TESTS  OF  12-INCH  CUBES  OF  PORTLANXK^EMENT 
CINDER  CONCRETE. 


Brand. 


Germania 


Alpha. . . . 
Atlas.'.'.*.' 


Composition. 


,  I  8..  3  cinder 

.  a  s.,  3  " 

.  a  «..  4  •• 

.  a  s..  s  " 

.  3  »..  6  " 

,  I  8.,  3  " 

,  a  8.,  S  " 

.  1  s.,  3  " 

,  a  s..  s  ** 


Age 

when 

Tested, 

Days. 


99  and  loa 
loa 

98 
98  and  1 01 

Qi 

90 

90 

90 

90 


li 


r 


153 


no. 4 

iia.B 

107.9 

106.3 

i03.s 

114.1 

no 

X16.3 

109.9 


Ultimate  Resistance 
in  Lbs.  per  Sq.  In. 


Max.     Mean.    Least. 


a,o23 
1.701 
1.344 
1,114 
854 
a. 988 
1,715 
2,580 
1, 26.? 


a, 00 1 
1.634 
1,32s 
1,084 
788 
2.834 
1 ,600 
2,414 
1.223 


1.975 
1.589 
1.295 
1,05  a 
749 
2,780 
1.40  a 
2.295 
1,200 


Coefficient 

of 

Elasticity, 

Pounds. 


a, 500 ,000 

1,379,000 

3,125,000 

857,000 


The  restilts  exhibited  in  Table  VI  are  interesting  as 
belonging  to  Portland-cement  cinder  concrete  and  they  are 
of  practical  importance  because  such  concrete  is  used  in 
many  buildings  especially  for  floors,  m  consequence  of  its 
weighing  much  less  than  ordinary  broken-stone  concrete. 
The  ages  of  these  cinder  concrete  cubes  is  seen  to  run  from 
90  to  102  days,  which  is  sufficient  to  give  nearly  the  full 
ultimate  resistance  of  such  material.  It  is  'seen,  however, 
that  cinder  concrete  is  materially  less  strong  or  capable  of 
ultimate  compressive  resistance  than  either  broken-stone 
or  gravel  concrete  having  the  same  proportions  of  mixture 
in  its  composition.  The  column  giving  the  weight  in 
potmds  per  cubic  foot  shows  that  cinder  concrete  weighs 
but  about  three  fourths  as  much  as  that  made  with  gravel 
and  broken  stone.  The  data  contained  in  this  table  were 
taken  from  the  *'  U.  S.  Report  of  Tests  of  Metal  and  Other 
Materials''  for  1898. 

Table  VII,  compiled  from  the  **  U.  S.  Report  of  Tests  of 
Metal  and  Other  Materials"  for  1900,  is  inserted  to  show 
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the  comparative  resistances  of  broken-stone  and  broken- 
slag  concretes  of  the  proportions  commonly  employed. 
It  is  of  interest  to  note  the  results  for  slag  concrete  in  which 
slag  dust  was  employed  instead  of  sand. 

Table  VII. 
TESTS  OF  12-INCH  CUBES  OF  PORTLAND-CEMENT  CONCRETE. 


Brand. 

Compontion. 

Age. 
Mos. 

1 

i 

Weight  per  Cu.  Ft., 
Pounds. 

Ultimate  ResistancR. 
Lbs.  per  Sq.  In. 

Max. 

Mean. 

Min. 

Max. 

Mean. 

Min. 

Vulcanite 

Grant  • 
• 

1  c.  a  s.  d.,  4  br.  si. 
I  c,  3  s.,  4  br.  St. 
I  c,  2  s.  d.,  4  br.  si. 
1  c.   a  s.,  4  br.  st. 
I  c,  3  s.,  5  br.  St. 

1.73 

a. 83 
a. 83 
3.07 
307 

4 
4 

4 

t 

4 

134     ^ 

i4S.6t 

136 

i47t 

IS4 

153. X 

133 

145.2 

135.3 

146.4 

152.4 

153.6 

131.6 
144.7 
134.4 
145.4 
151.6 
151. 5 

3, .Ml 
3,783 
4,129 
4,534 
4.451 
3.516 

3.150 
3.6a6 
3.984 
4.286 
4,043 
3,187 

3.0x6 
3.506 
3.797 
4,136 
3,081 
2.930 

s.  d.,  slag  dust;  br.  si.,  broken  slag.      *  Machine  mixed,     t  Broken  limestone. 

This  procedttre  secured  considerable  balancing  of  the 
broken  slag  and  slag  dust,  thus  materially  reducing  the 
voids  and  correspondingly  increasing  the  compressive 
resistance,  although  it  is  seen  that  the  sand  and  broken-stone 
concrete  is  sensibly  stronger  than  that  made  with  slag. 

A  large  nimiber  of  tests,  the  results  of  which  need  not 
be  given  here,  have  shown  that  gravel  may  advantageously 
be  used,  in  the  interests  of  economy,  in  the  plactf  of  broken 
stone  for  concrete.  On  the  whole,  the  broken-stone  concrete 
is  probably  stronger  than  that  made  with  gravel,  but  the 
difference  is  not  material  for  all  ordinary  cases.  The 
gravel  should  not  be  water-worn,  but  have  sharp,  gritty 
surfaces  to  which  the  setting  cement  may  strongly  bond 
itself.  All  sizes  from  the  largest  permissible  down  to 
coarse  sand  should  be  taken,  and  when  so  balanced  the 
voids  may  be  reduced  as  low  as  20  per  cent,  of  the  total 
volume  of  the  gravel  or  even  lower.  This  balancing 
of  the  broken  stone  or  gravel  enhances  both  economy 
and    resisting  qualities. 


414 


COMPRESSION, 


[Ch.  VII. 


Table  VIII. 

COMPRESSION  TESTS  OF  PORTLAND-CEMENT  CONCRETES  GIVEN 

BY  HENBY. 


Akc 
Days. 

Parts  of 
Cement,  Sand, 
■    and  Broken 
'         Stone. 

Cement.* 

Kept 

in 

Weight. 
Lbs.jjer 
Cu.  Ft. 

Coefficient 

of 
Elasticity. 

ma 

Consistency. 

I 

30 

1 

4 

A 

Water 

153 

4,625.000 

2,610 

Plastic 

2 

30 

4 

A 

Air 

160 

7.171,000 

3,020 

** 

^ 

QO 

4 

A 

Air  dry 

140 

4,421,000 

1.243 

Dry 

4 

90 

4 

A 

•1      «• 

»44 

5,792.000 

982 

*' 

5 

7 

5 

A 

«      •• 

146 

J, 9 2 7, 000 

726 

Verv  dry 

6 

9 

s 

A 

Air 

X52 

4,930,000 

423 

Plastic 

7 

32 

5 

A 

" 

151 

5.055,000 

2,097 

*' 

8 

32 

S 

A 

Water 

ISS 

7,292,000 

2,830 

" 

9 

34 

6 

A 

Air 

143 

5,104,000 

1.310 

'* 

lO 

39 

6 

A 

" 

146 

7.520,000 

1,733 

II 

39 

6 

A 

Water 

IS2 

6.046.000 

2,242 

" 

la 

60 

6 

A 

Air 

2.8S6,ooo 

413 

Very  dry 

13 

30 

8 

A 

Water 

145 

4,397,000 

1.346 

Plastic 

14 

38 

8 

A 

" 

143 

4,500,000 

1,282 

IS 

38 

8 

A 

Air 

139 

2,446.000 

617 

Excess  water 

i6 

38 

8 

A 

** 

138 

2,247,000 

797 

" 

17 

90 

— 

— 

M 

Water 

136 

6,578,000 

5,280 

Plastic 

i8 

90 

~ 

~ 

M 

Air 

129 

3,940,000 

4.580 

*  A.  Atlas;  M.  Medusa. 


Table  IX. 

COMPRESSIVE  TESTS  OF  ATLAS  (PORTLAND)   CEMENT  CINDER 
CONCRETES  GIVEN  BY  HENBY. 


A«e. 

Weight, 

Coefficient 

Ultimate 

Parts  of  Cement,  Sand, 

Kept  in 

Lbs.  per 
Cu.  Ft. 

of 

Resist- 

Days. 

and  Cinders. 

Elasticity. 

ance,  Lbs. 

per  Sq.  In. 

I 

7 

2 

4 

Air 

116 

876,000 

2 

7 

2 

4 

III 

945,000 

3 

7 

2 

4 

Water 

120 

514,000 

4 

30 

2 

4 

" 

119 

1,358,000 

993 

5 

30 

2 

4 

Air 

112 

1,626,000 

1,049 

6 

30 

2 

4 

106 

1,399,000 

976 

7 

30 

2 

5 

109 

1,772,000 

941 

8 

30 

2 

5 

Water 

114 

1,021,000 

705 

9 

30 

2 

5 

** 

114 

1,168,000 

682 

10 

60 

2 

5 

Air  dry 

114 

1,055,000 

573 

II 

60 

2 

5 

<( 

116 

1,783,000 

847 

12 

60 

2 

5 

'* 

119 

1,152,000 

670 

13 

30 

3 

6 

Air 



1,473,000 

484 

14 

30 

3 

6 

107 

1,447,000 

511 

15 

30 

3 

6 

Water 

118 

751,000 

500 

16 

60 

3 

6 

Air  dry 

107 

917.000 

734 

17 

60 

3 

6 

it 

lOI 

916,000 

544 

18 

30 

3.5 

7 

Air 

106 

533,000 

405 
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Tables  VIII  and  IX,  taken  from  a  paper  by  Mr.  W.  H. 
Henby  in  the  * '  Journal  of  the  Association  of  Engineering 
Societies"  for  1900,  are  selected  chiefly  to  show  the  coeffi- 
cients of  elasticity  of  stone  and  cinder  concrete.  The  **  Air- 
dry  "  specimens  were  simply  kept  in  air,  but  the  **  Air  "  speci- 
mens were  kept  in  air  imder  a  damp  cloth.  The  coefficients 
for  the  thirty-  and  sixty-day  cinder  concrete  correspond 
well  with  those  already  given  for  the  same  grade  of  mate- 
rial, but  some  of  those  in  Table  VIII  are  unusually  high 
and  suggest  the  possibility  of  some  abnormal  condition. 
The  general  nm  of  the  coefficients  of  elasticity  for  the 
stone  concrete  in  that  table,  on  the  other  hand,  is  fairly 
in  accord  with  the  values  given  in  preceding  tables. 

A"careful  examination  of  all  the  Tables,  I  to  IX,  shows 
that  reasonably  well-made  broken-stone  concrete  may 
carry  a  load  of  300  to  500  poimds  per  square  inch  without 
exceeding  \  to  J,  or  possibly  i,  of  its  ultimate  resistance, 
the  composition  of  the  mixture  being  i  cement,  2  sand, 
and  4  broken  stone,  or  perhaps  i  cement,  3  sand,  and  5 
broken  stone.  It  is  possible  that  this  may  be  an  under 
statement  of  the  capacity  of  the  concrete  if  the  mixture  is  as 
well  balanced  as  it  should  be.  It  is  a  mistake,  as  has  been 
shown  repeatedly  by  actual  test,  to  screen  out  the  finer 
portions  of  the  broken  stone  or  to  attempt  to  secure  an 
approximately  even  sand  grain.  It  is  conducive  to  an 
increased  resistance  as  it  is  to  increased  economy  to  balance 
the  sand,  gravel,  or  broken  stone  by  using  all  the  varying 
sizes  between  the  least  and  the  greatest.  Indeed,  in  many 
cases  it  may  be  advisable  to  use  the  entire  product  of  the 
crusher. 

The  relation  between  the  ultimate  compressive  resist- 
ance of  concrete  made  with  balanced  material  and  the 
length  of  column  is  illustrated  by  the  results  given  in  Table 
X,  which  has  been  collated  and  arranged  from  the  **  U.  S. 
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Table  X. 

COMPRESSIVE  RESISTANCES  OF  12"X12''  CONCRETE   COLUMNa 


It 

Age. 
Days. 

Composition. 

W'ght 
in  Lbs. 

per 
Cu.Ft. 

Ult. 
Resist,  in 
Lbs.  per 
Sq.  In. 

"""" 

~^^ 

I   cement,  3  sand,    4-1  J" 

2 

broken  stone,  2-i"  broken  • 
stone 

145 

1,072  ' 

2 

47  1 

145 

917 

4 

47 

do. 

144 

1,067 

4 

47 

do. 

144 

1,132 

6 

46 

do. 

844 

6 

46 

do. 

143 

1,048 

S 

42 

do. 

145 

935 

Hand  mixed 

8 

42 

do. 

145 

900 

lO 

40 

do. 

142 

909 

lO 

41 

do. 

143 

807 

12 

39 

do. 

144 

947 

I  2 

39 

do. 

144 

980 

14 

34 

do. 

145 

936 
907  < 

14 

35 

do. 

145 

47  j 

I   cement,  3  gravel,  4-1  i'') 

1,185 

2 

broken  stone,  2- J"  broken  >- 

145 

2 

47  ( 

stone                                    ) 

147 

i»i83 

4 

48 

do. 

143 

980 

4 

48 

do. 

144 

936 

6 

48 

do. 

146 

1,131 

6 

48 

do. 

146 

1,200 

8 

42 

do. 

146 

1,108 

8 

42 

do. 

146 

1,086 

lO 

41 

do. 

146 

1,015 

lO 

42 

do. 

146 

1,000 

12 

37 

do. 

149 

1,400 

12 

39 

do. 

148 

1,500 

14 

35 

do. 

148 

858 

14 
6 
6 

35 

do. 
I  cement,  6  gravel,  8-1  J'' ) 

148 

807 

Machine  mixed 

broken  stone,  4- j"  broken  > 
stone                                    ) 

143 
144 

500 
467 

5 

Al{ 

I  cement,  7  gravel,  8§-il"  ) 
br'k'n  stone,  4*-?"  br'k'n  •- 
stone                                      ) 

6 

n\ 

141 
142 

427 
436 

5 

45  j 

I  cement,  5  gravel,  6J-1J''  ) 
br'k'n  stone,  3!-?"  br'k'n  - 
stone                                     ) 

146 

708 

6 

146 

747 

6 
6 

46| 
46  1 

I   cement,  4  gravel,  «>^^-ii"  i 
br'k'n  stone,  2§-|"' br'k'n  V 
stone                                      1 

146 

900 

145 

797 

12 

3f>\ 

I    cement,   3  gravel,   6-|"  / 

150 

»,-?50  i 

1  Reinforced    with 

12 

39) 

broken  stone                        \ 

149 

i,7cx> 

1  1    4-S"    cold-twisted 
i    steel  rods  em  bed - 
1  ded  in  the  concrete 

i       \ 

9  1580-! 

I  Silica  Portland  cement,  2  ) 
coarse  clean  sand,  ^quartz  [ 
travel  ({"-2")       ^               \ 

1 

148 

2,54'^ 

( 
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Report  of  Tests  of  Metal  and  Other  Materials  '*  for  1897. 
The  heights  of  column  range  from  2  to  14  feet.  While  there 
are  some  exceptions,  the  rule  is  general  that,  other  things 
being  equal,  the  ultimate  resistance  decreases  as  the  length 
or  height  of  column  increases.  On  the  whole,  the  machine- 
mixed  material  appears  to  be  a  little  stronger  than  the 
hand-mixed,  but  the  difference  is  not  substantial  except  for 
the  8,  10,  and  12  feet  lengths. 

Art.  55. — Bricks  and  Brick  Piers. 

The  ultimate  compressive  resistance  of  bricks  depends 
largely  upon  the  manner  in  which  they  are  tested  and  the 
care  with  which  the  svirfaces  pressed  are  filled  out  with  a 
proper  cushion  and  made  truly  parallel  to  the  bearing 
surfaces  of  the  testing  machine.  The  best  of  bricks  as 
produced  for  the  market  do  not  have  opposite  faces  truly 
parallel,  and  hence  when  they  are  placed  in  a  testing 
machine  for  testing  to  failure  the  pressure  will  be  con- 
centrated at  different  points  and  the  bricks  will  be  broken 
partly  by  bending  before  the  full  ultimate  compressive 
resistance  is  developed  unless  the  pressed  surfaces  are 
made  true  by  some  kind  of  a  cushion.  This  cushioning  is 
frequently  and  perhaps  usually  done  with  plaster  of  pans, 
as  in  the  case  of  the  tests  of  bricks  at  the  U.  S.  Arsenal, 
Watertown,  Mass..  the  results  of  which  are  given  in  Table  II. 
Again,  a  brick  tested  on  edge  will  give  a  less  ultimate 
resistance  per  square  inch  than  when  tested  fiat  and  the 
resistance  on  end  per  square  inch  of  section  will  be  less 
than  that  on  edge.  When  the  brick  is  tested  flatwise, 
even  when  truly  surfaced  with  a  cushion  such  as  plaster  of 
paris,  it  is  a  very  short  block  and  the  friction  of  the  pressed 
surfaces  on  the  bearing  faces  of  the  testing  machine  is 
•sufficient  to  give  the  compressed  material  substantial  lat- 
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Table  I. 

COEFFICIENTS  OF  ELASTICITY  FOR  BRICKS  IN  COMPRESSION, 
COEFFICIENTS  OF  EXPANSION,  AND  ABSORPTION  OF 
WATER. 


Total  Ab- 

Coefficient 

sorption 

Coefficient 

of  Elas- 

after Ex- 

of Expan- 

Brick. 

Description. 

ticity, 
Pounds 

posure  to 
Boiling 

sion  in 
Water,  per 

• 

per 
Square 
Inch. 

Water. 

by 
Volume. 
Per  Cent. 

ter 

Kansas  City  Hydraulic  Press  Brick  Co. . . 

Red  brick  No.  i 

1 ,650,000 

26.8 

.00000326 

do. 

Red  brick  No.  a 

3,130,000 

25.1 

.00000317 

The  Powhatan  Clay  Manufacturing  Co. 

Cream  white, 

No.  I 

it730,ooo 

26.7 

.00000205 

do. 

Dark  red.  No.  a 

3,180,000 

18 

.00000289 

The  Hydraulic  Press  Brick  Co 

Medium  red 

714,000 

32 

.00000317 

do.                  

Light  chocolate 

2i550,ooo 

23.2 

.00000475 

do.                  

Dark    buff. 

speckled 
Salmon  color, 

890,000 

23.7 

.00000391 

Philadelphia  and  Boston  Pace  Brick  Co^ 

soft  burnt,  for 

inside  work 

391.000 

36.2 

.0000033s 

do. 

do. 

517 ,000 

34 

.00000261 

do. 

Chocolate  brown, 
for   outside 

work 

5,000,000 

13.6 

.00000298 

do. 

Cream  color,  for 

outside  work 

577,000 

35-3 

.00000258 

do. 

Buff    color,   for 

outside  work 

^•S7o,ooo 

24.8 

.00000298 

Eastern  Hydraulic  Press  Brick  Co 

Shade  200 

2,120,000 

■  17.8 

.00000345 

do.                        

Shade  300 

2,050.000 

18.7 

. 00000344 

do.                       

Shade  410 

2,170,000 

17.4 

.00000568 

Brooke  Terra  CotU  Co 

Columbian  buff, 

.No-i^ 

4,060,000 

21.3 

.0000024a 

do.                   

Light  buff 

4,820,000 

16.9 

.00000205 

Gladding,  McBean  &  Co 

Dark  buff,  hard 

burnt 

4,450,000 

21.2 

.000004x9 

do.                     \ 

Salmon,  soft 
burnt 

1,770,000 
2,290,000 

}  26.3 

.00000428 

i 

Northern  Hydraulic  Press  Brick  Co 

Red  brick 

1 ,040,000 

29.2 

.00000316 

Chicago  Hydraulic  Press  Brick  Co 

do. 

1.410,000 

22 

. 00000344 

rinrk  Press  Brick  Co 

Chocolate 

1,520,000  1      a^.  I  < 

.00000744 

1 

.00000754 

eral  support,  not  permitting  it  to  separate  and  crush  away 
readily.  It  will  be  found,  therefore,  that  when  blocks  are 
tested  flatwise  the  ultimate  resistances  per  square  inch, 
as  a  whole,  will  be  much  higher  than  when  tested  on  edge. 
This  condition  of  things  holds  to  some  extent  when  the 
bricks  are  tested  on  edge,  so  that  an  endwise  test  will  give 
the  ultimate  compressive  resistance  per  square  inch  some- 
what less  than  that  fotind  when  the  brick  is  tested  on  edge.. 
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An  endwise  test  of  the  brick  more  truly  represents  the 
ultimate  compressive  resistance  of  the  material  than  a  test 
either  flatwise  or  on  edge.  

The  coefficients  of  elasticity  given  in  Table  I  were 
determined  at  the  U.  S.  Arsenal  at  Watertown,  Mass., 
and  are  taken  from  the  **  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials"  for  1896.  The  intensities  at  which 
the  determinations  were  made  range  from  about  1000  to 
4000  or  5000  pounds  per  square  inch.  The  bricks  were  com- 
pressed on  end,  the  opposite  faces  having  been  ground  so  as 
to  be  truly  parallel.  It  will  be  observed  that  the  coefficients 
of  elasticity  vary  between  wide  limits  for  soft-  and  hard- 
burnt  bricks,  but  on  the  whole  they  are  about  the  same 
as  the  coefficients  for  Portland-cement  mortars  and  con- 
cretes. It  must  be  remembered,  in  considering  the  elastic 
properties  of  such  irregular  material  as  brick,  that  abnor- 
mal results  will  frequently  be  found,  and  those  of  Table  I 
are  no  exception  to  that  observation.  The  small  values  of 
E  probably  indicate  some  defect  of  material  or  of  proper 
bearing  in  the  testing-machine,  or  some  similar  irregularity. 

The  coefficients  of  thermal  expansion  were  determined 
at  the  same  time  with  the  other  physical  quantities.  It 
will  be  observed  that  while  the  rate  of  thermal  expansion 
varies  widely,  its  highest  values  are  even  larger  than  those 
for  iron  and  steel.  As  a  whole,  the  values  of  the  coefficients 
are  low,  as  would  naturally  be  expected  from  the  porous 
character  of  the  material. 

In  the  Proceedings  of  the  Am.  Soc.  C.  E.  for  March, 
1903,  Mr.  S.  M.  Turrill,  Assoc.  Am.  Soc.  C.  E.,  gives  the 
results  of  a  large  number  of  tests  of  common  building 
brick,  2  in.  by  4  in.  by  8  in.  in  size,  manufactured  at  Horse- 
heads,  N.  Y.  The  following  table  is  fairly  representative 
of  the  results  of  Mr.  Turrill's  tests,  made  with  great  care 
at  the  civil-engineering  laboratories  of  Cornell  University: 
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TEST   OF   COMMON   BUILDING   BRICK. 


Brick  Tested. 

No.  of  Tests. 

Ultimate  Compressive  Resistance, 
Pounds  per  Square  Inch. 

Greatest. 

Mean. 

Least. 

(in  end 

12 
12 
12 

3,763 
3,9  J  3 
5,463 

2,628               1,234 
2,832               1,897 

'Z.QQS                     2.66  ^ 

<  )n  edge 

Flat 

These  bricks  were  tested  in  their  natural  condition  as 
delivered  from  the  kihi  ready  for  use. 

Other  tests  were  made  of  the  same  brick  saturated  with 
water  and  after  being  reheated  in  a  suitable  oven.  This 
latter  test  was  designed  to  disclose  the  quality  of  brick 
after  having  passed  through  a  conflagration.  The  satu- 
rated bricks  tested  on  end  and  on  edge  showed  material 
loss  of  resistance  below  that  of  their  natural  condition,  but 
those  tested  flat  showed  large  gains.  The  reheated  bricks 
exhibited  large  gains  in  all  three  modes  of  testing.  These 
bricks  were  obviously  not  of  hard-burned,  high-resisting 
character. 

The  coefficient  of  elasticity  of  twelve  of  these  bricks 
ran  from  540,000  to  1,815,000  pounds  per  square  inch,  with 
a  mean  value  of  1,305,000  poimds. 

The  values  of  the  ultimate  resistances  for  a  large  nimiber 
of  classes  and  grades  of  brick  are  given  in  Table  II  as  taken 
from  the  "  U.  S.  Report  of  Tests  of  Metals  and  Other  Ma- 
terials'*  for  1894.  That  Table  includes  within  its  limits 
practically  all  the  varieties  of  bricks  in  use  at  the  present 
time.  It  will  be  seen  that  the  ultimate  resistances  differ 
greatly  for  the  varying  grades  of  materials.  The  lower 
values  correspond  closely  to  the  ultimate  resistances  of 
g(X)d  common  red  brick.  As  will  be  observed,  tests  were 
made  not  only  flatwdse  and  on  edge,  but  in  one  or  two 
cases  on  end.     The  fifth  to  the  eighth  lines  from  the  top 


solid  i6  inch  square  f:ice  brick  pier  laid  in  lime 
mortar  It  was  tested  at  the  U.  S.  Arsenal,  Water- 
town,  Mass.,  and  ^ave  an  ultimate  compressive 
resistance  of  1337  lbs.  per  sq.  in.  The  pier  is 
shown  as  it  existed  after  failure. 

(To  face  page  42o.) 
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of  the  Table  belong  to  small  piers  of  bricks  uncemented, 
i.e.,  simply  placed  flatwise  truly  on  each  other  without 
mortar  from  two  to  five  bricks  high  and  tested  in  that 
condition.  As  would  be  expected,  the  greater  the  number 
of  bricks  placed  in  this  manner  the  less  was  the  ultimate 
resistance  per  square  inch. 


j  Inasmuch  as  tests  of  brick  piers  have  shown  that 
tiieir  ultimate  compressive  resistances  run  only  from  about 
1000  to  4500  pounds  per  square  inch,  depending  upon 
the  character  of  the  mortar,  it  is  seen  that  in  such  masonr>^ 
a  small  portion  only  of  the  compressive  resistance  of  the  I 
bricks  is  developed  in  piers  and  other  similar  brick-masonry  \ 
masses.  ^_^ — '■ — ^ 

These  latter  results  doubtless  depend  largely  upon  the 
cementing  material.  There  is  no  question  that  the  ulti- 
mate resisting  capacity  of  brick  masonry  is  affected 
greatly  by  the  resisting  capacity  of  the  mortar,  and 
the  same  general  observation  can  be  applied  to  other 
classes  of  masonry.  There  is  more  than  this,  however, 
affecting  the  carrying  capacity  of  brick  and  other  grades 
of  masonry  as  compared  with  the  ultimate  compressive 
resistance  of  the  bricks  used  in  the  one  case  of  masonry 
or  of  the  individual  stones  employed  in  the  other.  The 
texture  or  character  of  the  mass  of  burned  clay  com- 
posing the  brick  is  exceedingly  variable,  both  in  conse- 
quence of  the  varying  mixture  of  the  material  in  the  bricks 
before  being  burned  and  in  consequence  of  the  varying 
degree  of  burning  in  each  individual  brick.  Again,  what- 
ever may  be  the  care  in  placing  the  bricks  in  a  testing- 
machine,  including  the  cushioning  of  the  ends,  it  is  prac- 
ticably impossible  to  secure  anything  like  a  uniform  bear- 
ing upon  either  the  ends,  sides,  or  beds.  Their  irregular 
dimensions  and  exterior  surfaces  and  the  varying  quality 
of  the  materials,  even  in  the  best  of  brick,  introduce  into 
their  resisting  capacity  elements  of  variation  which  are 
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frequently  so  great  as  to  lead  to  abnormal  results.  While 
the  mortar  used  in  forming  a  mass  of  brick  masonry  im- 
doubtedly  fills  up  many  irregularities  of  surface,  voids 
of  considerable  magnitude  frequently  remain  unfilled. 
The  consequence  of  these  uncontrollable  elements  in  a 
mass  of  brick  masonry  is  always  a  material  reduction  of 
ultimate  carrying  capacity  and  frequently  a  large  reduc- 
tion. However  excellent  in  quality,  therefore,  the  mor- 
tar or  binding  material  in  a  brick-masonry  pier  may  be, 
it  is  inevitable  that  there  will  be  not  only  a  wide  range  in 
ultimate  compressive  resistance,  but  in  all  cases  a  material 
reduction  below  that  exhibited  by  the  individual  bricks 
when  tested  by  themselves. 

Tests  of  the  ultimate  compressive  resistance  of  a  large 
number  of  face-brick  and  common-brick  piers  can  be  foimd 
in  Part  II  of  the  **  U.  S.  Report  of  Tests  of  Metals  and  Other 
Materials  '*  for  1886.  In  all  of  these  tests  the  mortar  was 
composed  of  i  part  Rosendale  cement  and  2  parts  sand. 
The  heights  of  the  piers  varied  from  2  ft.  to  12^  ft.,  while 
the  cross-sections  were  8  ins.  by  8  ins.,  12  ins.  by  12  ins., 
and  16  ins.  by  16  ins.  Some  of  t^ie  12 -inch  and  16-inch 
cross-sections  had  a  4-inch  by  4-inch  or  8-inch  by  8-inch 
core  taken  out  of  the  centre.  Invariably  the  columns  of  the 
smallest  height  give  the  highest  ultimate  resistances,  and  as 
a  whole  the  highest  columns  give  the  least  ultimate  com- 
pressive resistances. 

Fourteen  of  these  piers  were  laid  up  with  face  brick, 
the  weight  of  the  brickwork  varying  from  125.2  poimds  to 
134.4  pounds  per  cubic  foot.  The  ultimate  compressive 
resistances  of  these  face-brick  piera  varied  from  2428 
poimds  per  square  inch  down  to  1677  pounds  per  square 
inch,  the  former  value  belonging  to  a  column  2  ft.  high  and 
the  latter,  i.e.  the  smallest,  to  a  column  10  ft.  high  and  8 
ins.  by  8  ins.  cross-section,  the  highest  column  of  the  lot. 
These  resistances  varied  from  12.5  per  cent,  to  18. i  per 
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Table  II. 
ULTIMATE  COMPRESSIVE  RESISTANCES  OF  BRICKS. 


Description. 


Com- 
pressed 
Surface, 
Sciuare 
Inches. 


Ultimate  Resistance, 
Pounds  per  Square  Inch. 


Gr'test.    Mean.      Least 


Remarks. 


Hard-burnt  face  brick  (red) . 


jg'S 


ScS 


B. 
C. 


Medium  red.. 

Dark  red. 

Paving  stock. 

Dark  red 


Buff,  speckled 

Light  chocolate 

darksp'kles 

Dark  buff  with  spec^kles, 

Buff  with  dark 

Li^ht  buff 

Brjwn 

Brown 

Red 


Shades  No  5  and  No.  7 .  .  . 
Dark  red,  three  kinds.  .  .  . 

Li'ht  buff 

**    slightly  darker. 

Buff. 


darker. 


E. 


Gray 

Light  chocolate 

Salmon  color,  soft-burnt . 
Light  red 


Dark  red 

Chocolate  brown. . 


Cream  color. . 
Buff 


(  Grav 

1  Buff 

P.<  Medium-dark  buff. 

'  Light  buff 

Buff 


°) 


White  enamelled. 


7.8X3.6 
"  X2.2 
2. 2X36 
7.8X3.8 


8;^SX4;.2 

8.2X4 
"    X2.2 

8.3X4.1 

8.2X4 
"    X4.1 


8.4X4.2 
8.3X4.1 
8.5X4.1 
8,.  4X4;,  I 

8.3X2.3 
•'    X4.1 
8.2X4.1 
8.1X4 

"    X2.2 
"    X4 
"    X4.1 
'    X2.a 
2X4 
1X4 
2X2.2 
4X4.2 
X4 
X2.3 
X4 


13.492 
12.297 
8.032 
IS.837 
6,812 
5,828 
4.788 
4.530 


I. 3.5  II 
12,372 
»5.752 


16.252 


3.967 
0.409 


7.7X2.2 
8.1X4 
7.9X3.9 
**    X2.2 

8  X4 
8.5X4 

"    X4.1 
8.3X4 
8.2  <  4 
8.1X2.4 

9  X4.5 


^481 


21.135 

12.077 
iS.SoS 

5.97^ 
5.076 


M.173 

8.980 

6.927 

12,469 

6.440 

5.097 

4,478 

4.132 

5.26ft 

10,149 

17.558 

5.092 

10,643 

17.472 

9.424 

8,620 

13.330 

8,907 

8,010 

8.144 

8,861 

4.704 

5.574 

5. 192 

13.209 

ii,o>o 

15.290 

13.771 

9.319 

15.370 

13.492 

0.273 

13. 050 

15,081 

0.045 

3.«07 

8.127 

5.877 

10,016 

17.023 

7.764 

3.2  70 

10.406 

4,756 

3.H4O 

20,617 

10,950 

18.574 
8.133 
5.000 
4.734 


9.290 

7,623 
5.837 
9.100 
6,069 
4,365 
4.168 
3.733 


12.907 
9.686 
14.818 


14.485 


3.826 
6.845 


7.836 
2.978 


18,098 
0.S22 

18.3  30 
7.504 
S.820 
4.531 


Tested  flat 
on 


flat 


r  hi^ 


on  edge 
flat 


on  edge 
flat 


on  edge 
flat 

on  edge 

flat 

on  edge 
flat 

on  edge 
flat 

on  edge 
flat 


on  edge 
flat 


A,  Chicago  Hydraulic  Press  Brick  Cx).  (medium  hard-burnt). 

B,  Omaha  Hydraulic  Press  Brick  Co.  (medium  hard-burnt,  red). 

C,  Findlay  Hydraulic  Press  Brick  C^.  Find  lay,  Ohio  (medium  hard-burnt). 

D,  Eastern  HydraviHc  Press  Brick  Co.,  Philadeliniia.  Pa. 

E,  Philadelphia  and  Bf)Ston  Face  Brick  Co.,  Bdstnn,  Mass. 

F,  Brooke  Terra  Cotta  Co.,  Lazearville,  \V   Va.  (O^lumbian  buff  bricks^. 

G,  Gladding.  McBean  &  Co.,  San  Francis--.^  «.  C^l. 
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cent,  of  the  ultimate  compressive  resistances  of  the  bricks 
used  in  the  piers. 

Thirty-eight  common  brick  piers  with  the  same  mortar 
of  I  Rosendale  cement  to  2  sand  were  laid  up  also  of  the 
general  dimensions  given  above,  the  weights  of  the  masonry 
varying  from  118. 8  to  127.7  pounds  per  cubic  foot.  The 
ultimate  resistances  in  this  set  of  common  brick  piers 
varied  from  2798  pounds  per  square  inch  to  964  pounds 
per  square  inch,  the  former  value  belonging  to  a  pier  2  ft. 
high  and  the  latter  to  a  pier  10  ft.  high,  but  with  a  16  ins. 
by  1 6  ins.  cross-section.  In  this  series  the  ultimate  resist- 
ance of  the  piers  varied  from  7.8  per  cent,  up  to  17.6  per 
cent,  of  the  ultimate  resistances  of  the  bricks  used  in 
building  them,  the  higher  percentage  belonging  to  the  short 
or  low  pier. 

The  manner  of  failure  of  brick  piers  is,  strictly  speaking, 
not  a  compression  failure  but  largely  a  longitudinal  splitting 
and  lateral  bulging  of  the  separating  parts,  indicating  that 
any  devices  effectively  resisting  that  bulging  would  mate- 
rially increase  the  carrying  capacity  of  the  masonry.  A 
series  of  fourteen  brick  piers  .was  tested  to  failure  in  1899 
at  the  testing  laboratory  of  the  College  of  Civil  Engineering 
of  Cornell  University,  an  account  of  which  is  given  by  Mr. 
E.  J.  McCaustland  in  the  Transactions  of  the  Association 
of  Civil  Engineers  of  Cornell  University  for  1900.  These 
piers  were  13  ins.  by  13  ins.  in  cross-section  and  80  ins.  long. 
They  had  mortar  joints  .3  ins.  in  thickness  and  they  were 
about  seven  months  old  when  tested.  Wire  netting  and 
straps  or  plates  were  inserted  at  a  number  of  the  horizontal 
joints  in  some  of  the  piers,  as  shown  in  Table  III.  The 
ultimate  compressive  resistance  of  a  single  brick  specimen 
used  in  the  construction  of  the  piers  was  3525  potmds  per 
square  inch ;  a  low  ultimate  resistance  which  accounts  for 
the  correspondingly  low  ultimate  compressive  resistance 


An  8  X  i6-in.-face  hrick  pier  with  i6  in.  square  ba>e 
laid  in  lime  mortar.  It  was  tested  at  the  U.  S. 
Arsenal,  Watertown,  Mass.,  and  gave  an  ultimate 
compressive  resistance  of  1233  lbs.  per  sq.  in.  on 
the  upper  sectirm  and  601  lbs.  per  sq.  in.  on  the 
lower  section.  The  cr.icks  due  to  faihire  are  clearly 
>ccn. 

{T?  f'ce  ^':^v  4^4.) 
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Table  III. 

ULTIMATE  COMPRESSIVE  RESISTANCES  OF  13"  X  13''  X  80" 
BRICK  PIERS  BUILT  WITH  PORTLAND  CEMENT  MORTAR 
(1   C.    2   S.)    JOINTS    .3"   THICK. 


Kind  of  Joint. 

Ultimate  Stress. 

Efficiency 

Per  Cent. 

of  Single 

Brick. 

Coefficients 

No. 

Total. 

Lbs.  per 
Sq.  In. 

of 
ElasUcity. 

I 

2 

Series 

of 

1897 
3 
4 
5 
6 

7 
8 

9 
10 
II 

12 
»3 
14 

Portland  cement  mortar  (1:2)  . 
Portland  cement  mortar  (1:2)  . 

•  Portland  cem.  mortar  (1:2)  -j 

Iron  straps  every  4th  course.  .  . 
Iron  straps  every  4th  course.  .  . 
Iron  straps  every  6th  course.  .  . 
Iron  straps  every  8th  wurse.  .  . 
Wire  netting  every  2d  course. .  . 
Wire  netting  every  2d  course. .  . 

Wire  netting  every  course 

Wire  netting  every  course 

Iron  plate  every  4th  course.  . .  . 
Iron  plate  every  4th  course.  . .  . 
Iron  plate  every  4th  course.  . .  . 
Iron  plate  every  4th  course.  . .  . 

194,000 
200,000 
Average 
of 
3  tests 
136,400 
155,400 
130,000 
142,500 
192,000 
208,000 
282,000 
240,000 
174,000 
193,500 
162,000 
143,000 

1 1  SO 
1184 

t  921 

810 
920 
780 

843 
1136 
1248 
1694 
1440 
1030 
1145 
974 
858 

1 

30 

22 

\  33 
[  46 

1.. 
1 

783,000' 

994,000 

1 ,040,000 

960,000 

680,000 
830,000 

of  the  piers  shown  in  the  table.  The  effect  of  the  wire 
netting  and  the  iron  straps  on  the  efficiency  of  the  masonry, 
in  terms  of  the  ultimate  resistance  of  the  single  brick  given 
above,  is  evident.  The  efficiencies  of  the  piers  with  the 
iron  straps  and  plates  are  less  than  those  of  the  piers  with 
mortar  joints  without  reinforcement,  but  the  efficiencies 
with  the  wire  netting  are  materially  larger.  Indeed  the 
efficiency  belonging  to  the  piers  having  wire  netting  in  ever\' 
joint  is  more  than  50  per  cent,  greater  than  that  found  for 
the  piers  with  joints  not  reinforced.  This  apparently 
indicates  that  the  reinforcement  must  be  of  such  a  character 
as  not  to  laminate  the  joints  and  thus  weaken  them. 

Coefficients   of   elasticity   were   computed   on    a   com- 
pression or  shortening  of  a  gauged  length  of  56  ins.  of  the 
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pier  at  total  loads  of  60,000,  100,000,  and  150,000  pounds, 
or  at  pressures  per  square  inch  of  354,  590,  and  885  pounds, 
far  too  high  for  such  a  purpose.  These  coefficients  are 
seen  to  be  low,  as  would  be  expected  for  such  high  intensities 
of  pressures. 

Table  IV  exhibits  the  results  of  testing  piers  of  brick 
masonry  in  the  Gov't  testing  machine  at  VVatertown,  iMass. 
It  is  taken  from  **Ex.  Doc.  No.  35,  49th  Congress,  ist 
Session.**     The  dimensions  of  piers  are  shown  in  the  table; 


Table  IV. 

CRUSHING  STRENGTH  OF  BRICK  PIERS. 


Ft.  Ins. 

Section 

Weight 

Ultimate 

Resistance, 

Lbs.  per 

S(i.  In. 

No. 

of  Pier, 
Ins. 

Composition  of  Mortar. 

per 

Cu.  Ft.. 

Lbs. 

I 

I 

4 

8X8 

I  lime,  3  sand. 

137.4 

2,«?20" 

a 

6 

8 

8X8 

I     "      3     *' 

133.  S 

1.877 

3 

I 

4 

8X8 

I  Portland  cement,  3  sand. 

136.3 

3.776 

1 

4 

6 

8 

8X8 

I         "             "3     " 

133. 5 

2,249 

S 

a 

0 

laXia 

I  lime,  3  sand. 

1,940 

5 
1 

6 

a 

0 

X2X12 

'     !!      ^     !'. 

1.900 

7 

10 

0 

12X12 

I            3 

131.7 

I.SII 

8 

10 

0 

12X12 

I     "      3     " 

125.0 

1.807 

9 

a 

0 

12X12 

1  Portland  cement,  a  sand. 

3,670 

10 

10 

0 

laXxa 

J         ..              "a      •• 

132.2 

2,253 

IZ 

I 

4 

8X8 

I  lime.  3  sand. 

135.6 

2.440 1  ^ 
1.540   ^ 

i^ 

6 

8 

8X8 

'     !'.      3     !! 

133-6 

13 

a 

0 

iaXi2 

^      .      ^ 

2,150    -g 

14 

a 

0 

12X  12 

'     !.      3     '* 

2,050     .Q 

15 

9 

9 

i2x:ia 

'     ..      3     '.*. 

131.5 

i.ii8>g 

16 

10 

0 

12X  12 

X                 3 

136.0 

1.587    § 
2.003    g 

2,720         Q 

1.887  J  ^ 

17 

10 

0 

12X12 

1  Portland  cement,  a  sand. 

131 .0 

18 

a 

8 

lOX  16 

I          '•               "a     " 

19 

10 

0 

16X16 

I         "              "a     " 

ao 

a 

0 

12X12 

1  lime,  3  sand. 

1,370 1     Bay 

ai 

6 

0 

12X12 

»     "      3     " 

1.133  >  State 

23 

6 

0 

12X12 

I     "      3     " 

119.7 

1.210  \  bricks. 

23* 

6 

0 

12X12 

1  lime,  3  sand. 

118.  a 

1.330 

a4t 

6 

0 

12X  12 

I     "      3     '* 

118.1 

1,2.1  1 

2  5 

7 

10 

12X12 

1     "      3     " 

120.  ^ 

1.1741   » 
924  ll 

26 

10 

0 

12X  12 

I              3 

iiS.o 

27 

10 

0 

8X12 

I      '*       3      *' 

107  .0 

940  1   c 

28 

10 

0 

12X  16 

I      "       3      " 

i!8.7 

773  \^ 

20 

6 

0 

12X12 

1     "      3     "    ,  I  Rosendale  cement. 

120.6 

1.646  [   g 

30 

6 

0 

12X12 

1  Rosendale  cement.  2  sand. 

123.0 

1,972  1    « 

31 

6 

0 

12X12 

1  lime.  ^  sand.  2  Portland  cement. 

120.3 

1.411  If^ 

32 

6 

0 

12X12 

I  Portland  cement.  2  sand. 

119.7 

1,792  1 

33 

6 

0 

12X12 

Clear  Portland  cement. 

i26.fi 

2.375 

J 

♦  Joints  broken  every  6  courses. 


t  Bricks  laid  on  cd^fe. 
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also  the  kinds  of  mortar  used  and  the  grades  of  brick. 
The  ** common"  and  **face''  brick,  both  hard  burnt, 
were  from  North  Cambridge,  Mass.  The  other  bricks 
were  from  the  Bay  State  Brick  Co.,  of  Boston  and  Cam- 
bridge, Mass.,  and  were  meditim  burnt. 

The  crushing  strength  of  three  bricks  of  each  kind 
between  steel  compression  platforms  was  first  determined 
as  follows: 


Bricks. 

Crushing  Resistance,  Potinds  per  Square  Inch. 

Size,  Inches. 

Face 

Commoii.  .  .  . 
Bay  State.  .  . 

11,056 

19,785 
II. 120 

131984 
22,351 
12,709 

16,734 
12,995 
10,390 

13,925     ^ 
18,337     g 
11.406    •< 

7.75X3.7X2.0 
8.0    X3.6X2.I 
7.8    X3.6X2.I 

Care  was  taken  to  make  the  bed  faces  of  all  three  bricks 
bear  evenly  against  the  compression  platforms,  and  in  order 
to  accomplish  this  result  thin  sheets  of  brass  were  used  for 
packing. 

The  brick  piers  were  built  of  bricks  '*laid  on  beds  and 
joints  broken  every  course,  with  the  exception  of  two  12  by 
1 2  piers,  one  of  which  had  joints  broken  every  sixth  course, 
and  one  had  bricks  laid  on  edge. 

**They  were  built  in  the  month  of  May,  1882,"  and 
"their  ages  when  tested  ranged  from  14  to  24  months." 
They  were  all  tested  between  cast-iron  plates. 

**  Loads  were  gradually  applied  in  regular  increments, 
.  .  .  returning  at  regular  intervals  to  the  initial  load.  .  .  . 
Cracks  made  their  appearance  at  the  surfaces  of  the 
piers  and  were  gradually  enlarged  before  the  maximum 
loads  were  reached.  Final  failure  occurred  by  the  partial 
crushing  of  some  of  the  bricks,  and  by  the  enlargement  of 
these   cracks,    which   took   a   longitudinal   direction   and 
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occurred  in  the  bricks  of  one  course  opposite  the  end  joints 
of  the  bricks  in  the  adjacent  courses.  This  manner  of 
failure   was  common  to  all  the   piers/' 

It  is  important  to  notice  that  the  resistance  of  the  piers 
varies  with  the  strength  of  the  mortar  used  in  the  joints. 

Tlie  remarkably  high  results  for  the  single  bricks  given 
above  are  probably  due  to  the  excellent  quality  of  the 
material  tested  and  to  the  great  care  exercised  to  have 
even  bearings  on  the  compressed  beds. 

Ultimate  compressive  tests  of  4-inch  cubes  of  terra 
cotta  from  Gladding,  McBean  &  Co.,  of  San  Francisco, 
may  be  foimd  in  the  **  U.  S.  Report  of  Tests  of  Metals  and 
Other  Materials"  for  1897.  These  cubes  were  of  brown, 
buff  and  white,  terra  cotta  and  were  nine  in  number.  The 
maximum  ultimate  compressive  resistance  was  3165  poimds 
per  square  inch,  the  mean  2940  pounds  per  square  inch, 
and  the  minimum  2669  pounds  per  square  inch.  As  a  rule 
the  ultimate  compressive  resistance  of  terra  cotta  will  be 
found  less  than  that  of  ordinarily  good  soft-burnt  brick. 

"The  results  of  all  the  experimental  investigations 
available  in  connection  with  brick  masonry  and  experiences 
in  the  best  class  of  engineering  work  indicate  that  masonry 
laid  up  of  good  hard-burnt  common  brick  may  safely 
carry  a  working  load  of  15  to  20  tons  per  square  foot  or 
210  to  280  pounds  per  square  inch.  In  the  construction 
of  this  class  of  masonry  where  the  duties  are  to  be  severe  it 
is  of  the  utmost  importance  that  the  best  class  of  Portland 
cement  mortar  be  employed,  as  the  carrying  capacity  of 
brick  masonry  depends  largely  if  not  chiefly  upon  the 
character  of  the  mortar. 


S  ^ 
§.§•• 

n 

3  ^ 
3  « 

?  8 

r' o 


3  3 


Hi  1 

»«.   Vi 

I? 


H 

V 

n 


Art.  56.]  NATURAL  BUILDING  STONES.  4^9 


Art.  56. — Natural  Building  Stones. 

The  ultimate  compressive  resistance  of  natural  building 
stones  is  affected  greatly  by  the  condition  of  the  rock 
from  which  the  cube  or  other  test-piece  is  taken.  That 
portion  of  a  ledge  exiK)sed  to  the  weather  may  be  much 
weakened  and,  in  fact,  even  disintegrated,  but  the  material 
at  a  short  distance  from  the  exterior  surface  may  have  the 
greatest  resistance  of  which  the  particular  kind  of  stone  is 
capable  of  yielding.  Again,  the  compressive  resistance 
of  stones  on  their  natural  beds  is  much  greater  than  when 
tested  on  edge.  In  the  tests  which  follow  the  test-pieces 
were  fairly  representative  of  such  quality  of  stones  as 
would  pass  inspection  in  first-class  engineering  work,  and 
it  is  to  be  assumed  that  they  were  compressed  on  their 
beds  unless  otherwise  stated. 

Table  I  taken  from  the  *'  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials  **  for  1894,  exhibits  the  coefficients  of 
elasticity,  ultimate  compressive  resistances,  weights  per 
cubic  foot  and  coefficients  of  thermal  ex])ansion  per  degree 
Fahr.,  as  well  as  the  ratio,  r,  between  lateral  and  direct 
strains  for  the  granites,  marbles,  limestones,  sandstones, 
and  other  stones  shown  in  the  left-hand  column.  The 
coefficients  of  elasticity  and  of  thermal  expansion  were 
determined  by  employing  blocks  of  stone  about  24  ins. 
long  and  6  ins.  by  4  ins.  in  cross-section,  the  gauged  length 
being  20  inches,  but  the  ultimate  compressive  resistances 
were  found  by  testing  4-inch,  cubes.  The  number  of  tests 
for  each  coefficient  of  elasticity  and  ultimate  resistance 
\*aried  from  one  to  nine  but  were  generally  two  or  three. 
The  general  run  of  values  of  ultimate  resistance  will  be 
found  to  conform  as  well  as  could  be  ex])ecte(l  with  results 
for  the  same  kind  of  stones  in  the  tables  which  follow. 


430 


COMPRESSION. 


Ch.  VII. 


It  will  be  observed  that  the  marbles  are  the  heaviest  stones^ 
although  the  granites  are  not  much  lighter.  There  is  a 
large  difference,  however,  between  the  sandstones  and  the 
marbles  or  granites. 

Table  I. 

NATURAL  STONES  IN  COMPRESSION  ON  BEDS. 


Stone. 

Coeflacient 

of 

Elasticity. 

Lbs.  per 

Sq.  In. 

Ultimate  Compressive 

Resistance.  Lbs.  per 

Sq.  In. 

Weight 

Ijer 

Cu.  Ft.. 

Lbs. 

Coefficient 
of  Expan- 
sion per 
Degree 
P^r. 

r. 

Max. 

Mean. 

Min. 

Branford  granite,  Conn .... 

8,712,100 

15.854 

15,707 

15.560 

i6a 

.00000398 

z 
4 

Milford  granite,  Mass 

7,676.750 

25,738 

23.773 

19,258 

162.5 

.00000418 

5.8 

Troy  granite,  N.  H 

6,118.850 

28.768 

26,174 

•3,580 

164.7 

1 
.00000337'  — 

Milford  pink  granite,  Mass. . 
Pigeon  Hill  granite,  Mass. .  . 
Creole  marble,  Ga 

6,200,350 
8,095,250 
7,993.700 

22,162 
20,716 
15.512 

18,088 
19.670 
13.46O 

15,756 
17,772 
11,420 

161 .9 
161.5 
170 

z 
2.9 

3.7 

Cherokee  marble,  Ga 

10427,800 

13,415 

12.619 

11,822 

167.8 

.00000441 

Etowah  marble,  Ga 

8,792,600 

14,217 

14,053 

13,888 

169.8 

3.6 

Kennesaw  marble,  Ga 

8.217,950 

10,771 

9,563 

8.354 

168. 1 

3.9 

Marble  Hill  marble.  Ga.  .  .  . 

9,950,850 

11,532 

11,505 

11,478 

168.6 

1   1 
.00000302 • 

j3.  4 

Tuckhoe  marble.  N.  Y 

15  173,200 

19.223 

16,203 

11,640 

178 

1 
.00000441  — 

Mount  Vernon  limestone,  Ky 

Oolitic  limestone,  Ind 

North  River  bluestone,  N.  Y. 

Manson  slate.  Maine 

Cooper  sandstone,  Oregon  . . . 

3,278,400 

11,566 

7,647 

5,247 

139.1 

. 00000464 

1 

4 

5.475.300 

22.047 

.00000519 

14.920 

Cooper  sandstone,  Oregon  .  . 

3.021,350 

16,366 

15.284 

14,203 

159.8 

.00000177 

11 

Maynard  sandstone,  Mass.  ^ 

2.034,650 

10,538 

9.880 

9,223 

133.5 

.00000567 

1_ 

Kibbc  sandstone,  Mass 

2,066.800 

10.663 

10,363 

10,063 

133-4 

.00000577 

1 
3.1 

Worcester  sandstone,  Mass.  . 

Pr)toTnac  sandstone,  Md.  .  . 
OlvTTinia  sandstone,  Orctron . 
Chuckanut  sandstone.  Wash. 
DvckiThoflTs  cement.  ...... 

•  Yammerthal      flint      lime- 

2.668,750 

9.869 

9,763 

9.656 

136.6 

.00000517 

4.4- 

13.441 
12.700 

12,665 
11.389 

23.724 
28.647 

12.061 
10,276 

18,496 

.000003a 
.00000578 

28.951 

♦  From  Report  of  1 899. 
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The  coefficients  of  elasticity  generally  range  considerably 
higher  than  those  for  concrete  in  Art.  54,  but  the  sand- 
stones form  an  exception  to  this  observation.  The  coeffi- 
cients of  thermal  expansion  vary  between  rather  wide 
limits  but  they  are  mostly  a  little  lower  only  than  those, 
determined  for  concrete.  The  coefficient  for  the  Dycker- 
hoff  cement  is  very  close  to  those  exhibited  for  cement 
mortar  and  concrete  in  Art.  46.  The  colimin  headed  r, 
giving  the  ratios  between  lateral  and  direct  strains,  contains 
interesting  data.  From  what  has  been  shown  in  Art.  4 
it  is  apparent  that  the  total  volume  of  the  test-pieces  was 
considerably  reduced  by  the  compression  to  which  the 
cubes  were  subjected. 

The  coefficients  of  elasticity  were  determined  at  in- 
tensities of  pressure  running  from  1000  or  2000  poimds 
per  square  inch  up  to  8000  or  10,000  poimds  per  square 
inch. 

A  coefficient  would  first  be  determined  at  comparatively 
low  pressures,  as  from  1000  to  3000  pounds  per  square 
inch,  and  then  at  higher  pressures,  as  from  7000  to  9000 
or  10,000  poimds  per  square  inch.  As  a  rule,  the  co- 
efficients determined  at  the  higher  pressures  were  mate- 
rially higher  in  value  than  the  others,  the  stiffness  of  the 
stone  increasing  with  the  loads  within  the  limits  of  the  test. 
The  values  in  the  table  are  the  means  of  those  at  the  low 
and  high  pressures. 

With  the  ordinary  working  values  of  pressures  in 
masonry,  probably  not  more  than  two  thirds  of  the 
values  of  the  coefficients  of  elasticity  given  in  the  table 
should  be  employed. 

In  the  **  U.  S.  Report  of  Tests  of  Metals  and  Other  Mate- 
rials "  for  1900  there  may  be  fotmd  the  results  of  compress- 
ing 4-inch  cubes  of  Tennessee  marble  and  of  granite  from 
the  Moimt   Waldo  Quarries  at   Frankfort,   Maine.      The 
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ultimate  compressive  resistances  of  the  4-incli  Tennessee 
marble  cubes  expressed  in  pounds  per  square  inch,  were  as 
follows : 

Maximum.  Mean.  Minimum. 

25,478  20,329  16.309 

The  preceding  three  results  cover  twenty  tests. 

The  ultimate  resistances  in  pounds  per  square  inch 
of  the  '*  Black  Granite"  from  the  Waldo  Quarries,  as 
determined  from  four  tests  of  2-inch  cubes,  were  as  follows: 

Maximum.  Mean.  Minimum. 

32,635  30»949  29,183 

Again,  in  the  same  report,  the  ultimate  resistances  in 
pounds  per  square  inch  of  four  4-inch  cubes  of  limestone 
from  Carthage,  Mo.,  are  as  follows* 

Maximum.  Mean.  Minimum. 
^      17.130                        14,947  13,660 


Tables  II,  III,  IV,  and  V  of  this  article  contain  the 
results  of  tests  given  in  the  **  Report  on  the  Compressive 
Strength,  Specific  Gravity,  and  Ratio  of  Absorption  of  the 
Building  Stones  in  the  United  States,"  by  Gen.  Q.  A. 
Gillmore,  1876.  The  specimens,  whose  tests  are  given  in 
Table  II,  were  2-inch  cubes.  *'Each  cube  was  placed 
between  two  cushion  blocks  of  soft  pine  wood,  2  inches  by  2 
inches  square,  and  slightly  more  than  0.25  inch  in  thickness; 
one  on  the  top  and  the  other  under  the  bottom ;  the  grain 
of  the  wood  being  parallel  in  each  to  the  other—  though  no 
dilTerence  was  observed  when  this  was  changed,  as  regards 
amount  of  record.  .  .  .  The  cubes  .  .  .  were  brought 
to  a  true,  smooth,  and  regular  but  not  a  polished  surface." 
The  third  column  shows  whether  the  specimen  was  crushed 
"on  bed"  or  '*on  edge." 
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Table  II. 

TWO-INCH  CUBES. 


Kind. 


Locality. 


Remarks. 


Blue 

Dark 

Light 

Flagging  .  . 
Old  Quarry, 
Old  Qtiarry 
Up  River.  . 
Up  River.  . 
Nianlic  River 
Niantic  River 
Porter's  Rock 
P<jrter's  Rock 

Gray 

Gray 

Gray 

Gray 

Gray 

Gray 

Gneiss 

Gneiss 

Dark 

Dark 

Bluish-gray. . 

Gray 

Glen's  Palls. 
Glen's  Falls . 

Lake 

Lake 

North  River. 
North  River  . 

White 

White 

Drab 

Drab 

Drab 

Drab 

Dark 

Dark 

Drab 

Drab 

Caen 

C^en 

Kast  Chester. 
East  Chester. 
Vermont.  .  .  . 
Vermont.  .  .  . 

Drab 

Drab 

Drab 

Drab 

Common  Ital 
Common  Ital. 


Staten  Island.  N.  Y..  .  . 
Dix  Island,  Me 

8uincy,  Mass 
uincy,  Mass 

North  River 

Westerly.  R.  1 

Westerly.  R.  I 

Richmond,  Va 

Richmond,  Va 

New  London.  Conn.  .  .. 
New  London,  Conn.  .  .. 
Mystic  River,  Conn.  ..  . 
Mystic  River,  Conn.  . .  . 

Westerly,  R.  I 

Westerly.  R.  I 

Richmond,  Va 

Richmond,  Va 

New  Haven,  Conn 

New  Haven,  Conn 

Sachemshead     Quarrj-, 

Conn 

Sachemshead      Quarry, 

Conn 

Duluth,  Minn.        

Huron  Island,  Mich. 

Keene,  N.  H 

Pompton.  N.J 

Glen's  Falls,  N.Y.         . 

Glen's  Falls,  N.  Y 

Lake  Champlain,  NY. 
Lake  Champlain,  N.  Y. 

Kingston,  NY 

Kingston,  N.  Y 

Joliet.  Ill 

loliet.  111 

Lime  Island,  Mich 

Lime  Island,  Mich 

Marquette,  Mich 

Marquette,  Mich 

Bardstown,  Ky 

Bardstown,  Ky 

Canton,  Mo 

Canton,  Mo 

France 

France 

Tuckahoe,  N.  Y 

Tuok-ahoe,  N.  Y 

Dorset,  Vt 

Dorset,  Vt 

.Mill  Creek  Quarry.  111.. 
Mill  Creek  Quarry,  III.. 
North  Bay  Quarry  .Wis. 
North  Bay  Quarry, Wis. 

Italy 

Italy 


Bed 


Edge 

Bed 

Edge 

Bed 

Edge 

Bed 

Bed 

Edge 

Bed 

Edge 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Edge 

Bed 

EdKc 

Bed 

Edg« 

Bed 

Bed 

Bed 

Bed 

Bed 

Edi,'t 

Bed 

Edm 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Edt'e 

Bed 

Edi,'( 

Bed 

Bed 


22,250 
15,000 
17.750 
14.750 
13.425 
17.750 
17,250 
21.250 
20,000 
12,500 
U.I7S 
18,125 

22,2<;o 

»4.0.^7 
14.100 
t.^.H7  5 
7.750 
9,500 

i5.9.n 

14,000 

17.750 
18.125 

» 0.37  5 

24,040 

»>.475 

•0.750 

25,000 

21,500 

1.1.000 

1 1,050 

» 2.775 

i6,Qoo 

25,000 

'b.425 

7.825 

7,^»oo 

if>.25o 

15,000 

9.250 

5,^50 

.1.650 

3.450 

12,Q50 

I  2.050 

7,61  2 

8.670 

0,687 

9.787 

20,025 

13.700 

1  I  ,250 

I   ^062 


Cracked  before  bursting. 
Burst  suddenly. 
Cracked  before  bursting. 
Cracked  before  bursting. 
Broke  suddenly. 


Waxy-looking. 
Broke  suddenly. 


Syenitic. 


Average  of  3. 

Burst  without  crackin^r. 


Rather  a  clay  stone. 
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Kind. 

LocaKty. 

a 

.2 

1 

Brown 

Brown 

Gray 

Gray 

Brown 

Brown 

Pink 

Pink 

Drab 

Drab 

Drab 

Drab 

Drab 

Purple 

Purple 

Purple 

Purple 

Red-brown.  . 
Red-brown.  . 
Olive  green .  . 

Brown 

Brown 

Pink 

Little  Falls.  N.  Y 

Little  Falls.  N.  Y 

Belleville.  N.  J 

Belleville.  N.I 

Middletown,  Gsnn 

Middletown,  Conn 

Medina  N.  Y 

Medina.  N.  Y 

Berea.  Ohio 

Berea,  Ohio 

Berea.  Ohio 

Vermillion.  Ohio 

Vermillion,  Ohio 

Fonddu  Lac,  Wis 

Fond  du  Lac,  Wis 

Marquette,  Mich 

Marquette,  Mich 

Seneca  Freestone,  O.  .  . 
Seneca  Freestone,  O.  .  . 

Cleveland,  Ohio 

Cleveland,  Ohio 

Albion,  N.  Y 

Albion.  N.  Y 

Kasota,  Minn 

6 

1 

Bed 

^' 
I'J 
ir 

Bed 

Bed 

Bed 

Bed 

Bed 

Edge 

Bed 

Edge 

Bed 

Edge 

Bed 

Edge 

Bed 

Edgf 

Bed 

Edge 

Betl 

Edge 

Bed 

Edge 

Bod 

Bed 

Bed 

E(Urc 

Pink 

Light  buflf.  ,  . 
Light  buff.  .  . 
Freestone 

Kasota,  Minn 

Fontenac,  Mfnn 

Fontenac,  Minn 

Dorch'ter.  New  Bruns- 
wick. .  .  . 

Freestone 

Yellow  drab.. 
Yellow  drab.. 

CraiTleith 

Craigleith 

Dorch'ter,  New  Bruns- 

vnck 

Massillon,  Ohio 

Massillon,  Ohio 

Edinburgh,  Scotland..  . 
Edinburgh.  Scotland..  .   j 

= 

G  impressive 

Resistance, 

Lbs.  per  Sq.  I 

&3 

Remarks. 

V.Hso 

140.6 

(Broke  suddenly.  Hard> 

fencd      by      years     of 

[exposure. 

9.1. SO 

140.6 

1  1.700 

141  .0 

10,250 

141  .0 

• 

6,050 

148.5 

5..S50 

148.5 

17.250 

150.6 

14.812 

140... 

10,250 

1  3 1  .  U 

8.300 

1J3.1 

7.350 

t37-5 

8,250 

135.3 

6,000 

13s.  ^ 

6,250 

138.  H 

5.110 

138.8 

7.4SO 

1350 

5.730 

135.0 

Q.O87 

1 40  •  3 

lO.SOO 

140.  3 

6.800 

140.0 

7.010 

140.  0 

1.^500 

151.2 

11..^  50 

151.2 

10,700 

164.4 

Calcareoui. 

n,67S 

164.4 

6.250 

145.3 

7.775 

145-3 

0.150 



6,oso 

8.750 

131.8 

6.725 

131.8 

12.000 

141.3 

1 1 ,250 

141.3 

General  Gillmore  shouted  that  the  size  of  the  cube  tested 
afTccted  very  greatly  the  tiltimate  compressive  resistance 
per  unit  of  area  of  face  of  cube.  Table  III  shows  the 
rest^lts  of  gradually  increasing  the  size  of  cubes  of  Berea 
sandstone,  crushed  **on  bed*'  between  wooden  cushion 
blocks,  increasing  (with  size  of  cube)  from  about  0.0625 
inch  to  about  0.4  inch  in  thickness.  The  general  result  is 
marked  in  spite  of  two  or  three  irregularities. 

These  results  are  natural  consequences  of  the  character 
of  stone  and  the  cubical  form  of  the  specimens.     A  few  of 
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Bd«e  of  Cube. 

Compressive  Resist- 
ance, Pounds  per 
Square  Inch. 

Edge  of  Cube. 

Compressive  Resistance, 
Poimds  per 
Square  Inch. 

Inches. 

Pounds. 

Inches. 

Pounds. 

0.25 

4»992 

2.00 

8,955 

0.50 

6,080 

2.25 

9,130 

0.75 

6,347 

2.50 

8,856 

1. 00 

6,990 

2.75 

9,838 

1.25 

7,342 

3.00 

10,125 

1.50 

8,226 

4.00 

11,720 

1-75 

9,310 

General  Gillmore's  experiments  showed  that  such  results 
would  probably  not  appear  if  the  length  of  the  specimens 
had  been  two  or  three  times  the  wdth  or  breadth. 

The  ejffect  of  different  bearing  surfaces  on  the  ultimate 
compressive  resistance  of  stone  cubes  is  well  shown  by  the 
results  given  in  Table  IV.  All  the  results  are  in  potmds  per 
square  inch,  and  belong  to  2-inch  cubes,  with  the  exception 
of  the  *' Sandstone,  drab'*  specimens,  which  were  i.s-inch 
cubes.     Each  result  is  a  mean  of  two  to  five  tests. 

The  steel  cushion  gave  the  highest  results  by  a  little.  A 
soft  cushion  seems  to  be  driven  into  the  small  cavities  and 
interstices  of  the  specimen,  and  thus  to  produce  a  splitting 
action  at  the  bearing  surfaces.  **The  beds  of  the  granite 
and  marble  cubes  were  rubbed  to  the  border  of  polish;  •. 
those  of  sandstone  were  rubbed  smooth.'*  ^  ' 

Again,  polished  and  unpolished  cubes  give  different 
resistances  per  square  inch,  as  showTi  in  Table  V.     The 
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results  there  given  are  fr^r  2 -inch  cubes  pressed  upon  by 
wooden  cushions. 

Table  IV. 


Kind  uf  Stone. 


Granite,  Millstone  Point,  Conn 

Granite,  Keene,  N.  H 

Marble,  East  Chester,  N.  Y 

iSandstone,  Berea,  Ohio 

Vermont  marble,  Vermont 

I^knestone,  Sebastopol 

Sandstone,  dnib 

Sandstone,  Massillon,  Ohio 

Sandstone,  Massillon,  Ohio  (softer).  .  . 


Ultimate  G^nipressive  Resistance, 
Pounds  per  Square  Inch. 


Steel. 


23,190 
24,000 
19,125 
11,260 
13,280 

1,075 
4,000 
8,500 
5,660 


Wot>d. 


Lead.        Leather. 


22,880 

15,730 

19,830 

14.480 

17,540 

11,560 

10,290 

7,380 

10,850 

9,200 

1,075 

1,075 

4,000 

4,000 

«,750 

7,250 

6,730 

5,500 

15,730 

6,730 
8,190 
',075 


3,640 


It  is  at  once  evident  that  the  polished  cubes  gave  con- 
siderably the  highest  resistances.  ITiis  is  probably  due 
to  the  fact  that  the  splitting  action  of  the  wooden  cushions 
was  reduced  to  a  minimum  on  the  polished  surfaces. 

Table  V. 


Kind  of  Stone. 

Ultimate  Compressive  Resistance, 
per  S<juare  Inch. 

Polished. 

Unpolished. 

Granite  Ouincv  Mass         

Pounds. 

24,750 
25,000 
2  1 ,6  \o 

Pounds. 
I7.7SO 

Granite  Staten  Island.  N.  Y 

22,250 

Granite.  Garrison's.  N.  Y' 

I  \,  ^So 

Granite  Tarrvtown.  NY 

2*^,750         '           1 8, 2  so 

Granite  Millstone  Point,  Conn 

22,8Ho          !           18,750 

Granite.  Keene.  N.  H 

iQ.8^0         '          12,7  so 

Granite,  Westerly,  R.  I 

2'^,SOO             1              17,750 

Marble  East  Chester.  N.  Y 

17.S40                         I2.QSO 

Marble.  Vermont 

10,850                     8.7  «;o 

General  Gillmore*s  experiments  show,  in  a  conclusive 
manner,    that    variety    in    circumstances    of    testing   will 
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produce  a  variety  of  results  for  the  same  section  of  stone 
specimen.  Attending  circumstances  and  dimensions  of 
specimens,  therefore,  should  always  be  given. 

The  results  foimd  in  Table  VI  are  taken  from  the  "  U.  S. 
Report  of  Tests  of  Metals  and  Other  Materials  "  for  ii894. 
They  relate  to  the  various  kinds  of  rock  indicated  and 
were  found  by  testing  4-inch  to  5 -inch  cubes  on  their  beds.  ' 

Table  VI. 


state. 

Stone. 

Ultimate 
Compressive 
Resistance, 
Pounds  per 
Square  Inch. 

MiPT^^sotA. 

Ortonville  granite 

20,415 
JO,833 
17,780 

4,353 
9,606 

8,775 
10,114 

21,556 

J9i875 

9,465 

4,834 

2,899 

i( 

Kasota  pink  limestone 

II 

Faribault  marble 

II 

Duluth  brownstone 

i( 

Mankato  sandstone 

II 

Mantorville  sandstone 

II 

Frontinac  sandstone 

II 

I/iiveme  nnartzit^     

II 

^1.       ^      .< 

Iowa 

Rubble  rock 

II 

Firestone 

II 

GvDSum.  Fort  Dod&re 

The  ultimate  resistances  of  the  sandstones  are  relatively 
low,  while  the  higher  values  are  found  for  granites,  lime- 
stones, and  quartzites,  as  is  usual. 


Art.  57. — Timber. 

The  ultimate  compressive  resistance,  coefficient  of  elas- 
ticity, and  other  physical  properties  of  timber  in  com- 
pression are  affected  greatly  by  the  amount  of  moisture 
in  the  timber  and  by  the  size  of  stick.  The  investigations 
of  Professor  J.  B.  Johnson,  acting  for  the  Forestry  Division 
of  the  U.  S.  Department  of  Agriculture,  have  shown  that 
when  the  amo\mt  of  moisture  exceeds  about  30%  by 
weight  of  the  timber  the  pliysical  properties  are  not  much 
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affected  by  any  increased  saturation.  The  walls  of  the 
wood  cells  at  that  point  seem  to  experience  their  maximum 
softening.  Green  timber  may  be  considered  as  carrying 
about  one  third  of  its  weight  in  moisture,  and  it  seems  to 
matter  little  whether  that  moisture  is  water  or  sap,  timber 
once  dried  and  resaturated  appearing  to  suffer  the  same 
diminished  resistance  as  in  its  original  green  condition. 
Professor  Johnson's  tests  showed  that  the  Southern  pines 
increased  their  ultimate  compressive  resistance  in  some 
cases  as  much  as  75%  by  the  process  of  drying  or  seasoning 
from  33%  of  moisture  do\^Ti  to  10%,  the  general  rule  being 
a  greatly  increased  compressive  resistance  with  a  decrease  of 
moisture.  It  follows  from  these  results,  therefore,  that  green 
timber  will  be  much  weaker  in  compression  than  seasoned 
timber.  Ordinary  air  seasoning  even  under  cover  seldom 
reduces  moisture  below  about  15%  in  weight  of  the  timber 
itself,  although  under  favorable  circumstances  of  seasoning 
the  moisture  may  sometimes  drop  to  12%  of  that  weight. 
As  a  matter  of  precision,  therefore,  or  accuracy,  the  ulti- 
mate compressive  resistance  of  timber  should  always 
be  stated  in  connection  with  the  percentage  of  moisture 
carried  by  the  timber.  This  will  be  found  to  be  the  case 
in  all  of  Professor  Johnson's  experimental  work,  to  which 
reference  has  already  been  made  and  the  results  of  which 
are  chiefly  found  in  bulletins  Nos.  8  and  1 5  of  the  Division 
of  Forestry  of  the  U.  S.  Department  of  Agriculture,  the 
former  being  dated  1893. 

The  earlier  tests  of  Professor  Johnson  were  made  on  a 
basis  of  15%  moisture,  but  in  his  later  work  a  basis  of  12% 
moisture  was  adopted,  and  he  states  in  Circular  No.  15 
that  in  reducing  the  moisture  from  15%  to  12%  the  corre- 
sponding increases  in  the  ultimate  compressive  resistance 
in  pounds  per  square  inch  of  Southern  pines  are  approxi- 
mately as  follows: 
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Long-leaf  pine . 
Cuban  pine.  .  . . 
Loblolly  pine.  . 
Short-leaf  pine . 


Endwise. 


1,100 
800 
900 
600 


Across  Grain. 


180 

220 

150 

60 


While  it  is  important  as  a  matter  of  physics  to  recognize 
clearly  the  eiTect  of  moisture  upon  the  compressive  re- 
sistance of  timber,  it  is  of  equal  importance,  and  possibly 
of  greater  importance,  to  recognize  the  fact  that  in  engineer- 
ing practice,  except  in  specially  protected  cases,  the  timber 
used  in  structures  is  more  or  less  exposed  and  can  seldom 
or  never  be  depended  upon  to  contain  even  as  little  as  15% 
of  moisture,  and  with  some  conditions  of  weather  and  at 
some  seasons  of  the  year  it  may  contain  considerably  more. 
It  follows,  also,  that  the  condition  of  timber  as  to  moisture 
in  most  structures  will  change  materially  from  time  to  time. 
It  would  be  unwise,  therefore,  and  perhaps  dangerous  to  use 
working  compressive  resistances  based  upon  the  results  of 
tests  of  small  pieces  with  moisture  reduced  to  15%  or  12%. 

Again,  it  has  been  frequently  stated  as  a  result  of  the 
timber  investigations  by  the  Forestry  Division  of  the 
U.  S.  Department  of  Agriculture,  that  the  ultimate  com- 
pressive resistance  of  large  sticks  may  be  taken  as  practically 
identical  with  that  belonging  to  small  selected  test  pieces, 
the  quality  of  the  material  being  the  same  in  both  cases. 
It  is  possible,  if  the  quality  of  material  throughout  all 
portions  of  every  large  stick  were  identical  with  the  quality 
of  small  selected  specimens,  that  the 'ultimate  compressive 
resistance  per  square  inch  might  be  the  same;  but  that  is 
radically  different  from  the  facts  as  they  are.  There  is 
probably  no  stick  of  timber  whose  condition  is  permanent 
at  any  given  time.  If  it  is  seasoning,  its  quality  is  im- 
proving, but  after  reaching  a  maximum  of  excellence  it 
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begins  to  depreciate  by  decay  or  from  other  causes.  Any 
large  stick  of  timber  as  used  by  the  engineer  is  seldom 
free  from  some  ipoint  of  incipient  decay  and  it  is  never 
free  from  knots,  large  or  small,  wind  shakes,  cracks  from 
one  cause  or  another,  or  from  some  other  defective  con- 
dition, at  some  point.  Small  specimens  for  testing  are 
invariably  so  selected  as  to  eliminate  such  spots  as  militating 
against  a  comparatively  high  resistance.  The  inevitable 
result  for  full-size  sticks  is  a  decreased  resistance  materially 
below  that  of  the  small  specimen.  For  all  these  reasons, 
therefore,  in  engineering  practice  it  would  be  a  radical 
error  to  accept  the  ultimate  compressive  resistance  per 
square  inch  of  small  test  specimens  as  practically  identical 
with  that  of  large  sticks.  Values  for  the  latter  class  of 
timber  should  be  determined  upon  pieces  as  large  as  those 
used  in  structures  and  under  the  same  conditions  in  which 
they  are  used,  which  means  an  indefinite  amount  of  moisture 
ordinarily  sensibly  larger  than  12%  or  15%. 

In  the  **U.  S.  Report  of  Tests  of  Metals  and  Other 
Materials"  for  1896  and  1897  there  may  be  found  results 
of  compressive  tests  for  coefficients  of  elasticity  for  sticks  of 
timber  as  shown  in  Table  I.  Those  sticks  were  many  of 
them  large  enough  to  form  full-size  posts.  They  appear  to 
have  been  of  merchantable  timber  of  about  such  quality  as  is 
used  in  first-class  engineering  works.  They  had  the  usual 
supply  of  knots  and  other  features  which,  while  not  material 
defects,  prevented  the  pieces  from  being  of  selected  quality. 

As  also  shown  in  the  table,  there  were  a  considerable 
number  of  tests  in  each  case.  ''Endwise"  compres- 
sion means  compression  parallel  to  the  fibres  of  the 
timber,  while  **Tangentially"  means  a  direction  tangent  to 
the  rings  of  growth.  That  compression  indicated  by 
"Radially"  was  in  a  radial  direction,  i.e.,  passing  through 
the  centre  of  the  tree  trunk.     The  determinations  were 


The  fracture  of  a  piece  <){  Douglass  fir  or  Oreijjon  pine  loaded  tantjciitially  to 
the  riugs  of  j/rowth.  The  ultimate  compressive  resistance  was  foui»d  to  be  600 
lbs.  p.r  sq.  in. 
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Table  I. 

TIMBER  IN  COMPRESSION. 


Kind  of  Wood. 

Coefficient  of  Elasticity, 
Pounds  per  Square  Inch. 

1 

d 

'Z, 

Remarks. 

Maximum. 

Mean. 

Minimum. 

Douglas  fir: 

Endwise 

3,461,000 
112,000 
207,000 

1,789,000 

1,890,000 
2,252,000 

1,655,000 

1,623,000 

2,300,000 

2,358,000 

74,600 

158,000 

1,554,000 

1,657,000 
2,175,000 

1,469,500 

1,531,000 

2,251,000 

1,915,000 

40,000 

134,300 

1,338,000 

1,488,000 
2,049,000 

1,202,000 

1,437,000 

2,207,000 

4 
9 
6 

6 

4 
4 

6 

10 
12 

Not  well  seasoned. 

Tangentially 

Radially 

White  oak: 

Endwise 

It      tt           tt 

Long-leaf  pine: 

En^lwise 

From  tops  of  trees 
From  butts  of  trees 

Short-leaf  pine:* 
Endwise 

Not  well  seasoned 

Spruce:* 

Endwise 

Old  yellow-pine  posts:* 
Endwise 

Very  dry. 

*  These  results  are  means  of  determinations  at  intensities  varying  from 
500  to  5 ,000  pounds  per  square  inch. 

made  at  intensities  of  pressure  varying  from  one  third  to 
one  half  the  ultimate  resistance.  It  will  be  noticed  that 
in  the  values  for  long-leaf  pine  the  highest  results  belong 
to  sticks  from  the  butts  of  trees,  while  those  from  the  tops 
give  materially  less  values.  It  will  also  be  observed  that 
the  values  for  the  very  dry  yellow-pine  posts  in  the  last 
line  of  the  table  are  high,  showing  the  increased  stiffness 
due  to  the  absence  of  moisture.  The  coefficients  of  elas- 
ticity in  the  last  five  lines  of  the  table  were  computed 
from  the  resilience  of  the  compressed  columns  by  means 

of  a  formula  similar  to  eq.  (2)  of  Art.  29.  . 

Table  II  exhibits  the  results  of  compressive  tests  made 
by  Professor  Johnson  on  selected  specimens  of  various 
American  timbers  in  his  work  for  the  Division  of  Forestry. 
Most  of  the  test-pieces  were  4  inclies  square  in  section 
by  8  inches  long.     The  tests,  therefore,  are  for  short  blocks 
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and  not  for  columns.  The  number  of  tests  for  each  kind 
of  timber  vary  from  lo  for  green  ash  up  to  1230  for  long- 
leaf  pine.  The  results  are  valuable  if  the  size  of  specimen 
and  the  amount  of  moisture  are  both  carefully  borne  in 
mind,  but  they  should  be  used  as  they  stand  as  representing 

Table  II. 

m.TIMATE  ENDWISE  AND   ACROSS-GRAIN  COMPRESSIVE 
REvSISTANCES  OK  TIMBER. 


I 
2 
3 
4 

5 
6 

7 
8 

9 
10 
II 
12 
13 
14 
15 
16 

17 

18 

19 
20 
21 
22 
23 
24 
25 
26 

27 
28 

29 
30 

31 
32 


SjHHU'S. 


Reduced  to  1 5 
Long-leaf  pine. 
Cuban  pine. .  .  . 
Short-leaf  pine. 
Loblolly  pine.  . 
Reduced  to  \2 

White  pine 

Red  pine 

Spruce  pine 

Bald  cypress 

White  cedar 

Douglas  spruce,  a . 

White  oak 

Overcup  oak 

Post  oak 

Cow  oak 

Red  oak 

Texan  oak 

Yellow  oak 

Water  oak 

Willow  oak 

Spanish  oak 

Sliagbark  hickory. 
Mockemut  hickory 
Water  hickory.  .  . . 
Bittemut  hickory. 
Nutmeg  hickory.  . 
Pecan  hickory .... 
Pignut  hickory.  .  . 

White  elm 

Cedar  elm 

White  ash 

Green  ash 

Sweet  gum 


Moisture. 


Moisture. 


Average 

AvpraKf 

Highest 

L<  )\vi'sl 

of  All 

Acr<»»w 

10  PerCt. 

10  PcrCt. 

TesUs 

Grain. 

1  of  Tests. 

of  Test.s. 

1      U>S.  JHT 

Lbs.  per 

Lbs.  ptT 

Lbs.  ixT 
S(i.  In. 

1     Sq.In. 

Sm.  In. 

&1.  In. 

8,600 

5,700 

6,900 

1,000 

9,SOO 

6,soo 

7,900 
5,900 

1,000 

'    7.600 

4,800 

C)00 

!    8,700 

5.400 

6,500 

1,000 

6,800 

4,000 

5,400 

700 

8,100 

4,900 

6,700 

1,000 

8,800 

5,600 

7,3<x) 

1,200 

8,500 

4,200 

6.000 

800 

6,ocx> 

4,400 

5,200 

700 

8,100 

4,2CX) 

5,700 

800 

1 1, .^00 

6.300 

8,500 

2,200 

i      8,600 

6,000 

7,300 

1,900 

8,100 

6,000 

7.100 

3,000 

■      9,800 

5,600 

7,400 

1,900 

f      9,200 

5.500 

7,200 

2,300 

9.800 

6,900 

8,100 

2,000 

8.300 

5,800 

7,300 

1,800 

9,000 

6,300 

7,800 

2,000 

8,700 

5,500 

7,200 

1,600 

!     9»500 

5,100 

7,700 

1,800 

'    10,900 

7,500 

9,500 

2.700 

i    11,600 

8,000 

10,100 

3,100 

1      9,600 

7,000 

8,400 

2,400 

11,200 

7,800 

9,600 

2,200 

11,000 

7,100 

8,800 

2,700 

i    10,400 

7, .^00 

9,100 

2,800 

j    12,700 

8,900 

10,900 

3,200 

'      8,800 

5,000 

6,500 

1,200 

10,100 

6,500 

8,000 

2,100 

8,700 

5,700 

7,200 

1,900 

9,800 

6,600 

8,000 

1,700 

!    8,500 

5,600 

7,100 

1,400 

a,  actual  tests  on  "dry"  material,  not  reduced  for  moisture. 
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ultimate  values  for  full-size  sticks  only  after  comparison 
with  the  results  of  tests  of  such  sticks. 

It  is  essential  to  observe  the  small  resisting  capacity 
of  the  various  timbers  when  compressed  across  the  grain, 
the  resistance  in  the  latter  condition  being  but  a  small 
fraction  of  that  along  the  grain. 


Table  III  contains  the  results  of  tests  by  Colonel  Laidley, 
U.S.A.,  **Ex.  Doc.  No.  12,  47th  Congress,  2d  Session.*' 
.V  few  other  tests  c^f  sliort  blocks  from  the  same  source  will 
be  found  in  the  article  on  *' Timber  Columns.*'  Unless 
otherwise  stated,  all  the  specimens  were  thoroughly  sea- 
soned. 

In  this  table  the  ** length"  of  all  those  pieces  which 
were  compressed  in  a  direction  perpendicular  to  the  grain 
might,  with  greater  propriety,  be  called  the  thickness,  since 
it  is  measured  across  the  grain. 

In  the  tests  (24-60)  the  compressing  force  was  dis- 
tributed over  only  a  portion  of  the  face  of  the  block  on 
which  it  was  applied;  thus  the  compressed  area  was  sup- 
ported, on  the  face  of  application,  by  material  about  it 
carr^j^ing  no  pressure.  In  some  cases  this  rectangular  com- 
pressed area  extended  across  the  block  in  one  direction, 
but  not  in  the  other.  In  all  such  instances  the  ultimate 
resistance  was  a  little  less  than  in  those  in  which  the  area 
of  compression  was  supported  on  all  its  sides. 

The  **  ultimate  resistance"  was  taken  to  be  that  pressure 
which  caused  an  indentation  of  0.05  inch. 

Nos.  (44-5  5 )  show  the  effect  of  varying  thickness  of  blocks. 
Within  the  limits  of  the  experiments,  the  ultimate  resistance 
is  seen  to  decrease  somewhat  as  the  thickness  increases. 

The  best  series  of  values  of  the  ultimate  compressive  re- 
sistance of  timbers  as  actually  used  in  large  pieces  and  for 
engineering  structures  that  can  be  written  at  tl:e  j^resent 
time  is  that  given  in  Table  IV. 
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No. 


13 
IS 

16 
17 

18 

10 


23 
24 

35 

36 

a? 
a8 

29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


Kind  of  Wood. 


Oregon  pine 

Oregon  pine 

Oregon  pine 

Oregon  maple 

Oregon  spruce 

Caluomia  laurel 

Ava  Mexicana 

Oregon  ash 

Mexican  white  mahogany 

Mexican  cedar 

Mexican  mahogany 

White  maple 

White  maple 

Red  birch 

Red  birch 

Whitewood 

Whitewood 

White  pine 

White  pine 

White  oak 

White  oak 

Ash 

Ash. 

Oregon  pine 

Oregon  maple 

Oregon  spruce 

Oregon  spruce 

Caluornia  laurel 

Ava  Mexicana 

Oregon  ash 

Mexican  white  mahogany 

Mexican  cedar 

Mexican  mahogany 

White  pine 

White  pine 

Whitewood 

Whitewood 

Black  walnut 

Black  walnut 

Black  walnut 

White  oak 

Spruce 

Yellow  pine 

Black  walnut 

Black  walnut 

Black  walnut 

Black  walnut 

Black  walnut 

Black  walnut 

White  pine 

White  pine 

White  pine 

White  pine 

White  pine 

White  pine 

Yellow  birch 

Yellow  birch 

White  maple 

White  maple 

White  oak 


I  O^mpressed 
Length,         Section 
Inches.  \  in 

I   Inches. 

I 


16.5 

19.9 

19.9 

8.0 

24 '03 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 

13. 0 

12.0 

13.0 

13.0 

12. O 

12.0 

12.0 

12.0 

12.0 

12. O 

12.0 

12.0 
1.95 
3.63 
3.92 
3.92 
3.58 
3.69 
3.64 
3.77 
3.7s 
3.75 
3.06 
2.00 
3.15 
3.15 
0.875 
0.87s 
0.875 
2.40 
3.70 
3.90 
0.75 
I  .00 
'•25 

1.50 
1.75 

2.06 

0.75 

1 .00 

1-25 

1.50 

«-75 
2.00 
4.25 
4.25 
4.00 
4.00 
3. 95 


2.46 

I  .  21 
I  .  21 

3.6.? 

3.92 

3.58 

3    69 

3.64 

3-77 

3-75 

3.75 

4 

4.00 

4.  30 
4.  26 
4.00 
4.00 
4.00 
4.00 

4 

4.00 

4.00 

4.00 

3.45 

3.63 

5.75 

4.75 

3 .  5« 

3-69 

3.64 

3.77 

3.75 

3.75 

a.  20 
4.75 

4-75 
4-75 
4.75 
4.00 
4.00 
4.75 


4 

4 

4 

4. 

4. 

4' 

4. 

4. 

4- 

4. 

4- 

4 

4. 

4 

4- 25 

5. 98 

3 .  95 

5   98 

^  •  9<> 


X2.0 

Xi.2r 

X1.21 

X3.63 

X5.75 

X3.58 

X3.69 

X3.64 

X3.77 

X3'7S 

X3.75 

X4-00 

X4-00 

X4.a6 

X4.26 

X4.00 

X4-00 

X400 

X4-00 

X4.00 

X4.00 

X400 

X4.00 

X300 

X  3 .  00 

X4.75 

X4.00 

X  3  •  00 

X3.00 

X3.00 

X3.00 

X  3 .  00 

X3.00 

X4.75 

X400 

X6.20 

X4-00 

X400 

X  3 .  94 

X2.S0 

X400 

X4.00 

X4-00 

X4-00 

X4-00 

X4.00 

X4-00 

X400 

X4.00 

X4.00 

X4.00 

X4.00 

X400 

X4.00 

X400 

X3.00 

X3.00 

X3.00 

X3.00 

X  3  •  00 


Ultimate 

S.r 

Resist- 

3?   • 

Is 

ance, 

Pounds 

per 
Square 

Inch. 

cu 

8.496 

With 

9.041 

. 

8253 

** 

6,661 

'* 

5,772 

6,734 

" 

6,383 

** 

5,121 

" 

6,155 

" 

4,814 

** 

10.043 

" 

7.140 

*' 

7,210 

8,030 

" 

7,820 

*' 

4.440 

" 

4,330 

5.475 

'* 

5.760 

'* 

7,375 

" 

7  010 

7.940 

" 

7,640 

" 

1,150 

Perp. 

i.«7S 

710 

680 

" 

2,000 

" 

2,100 

'* 

2,200 

2,150 

1.950 

4.500 

" 

875 

** 

1,012 

900 

" 

1. 000 

" 

2.450 

2,200 

' 

2,525 

" 

3.550 

070 

1. 000 

' 

2,800 

" 

2.560 

" 

2.400 

'* 

2.500 

" 

2,400 

*' 

2,360 

" 

1,120 

" 

1,100 

*' 

1,160 

" 

1,070 

i( 

1,060 

** 

1,000 

2,000 

1,650 

1,700 

'* 

1,900 

** 

2,500 

Remarks. 


Unseasoned 
Worm-eaten 


Unseasoned 
Unseasoned 


Mean  of  two 
Mean  of  two- 
Mean  of  four 
Mean  of  two 
Mean  of  two 
Mean  of  two 

Mean  of  fotar 


Mean  of  two 
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Table  IV 

TIMBER  IN  COMPRESSION. 


Kind  of  Timber. 


Ultimate  Resistance, 
Pounds  per  Square  Inch. 


With  Grain. 


End 
Bearing. 


Columns 

Under  15 

Diams. 


Across 
Grain. 


Average  Working  Stresses, 
Pounds  per  Square  Inch. 


With  Grain. 


End 
Bearing. 


Columns 

Under  15 

Diams. 


Across 
Grain. 


White  oak 

White  pine 

Southern   long-leaf   or  Georgia 

yellow  pine 

Douglas  (Oregon)  and  yellow  fir. 
Wa^ington  nr  or  pine  (red  fir) . 
Northern    or  short-leat    yellow 

pine 

Red  pine. 

Norway  pine 

Canadian  (Ottawa)  white  pine.. 
Canadian  (Ontario)  red  pine. . . . 

Spruce  and  eastern  fir 

Hemlock 

Cypress 

Cedar 

Chestnut 

Calfornia  redwood 

California  spruce 


7,000 
5,500 


8,000 
8,000 


4,500 
3,500 


5,000 
6,000 


a, 000 
800 


1,400 

I,300 


1,400 
1,100 


1,600 
1,600 


900 
700 


z,ooo 

T,200 


500 

aoo 


350 

300 


6,000 
6,000 
6,000 


6,000 


6,000 
6,000 


4,000 
4,000 
4,000 
5,000 
5,000 
4,000 
4,000 
4,000 
4,000 
5,000 
4,000 
4,000 


z,ooo 

800 
800 


700 
600 
700 
700 
900 
800 


,aoo 
,aoo 
,aoo 


i,aoo 
i.aoo 


800 

800 

800 

x.ooo 

1,000 

800 

800 

800 

800 

1,000 

800 
800 


a  so 

aoo 
aoo 


aoo 
150 
aoo 
aoo 
aso 
aoo 


That  table  is  taken  from  the  report  of  the  Committee  of 
the  Association  of  Railway  Superintendents  of  Bridges  and 
Buildings,  to  which  reference  was  made  on  page  384.  As 
stated  in  the  article  on  tensile  resistance,  the  values  are 
api^licable  to  timber  as  actually  employed,  and  the  w^orking 
resistances  are  those  of  common  use  in  connection  with  the 
design  and  construction  of  timber  structures.  As  in  the 
case  of  tension,  the  compressiv^e  resistances  across  the  grain 
are  but  small  fractions  of  those  with  the  grain.  Values  are 
given  for  columns  under  15  diameters  in  length  for  the  rea- 
son that  such  columns  fail  essentially  by  compression  and 
without  the  bending  whicli  characterizes  long  coltmins.  The 
table  is  one  of  great  practical  value. 

Bauschinger's  Relation. 
The  experimental  investigations  of  the  Department  of 
Forestry  conducted  by  Professor  Jc^hnson  appear  to  confirm 
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at  least  approximately  for  small  selected  specimens  the  rela- 
tion between  the  ultimate  compressive  resistance  along  the 
grain  and  the  specific  gravity  found  by  Professor  Bauch- 
inger  in  his  timber  investigations.  If  c  is  the  ultimate  com- 
pressive resistance  of  timber  on  end,  i.e.,  along  the  grain 
in  pountls  per  square  inch,  and  if  g  is  the  specific  gravity  of 
the  timber,  Professor  Bauschinger's  empirical  relation  be- 
\  tween  the  ultimate  compressive  resistance  and  the  specific 

\  gravity  of  the  timber  stands  as  follows : 

c  =  138005  — 900. 

It  is  doubtful  whether  this  empirical  relation  for  such 
timbers  as  pine,  larch,  and  fir  with  which  Professor  Bausch- 
inger  experimented  can  have  much  real  value  in  connection 
with  the  large  cross-sections  of  sticks  used  in  engineering 
practice. 

Miscellaneous  Results. 
Table  V  exhibits  results  of  limited  interest  taken  from 
the  **  U.  S.  Reports  of  Tests  of  Metals  and  Other  Materials/' 
They  have  possible  applications  only  in  unusual  circum- 
stances. 

Table  V. 

MISCELLANEOUS    ULTIMATE    COMPRESSIVE    RESISTANCES. 


Kind. 

Dimensions,  Inches. 

Ultimate  Compres- 
sive Resistance, 
Lbs.  per  Sq.  In. 

■1 

Length. 

Breadth. 

Thickness. 

^;h 

Cabbage  palm,  Fla 

Redwood   Cal 

109 

73 

24 

12 

9.6 

9.6 

7.8 

9.6 

8.6 
12.4 

6 
10 

9.7 

9-7 

8 

8 

Diam. 

n 

5 

8 
9.6 
9.6 

8 

8 

7  s6  (Endwise) 
4,487 
8,738 

613 

600 

700 

800 

439 

Iron  bark    Aus              .     .  . 

Douglas  fir,  tangentially . 

it                    it                          t€ 

"         "    obliquely    to 
rings 

I 

CHAPTER  VIII. 
COMPRESSION— LONG  COLUMNS. 

Art.  58.— Preliminary  Matter. 

There  is  a  class  of  members  in  structures  which  is 
subjected  to  compressive  stress,  and  yet  those  members 
do  not  fail  entirely  by  compression.  The  axes  of  these 
pieces  coincide,  as  nearly  as  possible,  with  the  line  of  action 
of  the  resultant  of  the  external  forces,  yet  their  lengths  are 
so  great  compared  with  their  lateral  dimensions  that  they 
deflect  laterally,  and  failure  finally  takes  place  by  com- 
bined compression  and  bending.  Such  pieces  are  called 
"long  columns,"  and  the  application  to  them,  of  the  com- 
mon theory  of  flexure,  has  been  made  in  Art.  24. 

Two  different  formulae  were  first  established  for  use  in 
estimating  the  resistance  of  long  columns ;  they  are  known 
as  ** Gordon's  Formula'*  and  **Hodgkinson*s  Formula." 
Neither  Gordon  nor  Hodgkinson,  however,  gave  the  original 
demonstration  of  either  formula. 

The  form  known  as  Gordon's  formula  was  originally  dem- 
onstrated and  established  by  Thomas  Tredgold  (**  Strength 
of  Cast  Iron  and  other  Metals,"  etc.),  for  rectangular  and 
round  columns,  while  that  known  as  Hodgkinson's  formula 
(demonstrated  in  i\rt.  24)  was  first  given  by  Euler. 

In  1840,  however,  Eaton  Hodgkinson,  F.R.S.,  published 
the  results  of  some  most  valuable  experiments  made  by 
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himself  on  cast  and  wrought-iron  columns  (Experimental 
Researches  on  the  Strength  of  Pillars  of  Cast  Iron,  and 
other  Materials ;  Phil.  Trans,  of  the  Royal  Society,  Part  II, 
1840),  and  from  these  experiments  he  determined  empirical 
coefficients  applicable  to  Euler's  formula,  on  which  accotmt 
it  has  since  been  called  Hodgkinson's  formula. 

Mr.  Lewis  Gordon  deduced  from  the  same  experiments 
some  empirical  coefficients  for  Tredgold's  formula,  since 
which  time  Gordon's  formula  has  been  known. 

The  latter  has  been  quite  generally  used,  but  it  has 
lately  been  displaced  by  the  straight-line  formula  to  be 
given  later.  Hodgkinson's  coefficients  and  formula  will 
be^given  farther  on. 

Before  taking  up  either,  however,  it  will  be  useful  and 
convenient  to  determine  the  moments  of  inertia  and  squares 
of  the  radii  of  gyration  of  the  various  forms  of  cross-sections 
of  the  cdlimins  now  in  common  use. 

It  will  also  be  both  convenient  and  important  to  de- 
termine the  conditions  which  ex- 
ist with  an  isotropic  character  of 
section  in  respect  to  the  moment 
of  inertia. 

In  Fig.  I  a  let  BC  be  any  figure 
whose  area  is  A ,  and  whose  cen- 
tre of  gravity  is  at   O.     In  the 
plane  of  that  figure  let  any  arbi- 
FiG.  ui.  trary  system  of  rectangular  co- 

ordinates A'',  y  be  chosen  and  let  XY  be  any  other 
system  having  the  same  origin;  also,  let  a:',  )''  and  x,  y  he 
the  coordinates  of  the  element  D  of  the  surface  A  in  the 
two  systems.     There  will  then  result 

x-=x'  cos  a+y'  sin  a, 

y  =  y'  COS  ex  —  Af'  SIH  «. 
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The  moments  of  inertia  of  the  surface  about  the  axes  y  and 
X  will  then  be 

Jx^dA^cos}  afx'^dA  +  2  sin  a  cos  afx'ydA+sin^  afy^dA^ 
Jy^dA  =cos'  ajy^dA  —  2  sin  a  cos  aJx/ydA  +sin'  aJx'^dA. 

If  X  and  y  are  to  be  so  chosen  that  they  are  principal 
axes,  then  must  JxydA  =0,  or 

o  =  JxydA  « sin  a  cos  ajy^dA  +  (cos*  a  —  sin*  a)fxfydA 

—  sin  a  cos  aJxf^dA ;     ( i u) 

:*.  tan  2  a  =  -7 ,^ . 

fxf^4A-jy^dA 

Hence,  since  tan  2a  =  tan  (180  + 2a),  there  will  always 
be  two  principal  axes  90°  apart. 

Now,  if  jxfy'dA  =0,  while  no  other  condition  is  imposed. 

tan  2a  =-0.     This  makes  a«o  or  90^;   i.e.,  X'Y'  are  the 
principal  axes. 

If,  however,  jx'ydA  -o,  while  a  is  neither  o  nor  90®, 

eq.  (la)  becomes 

fy^dA^fxf^dA^o\ 

of  } 

tan  2a  «=-,  i.e.,  indeterminate, 
o 
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This  shows  that  any  axis  is  a  principal  axis;  also  that 

Hence  the  surface  is  completely  isotropic  in  reference  to 
its  moment  of  inertia,  or  its  fnontent  of  inertia  is  the  same 
about  every  axis  lying  in  it  and  passing  through  its  centre  of 
gravity.    • 

It  has  been  seen  that  this  condition  exists  where  there 
are  two  different  rectangtdar  systems,  for  which 

jxydA  -^jxfydA  -o; 

but  the  first  of  these  holds  true  if  either  jc  or  y  is  an  axis  of 
symmetry,  and  the  latter  if  either  ^  or  y  is  an  axis  of  syjn- 
metiy. 

Hence,  if  the  surface  has  two  axes  of  symmetry  not  at  right 
angles  to  each  other,  its  moment  of  inertia  is  the  same  about  all 
axes  passing  through  its  centre  of  gravity  and  lying  in  it. 

Eqs.  (la)  and  the  two  preceding  it  also  show  that  the 
same  condition  obtains  if  the  moments  of  inertia  about  four 
axes  at  right  angles  to  each  other,  in  pairs,  are  equal. 

In  the  case  of  such  a  surface,  therefore,  it  will  only  be 
necessary  to  compute  the  moment  of  inertia  about  such  an 
axis  as  will  make  the  simplest  operation. 

Since  a  column  fails  partly  by  flexure,  it  is  manifest  that 
the  moment  of  inertia  of  its  cross-section  should  be  the  largest 
possible  about  an  axis  passing  through  its  centre  of  gravity 
and  normal  to  the  plane  of  flexure. 
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Box  Column  of  Plates  and  Angles, 


Fig.  I  shows  the  cross-section 
of  a  box  column  composed  of  4 

plates    and    4  or  8  equal-legged  |      L- 

Ls.     FB  and  CD  intersect  at  the  i| 

centre    of    gravity  of    the  cross-  p^. 
section.  j 

If  the   4  Ls  shown  in   dotted      I      J" 

lines  are  omitted,  the  moment  of  -^•'    '    ' 
inertia  about  FB  will  be 


^_*_..-__^ 


t( 


T 


— TT-rx- 

r  I  ^1. 

I 
I 


■4- 


PJ 


i. 


Fio.  I. 


r(5-a)(d-2a)»+a(rf-2.y)' 


[ 


].    (0 


If  the  dotted  Ls  are  not  omitted 


bf»  ,  ,jd+fy    (2s+t)d' 


-[ 


(s-a)(d-2a)*  +  a(d-2sy 


]      (2) 


If  the  4  Ls  shown  in  dotted  lines  are  omitted,  the 
moment  of  inertia  about  CD  will  be 


fb*     a(w+2t+2sy     (S''a)(w  +  2t+2ay 
^      6""^  6  +  6 


(d-2s)(w+2t)^    dw^      ,  , 

+ V2 -17-    (3) 
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^  ""  6   ^  6 

{s-a)[{W'^2t'^2aY-{w-2ay]    {d-2s)[{w+2ty-w^] 
+ -^ + .      (4) 


If  latticing  is  used  instead  of  the  two  plates  fe^,  If  be- 
comes equal  to  zero,  and  the  first  term  in  the  second  member 
of  each  of  the  above  equations  disappears. 

If  A  represents  the  area  of  the  cross-section,  and  r  the 
radius  of  gyration, 


r'  = 


A 


(5) 


F— +■ 


Box  Column  of  Plates  and  Channels. 

c  Fig.  2  shows  a  normal  cross- 

h 1 — ^       section    of   this    column.     FB 

'       and  CD  intersect  in  the  centre 
of  gravity  of  the  cross-section. 
■*•    As    in    the    preceding    figure, 
these  lines  are  lines   of   sym- 
I       metry.      The    moment  of   in- 
FiG.  2.  ertia  about  FB  is 


I-W-- 1 


{< 


kl 


/  =  __+fe<___  + ^ .       .     (6) 


The  moment  of  inertia  about  CD  is 


fb^     2a(M;+2^+25)'  +  (c?-2a)(7£;+20'-rfw* 
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If  latticing  takes  the  place  of  the  two  plates  bf,  all  terms 
in  the  second  members  of  eqs.  (6)  and  (7)  involving  f  will 
disappear.     The  moment  of  inertia  about  FB  then  becomes 

{s  +  t)d'-s{d^2ay 
^^  6  ^^^ 

and  that  about  CD 

_     2a(w+  2t+  2s)^-\' (d—  2a){w+  2ty  —  dw*  ,  . 

12  ^ 


^-^ 


^W 


(Radius  of  gyrationy  ^r^  =-.  i  in  which  A 

is  the  area  of  whole  section. 

Eqs.  (7)  and  (9)  may  also  take  the  forms 
given  in  eqs.  (15)  and  (16). 

Built  Column  of  Plates  and  Angles, 

Fig.  3  shows  a  normal   cross-section  of 
this   cplumn   with   the   two    axes    of   sym-        ^     ^d 
metry,    FB    and    CD,    intersecting    at    its  ^' 

centre  of  gravity.     The  moment  of  inertia  about  FB  is 

\t)d^ 


{  1 


6 
{s-a){d-2ay  +  a{d-2sy' 


6  J' 

The  moment  of  inertia  about  CD  takes  the  value 


(10) 


_     i'b^  .  a(25  +  0»  .  (5-a)(2a  +  0»  .  Cd^2s)f        .    . 
6  6  6  12  ^     ^ 

If  the  two  plates  hf  are  omitted,  the  terms  involving  f 
in  eqs.  (10)  and  (11)  reduce  to  zero. 
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(Radius    of   gyration)^  =  r^  =-z,  in   which   .4   is   area  of 
section. 


False  Channel  Section, 

Let  FB  and  CD  intersect  in  the  centre  of  gravity,  G, 
of  the  section.  The  distance  x^  of  G 
from  the  back  of  the  channel  is 

^1  = ]4 »    •      (12) 

in  which  A  is  area  of  the  cross-section  of 
the  channel.      This  is  usually  foiuid  by 
I       taking  one  tenth  of  the  weight,  in  pounds, 
per  yard  of  the  channel.     Analytically 

A=2bt'  +  t(d^2n.     .     .     (13) 
The  moment  of  inertia  about  CD  then 
l)ecomes 

,,      2t!{b^x,Y  +  dx,^--{d^2t!){x,--ty 


About  FB  it  has  the  value 


.    bd'-(b^t)(d-2fy  ,     ^ 

/= — .     .   .   .  (14a) 


{Radius  of  gyrationY  =^r^  =—. 

The  line  CD  can  be  very  quickly  and  accurately  located 
by  balancing  the  section,  cut  out  of  manilla  paper,  on  a 
knife  edge. 
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/=-^  +  2/'  +  2.4(^-  +^,j  ,      .     .     .     (15) 
/  =  2[/'  +  .4(^+;c.)'] (16) 


In  eqs.  (15)  and  (16)   A  represents  the  area  of   one 
channel  section. 

Angle  Iron  Section.  • 
Fig.  5  represents  this  sec- 
tion with  the  two  axes  taken       j    ^t^H 

S--—A 


>  t  < 


parallel    to  the   legs,   passing  ^     | 

through  the  centre  of  gravity | 

G,  The  area  of  cross-section  is 
usually  found  from  the  weight 
per  yard.     Analytically 


c 

r 

-4 


Fig.  5. 


A=lt-\r(Ji'-t)t  =  {l-\rl'-t)i (17) 


Again, 


a/  = 


h[ll'*-a'^-t^){l-t)] 
A 

^[lH'-{l'-t){P-f)-\ 
A      ' 


.    .     (18) 
.     .     (19) 


The  moment  of  inertia  about  CD  is 

_  i{i'  -xy+ix,'-{i-t){x-ty 
3 

About  FB 


.     .     (20) 


/  = 


t(l  -  x') » +  l'x'»  -  (/'  - 1)  ix'  -  t)  » 


.  .  (21) 
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If  the  angle  iron  is  equal  legged,  /  becomes  equal  to  /'. 

{Radius  of  gyrationy  ^r*  ^-j. 

As  in  the  case  of  the  C,  x^  and  x^  may  easily  and  ac« 
curately  be  found  by  balancing  a  model  of  the  L  section  on 
a  knife  edge. 

Latticed  Column  of  Four  Angles, 

The    four     Ls    are    held    in    the 
relative  positions  shown  in  Fig.  6  by 
..'    latticing,  the  latter  being  riveted  to 
"*  the  legs  of  the  Ls,  but  not  shown  in 
the  figure.     The  Ls  are  equal  legged. 
From  either  eq.  (20)  or  (21)  the 
moment  of  inertia  of  the  section  of 
^^^'  ^'  any  one  L,  about    an    axis  passing 

through  its  centre  of  gravity  and  parallel  to  6,  is 

3 

Hence  the  moment  of  inertia  of  the  column  section  of 
Fig.  6,  about  FB,  is 

/'=4A  +  .4(-^-^,)' (22) 

A  is  the  area  of  the  column  section,  or  four  times  the  area 
of  one  L  section. 

If  b  is  different  from  ft',  the  moment  of  inertia  of  the  col- 
umn section  about  an  axis  passing  through  its  centre  and 
parallel  to  ft'  will  be  found  by  simply  changing  V  to  b  in 
eq.  (22). 

/' 

(Radius  of  gyration)  '  =  '''  =  ^ . 
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tW 


Fig.  7  represents  a  normal  section 
of  one  of  these  columns.     By  the  aid     — 
of  eq.  (22),  the  moment  of  inertia  of 
the  section  about  FB  mav  be  >\Titten    -     V 

^-/'  +  7(^V(&'  +  0').      (23)        1 

and   that   about    CD,    remembering 
that  in  /',  6'  is  to  be  changed  to  b\ 

tb' 


ZJ- 


I         \ 
--^t — ^ 

Fig.  7. 


/=/'4- 


(24) 


If  the  plates  are  on  the  sides  parallel  to  &',  then  b  is  to  be 
changed  to  &'  and  1/  to  b  m  eqs.  (23)  and  (24). 

Fig.  8  represents  the  normal  section  of  the  other  of  these 
columns,  in  which  there  is  no  latticing,  the  column  being 
perfectly  closed. 

Again,  using  eq.  (22),  the  moment 
of  inertia  about  the  axis  FB  is 


k 


A 


t'ib'  +  2ty 


+ 


(25) 


H fr-H -» 

D 

Fig.  8. 

/  =  /'  + 


The    moment    of    inertia    about 
CD  is 


f(b'-\-2t)/t' 


(y  +  Cfe  +  O^) 


+  - 


th^ 


(26) 


In  the  /'  in  eq.  26,  b'  is  to  be  changed  to  b.      Ordinarily, 
6  =  6'  and  t  =  t\ 

(Radius   of  gyrationy=-r^  =  -T,  A  being  area  of  cross- 
section. 
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Tee  Section.   . 

The  axis  FB  is  taken  parallel  to  the  head  of  the  tee 
section,  and  CD  perpendicular  to  it,  while  G  is  its  centre  of 
gravity.     Analytically  the  area  of  the  section  is 

A^bt  +  df (27) 

V—t 


c 
-t— 


—-14% 


T--B 


I 


Fig  9. 

.  The  area  may  also  be  taken  from  the  weight  in  the  usual 
manner. 

^[(b^nt'+(d  +  t)H'] 

The  moment  of  inertia  about  FB  is 


(28) 


The  moment  of  inertia  about  CD  is 

tb'  +  dt" 


/  =  • 


12 


(30) 


{Radius  of  gyrationy  =  r^  =  -t-. 

As  in  the  other  cases  FB  may  be  located  by  balancing 
on  a  knife  edge. 
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False  I  Section, 

If  the  area  ic  not  taken  from  the  weight  per  yard,  it  may- 
be written 

A=bd-{b-r){d-2i).      .     (31)      ,  |c 

r — &t — -^ 

The  moment  of  inertia  about  CD  is 


/  = 


2^6'  + (d- 2/)^' 


12 


About  FB  it  has  the  value 
bd^-{b-V){d-2ty 


/  = 


12 


.  (32) 


\  ' 


T—\ + B 


t'<. 


(33)     ^ — t 


Fig.  10. 


{Radius  of  gyrationy=^r^=-^. 


Star  Section, 

Pig.  1 1  shows  this  section  with  the  different  dimensions. 

The   area   of  cross-section  is 

A==bt  +  b'f-tt\    ,     (34) 

The  moment  of  inertia  about 


!. 

1 
1 

c 

h-4- 

1               . 

— 1_. 
1 
1 

-a . 

1               ,              > 

«r           1 

1 

1 

1 
1 

a 

)  , 

6 

Fig.  11. 

Ordinal 

rily 

t  =  f. 

FB  is 


1  = ■ •  •     (35) 


12 


About    CD   the    moment    of 
inertia  has  the  value 
th^+{h'-t)t!* 


/  =  - 


12 


.     (36) 


(Radius  of  gyration)'  =^'  =  "j- 
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Solid  Rectangular  Section, 


In  Fig.  12  .4  «  bh, 

ITie  moment  of  inertia  about 

FB  is 

,     bh* 

1-     ,     .     .     (37) 


12 


Ki<;.  12. 


and  about  CD, 
,     hb' 


12 


(38) 


{Radius  of  gyrationy  ^r^  ^  -r^^ —  or  — . 
If  the  rectangular  section  is  square,  6=/t. 


Hollow  Rectangular  Sections. 

The  area  of  the  section  shown  in  Fig.  13  is  A  ^bh-^Vy^ 

The  moment   of  inertia     6 

about  FB  is 


/= r- ,       (39) 


12 


and  that  about  CD  is 


— V • T" 


4- 


Fig.  13. 


/- 


hb»-h'b'* 


12 


(40) 


{Radius  of  gyrationy =r^  ^-j-. 
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461 


•1^. 


Fig.  14. 


4^ 


All  the  equations  of  this  case  (except  eq.  (40)),  just  as 
they  stand,  apply  directly  to 
the  rectangular  cellular  sec- 
tion of  Fig.  14,  considered  in  - 
reference  to  the  axis  FB.  If 
there  were  n  cells  instead  of  3, 
the  space  between  any  adja- 

6' 
cent  two  would  have  the  width  — . 

n 


Solid  and  Hollow  Circular  Sections. 

First  consider  a  solid  cylindrical  column  whose  cross- 
section  has  the  radius  r^,  as  shown 
in  Fig.  15.  The  moment  of  inertia 
about  any  diameter  is 


4 


(41) 


(Radius  of  gyrationy-- 


Tk;.  15. 


Next  consider  a  hollow  circular  column  whose  interior 
and  exterior  radii  are  r,  and  r,  respectively.  The  moment 
of  inertia  about  any  diameter  is  •,./'-* 

_      7r(r/-r/)      A(r,'  +  r^'):f. 

/  = = i— =-       '        »    ;  (.4=  area).     .     (42) 

4  4 


(Radius  of  gyrationy  =    ,    ,        3. 

Tzyr^  —r^  ) 


r  ^-hr  ^ 
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As  tables  of  circular  areas  are  easily  accessible,  it  may 
be  convenient  to  write 


;rr ' 


12.566' 


or 


'  12.566  • 


Phcenix  Section. 

Pig.  16  shows  the  section  of  a  fotir-segment  Phoenix  col- 
timn.     Let  CD  represent  any  axis  taken  through  the  centre 

of  the  column.  ITie  moments 
of  inertia  of  the  rectangles 
bl  about  axes  through  their 
centres  of  gravity  and  parallel 
to  CD  will  be  very  small  in- 
deed compared  with  the 
moment  of  inertia  of  the 
whole  section.  The  moment 
of  inertia  of  any  one  of  these 
rectangles,  therefore,  about 
CD,  will  be  taken  as  equal  to 
the  product  of  its  area  by  the 
square  of  the  normal  distance 
from  its  centre  of  gravity  to  the  axis  CD.  The  moment 
of  inertia  of  the  section  about  CD  will  then  be 


The  moment  of  inertia  is  thus  seen  to  be  the  same  about 
all  axes,  a  result  of  the  general  principle  established  in  the 
first  part  of  this  article. 
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The  area  of  the  cross-section  is 
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A=7r(r,'-r/)  +  4W. 


(43^) 


{Radius  of  gyration)  ^  =  ''^  =  T- 

The  moments  of  inertia  of  six-  and  eight-segment  columns 
may  be  fotmd  in  precisely  the  same  manner.  The  moments 
of  inertia  of  the  rectangular  sections  of  the  flanges  about 
axes  passing  through  their  centres  of  gravity,  being  very 
small  indeed  when  compared  with  the  moment  of  inertia  of 
the  whole  section,  may  be  neglected  without  sensible  error. 


True  I  Section. 


Let  r  = 


2S 


r  is  then  the 


batter,  or  slope,  of  the  under 
side  of  each  flange  to  the  top 
or  bottom  ctf  the  beam ;  it  ranges 
from  about  one  third  to  essen- 
tially nothing. 

If  the  area  of  the  cross-section 
is  not  deduced  from  the  weight. 
Area  of  section 

'^A=2bt  +  ht^+s(d-t^).    (44) 

The  moment  of  inertia  about 
CD  is 


,4- 4. B- 


-i-_ 


2tb'  +  h,i,'    r(b*^t,*) 
12      '^       48       • 


(45) 
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If  t^  is  very  small  as  compared  with  6,  Tememl)ering  that 


— r  is  then  essentially  equal  to  5,  there  will  result 


/- 


(2/+^5)fc'  +  V,' 


12 


(46) 


This  formula  is  sufficiently  accurate  for  all  wrought-iron 
and  steel  beams. 

The  moment  of  inertia  about  FB  is 


'     bd^^  —  ik'-h,') 


/  — 


4^ 


12 


In  any  of  these  three  cases 


(Radius  of  gyrationy^-j. 


(47) 


(48) 


—3 

^  ~ 

c  a? 

H^- 

c 

1 
1 
1 

>r 

i 

F 

lo 

> 

«/ 

1 

,         4 

^^'^^^^  . 

, 

, 

( 

e- 

b > 

Fio.  18. 


True  Channel  Section. 


In  Fig.  18  let  r=-r — r  ;  as  before, 

it  is  the  batter  or  slope  of  the  tmder 
side  of  the  flange. 

If  the  area  of  the  section  is  not  de- 
duced from  the  weight, 

Area  of  section 

=  .4-2fe^  +  ^  +  5(6-0.     (49) 

The  centre  of  gravity,  (7,  can  be 
found  by  balancing  a  manilla,  or 
other,  pattern  on  a  knife  edge;  or, 
analytically, 


bH±\ht,^+}s{b-i,)(b_+jtt^ 


(50) 
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The  moment  of  inai^ia  about  CD  is 

o 

If  t^  is  very  small  compared  with  fe,  and  remembering 
that  br  is  then  essentially  equal  to  s,  this  last  equation  will 
become 

/-<-^'*^*''--^V (5.) 

The  moment  of  inertia  about  FB  is 
hd*-Uh*-h,') 

'~^r. <53) 

In  any  of  these  three  cases 

(Radius  of  gyrattov\^=-^.    .     .     .     .     (54) 

Deck  Section. 

The  head  of  this  section  will  be  considered  circular  in 
outline,  as  shown  in  Fig.  19.  Let  a  be  the  area  of  the 
circle  C. 

If  the  area  of  the  section  is  not  deduced  from  the  weight, 
Area  of  section 

=  A^a-^{d-h)t^  +  {b-t,)(t  +  is).      .     .     (55) 

If  the  centre  of  gravit}-,  G,  is  not  found  by  balancing  a 
pattern  on  a  knife  edge,  there  will  result,  analytically, 

a(^2d-h)+t,(d-hy+(b-t,)(t'+st  +  is')       ^  ^^ 
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The  moment  of  inertia  about  FB  is 

r      i^*    /,  hy>  ,t.(d-h)'   {t+sy-t*    ^  ,   ,   , 

/-a|^  +  (j--)  [+-^-3—  +^~i^ Ax,\   (57> 

in  wliich  equation  r  =  r^r . 


'tY»  A 


-4q tr 


7S 


A 


Fig.  19. 
The  moment  of  inertia  about  CD  is 


7  = 


ia/tH^»(cf-/t-/-5)+/6»  +  g(fe*-//) 


12 


(58) 


hr 


If  <  is  small  as  compared  with  h,  so  that  essentially  —  =5, 


/  = 


3ofe'  +  4^''(<^-fe-<-^)  +  (4<  +  -y)fc' 


48 


(59) 


In  all  cases, 


{Radius  of  gyrattony=~x (60) 

Angle  Section  about  Oblique  Axis. 

The  angle  iron  is  here  supposed  to  be  equal  legged, 
and  the  axis  about  which  the  moment  of  inertia  is  taken 
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passes  through  the  centre  of  gravity  (before  found  in  this 
article)  and  cuts  the  sides  /  at  an  angle  of  45®.  In  Fig.  20, 
G  is  the  centre  of  gravity  and  HK  the  axis. 


Fig.  20. 
The  moment  of  inertia  about  HK  is 

3 
If  i4  is  the  area  of  cross-section, 


(61) 


(Raditis  of  gyrationy=-j (62) 

If  a  long  column  has  the  same  degree  of  fixedness  or 
freedom  in  all  directions,  the  least  value  of  the  square  of 
the  radius  of  gyration  must  be  taken  for  insertion  in  Gor- 
don's formula,  because  in  the  plane  of  that  radius  the 
column  will  offer  the  least  resistance  to  flexure. 

Art.  59. — Gordon's  Formula  for  Long  Columns. 

Since  flextn-e  takes  place  if  a  long  column  is  subjected 
to  a  thrust  in  the  direction  of  its  length,  the  greatest  in- 
tensity of  the  stress  in  a  normal  section  of  the  column  may 
be  considered  as  composed  of  two  parts.      In  fact  the 
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condition  of  stress  in  any  normal  section  of  a  long  coltmin 
is  that  of  a  iiniformly  varying  system  comp(:)sed  of  a  uni- 
form stress  and  a  stress  couple.  In  order  to  determine 
these  two  parts  let  5  represent  the  area  of  the  normal 
cross-section ;  /,  its  moment  of  inertia  about  an  axis  normal 
to  the  plane  in  which  flexure  takes  place ;  r,  its  radius  of 
gyration  in  reference  to  the  same  axis ;  P,  the  magnitude 
of  the  imposed  thrust;  /,  the  greatest  intensity  of  stress 
allowable  in  the  column,  and  J,  the  deflection  correspond- 
ing to  /.  Let  p'  be  that  part  of  /  caused  by  the  direct 
^-  effect  of  P,  and  />"  that  part  due  to  flexure  alone.     Then, 

j^      if  h  is  the  greatest  normal  distance  of  any  element  of  the 
-^   >*     column  from  the  axis  about  which  the  moment  of  inertia 
,  is  taken,  by  the  "common  theory  of  flexure," 
C^   < 

f  '   ^^  r'PJ    ^"^.     .     //'     ^^^^  r  ^ 

Iv      "^  (fPJ^^,      ..     {/ y— .        .      .      .      (i) 


If  the  column  ends  are  roxmd,  c'  =  i ;  but  if  the  ends 
are  fixed,  the  value  of  <f  will  depend  upon  the  degree  of 
fixedness. 


Also 


^-f  ■•■  ^-^'-'-K-^*)-  •  « 


Hence 


\ 


•p_      fs  .. 


Eq.  (3)  may  be  considered  one  fomi  of  Gordon's  fonnula. 
Before  deducing  the  more  common  and  useful  form,  it 
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will  be  necessary  to  show  that  ^  =Or,  in  which  expression 

a  is  considered  constant. 

Let  p  be  the  greatest  intensity  of  bending  stress  in 
any  section  whose  greatest  value  in  the  coliimn  is  //'♦ 
By  the  "common  theory"  (taking  the  origin  of  coordinates 
at  the  centre  of  gravity  of  the  cross-section  at  one  end  of 
the  coltamn,  and  the  axis  of  x  along  the  centre  line  before 
flextire) 


^^  dx^      h  • 


Also 


Mh           ,       ,,    MJt  ^  ^ 

P—J-,    and    //' f-;  ....     (4) 

in  which  equations  E  is  the  coefficient  of  elasticity,  M  the 
bending  moment  for  any  section,  and  M©  the  value  of  M 
corresponding  to  //'.  .^    ,  >. 

Hence 

,,M  ^     (Py     f'  M 

P^P  -^^,     and     ^^^~^^. 

Consequently 

-r/'^-i:- « 

The  section  located  by  /©  is  that  which  at  the  deflection 

dy  .     p'' 

is  greatest,  and  for  which  j"  =o»  while  ^  is  considered  con- 
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Stunt.    The  ratio  '^7-  is  numerical,  though  variable,  being  one 

between  quantities  of  the  same  degree.  M^  is  exactly  the 
same  as  M,  except  that  x,  in  the  latter,  is  displaced  by  /o; 
there  are  the  same  number  of  terms  in  each,  and  those  terms 
arc   multiplied  by   the   same   coefficients.     The   quantity 

/  " /,  MJx^  may  be  so  arranged  as  to  have  the  same  number 

of  terms  as  Mq,  but  tite  coefficients  of  those  terms  unll  be 
different,  and  the  exponents  of  /«  i^  the  fortner  will  be  greater 
by  2  than  tlie  exponents  of  Iq  in  M^,  Hence  l^^^cH^  {c  be- 
ing some  constant)  wHU  be  a  factor  in  all  the  terms  of 
the  definite  double  integral.  From  these  considerations 
it  follows  that 

'  '    Mdx^ 

—TTT— "''■•••    •    •    •    •    <" 

in  which  a'  is  some  constant.     Consequently 


V 


Jo   Ji^ 


-^'-"i « 

It  is  seen,  therefore,  that  the  quantity  a^  depends  upon 
both  p"  and  it,  but  it  is  ordinarily  considered  constant. 
Since  I=Sr^,  eqs.  (i)  and  (7)  give 


c'PP      PP  PI        P\ 


(8) 


Bq.  (8)  shows  that  a^c^=a. 
Hence 


P--^.  .     .' (9) 


k 


■\ 
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The  integration  by  which  eq.  (7)  is  obtained,  being 
taken  between  limits,  causes  everything  to  disappear 
which  depends  upon  the  condition  of  the  ends 
of  the  column.  Consequently  eq.  (9)  applies 
to  all  columns,  whether  the  ends  are  roimded  b/ 
or  fixed.  Let  the  latter  condition  be  assumed,  ' 
and  let  it  be  represented  in  the  adjoining  figure. 
Since  the  column  must  be  bent  symmetrically, 
there  must  be  at  least  two  points  of  contraflexure. 
Two  such  points  only  may  be  supposed,  since 
sucli  a  supposition  makes  the  distance  between 
any  two  adjacent  points  the  greatest  possible 
and  induces  the  most  unfavorable  condition 
of  bending  for  the  column.  Fig.  i. 

If  B  and  C  are  the  points  of  contraflexure  supposed, 
then  BC  will  be  equal  to  a  half  of  AD,  for  each  half  of  BC 
must  be  in  the  same  condition,  so  far  as  flexure  is  concerned, 
as  either  AB  or  CD,  Also  the  bending  moment  at  the 
section  midway  between  B  and  C  must  be  equal  to  that 
at  A  or  D.  Consequently  the  free-  or  ro\md-end  column 
BC  must  possess  the  same  resistance  as  the  fixed-  or  flat- 
end  column  AD.     In  eq.  (9),  therefore,  let  l  =  2BC  =  2l^, 


1  +  4^^ 


Eq.  (10)  is,  consequently,  the  formula  for  free-  or  round- 
end  columns  with  length  l^. 

The  flat-  or  fixed-end  column  AD  is  also  of  the  same 
resistance  as  the  column  AC,  with  one  end  flat  and  one 
end  free  or  roimd.  Hence  in  eq.  (9)  let  there  be  put 
/  =  ii4C7«f/',  and  there  will  result,  nearly, 


472  COMPRESSION^LONG  COLUMNS.  [Ch.  VllL 


(ii> 


Eq.  (i  i)  is,  then,  the  formtila  for  a  column  with  one  end 
flat  and  the  other  round.  A  slight  element  of  approxima- 
tion will  ordinarily  enter  eq.  (i  i)  on  accoimt  of  the  fact  that 
C  is  not  found  in  the  tangent  at  A  just  as  eqs.  (9)  and  (10) 
are  based  on  the  supposition  that  A  and  D  lie  exactly  in  the 
line  of  action  of  the  imposed  load. 

Eqs.  (10)  and  (11)  have  been  and  are  now  generally 
accepted  as  representing  the  resistances  of  columns  with  the 
end  conditions  to  which  they  are  intended  to  apply.  As  a 
matter  of  fact,  however,  tests  of  full-size  members  have 
demonstrated  that  those  conditions  are  not  realized  in  the 
actual  use  of  colimms.  They  have  further  shown  that 
essentially  but  one  condition  of  coltimn  ends  need  be 
recognized,  and  that  is  the  actual  pin-end  condition,  as 
realized  in  pin-connected  structures.  In  that  condition 
the  end  of  the  colimin  is  not  free  to  turn.  The  compression 
between  the  pin  and  the  metal  bearing  against  it  caused 
by  the  load  carried  by  the  column  creates  a  considerable 
surface  of  contact  over  a  substantial  portion  of  which  the 
intensity  of  pressure  is  high.  This  produces  a  condition  of 
great  frictional  resistance  to  any  motion  between  the  pin  and 
the  end  of  the  column,  but  not  sufficient  probably  to  induce 
a  fixed-end  condition.  It  has  been  foimd  by  test  that  flat- 
end  columns,  as  a  rule,  give  less  ultimate  resisting  capacity 
than  pin-end  columns  of  the  same  length  and  same  radius 
of  gyration  of  cross-section.  This  is  doubtless  due  to  the 
practical  impossibility  to  secure  a  central  application  of 
loading  when  flat  ends  are  employed,  the  resulting  eccen- 
tricity reducing  the  ultimate  carrying  capacity  of  the 
members.     \^Tiile,  therefore,  the  classes  of  columns  repre- 
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sented  by  eqs.  (10)  and  (11)  are  still  recognized,  it  would 
be  more  rational  and  more  in  accordance  with  experience 
to  use  only  the  general  form  of  eq.  (9)  with  a  determined 
from  actual  pin-end  tests. 

In  the  early  days  of  pin-connected  bridge  building  it 
was  thought  that  increased  column  resistance  could  be 
secured  by  swelling  the  coltimn,  i.e.,  by  making  its  central 
cross-section  of  larger  exterior  dimension  than  at  the  ends, 
the  actual  sectional  area  of  metal  remaining  the  same. 
This  meant  the  bending  of  the  component  parts  of  the 
column  in  order  to  attain  the  swelled  form.  It  was  found 
by  actual  test  with  the  component  parts  usually  spnmg  of 
bent  cold  into  the  desired  shape,  that  the  swelling  resulted 
in  decreased  resistance  in  consequence  of  the  initial  bending 
stresses  induced.  The  swelling  of  columns  was,  therefore, 
abandoned.  Latterly,  in  some  cases  where  special  coltimns 
of  great  length  and  size  are  required,  swelling  is  again 
resorted  to,  but  imder  such  circumstances  that  the  initial 
bending  stresses  are  entirely  eliminated.  Such  swelling  of 
form  is  legitimate  and  will  give  the  increased  resistance  due 
to  the  further  removal  of  the  metal  from  the  neutral  axis 
of  the  section. 

If  the  column  should  be  swelled  the  resulting  moments 
of  inertia  of  section  will  obviously  vary  throughout  the 
length,  and  the  expression  for  the  deflection  given  in  eq. 
(5)  will  become 

'-JolEhjr.T^'' ^''^ 

By  using  this  value  of  the  deflection,  the  preceding 
general  demonstration  will  be  in  no  way  changed  in  form 
and  eq.  (9)  will  still  represent  Gordon's  formula  for  such 
colimins,  but  the  quantity  a  would  have  to  be  determined 
for  swelled  colunms  if  great  accuracy  were  required. 
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Although  the  quantities  /  and  a,  in  eqs.  (9),  (10),  and  (11) 
are  usually  considered  constant,  they  are  strictly  variable. 
Eq.  (7)  shows  that  a  is  a  function  of  p''  -hE.  It  is  by  no 
means  certain  that  /?"  is  the  same  for  diflerent  forms  of 
cross-section,  or  even  for  different  sections  of  the  same 
form,  and  the  coefhcient  of  elasticity  is  known  not  to  be 
perfectly  constant.  It  (the  latter)  is  known  not  only  to 
var>'^  slightly  with  the  products  of  different  steel  mills,  but 
even  with  the  different  products  of  the  same  mill. 

Again,  the  greatest  intensity  of  stress,  /,  which  can 
exist  in  the  column  varies  not  only  vnth  diflerent  grades  of 
material,  but  there  is  some  reason  to  belie\'e  that  it  must 
alst)  be  considered  as  varying  with  the  length  of  the  column. 
The  law  governing  this  last  kind  of  variation,  for  many 
sections,  still  needs  empirical  determination.  It  is  clear, 
therefore,  that  both  /  and  a  must  be  considered  empirical 
variables. 

The  expense  necessarily  attending  experimental  re- 
searches on  the  ultimate  resistance  of  long  columns  built  of 
structural  steel  or  s\Touglit  iron,  has  prevented  tlie  attain- 
ment of  many  desirable  results.  Vet  much  valuable  work 
of  this  kind  has  been  done. 

The  earlier  adaptation  of  the  preceding  formuke  to 
bridge  or  other  columns  took  place  when  wrought  iron 
was  the  main  structural  material  and  consequently  the 
resulting  forms  of  Gordon's  formula  were  so  employed  in 
American  practice  as  to  apply  to  wrought  iron.  The 
latter  metal  has  for  some  time  been  displaced  by  structural 
steel,  but  the  great  mass  of  full-size  column  tests  have  been 
made  wth  wrought  iron  and  a  considerable  number  of 
those  results  must  be  given  in  this  and  succeeding  articles. 
As  will  be  indicated  at  another  point,  these  formulae  for 
wrought  iron  may  be  adapted  to  structural  steel,  \^nth  at 
least  a  close  degree  of  approximation,  by  a  suitable  change 
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of  the  empirical  quantities  which  enter  them  and  whose 
values  may  be  approximately  deduced  from  the  considera- 
tion of  the  tensile  and  compressive  resistances  of  the  grades 
of  steel  involved. 

Among  the  earliest  tests  of  full-size  wrought  iron  columns 
were  those  made  by  Thomas  D.  Lovett,  in  connection 
with  bridge  construction  on  the  Cincinnati  Southern  Rail- 
way. These  results  were  reported  in  November,  1875, 
and  they  were  used  for  the  determinations  of  the  quantities 
/  and  a  in  eqs.  (9),  (10),  and  (11)  in  the  following  manner: 

If  the  number  of  experiments  were  sufficiently  great, 
the  results  would  be  combined  by  the  "  Method  of  Least 
Squares."  In  the  present  instance,  however,  the  use  of  the 
method  is  altogether  impracticable  in  consequence  of  the 
small  number  of  experiments  of  any  given  class.  It  will 
be  seen,  how'ever,  that  the  combination  of  the  experimental 
results  is  not  altogether  of  a  random  nature. 

Since  /  and  a  are  to  be  considered  variable  quantities, 

p 
let  y  take  the  place  of  /  and  x  that  of  a ;   also,  let  p^-^ 

represent  the  mean  intensity  of  stress.  Eq.  (9)  then  takes 
the  form 

^=7+^: ^^3) 

in  which  c  =  P-^r^.  For  rotmd-  or  free-end  columns  x  will 
take  the  place  of  4a,  and  of  i.8a  for  columns  with  one 
end  round  and  one  end  flat. 

In  eq.  (13)  there  are  two  unknown  quantities,  y  and  x, 
consequently  two  equations  are  required  for  their  deter- 
mination. If  two  colimins  of  different  ultimate  resistances 
per  imit  of  section,  and  \^dth  different  values  of  c,  are  broken 
in  a  testing  machine,  and  the  two  sets  of  data  thus  estab- 
lished separately  inserted  in  eq.  (13),  two  equations  will 
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result  which  will  be  suflficient  to  completely  give  y  and  x. 
Those  two  equations  may  be  written  as  follows: 

y^p^{i+dx), (14) 

y^p''{i+c"x) (15) 


The  simple  elimination  of  y  gives 


(16) 


Either  eq.  (14)  or  (15)  will  then  give  y. 

In  selecting  experimental  results  for  insertion  in  eq. 
(16),  care  should  be  taken  to  make  the  diflferences  /^'  — />' 
and  (f  —  d'  as  large  numerically  as  possible,  in  order  that 
the  errors  of  experiment  may  form  the  smallest  possible 
proportion  of  the  first. ' 

By  employing  eqs.  (14),  (15),  and  (16)  in  the  manner 
indicated  in  connection  chiefly  with  Lovett's  tests  of 
wrought-iron  columns,  the  following  set  of  formulae,  eqs. 
(17)  to  (21),  inclusive,  were  established.  They  represent 
very  closely  long  column  practice  in  wrought  iron  •when 
that  material  was  used  for  bridge  and  other  structures. 


KEYSTONE 


SQUARE 


PMOENIX  AM.BR.CO. 


^ 


1? 


1 


-w 


^ 


TOP  CHORD  LAmCED. 


Z-BAR. 


SQUARE.LATTICED.  PLATE  AND  ANGLES 
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Keystone  Columns, 

36000 
Flat  ends — swelled p  =  - p;   .     .     .     (17) 

^"*"r83oo/^ 

Flat  ends—  ( Open    |  .  _      395QQ  ,  ov 

Straight. .  ( Closed  ] ^*"  i      P'  '     '    *     ^"^ 

^  + 18300  r' 

36000 
Pinends — swelled p=» — 75.    .    .     .     (19) 

1 5000  r' 

Square  Columns. 

Flat  ends p^     ^^^^^   „;  ,    .    .     (20) 

35000  r» 

^.          t                                              30000  ,    ^ 

Pinends p« — p.    .     .     •     (21) 

iH i 

1 7000  r^ 

All  values  of  x  for  round-end  columns  are  found  by 
multiplying  the  corresponding  flat-end  quantities  by  4, 
according  to  eq.  (10). 

Eqs.  (17)  to  (2 1),  inclusive,  give  the  ultimate  resistances 
of  the  various  classes  of  columns.  With  great  variations 
of  stress  a  safety  factor  as  high  as  six  or  eight  may  be  used, 
or  it  may  be  as  low  as  three  or  four  if  the  condition  of  stress 
is  uniform  or  essentially  so. 

A  glance  at  these  formulae  shows  that  the  quantity  f 
in  eqs.  (9),  (10),  and  (11)  is  considerably  less  than  the 
ultimate  resistance  of  wrought  iron.  It  is  in  reality  the 
average  working  intensity  of  stress  on  the  normal  cross- 
section  of  the  column,  and  is  or  may  be  considerably  less 
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than  the  maximum  intensity  on  that  section  existing  in  tlie 
extreme  fibre  on  that  side  or  part  of  the  column  subjected  to 
compression  by  bending.  This  average  intensity  is  seen 
to  vary  materially  with  the  form  uf  cross-section,  it  being 
substantially  affected,  doubtless,  by  the  influence  of  tfle 
form  of  cross-section,  those  sections  which  are  able  to  sus- 
tain the  greatest  intensity  of  compression  without  buckling 
giving  the  greatest  value  of  /. 

A  consideration  of  these  experiments  would  also  seem 
to  indicate  that  a  closed  column  is  somewhat  stronger  than 
an  open  one.  This  is  imdoubtedly  due  to  the  fact  that  the 
edges  of  the  segments  are  mutually  supporting  if  they  are 
brought  in  contact  and  held  so  by  complete  closure,  but 
not  otherwise.  Thus  the  crippling  or  buckling  of  the 
individual  parts  of  the  column  is  delayed  and  the  ultimate 
resistance  increased. 

The  general  principles  which  govern  the  resistance  of 
built  columns  may,  then,  be  summed  up  as  follows: 

The  material  should  be  disposed  as  far  as  possible  from 
the  neutral  axis  of  the  cross-section,  thereby  increasing  r; 

There  should  be  no  initial  intertuil  stress; 

The  individual  portions  of  the  column  should  be  mutually 
supporting; 

The  individual  portions  of  the  column  should  be  so  firmly 
secured  to  each  other  tJiat  no  relative  motion  can  take  place,  in 
order  that  the  column  may  fail  as  a  whole,  thus  maintaining^ 
the  original  value  of  r. 

These  considerations,  it  is  to  be  borne  in  mind,  affect  the 
resistance  of  the  column  only;  it  may  be  advisable  to 
sacrifice  some  elements  of  resistance,  in  order  to  attain 
accessibility  to  the  interior  of  the  compression  member,  for 
the  purpose  of  painting.  This  point  may  be  a  very  im- 
portant one,  and  should  never  be  neglected  in  designing 
compression    members.     It    may    be    observed,    however, 
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that  the  sole  object  is  to  prevent  oxidation  in  the  interior 
of  the  column,  and  if  the  column  is  perfectly  closed  this  ob- 
ject is  attained.  Phoenix  columns  which  have  been  in  the 
most  exposed  situations  (in  one  case  submerged  in  water 
at  one  time  for  several  hours)  during  periods  var>''ing  from 
twelve  to  twenty  years,  without  the  slightest  oxidation  in 
the  interior  of  the  columns,  have  come  within  the  observa- 
tion of  the  writer.  Different  results,  however,  in  other 
cases  have  been  foimd. 

Art.  60. — Experiments  on  Phceniz  Columns,  Latticed  Channel 
Columns,  and  Channels.' 

There  are  given  in  this  article  in  full  detail  the  results  of 
many  tests  of  wrought-iron  columns,  in  spite  of  the  fact 
that  structural  steel  has  completely  displaced  that  metal. 
This  is  due  to  the  fact  that  no  series  of  tests  of  steel  riveted 
columns  has  yet  been  made.  A  few  isolated  tests  of  the 
latter  class  are  available,  quite  insufficient  for  the  basis  of  a 
law  or  formula.  Again,  the  general  features  of  ultimate 
resistance  of  steel  columns,  including  those  varying  with 
the  ratio  /  .-r,  are  practically  the  same  as  those  of  wrought- 
iron  columns.  Hence,  in  the  absence  of  tests  of  full-size 
steel  members,  it  is  reasonable  to  use  for  such  members 
the  formulae  for  wrought  iron  with  the  empirical  factors  in 
them  so  increased  (or  decreased)  as  to  add  about  20  per 
cent,  to  the  computed  ultimate  resistance  for  steel  having 
an  ultimate  tensile  resistance  of  60,000  to  65,000  pounds 
'  per  square  inch,  or  about  25  per  cent,  for  steel  of  65,000 
to  70,000  pounds  ultimate  tensile  resistance.  The  following 
results  for  wrought-iron  columns,  therefore,  possess  distinct 
value,  not  only  as  disclosing  essential  features  of  resistance 
of  all  metal  columns,  but  also  as  forming  a  basis  of  reason- 
able inference  for  formulae  applicable  to  steel  columns. 

The  modem  straight-line,  long-column  formula,  eq.   (3), 
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is  given  as  originally  written.  This  form  of  formula  was 
first  proposed  and  used  independently  by  Mr.  Theodore 
Cooper,  C.E.,  and  the  author  at  the  Washington  conven- 
tion of  the  American  Society  of  Civil  Engineers  in  1881. 
It  has  since  found  its  way  into  extended  use.  It  is  simpler 
and  more  nearly  represents  the  results  of  tests  of  full-size 
columns  within  the  limits  of  use  in  engineering  structures 
than  Gordon's  formula. 

In  May  and  July,  1873,  some  experiments  were  made  at 
Phoenixville,  Penn.,  on  full-size  Phoenix  columns  by  the 
Phoenix  Iron  Co.  The  results  of  these  experiments  are 
given  in  Table  I,  in  column  headed  **  Experiment,"  while 
the  column  headed  **/?'*  contains  the  results  of  the  follow- 
ing formula  established  by  the  methods  of  the  preceding 
article: 


42000 
50000  r* 


or     =- 


42000 


i+- 


50000  r^ 


.     (i) 


according  as  the  ends  are  "flat"  or  ** round."     All  columns 
are  **4-segment"  ones. 

Table  I. 


Date. 

Ends. 

Area. 

Lenifth. 

r2. 

P  +  r». 

Experiment. 

P- 

May  3,  1873..  • 

Flat.  .  . 

Sq.  Ins. 
5.84 

Feet. 
23.81 

4.10 

19,950 

Llw. 
30,274 

Lbs. 
30,000 

May  3,  1873.  .  . 

Round. 

5.95 

24.00 

4.  10 

20,230 

16,387 

16,040 

May  3,  1873. .  . 

Flat.  .  . 

10.21 

23.38 

8.68 

9»o65 

36.419 

35,600 

May  3,  1873.  .  . 

Flat.  .  . 

8.50 

22.71 

8.00 

9,282 

38,235 

35,430 

July  19,  1873.  . 

Flat.  .  . 

13.31 

23.20 

8.47 

9,151 

32,742 

35,500 

July  19,  1873.  . 

Flat.  .  . 

12.85 

23 .  20 

8.47 

9,151 

3S,4o8 

35,500 
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In  applying  the  formula  the  length  was  reduced  to 
inches,  in  order  to  bring  it  to  the  same  unit  as  that  in  which 
the  radius  of  gyration,  r,  is  expressed. 

The  columns  "Experiment'*  and  '*/?''  are  each,  of 
course,  per  square  inch. 

It  is  seen  that  the  experimental  results,  and  those  by 
Gordon's  formula,  give  a  very  close  and  satisfactory  agree- 
ment. It  is  also  seen  that  the  analytical  relation  between 
flat  and  round  ends  is  partially  confirmed. 

The  square  of  the  radius  of  gyration,  4,10,  was  taken 
the  same  for  the  first  and  second  columns  because  their 
normal  sectional  areas  are  so  nearly  the  same.  The  value 
4.10  belongs  to  a  4-segment  column,  whose  area  is  5.88 
square  inches. 

The  same  observation  applies  to  the  last  two  columns. 
The  value  8.47  belongs  to  a  column  whose  area  of  cross- 
section  is  13.08  square  inches. 

A  most  valuable  and  instructive  set  of  experiments  on 
Phoenix  columns  was  also  made  in  the  large  testing  machine 
at  the  U.  S.  arsenal  at  Watertown,  Mass.,  under  the  direc- 
tion of  Messrs.  Clark,  Reeves  &  Co.,  the  results  of  which 
w^ere  presented  to  the  American  Society  of  Civil  Engineers 
at  the  thirteenth  annual  convention,  June  15,  1881.  The 
value  of  these  experiments  is  enhanced  by  the  fact  that 
they  were  made  on  full-size  columns,  such  in  reality  as 
are  used  in  ordinary  bridge  construction. 

In  the  following  table  are  given  the  results  of  these  ex- 
periments, as  well  as  those  of  several  formulae  presently  to 
be  explained. 

The  following  is  a  portion  of  the  notation: 
/=  length  in  inches; 
r  =  radius  of  gyration  in  inches ;    * 
E.  L.  =  elastic  limit  in  pounds  per  square  inch ; 
Exp.  =  ultimate  resistance  in  pounds  per  square  inch. 
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In  determining  r'  for  Nos.  i  to  20,  inclusive,  a  column 
whose  area  of  cross-section  was  12.23  square  inches  was 
taken.  The  areas  of  the  actual  cross-sections  varied  so  little 
from  this  quantity  that  the  resulting  value  of  r*  was 
assumed  to  belong  to  all  of  the  first  20  columns.  All  the 
columns  were  tested  with  flat  ends. 


Table  II. 


No. 

Length. 

Area. 

f». 

l+r. 

P  +  r*. 

E.L. 

Exp. 

^1. 

P'. 

/>". 

Feet. 

Sq.  In. 

Ins. 

Lbs. 

Lbs. 

Lbs. 

Lbs. 

Lbs. 

a8 

ia.062 

8.04 

iia 

ia.S44 

35.150 

32.550 

34.488 

a8 

ia.i8i 

8.04 

I  la 

ia,S44 



34. 1  so 

32.550 

34.488 

as 

ia.a33 

8.04 

100 

10,000 

a  7. 060 

35.270 

34.000 

35.040 

as 

I  a. 100 

8-04 

100 

10.000 

35.040 

34.000 

35.040 

aa 

"371 

8.04 

88 

7.744 

35.570 

35.420 

35,502 

aa 

la.jM 

8.04 

88 

7.744 

34.360 

35.420 

35.502 

10 

ia.oa3 

8.04 

76 

5,776 



35.365 

?6,Hoo 

36,144 

19 

I  a. 087 

8.04 

76 

S.776 

ao. aoo 

36,900 

36.800 

36.144 

16 

12.000 

8.04 

64 

4,096 

36,580 

38,130 

36.6o<. 

16 

la.ooo 

8.04 

64 

4,096 

36.5H0 

38.130 

36,6q(> 

13 

ia.185 

8.04 

Sa 

a, 704 

a8.890 

36,857 

30.400 

37.24S 

13 

ia.o6Q 

8.04 

Sa 

a. 704 



37.200 

30,400 

37.248 

10 

I  a. 248 

8.04 

40 

1,600 

26.940 

36.4H0 

40.700 

37.8co 

• 

10 

ia.3.J0 

8.04 

40 

1.600 

28,360 

36,307 

40,700 

37.800 

7 

I  a .  ab.s 

8.04 

28 

784 

29,3."»0 

38.157 

42,200 

38.352 

40.360 

7 

11.962 

8.04 

28 

784 

29.590 

43.300 

42,200 

38.352 

40.3^>o 

4 

ia.o8i 

H.04 

16 

256 

40.500 

44.770 



46.^00 

4 

la.  no 

8.04 

16 

256 

28,050 

51.240 

44.770 

46,300 

81ns. 

n.oo? 

8.04 

a. 7 

7.29 

57.130 

69,600 

57,140 

8  ins. 

1 1 . 90  < 

8.04 

».7 

7.39 

57.?oo 

69.O00 

57.140 

as'  3.6s" 

18. ?oo 

io..n 

68.8 

4.7  U 



36,010 

37.600 

36.666 

8'  9" 

18.J00 

10.37 

24 

576 

29.510 

42,180 

42.840 

42,160 

An  application  of  eq.  (i)  to  these  columns  reveals  con- 
siderable discrepancies  between  the  results  of  that  formula 
and  the  quantities  given  in  the  column  *'  Exp.'*  of  the  table, 
when  the  values  oi  l-^r  become  comparatively  small,  as 
was  anticipated  in  the  preceding  article.  Instead  of  the 
constant  42,000  in  the  numerator  of  Gordon's  formula, 
these  experiments  show  that  a  variable  quantity  must  be 
used  which  shall  increase  as  /  h-  r  decreases,  or  as  r  -5-  Z 
increases. 

After  several  trials  it  was  found  that  the  following 
modified  form  of  Gordon's  formula  would  give  reasonable 
results  throughout  the  entire  range  of  the  experiments: 
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(2) 


The  results  of  eq.  (2)  are  given  in  the  column  of  the 
table  headed  pi.  The  agreement  between  the  two  coltmins 
is  not  as  close  as  could  be  desired,  yet  the  discrepancies  are 
not  sufficiently  great  to  vitiate  the  safe  use  of  the  formula. 

In  the  following  figure  the  Watertown  experiments,  as 
well  as  those  of  Mr.  Bouscaren  and  the  Phoenix  Iron  Co. 
(given  in  this  and  the  preceding  article),  are  shown  by 
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diagram.  The  different  classes  of  experiments  are  indi« 
cated  as  shown.  The  experimental  curve  is  drawn  with 
particular  reference  to  the  Watertown  experiments,  for  it 
is  then  found  to  be  properly  located  in  reference  to  the 
others.  The  other  curve  expresses  Gordon's  formula  ac- 
cording to  eq.  (2).  It  would  not  be  difficult  to  find  an 
equation  which  would  fit  the  experimental  curve  very 
closely  throughout  the  range  of  the  experiments,  but  it 


4^4  COMPKESSIOM-LONG   COLUMNS.  [C'h.  VI 11. 

would  not  be  as  simj)le  as  cq.  (2),  or  as  two  others  to  be 
shortly  j^iven. 

It  is  important  to  observe  that  each  experimental 
value  in  the  diagram  (which  is  a  mean  of  two,  belonging* 
to  columns  of  the  same  length,  in  the  table)  lies  on  or 
exceedingly  close  to  the  curv^e,  with  the  exceptions  of  those 
shown  at  a  and  6.  a  corresponds  to  a  mean  of  Nos.  1 7  and 
18.  and  is  abnormally  high;  b  shows  the  mean  of  Nos.  13 
and  14,  and  is  abnormally  low. 

It  may  be  observed  that  the  experimental  curve  is 
nearly  a  straight  line  from  a  point  just  above  h  to  the 
extreme  left  of  the  diagram.  For  that  portion  of  the 
curve,  therefore,  the  following  formula  applies  very  closely : 

/>'  =  39,640 -46-.    y^"^ .    ...    (3) 

The  results  of  this  formula  are  given  in  the  column 
headed  **/>'."  The  table,  in  connection  with  the  diagram, 
shows  that  this  formula  may  be  used  with  accuracy  for 
values  o(  l^r  lying  between  30  and  140,  and  further  ex- 
l^eriments  may  possibly  show  that  it  is  applicable  above 
the  latter  limit. 

For  values  of  /  -:-  r  less  than  30,  the  following  formula 
will  \ye  found  to  give  results  approximating  very  closely  to 
the  experimental  curve: 

^"=64,7oo-4,6oo>J- (4) 

The  results  of  the  application  of  this  formula  are  given 
in  the  column  headed  "/?"." 

The  extreme  simplicity  of  eqs.  (3)  and  (4)  makes  it  a 
matter  of  great  interest  to  determine,  by  other  experiments 
covering  extended  ranges  of  /  -^  r,  whether  those  forms,  with 
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different  constants,  may  not  apply  to  shapes  other  than 

that  of  the  Phoenix  column. 

The  inapplicability  of   the  true  long-colunm  formiilae, 

I 
when  —  is  found  below  certain  limits,  which  is  shown  in  Art. 
r 

24,  furnishes  a  proper  foundation  for  thoroughly  empirical 

formulae,  such  as  those  expressed  in  eqs.  (3)  and  (4). 

By  eq.  (4),  the  ultimate  resistance  of  Phoenix  wrought 
iron  to  pure  compression  would  be  about  60,000  pounds  per 
square  inch. 

The  results  of  the  application  of  eqs.  (3)  and  (4)  to 
Bouscaren's  and  the  Phoenix  experiments  are  not  given,  but 
the  diagram  shows  clearly  that  they  would  be  satisfactory. 
Data  sufficient  for  the  application  are  given  in  this  and  the 
preceding  article. 

The  following  is  the  record  of  the  Phoenix  tests  of  the 
very  short  columns  shown  at  c,  d,  and  e  in  the  diagram. 
It  is  a  question  whether  the  degree  of  distortion  which 
accompanied  the  extremely  high  result  of  65,867  pounds 
per   square   inch  was  not  considerably  greater  than  that 


No. 

/. 

Area. 

Ins. 

Sq.  Ins. 

I 

8 

6.98 

2 

8 

6.98 

3 

4 

5.63 

4 

4 

5.63 

5 

4 

2.93 

6 

4 

2.93 

4. II 
4. II 
2.37 
2.37 
2.25 
2.25 


/+r. 


3-95 

3.95 

2.6 

2.6 

2.67 

2.67 


/2  +  r2 

15.6 
15.6 
6.76 
6.76 
7.13 
7   13 


Kxp. 

P\' 

^'. 

60,573 

51,500 

55,500 

60,387 

5^500 

55,500 

65.867 

55,800 

57,300 

65,867 

55,800 

57,300 

56,889 

55,500 

57,200 

55,555 

55,500 

57.200 

which  would  characterize  the  condition  of  "failure"  in  an 
actual  structure.     This  important  point  cannot  receive  too 
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much  attention  in  connection  with  short-column  tests, 
where  the  relative  distortion,  in  the  condition  of  *' failure," 
is  far  greater  than  that  in  long  columns. 

Latticed  Columns  and  Channels, 

During  1880  and  1881  Col.  T.  T.  S.  Laidley,  U.S.A., 
tested  a  large  number  of  long  columns  composed  of  two 
channel  bars  latticed  in  the  ordinary  manner  (Ex.  Doc. 
No.  12,  47th  Cong.,  ist  Session).  These  columns  were 
furnished  with  3  i -inch  pin  ends,  and  were  tested  at  Water- 
r  town,  Mass.,  in  the  large  government 
machine.  The  adjoining  figure  shows 
the  relative  positions  of  the  channels 
'  and  pin.  6",  8",  10",  and  12"  Cs 
were  employed,  and  all  the  columns,  the  results  of  whose 
tests  are  given  in  Table  III,  preserved  the  uniform  dis- 
tance of  8  inches  between  the  channels. 

The  radius  of  gyration,  r,  of  the  cross-section,  given  in 
that  Table,  is  in  reference  to  the  axis  of  the  pin. 

All  the  ix)sts  were  single  latticed,  and  the  pitch  of  the 
latticing  (the  distance  apart  of  rivets  in  the  same  flange  of 
a  C)  was  18  inches  for  the  6-  and  8-inch  channels,  and  22 
inches  for  the  10-  and  12 -inch.  2"Xi"  latticing  was  used 
for  the  6-inch  Cs:  2"xS!'  for  the  8-  and  lo-inch,  and 
2}"Xi"  for  the  12-inch. 

The  area  of  cross-section  for  the  Cs  of  the  same  depth 
in  different  columns  varied  slightly,  consequently  about  an 
average  area  was  taken. 

All  these  columns  failed  as  wholes,  and  each  result  is  a 
mean  of  two.  Other  columns  of  the  same  set,  and  tested 
at  the  same  time,  failed  by  buckling  of  the  channels; 
they  cannot,  consequently,  be  classed  among  long  col- 
umns which  are  so  constructe  1  as  to  fail  as  ivholes. 
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The  values  of  p 
in  Table  III  are 
shown  graphically  in 
Plate  I.  The  ratio 
i^r  is  laid  off  along 
the  horizontal  line 
and  the  ultimate  in- 
tensity p  on  the  ver- 
tical line,  as  shown. 
The  full  curved  line 
is  then  the  experi- 
mental curve  and 
possesses  great  value 
of  a  practical  nature. 
Within  the  limits  of 
the  diagram,  when 
the  ratio 

Ur 
is  known,  the  ulti- 
mate resistance  of  the 
column  per  square 
inch  {p)  can  be  at 
once  accurately  read 
from  the  plate  with- 
out calculation  or 
scale. 

The  following 
equation, 

39000 


P- 


1  + 


(5) 


30000  r' 
probably  gives  as 
accurate  results  as 
any  form  of  Gordon's 
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Table  III. 

PIN  KNDS.-3i"  PIX. 


Area  of 

Rofliitis  r\ff 

Length 

No. 

C 

Section  in 
Sq. Inches 

Length  in 
Jnchos. 

■VHIIIUS  f >l 

Gyralitm, 
Ins. 

•  ivcr 
Radius;  ur 

P- 

(iCs). 

Z+r. 

I  nche5. 

Pounds. 

1 

8 

7.65 

160 

VOO 

53.3 

35.025 

2 

lO 

9.70 

200 

3.65 

54.8 

33.920 

3 

6 

4.65 

144 

2 .  35 

ftl.3 

34,450 

4 

6 

4.65 

150 

^'.35 

'>3-9 

34.130 

5 

8 

7.65 

200 

3.00 

66.7 

33.79t> 

6 

lO 

9.70 

250 

3.65 

08.  5 

33.770 

7 

6 

4.65 

180 

2.35 

76.7 

34,i>^> 

8 

8 

7.65 

240 

3.00 

80.0 

32.375 

9 

12 

12.00 

.^60 

4-44 

81.0 

3«,475 

lO 

lO 

9.70 

300 

3.65 

82.2 

33.015 

II 

6 

4.65 

210 

2.35 

«9.5 

3>.935 

12 

8 

7.65 

280 

3.00 

93  3 

31,800 

13 

lO 

9.70 

350 

3^5 

95-9 

30,780 

14 

6 

4.65 

240 

2.35 

102.2 

30,085 

15 

8 

7.65 

320 

3.00 

106.7 

29,600 

i6 

6 

4.65 

270 

2.35 

113. 0 

30,820 

17 

8 

7.65 

360 

3.00 

120.0 

25.8«5 

i8 

6 

4.65 

300 

2.35 

127.8 

24.355 

19 

6 

4.65 

330 

2 .  35 

140.6 

21.330 

20 

6 

4.65 

360 

2 .  35 

153  4 

15.320 

'*^"  is  the  ultimate  resistance  per  stjuare  inch,  m  pounds. 

formula.  The  dotted  curve  is  constructed  from  it.  Its  re- 
sults are  seen  to  be  only  tolerably  approximate  between  the 

limits  -  =  50  and  135.  It  possesses  little  value  when  com- 
pared with  the  plate. 

Table  IV  contains  results  for  columns  of  the  same  set 
which  failed  by  buckling  of  the  individual  channels  of 
which  they  were  composed. 

If  r'  is  the  radius  of  gyration  in  reference  to  an  axis 
through  the  centre  of  gravity  of  a  single  channel  section, 
and  parallel  to  the  web,  the  following  values  will  hold  for  the 
present  cases: 


6"  c; 

r'  =0.58  inch. 

8"  c; 

r' =0.48  inch. 

10"  c; 

r'  -  0  69  inch. 

i->"  C; 

'•'  -  0  S;  inch. 
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No. 

i 

Length, 

Inches, 

/. 

Radius  of 

Gyration 

in  Inches, 

r. 

/ 
r' 

Ultimate  p 

in  Pounds 

per>Sq.  Inch. 

Condition  of  Buds. 

Inches. 

1 

I 

6 

120 

2.35 

!     51. r 

36,025 

Flat. 

2 

6 

120 

2.35 

33,740 

One  flat ;  one  pin 

3 

10 

126 

3.65 

.H..S 

35,450 

Pin. 

4 

12 

120 

4-44 

27.0 

34,^45 

Pin. 

5 

12 

180 

4.44 

40.5 

34,660 

Pin. 

6 

12 

240 

4.44 

540 

33,9«5 

Pin. 

7 

12 

300 

4-44 

67.5 

33,590 

Pin. 

Although  the  lattice  rivets  were  alternate  in  the  same 
channel,  each  flange  was  unsupported  for  a  distance  equal 
to  the  pitch,  i.e.,  18"  for  the  6"  and  8"  Cs.  and  22"  for  the 
10"  and  12"  Cs.     Hence 


For  6"  C 
For  8"  C 
For  10"  C 
For  12"  C 


18  ^r' -31.0. 
i8H-r'  =  37.4. 
22  -Hr'  =  31.9. 

22-^/  =  25.3. 


Table  IV  shows  that  the  column  of  10"  Cs  commenced 
to  fail  by  buckling  of  the  Cs  when 

/-^r-34.5, 
and  when 

22-^r'  =  3i.9 

that  the  column  of  12"  Cs  commenced  to  fail  similarly  when 
the  length  became  so  small  that 

/-^r  =  27.0, 
while 

22-^r'  =  25.3. 

These  results  would  seem  to  show  that  pin-end  columns 
with  single  but  alternate  latticing  will  begin  to  fail  by  buck- 
ling of  the  channels,  when  /  ■•-  r.  for  the  column  as  a  whole,. 
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\     becomes  so  small  that  it  is  about  equal  to  the  same  ratio  for  a 
single  channel  between  two  adjacent  rivets  in  the  same 
Cflange. 

Nos.  I  and  2  of  Table  IV  show  that  if  the  ends  possess  a 
greater  degree  of  fixedness,  the  value  oil^r  is  much  greater 
when  buckling  begins  to  take  place,  but  the  number  of 
experiments  is  not  sufficient  to  indicate  the  exact  amount. 

As  would  be  anticipated  under  the  circumstances,  p 
maintains  about  the  same  value  for  all  the  columns  in  Table 
IV.  Hence  when  /  -j-  r  becomes  so  small  that  buckling  takes 
place,  the  ultimate  resistance  of  the  column  is  independent 
of  the  length. 

The  graphical  representations  of  the  results  given  in  this 
article  show  that  the  curve  of  ultimate  resistances  has  a  very 
sharp  declivity  for  small  values  of  /  ^  r,  but  that  it  becomes 
nearly  straight  and  horizontal  for  larger  values,  and  that  it 
again  increases  in  declivity  with  a  still  farther  increase  in  that 
ratio.  These  phenomena  seem  to  be  much  more  pronounced 
in  the  tubular  variety  of  columns.  They  find  a  simple  and 
obvious  explanation  in  the  fact  that  in  columns  of  moderate 
length  the  deflection  at  the  centre  of  the  column  about  keeps 
pace  (in  the  same  direction)  with  the  movement  of  the 
centre  of  pressure  at  the  ends. 

Plate  I  shows  (what  was  to  be  anticipated)  that  this 
cfTect  is  also  much  less  pronounced  with  pin  ends  than 
with  flat  ones,  it  being  borne  in  mind  that  the  phenomena 
here  considered  do  not  produce  the  horizontal  straight  line 
which  w^ould  be  seen  if  Plate  I  included  less  values  of  /  -:  r. 
than  50.  The  latter  represents  the  buckling  of  the  individ- 
ual parts  of  the  column,  and  not  the  failure  of  the  column 
as  a  whole. 
/  '  ATew  experiments  by  Col.  Laidley  with  columns  of  the 
/  same  Cs  as  the  above,  but  with  pins  only  three  inches  in 

diameter,  gave  uniformly  less  ultitnate  resistance  than  those 
with  three  and  a  half  inch  pins.    Although  this  result  was  to 
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be  expected,  the  number  of  experiments  was  not  sufficient 
to  justify  any  quantitative  conchisions;  it  can  only  be 
-stated  that  the  smaller  the  pin  the  less  will  be  the  ultimate 
resistance. 

Table  V.  " 

FLAT-END  CS. 


Area  of 

/ 
r'' 

Ultimate  Re- 

No. 

C 

Section  in 
Sq.  Inches. 

/. 

r'. 

sistance,  in 

Lbs.  per  Sq. 

Inch, -p. 

Inches. 

Inches. 

Inches. 

I 

6 

2.33 

6.00 

0.58 

10.3 

42,293 

2 

6 

2.33 

17.60 

0.58 

30.3 

36,835 

3 

6 

2.33 

23.90 

0.58 

41. 1 

33,910 

4 

6 

2.33 

48.00 

0.58 

82.6 

28,140 

5 

8 

3.80 

8.00 

0.48 

16.6 

43,295 

6 

8 

380 

17.90 

0.48 

37.2 

35,280 

7 

8 

3   80 

23.90 

0.48 

49.7 

35,975 

8 

8 

3.80 

29.90 

0.48 

62.2 

33,400 

9 

8 

380 

48.00 

0.48 

99.8 

30,620 

10 

10 

4.85 

10.00 

0.69 

14.5 

35,080 

II 

10 

4.85 

17.90 

0.69 

26.0 

33,820 

12 

10 

4.85 

23.90 

0.69 

34.7 

34,355 

13 

10 

4.85 

29.90 

0.69 

43-4 

34,050 

14 

10 

4.85 

48.00 

0.69 

69.6 

34,080 

xy 

12 

6.00 

12.00 

0.87 

13.8 

37,240 

16 

12 

6.00 

17.80 

0.87 

20.5 

36,590 

17 

12 

6.00 

23.90 

0.87 

27.5 

36.695 

18 

12 

6.00 

29.90 

0.87 

34.4 

35,150 

19 

12 

6.cx> 

48.00 

0.87 

55-2 

36,040 

Table  V  contains  the  results  of  Col.  Laidley's  tests  of 
portions  of  the  Cs  used  in  the  columns  which  have  just 
been  treated.     These  portions  had  flat  ends. 

The  moment  of  inertia  of  the  section,  from  which  the 
radius  of  gyration  r'  was  computed,  was  taken  about  an 
axis  parallel  to  the  web  of  the  channel  and  passing  through 
its  centre  of  gravity. 

Many  of  the  results  are  means  of  two  tests  each. 

The  results  given  in  Table  V  are  shown  graphically  in 
Plate  II.  The  values  of  the  ratio  l^r  are  laid  off  on  the 
horizontal  base  line  to  the  left  from  0,  while  the  values  of 
p  in  pounds  per  square  inch  are  laid  off  vertically  from  O, 
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as  shown.  The 
full  curve  then 
represents  with 
great  accuracy 
the  expcrimentiil 
results. 

The  dotted 
ctu-ve  represents 
the  following]: 
form  of  Gk)rdon's 
formula  for  the 
ultimate  resist- 
ance in  poiuids 
per  square  inch: 


^6000 


-(6> 


^■*'63ooor'^ 

This  formula 
is  sufficiently  ac- 
curate for  all  or- 
dinary purposes 
between  tht^ 
limits 

and 

"It"ntti1i-I       /-r'=9o, 

but  does  not 
compare  in  value 
with  the  experi- 
mental  (full) 
curve. 
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Addendum  to  Art.  60. 

Tests  of  Full-size  Wrought-iron  Columns — Tests 
OF  Steel  Angles,  Tees  and  Other  Forms  of  Columns. 

The  observations  made  at  the  beginning  of  Art.  60  are 
applicable  to  the  results  of  tests  of  wrought-iron  columns 
found  in  this  Addendum,  while  the  results  of  tests  of  steel 
struts  by  Mr.  James  Christie  are  of  exceptional  value  in 
the  most  advanced  structural  practice. 

Since  the  issue  of  the  first  edition  of  this  book,  the 
series  of  tests  of  full-sized  columns,  of  which  Table  III 
gives  the  results  of  the  first  20,  has  been  continued  at 
Waterto^vn,  Mass.,  and  the  test  records  are  given  in  **Ex. 
Doc.  No.  5.  Senate,  48th  Congress,  ist  Session,''  and  **Ex. 
Doc.  No.  35,  Senate,  49th  Congress,  ist  Session.**  Table  VI 
shows  the  digested  records  put  in  shape  to  be  of  some  value 
to  engineers.  These  columns  had  3i-inch  pin  ends,  and 
the  results  belong  to  failures  in  the  plane  normal  to  the  pin- 
axes. 

Columns  21,  22,  23,  24.  25,  26,  and  37  to  48  inclusive 
were  closed  box  columns  composed  of  two  channels  and 
two  plates;    the  remaining  columns,  except  those  of  tlie 
Wilson  section,   were  composed  of  two  channels  latticed 
together  in  the  usual  manner.     The  word  ** built"  in  the 
Table  indicates  that  the  channels  were  built  of  plates  and 
angles;    otherwise  they  were  rolled.     The  Wilson  column 
is  that  formerly  used  so  frequently  by  Jas.  M.  Wilson,  |_p|  j 
C.E.,  while  Eng*r  of    Bridges  and  Buildings,  Penna      jT; 
R.  R.     It  has  the  section  shown  by  the  sketch  in     jjij^^ 
the  margin.     In  these  columns  the  pin  was  ahvays  '^-^ 
placed   parallel   to   the   plate   between  the  channels,  i.e., 
normal  to  the  webs  of  the  channels  and   as    sliown    by 
the  broken  lines. 

In  columns  25,  26,  39,  40,  41,  42,  47,  and  48,  the  pins  were 
placed  through  (i.e.,  normal  to)  the  webs  of  the  channels, 
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as  shown  in  the  figure  on  page  484 ;  in  all  the  other  channel 
coliimns  the  pins  were  placed  parallel  to  the  webs  of  the 
channels. 

The    results    given  in  Tables  III  and   VI    are  shown 

graphically  on  Plate  A.     All  results  are  brought  together 

« 

Table  VI. 

3i-INCH  PIN-END  COLUMNS. 


Length 

in 
Inches. 

Radius 

Length 

Ultimate 

No. 

Inches. 

Section, 
Sq.  Ins. 

of 

Gyration, 

Inches. 

over 

Radius. 

/+r. 

in  Lbs.  per 

Sq.  In.. 

P- 

Remarks. 

I 

8 

7.6 

160 

4.5 

36 

33,910 

a 

8 

8.1 

160 

45 

36 

36.580 

3 

8 

7.6 

160 

5.23 

3t 

34.340 

SweUed. 

4 

8 

7.6 

160 

5.23 

3t 

33.530 

" 

5 

10 

11. Q 

aoo 

4.6 

44 

33.740 

6 

10 

13.3 

300 

4.6 

44 

34,670 

7 

to 

13.4 

300 

5. 98 

34 

31,130 

Swelled. 

8 

10 

ia.7 

aoo 

5.98 

34 

31,990 

" 

0 

8 

7-5 

340 

5. 23 

*J 

33.390 

" 

10 

8 

7.5 

340 

S.23 

46 

34.390 

** 

11 

8 

7.6 

340 

45 

53 

34.120 

xa 

8 

7.6 

340 

4.5 

53 

33.410 

13 

10 

13. I 

300 

4.6 

65 

33,630 

.14 

10 

la.a 

300 

4.6 

65 

32,440 

15 

10 

II. 9 

300 

S.98 

50 

32.830 

SweUed. 

16 

to 

II. 9 

300 

5.98 

50 

32.740 

" 

17 

8 

7.7 

320 

4.5 

7t 

31.610 

18 

8 

7.7 

320 

4.5 

71 

39,870 

»9 

8 

7-7 

320 

5.23 

6t 

30,840 

Swelled. 

ao 

8 

7.7 

320 

5.23 

61 

30.770 

*' 

ai 

8 

16. 3 

320 

3.78 

85 

j8,020 

Built. 

33 

8 

16.3 

320 

3.78 

85 

37.910 

'* 

33 

8 

31. 0 

320 

3.8 

84 

25.770 

" 

34 

8 

30. 6 

320 

3.8 

84 

25.950 

»• 

as 

8 

17.9 

320 

2.7 

119 

36.480 

a6 

8 

19.4 

320 

a. 7 

ti9 

25.290 

a? 

6 

9.8 

120 

1.87 

64 

30,220  "^ 

a8 

6 

10. a 

120 

t.87 

64 

31.380 

ag 

6 

10. 0 

180 

1.87 

96 

25.160 

30 

6 

10. 0 

180 

t.87 

96 

21.050 

31 
3a 

8 
8 

16. 1 
16.3 

240 
340 

a.  44 
a.  44 

98 
98 

26.430 
22.540 

^ 

Wilson  oolutnn* 

33 

6 

9.7 

240 

t.87 

128 

19. .^80 

34 

6 

9.8 

240 

t.87 

128 

16.220 

35 

8 

16. a 

320 

a.  44 

131 

19.700 

36 

8 

16. 1 

320 

a.  44 

131 

17.570  J 

37 

5.6 

9.21 

180 

a. 9 

6a 

31.650 

BuUt. 

38 

5.6 

9-44 

180 

a. 9 

62 

30.720 

" 

3g 

6.0 

11.42 

180 

a. 73 

66 

3.?.  205 

40 

6.0 

11.42 

180 

a. 73 

66 

32.329 

4» 

8.0 

17.8 

340 

3.6      • 

5' 

32.077 

4a 

8.0 

17.2 

340 

3.6 

67 

32.253 

43 

8.0 

12.6s 

240 

3.6 

76 

37.668 

44 

8.0 

12.  76 

340 

3.6 

76 

30.5Q6 

45 

5.6 

9-24 

340 

3.9 

83 

28,050 

Built. 

46 

5.6 

9.36 

340 

a. 9 

83 

29.879 

" 

47 

6.0 

11.4a 

240 

3.73 

88 

29.947 

48 

6.0 

It. 31 

340 

3.73 

88 

2o.t86 

49 

8.0 

15. 34 

160 

4. a 

i^ 

30.965  f 

31.494  s 

"^Ison  coltunn. 

50 

8.0 

15.40 

160 

3.5 

64 

Art.  60.]  EXPERIMENTS  ON  CHANNEL  COLUMNS. 


495 


Table  Via. 

FLAT-END  CHANNEL  COLUMNS. 


Radius 

Length 

Ultimate 

No. 

i£.. 

Section, 
Sq.  Ins. 

Length 

in 
Inches. 

of 
Gyra- 
tion, 

over 
Radius. 

in  Lbs.  per 
Sq.  In.. 

Remarks. 

Inches. 

I 

8 

17.0 

168 

3.6 

47 

34,950 

2 

8 

17.8 

168 

3-6 

47 

35.595 

3 

7.2 

21.0 

168 

3.26 

51.5 

33,682  1 

4 

7.2 

21.5 

168 

3.26 

51.5 

33,061 

I 

7.5 
7.5 

15.7 
15.6 

248 
248 

3.32 
3.32 

75 
75 

33,003  , 
34.505 

Btiilt  channels. 

7 

7.2 

21  .2 

248 

3.26 

76 

33.019 

8 

7.2 

21.5 

248 

3.26 

76 

33,943 . 

9 

10 

17 

308 

4.02 

76.6 

34,279 

These    columns    lat- 

10 

10 

17.4 

308 

4.02 

76.6 

33,333  . 

ticed  on  one  side.     All 

II 

8 

12.6 

248 

3.16 

78.5 

32,666 

above  are  complete  box 

12 

8 

12.7 

248 

3.16 

78.5- 

33,862 . 

columns. 

13 

6 

4.8 

121 

2.3 

53 

36,720 

Rolled  channels  lat- 

14 

6 

4.7 

121 

2.3 

53 

35,330 

ticed  both  sides. 

The  results  given  in  this  table  are  a  digest  of  the  records  of  fiat-end  column  tests  given 
in  "Senate  Ex.  Doc.  No.  .?s,  49th  Congress.  1st  Session."  Within  the  limits  of  these 
tests,  a  comparison  with  the  ji-inch  pin-end  results  shows  that  the  difference  in  the  end 
conditions  exerts  no  influence  on  the  ultimate  compressive  resistance  per  square  inch 
up  to  at  least  /-«-r— 80.  The  number  of  tests  in  this  table  is  quite  insufficient  to  estab- 
lish any  law  between  pin-  and  flat-end  columns  of  this  character.  Hence  no  diagram  is 
drawm  or  formula  given. 

on  one  plate  in  order  to  obtain  the  most  probable  curve  for 
ordinary  wrought-iron  columns  with  3i-inch  pin  ends. 

The  various  kinds  of  columns  covered  by  these  experi- 
ments are  seen  to  possess  about  the  same  resistance,  except 
the  Wilson  column,  which  falls  from  lo  to  20  per  cent, 
below  the  others.  This  is  due  to  the  fact  that  in  this 
section  the  greater  portion  of  the  metal  is  but  slightly 
supported. 

The  full  line  on  the  Plate  is  drawn  as  a  mean  of  the 
channel  columns  only,  and  is  of  great  practical  value.  The 
upper  broken  line  expresses  eq.  (5)  of  page  485,  which 
is  probably  as  good  a  pin-end  formula  for  channel  columns 
as  can  be  devised. 

Results  of  experiments  will  be  given  below  which  show 
that  the  resistance  per  square  inch  of  a  pin-end  column 
increases  with  the  diameter  of  the  pin,  and  inasmuch  as 
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pins  ordinarily  used  in  columns  of  the  dimensions  of  those 

tested  usually  considerably 
exceed  3  J  inches,  the  mean 
value  of  these  tests  may 
probably  be  a  little  too  low 
for  ordinary  bridge  i)ractice. 

Tables  VII  and  VIII  con- 
tain the  mean  of  a  large  num- 
ber of  most  valuable  tests  of 
full-size  iron  and  steel  angle, 
tee,  channel,  and  beam  struts, 
with  the  various  end  condi- 
tions indicated,  by  James 
Christie,  Esq.,  Supt.  of  the 
.  Pencoyd  Iron  Co.  The  de- 
tailed account  of  this  com- 
plete series  of  tests  should  be 
carefully  consulted;  it  may 
be  found  in  the  **  Trans,  of 
the  Am.  Soc.  of  C.  E.,"  Vol. 
XIII.  1884.  All  sizes  of 
angles  and  tees  up  to  4  inches 
by  4  inches  by  i  inch  and  over 
15  feet  in  length  were  used 
in  these  tests.  The  **  hinged 
ends'*  were  either  one-inch 
or  two-inch  pins  in  semi- 
cylindrical  bearings  or  one- 
inch  or  two-inch  balls  in 
sockets.  The  *' round  ends*' 
were  the  above-described  balls 
resting  on  flat  or  plane  sur- 
faces. 

The  **fiat  ends*'  wer«  se- 
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cured  by  simply  resting  the  carefully  faced  ends  of  the 
struts  on  the  plane  bearing  surfaces  of  the  testing  machine, 
while  the  *' fixed*'  strut  ** ends'*  were  obtained  by  clamping 
the  ends  of  the  struts  rigidly  to  those  bearing  surfaces. 

Every  imaginable  means  was  taken  by  Mr.  Christie  to 
secure  the  utmost  accuracy  in  all  details  of  these  tests. 

In  Tables  VII  and  VIII,  /  is  the  length  of  strut  and  r  the 
least  radius  of  gyration  of  its  normal  cross -section.  In  order 
to  get  the  least  radius  of  the  angle  sections,  the  moment  of 


Table  VII. 

MEAN  RESULTS  OK  WROUGHT-IRON  ST^^UT  TESTS. 


2, 

Flat-end 

Hinged - 
end 

Fixed -end 

Flat -end 

Hinged- 
end 

Round- 
end 

Flat-end 
Channels 

r 

Angles. 

Angles. 
45, COO 

Angles. 
45,CCO 

Tees. 
49,cco 

Tees. 
47,cco 

Tees. 

44,cco 

and 
Beams. 

20 

49,000 

38,000 

40 

40,000 

40,cco  * 

38,000 

42,000 

4 1, ceo 

36,500 

35,000 

60 

35.000 

36,000 

'34,000 

38,000 

36,cco 

30,500 

34,000 

80 

32,000 

32,000 

3  2, ceo 

35.CCO 

3 1, ceo 

25,CCO 

31,500 

100 

29,000 

29,000 

30,cco 

31,500 

27,ceo 

20,5CO 

29,000 

120 

26,COO 

26,000 

28,CCO 

2  7, ceo 

22,5CO 

i6,5co 

26,000 

140 

23,500 

2  2, ceo 

25,5co 

23, ceo 

i8,5Co 

12,800 

24,000 

160 

21,000 

i7,oco 

23,CCO 

20,CCO 

i5,5Co 

9,500 

2 1, coo 

180 

19,000 

13,000 

20,CC0 

i7,cco 

I2,5CO 

7,500 

i8,coo 

200 

16,500 

I  I  ,cco 

17.500 

i4,cco 

ir,5co 

6,000 

15,000 

220 

14,000 

9,coo 

1 5, ceo 

I2,CCO 

«,5CO 

5, ceo 

12,500 

240 

12,000 

8,oco 

1 3, ceo 

1 1, ceo 

7,cco 

4,300 

I1,OCO 

260 

10,500 

7, coo 

1  i,cro 

lO.CCO 

6,ceo 

3,8eo 

IO,OCO 

280 

9,000 

6,coo 

lO.COO 

8,500 

5,5CO 

3,2co 

9,000 

300 

7,500 

5,000 

9,cco 

7, coo 

5,cco 

2,8co 

7,500 

320 

6,000 

4,500 

8,eco 

5,500 

4,500 

2,500 

6,coo 

340 

4,800 

4,000 

7,000 

4.500 

4,coo 

2,100 

5,000 

360 

3,800 

3.500 

6,500 

4, coo 

3.5CO 

1,900 

4,cco 

380 

3,200 

3,000 

5.800 

3,500 

3,cco 

1,700 

400 

2,900 

2,500 

5,200 

3,000 

2,500 

1,500 

420 

2,500 

2,300 

i,8oo 

2,500 

2,2CO 

1,300 



440 

2,200 

2,100 

4,300 







460 

2,000 

1,900 

3,800 



480 

1,900 

1,700 



"" 

inertia  was  taken  about  an  axis  through  the  centre  of 
gravity  of  the  cross-section  arid  parallel  to  a  line  through 
the  extremities  of  the  legs. 
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All  results  in  Table  \'II  belong  to  wrought-iron  struts, 
while  Table  \'III  l)elongs  to  struts  of  Bessemer  steel.  The 
**mild"  steel  contained  from  o.ii  to  0.15  per  cent,  carbon, 
but  0.36  per  cent,  carbon  was  found  in  the  *'high  steel." 
The  ultimate  tensile  resistance  of  the  former  varied  from 

Table  VIII. 
FLAT-END  STEEL  ANGLE  STRUTS. 


20 

.^o 

40 

50 

60 

70 

80 

90 

100 

no 

120 

130 

140 

<5o 
160 


Ultimate  Resistance,  Pounds 

Ultimate  Resistance.  Pounds 

per  Square  Inch. 

/ 

per  Stiuare  Inch. 

Mild  Steel. 

HiKh  Steel. 

r 

Mild  Steel. 

High  Steel. 

72,000* 

ICX),000           j 

170 

21,000 

26,000 

51,000 

74,<xx3       , 

180 

19,500 

23,800 

46,000 

65,000        1 

190 

18,000 

21,800 

43,000 

61,000       1 

200 

16,500 

20,000 

41,000 

58,000       1 

210 

15,200 

18,400 

39,000 

56,000 

220 

14,000 

16.900 

38,000 

54,000 

230 

13,000 

15,400 

36,500 

51,000 

240      • 

12,000 

14,000 

35.000 

47,000 

250 

11,100 

12,800 

33,500 

43,500 

260 

10,300 

11,800 

31,500 

40,000 

270 

9,600 

11,000 

29,000 

36,500 

280 

9,000 

10,200 

27,000 

33,500 

290 

8,400 

9,500 

25,000 

30,800 

300 

7,900 

9,000 

23,000 

28,300 

60,000  to  66.000  pounds  per  square  inch  with  26  to  24  per 
cent,  stretch  in  8  inches,  while  the  high  steel  possessed  an 
ultimate  tensile  resistance  of  about  100,000  pounds  per 
square  inch  and  a  stretch  of  about  16  per  cent,  in  8  inches. 
.  It  is  to  be  observed  that  up  to  80  radii  of  gyration  the 
resistance  of  the  fixed -end  angles  falls  below  that  of  both  the 
hinged-  and  flat-end  struts,  but  beyond  that  limit  it  ex- 
ceeds them  both  until  it  reaches  over  double  their  values  at 
and  about  400  radii  of  ^ration. 

The  flat-  and.  hinged -end  conditions  approach  each  other 
in  their  resistances  until  they  become  nearly  equal  at  the 
highest  values  of  /-^r. 
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Plates  B  and  D  repre- 
sent graphically  the  re- 
sults given  in  Tables  VII, 
VIII,  and  IX;  Plate  D 
being  devoted  wholly  to 
Table  VIII.  The  curve 
for  flat-end  channels  and 
beams  has  been  moved 
to  the  right  in  order  to 
separate  it  from  the 
others.  This  curve  in- 
cludes not  only  Mr. 
Christie's  data,  but  that 
of  Table  V  and  results  of 
later  tests  fotmd  in  **  Sen- 
ate Ex.  Doc.  No.  I,  47th 
Congress,  2d  Session," 
and  given  in  Table  IX. 

Plates  B  and  D  and 
the  preceding  Tables 
show  that  at  and  above 
200  radii  of  e[y ration  the 
iron  and  mild  steel  angle 
struts  possess  the  same 
ultimate  resistance  per 
square  inch.  The  iron 
and  hisfh  steel  continu- 
ally approach  each  other, 
and  undoubtedly  become 
equal  in  unit  resistance 
at  a  length  a  little  above 
300  radii  of  gyration. 
This  is  due  to  the  fact 
that   the    coefficients  of 
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elasticity  for  the  three  metals  are  essentially  identical,  since 
it  has  been  shown  in  Art.  24  that  long-column  resistance 
varies  directly  with  the  coefficient  of  elasticity. 

Table  IX. 

FLAT-KND  I-BEAM  STRTTS. 


N<.. 

Bfatn. 
6" 

Area  f)f 
Section, 
S(iuari' 
Inches. 

1 

1     Length  in 
Inches. 

120 

.  Least  Radius 
,    Oyratiun, 
Inches. 

r 

Ultimate 

Resistance 

in  Lbs.  per 

Sq.lnch«-/». 

I 

4.18 

'        0.6 

200 

24,210 

2 

7" 
8" 
8" 

6.05 

180 

0  75 

240 

>  3.990 

3 

6.65 

192 

0.8 

241 

>  2,540 

4 

6.59 

193 

0.8 

242 

14,000 

5 
6 

9" 

14.4 
6.85 

57 

1        ^■^4 

46 

37.850 

9 

192 

1       0.72 

267 

12,460 

7 
8 

9 

9 
loi" 

lOj" 

7. 15 
10.26 

9-3 

192 

155 
216 

0.72 
0.92 
0.92 

267 
169 
234 

1 1 ,920 
20,170 
I6,020(?) 

10 

10. 19 

264 

0  93 

284        . 

11,100 

II 

:?* 

10.46 

264 

0.93 

284        , 

10,300 

12 

>5 

14.8 

264 

1 .00 

264 

12,400 

13 

15" 

14.74 

264 

I  .on 

i 

264 

12,690 

Table  \'II  also  shows  that,  from  40  to  120  radii  of 
gyration,  the  resistance  per  square  inch  of  hinged-  and  flat- 
end  angle  struts  are  identical. 

Although  no  formulae  can  be  found  that  will  exactly  fit 
the  curves  of  Plates  B  and  D,  those  of  the  form  of  eq.  (3), 
on  page  484,  most  nearly  accomplish  that  result.  Inasmuch 
as  it  is  generally  impossible,  in  engineering  design,  to 
separate  the  conditions  of  flat  and  fixed  ends,  one  formula 
only  is  given  for  these  two  conditions,  the  influence  of  the 
former  predominating.  Round -end  members  are  seldom 
or  never  found  in  engineering  structures,  hence  a  formula 
is  given  for  pin-  or  hinged -end  angles  and  tees.  If  round -end 
members  should  be  used,  the  Table  and  Plate  will  show  how 
much  the  pin-end  resistance  must  be  reduced  for  a  gi\-en 
value  of  /-:-r,  in  order  to  get  the  round-ciul  resistance. 
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The  straight  broken  lines  on  Plates  B  and  D  represent 
the  following  formulae:* 

Flat'  and  fixed-end  iron  angles  and  tees: 

I 
/?  =  44,000- 1 40- (7) 

Hinged-end  iron  angles  and  tees: 

I 
/?  =  46,ooo-i75- (8) 

Eqs.  (7)  and  (8)  are  to  be  used  only  between  the  limits 
«of  /-i-r  =  40  and  /-^r  =  2oo. 

Flat-end  iron  channels  and  1  beams: 

I 
/?  =  40,000 -1 10- (9) 

Eq.  (9)  is  to  be  used  only  between  the  limits  of  /  -^  r  =  20 
and  /-^r  =  24o. 

Flat-end  mild  steel  angles: 

/?  =  52,000— 180- (10) 

*  Although  the  above  formulge  possess  great  advantages,  both  in  accuracy 
and  simplicity,  over  the  old  Gordon  or  Tredgold  forms,  it  is  not  amiss  to  stale 
.that  the  curved  broken  lines  on  Plate  B  represent  the  following  formulae: 

Flat'  and  fixed-end  iron  angles  and  lees: 


^0000 
I 

r*  30000 
Hinged-end  iron  angles  and  tees: 


^__40ooo^__ W 

r'  20000 
These  formulse  can  be  used  with  fairly  good  results  between  the  limits  of 
'7 ^ r — 40  and  /^ r  «=  180.     They  are  given  simply  in  deference  to  an  old  usage, 
-with  the  decided  opinion  that  they  should  be  abandoned. 
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Flat-end  high  steel  angles: 
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p  =  76,000— 290- (11) 

Eqs.   (10)  and  (11)  are  to  be  used  only  between  the 
limits  of  /  -^  r  =  40  and  /  -j-  r  =  200. 


Table  X. 

SOLID  3-INCH  SQUARE  COLUMNS— IJ -INCH  PIN  ENDS. 


Ultimate 

1 

Ultimate 

/ 

l^ 

Compres- 

/ 

Compres- 

Length. 

sive  Re- 

Length, 
Inches. 

i. . 

sive  Re- 

Inches. 

d' 

r 

sistance, 

d 

r 

sistancc. 

Lbs.  oer 
S<i.  In. 

Lbs.  per 
Sq.  In. 

30 

10 

35 

30.125 

>37.6 

46 

160 

17.780 

42 

14 

49 

28,160 

143.8 

48 

167 

17.600 

54 

18 

63 

26,515 

149.8 

50 

174 

17,180 

60 

20 

70 

26,475 

155.7 

52 

181 

17,670 

66 

22 

77 

25.430 

161.8 

54 

188 

16,725 

72 

24 

84 

27,245 

167.8 

56 

195 

16.900 

78 

26 

91 

26,800 

173.6 

58 

202 

14,525 

84 

28 

98 

24,630 

179  5 

60 

210 

14.355 

90 

95.5 

30 

32 

105 
III 

24,705 
25,050 

Flat 

ends. 

10I.7 

34 

118 

23,365 

89.6 

30 

104 

26,180- 

107.6 

36 

12» 

21,415 

119. 4 

40 

>39 

22,730 

113. 6 

38 

132 

20,395 

119. 6 

40 

139 

20,430 

On 

e  flat  and 

one  pin  end. 

125.6 

42 

146 

19,085 

89.7 

30 

104 

25.155 

131   7 

44 

153 

20,150 

119. 5 

40 

139 

22,160 

Plate  E  shows  the  results  of  tests  of  solid  3 -inch  square 
wrought-iron  columns  with  ends  bearing  on  pins  1.5  inches, 
in  diameter,  as  given  in  Table  X,  which  has  been  digested, 
from  the  records  of  tests  found  in  **  Senate  Ex.  Doc.  No.  5, 
48th  Congress,  ist  Session."  According  to  the  usual 
notation,  /  in  the  Table  is  the  length  in  inches;  r  the 
radius  of  gyration  (in  inches)  of  a  normal  section,  and  d 
the  length  of  a  side  (3  inches).  As  all  bars  are  here  3 
inches  square,  there  is  a  constant  ratio  between  d  and  r.  ' 
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The  formula  shown  by  the  broken  line  on  Plate  E  is  as 
follows,  for  pin-end  solid  wroughUiron  columns: 


/>  =  32,000—   80 


/ 


p  =  32.000- 2772 


(12) 


Eq.  (i 2)  is  to  be  used  only  between  the  limits  of  /  -5-  r = 20 
and  /-^r  =  22o,  or  l-i-d  =  6  and  l-^d=6$. 

Table  XI. 
THREE-INCH  SQUARE  SOLID  COLUMNS. 


Pin  Diameter, 
Inches. 

Length,  Inches. 

/ 
d' 

r 

Ultimate 

Resistance,  Lbs. 

per  Sq.  In. 

120 

40 

139 

16,285 

I* 

120 

40 

139 

18,335 

1* 

120 

40 

139 

20,430 

Ij 

120 

40 

139 

21.440 

H 

120 

40 

139 

22,250 

The  ** flat-end**  and  **one  pin- and  one  flat-end*'  results 
in  Table  X  are  both  interesting  and  important — as  showing 
that  the  resistance  of  the  latter  end  condition  is  essentially 
a  mean  between  those  for  pin  and  flat  ends. 

Table  XI,  taken  from  the  same  source  as  Table  X,  also 
possesses  no  little  importance  as  showing  the  influence  of 
pin  diameter.  An  increase  of  f  inch  in  pin  diameter  below 
i^  inches  increases  the  column  resistance  over  2000^  pounds 
per  sq.  in.  Above  that  limit  the  increment  of  resistance 
for  the  same  increase  in  pin  diameter  is  continually  less, 
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although  ver\^  material.  As  a  general  principle,  it  may  be 
said  that  an  increase  in  [)in  diameter  will  produce  a  corre- 
sponding increase  in  column  resistance. 


Formula'  for  Enginceriuf^  Practice. 

If  the  greatest  allowed  working  stresses  in  columns  be 
taken  at  one  one-fifth  the  ultimate  resistance,  as  is  usual  for 
railway  structures,  the  following  formulae  will  result : 

Flat-end  latticed  channel  columns: 

8000  ,     ^ 

kJ  y  14. 

40000  r' 

Pin-end  latticed  channel  columns: 

8000  ,     . 

p^ -^-  -p' (14) 

1+ —        2 
30000  r' 

Or  ,     ;  ^^  />  =  8soo-28^ (15) 


Eqs.  (13),  (14),  and  (15)  should  be  used  only  between 
the  limits  of  /-^r  =  4o  and  /^r=  140;  and  eq.  (13)  is  given 
only  as  a  formula  which  is  quite  generally  used  among 
engineers,  but  which  as  yet  has  no  foundation  on  a  series 
of  tests  of  full-size  columns;  it  gives  results  which  are 
probably  too  high. 

Flat-  and  fixed-end  iron  angles  and  tees: 

I 
/?  =  88oo-28- (16) 
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Hinged-end  iron  angles  and  tees: 

I  ,     , 

/>  =  920o-3S- (17) 

Eqs.   (16)  and  (17)  are  to  be  used  only  between  the 
limits  of  /  -^  r  =  40  and  /  -^  r  =  200. 

Flat-end  iron  channels  attd  I  beams: 

/?  =  8000  — 22- (18) 

Eq.  ( 1 8)  is  to  be  used  only  between  the  limits  of  /  -s-  r  =  20 
and  /-^r  =  240. 

Pin-end  solid  wrought-iron  square  columns: 


J 
/>  =  6400— 16- 

/ 
/>  =  640o-55;t 


(19) 


Eq.  (19)  is  to  be  used  only  between  the  limits  of  /  ^r  =  20 
and  /-^r  =  22o,  or  l-^d=^6  and  /-?-rf  =  65. 
Flat-end  mild-steel  angles: 

I 
/?  =  10,400 -36- (20) 

Flat-end  high-steel  angles: 

/>  =  15,200- 58- (21) 

Eqs.  (20)  and  (21)  are  to  be  used  only  between  the 
limits  of  /  -J- r  =  40  and  /  -^  r  =  200. 

For  columns  with  one  flat  and  one  pin  end,  in  all  cases  use 
a  mean  of  two  pin  ends  and  two  -fiat  ends. 
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For  hinged-end  angles  of  steel,  in  the  absence  of  experi- 
mental data,  the  proper  reduction  from  fiat-end  angles  of  the 
same  material  may  be  assumed  to  be  the  same  percentage 
or  ratio  as  that  between  flat-  and  hinged-end  iron  angle 

/ 
coltunns  with  an  equal  value  of  -  . 

It  is  important  to  observe  that  the  new  form  of  column 
formula  (eqs.  (15)  to  (21)  inclusive)  is  better  adapted  to 
forms  of  section  in  which  the  metal  is  near  the  neutral 
axis  than  to  those  in  which  the  metal  is  placed  at  the 
greatest  possible  distance  from  that  axis.  It  is  yet  a 
question  whether  the  old  Tredgold  form  (eqs.  (13)  and  (14)) 
is  not  the  best  for  channel  columns  and  those  of  similar 
section.  The  new  form,  on  the  other  hand,  is  much  the  best 
for  angles,  tees,  I  beams,  solid  sections,  etc.  No  formula, 
however,  which  can  be  devised,  is  to  be  compared  in  value 
with  the  experimental  diagram,  like  Plates  A  to  E. 

Steel  Latticed  Channel  Columns, 

Although  some  interesting  tests  of  full-size  pin-end  chan- 
nel columns  of  Bessemer  steel  have  been  published  by  Mr. 
James  Dagron  in  the  **  Trans,  of  the  Am.  Soc.  of  C.  E.  for 

1887,"  yet  the  number  was  only  8,  and  the  range  of  -  too 

limited  for  the  deduction  of  any  law  or  formula,  had  the 
design  of  the  columns  been  satisfactory.  Again,  it  is  not 
stated  whether  the  rivet  holes  were  drilled  or  punched, 
or  punched  and  reamed,  while  the  resistance  of  the  columns 
would  probably  be  materially  affected  by  those  processes. 
Tests  of  full-size  steel  latticed  columns  are  therefore  still 
needed  in  order  positively  to  fix  their  resistance. 

Such  tests  as  have  been  made,  however,  indicate  that 
properly  designed  and  fabricated  steel  columns,  of  metal 
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ranging  in  tensile  strength,  in  specimens,  from  65,000  to 
73.000  pounds  per  sq.  in.,  will  give  a  resistance  from  20  to 
25  per  cent,  in  excess  of  that  of  wrought-iron  columns  with 

/ 
the  same  value  of  ~,  provided  that  ratio  does  not  exceed 

135  to  140.  The  working  stresses  for  such  columns,  there- 
fore, can  be  found  by  increasing  those  given  for  wrought 
iron  20  per  cent,  for  ordinary  railway  practice  and  usual 
lengths  of  span,  or  25  per  cent,  for  spans  of,  say,  300  feet  and 
over. 

Details  of  Columns. 

In  addition  to  the  data  already  given  in  another  portion 
of  this  article,  the  tests  cited  in  this  addendum  show  that 
the  unsupported  width  of  no  plate  in  a  compression  member 
should  exceed  30  to  35  times  its  thickness.  These  tests  have 
usually  been  made  with  plates  or  metal  }  to  ^  inch  in  thick- 
ness, and  it  is  altogether  probable  that  the  above  ratio 
of  width  over  thickr.ess  would  be  increased  with  greater 
thicknesses. 

In  built  columns,  however,  the  transverse  distance  between 
centre  lines  of  rivets  securiyig  plates  to  angles  or  channels,  etc., 
should  not  exceed  35  times  the  plate  thickness.  If  this  width 
is  exceeded,  longitudinal  •buckling  of  the  plate  takes  place, 
and  the  column  ceases  to  fail  as  a  whole,  but  yields  in  detail. 

The  same  tests  show  that  the  thickness  of  the  leg  of  an 
angle  to  which  latticing  is  riveted  should  not  be  less  than  \  of 
the  length  of  that  leg  or  side,  if  t^  ^  column  is  purely  and 
wholly  a  compression  member.  The  above  limit  may  be 
passed  somewhat  in  stiff  ties  and  compression  members 
designed  to  carry  transverse  loads. 

The  panel  points  of  latticing  should  not  be  separated  by  a 
greater  distance  tlian  60  limes  the  thickness  of  the  angle  leg  to 
which  the  latticing  is  riveted,  if  the  column  is  wholly  a  com- 
pression member. 
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The  rivet  pitch  should  itever  exceed  i6  times  the  thickness 
of  the  outside  thinnest  metal  pierced  by  the  rivet,  and  if  the  plates 
are  very  thick  it  should  never  nearlp  equal  that  value. 
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In  actual  design  it  is  necessary  not  only  to  make  appli- 
cation of  the  preceding  formula?  for  ultimate  resistance  of 
columns,  but  also  to  proportion  a  considerable  number  of 
details  as  matters  largely- of  judgment  and  experience.  If 
the  column,  like  the  section  shown  as  the  latticed  channel 
or  latticed  upper  chord  in  the  preceding  article,  has  two 
open  sides  as  in  the  former  or  one  open  side  as  in  the  latter 
latticed,  i.e.,  has  small  bars  of  iron  running  diagonally 
across  those  open  sides  in  order  to  hold  the  parts  of  the 
column  in  their  proper  relative  positions,  those  lattice 
bars  vary  in  size  with  the  size  of  column.  While  the  dimen- 
sions vary  somewhat  among  engineers,  the  following  table, 
which  has  been  largely  used,  illustrates  effectively  sizes 
that  may  properly  be  employed. 


n 


(o 


For 


6 

7 
8 

9 

lO 

II 

12 

13 

14 

15 

i6 

i8 
19-23 
24-29 

30 


inch  rolled  or  built  channels i}"XtV 

"        "  "  "  "  ij   XtV 

"        "  "  "  "  iJ    XtV 

"  "  "  "  i}and  2     XI 

"        "  "  "  "  I?    "     2     Xi 

"  *•  "  "  2     X} 

"      "  "  "  "  2    xi 

"      "  "  "  "  2\  Xi 

"  "  "  "  2\     XI 

"      "  "  "  "  2j  xj 

"      "  "  "  "  2i  Xi 

"      "  "  "  "  2i  Xi 


.2i   Xi 

.3    X4 


'^for 


^»- 

6 

a 

ij". 

i" 

If   . 

-li 

2 

li 

2j    . 

•ij 
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These  bars  or  lattices  may  be  used  in  single  s\'stem,  in 
which  case  each  one  should  make  an  angle  of  about  60*^  with 
the  centre  line  of  the  side  of  the  column  on  which  they  are 
placed.  If  they  are  used  in  double  system  each  pair  of 
bars  will  intersect  at  their  mid-points,  and  in  this  case  the 
bars  may  make  angles  of  45°  with  the  centre  line  of  the  side 
of  the  column  on  which  they  are  employed.  In  the  case 
of  double  latticing  the  intersecting  pairs  of  bars  are  riveted 
at  their  intersections.  Lattice  bars  arc  held  at  their  ends 
by  one  rivet  or  by  two  rivets  according  to  the  size  of  the 
column^  as  shown  in  the  next  table. 

Figs.  I,  2,  and  3  illustrate  different  modes  of  riveting 
the  ends  of  lattice  bars.     The  size  and  number  of  rivets 


000  P.OjOjO  o 


^^. i 


ooooooooy^ 


i3 


Fig.  I. 


Fig.  2.  Fig.  3. 

will  obviously  depend  upon  the  size  of  the  lattice  bars 
employed  and  to  some  extent  upon  the  manner  in  which 
their  ends  are  held. 

The  following  table  has  been  used  in  actual  structural 
practice  and  exhibits  good  practice  in  the  design  of  single 
latticing.  It  is  based  on  the  supposition  that  the  lattice 
bars  are  flats.     In  very  large  columns  or  in  some  exposed 
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situations  it  is  necessary  to  use  steel  angles  for  latticing, 
the  ends  of  which  must  be  secured  by  rivets  proportionate 
in  number  and  diameter  to  the  size  of  angle. 


Size  of  Lattice. 

Rivets:   Ntimber 
and  Stse. 

Number  of  Rivets 
at  lattice  Point. 

Limiting  Lc..nh  of 

Lattice  Centre  t  j  Centra 

of  Inner  Rivets. 

liXAt^ndJ 

I... 

" 

I 

13  inches 

2XA 

I . .  . 

I 

16      " 

2X,', 
2X\ 

I . .  . 

■ 

I 

10      " 

I .  •  . 

I 

23      " 

2Xi 

I . .  . 

• 

I 

16      " 

siXS 

2*X| 

I .  •  . 

I  or  2 

20      " 

I.  .*. 

' 

I    "    2 

15      " 

2iXA 

2iXl\ 

I    "    2 

20      " 

I    "    2 

17      " 

2jXi 

I . .  . 

I    "    2 

26      " 

aJX} 

I . .  . 

I    *'    2 

24      " 

2iXi 

• 

4 

15      " 

3X8 

I  or  2 

18      " 

3X2 

J 

I    "    2 

16      " 

?Xi 

4 

9     " 

^'iV 

I . .  . 

I  or  2 

25      " 

;tV 

{ 

I    "    2 

22      ** 

3Xt'. 

4 

15      " 

3XJ 

1.  .  ■ 

I  or  2 

32      " 

3Xi 

2 

I    "    2 

29     " 

3Xi 

. 

4 

21      " 

3Xi 

4 

11      " 

4XiV 

I. .  . 

I  or  2 

28      " 

4XiV 

2.  .  . 

■ 

4 

22      " 

4XiV 

2.  .  . 

4 

15      " 

At  each  end  of  the  open  or  latticed  sides  of  the  column 
iire  placed  batten  plates  which  limit  the  latticing.  The 
width  of  these  batten  plates  is  determined  evidently  by  the 
wddth  of  the  column,  but  the  lengths  vary  somewhat  under 
different  specifications.  A  good  and  convenient  rule  is 
to  make  the  length  of  a  batten  plate  at  least  equal  to 
its  width.  The  thickness  of  a  batten  plate  will  depend 
upon  the  size  of  column ;  it  is  seldom  made  less  than  J  in. 
and  usually  not  more  than  f  in.  for  large  columns.  The 
size  of  rivet  will  also  depend  upon  the  size  of  columns. 
Rivets  less  than  |  in.  in  diameter  are  seldom  used  in  railroad 
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work  and  rarely  more  than  i  in.,  the  prevailing  diameter 
being  |  in. 

One  of  the  most  important  details  of  a  column  is  the 
jaw  or  extension  of  one  side  at  the  end.  The  two  jaws 
contain  the  pin  holes  through  which  are  transferred  to  the 
pin  the  total  load  carried  by  the  column.  These  jaws  or 
extensions  are  formed  so  as  to  fit  in  between  the  parts  of 
intersecting  members,  usually  the  upper  or  lower  chords 
and  eye-bars.  It  is,  therefore,  imperative  to  make  them 
as  thin  as  the  bearing  upon  the  pins  and  the  carrying 
capacity  of  the  jaws  themselves  acting  as  short  columns 
will  permit.     Figs.  4,   5,  6,  and  7  exhibit  some  types  of 


Fig.  4. 

these  post  jaws  as  they  commonly  occur.  As  the  figures 
show,  they  are  formed  by  cutting  away  the  flanges  of  the 
angles  or  channels  forming  parts  of  the  posts  and  riveting 
on  the  pin  or  thickening  plates  required  to  strengthen 
the  detail.  The  jaws  form  short  columns  whose  lengths 
should  be  taken  from  the  centre  of  the  pin  hole  to  the  last 
-centre  line  of  rivets  in  the  body  of  the  column  back  of  the 
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cut  in  the  angle  or  in  the  flange  of  the  channel.     This 
length  indicated  by  /  is  shown  in  each  of  the  figures. 
There  have  been  but  few  tests  made  to  determine  the 
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resisting  capacities  of  this  particular  detail,  but  those  which 
have  been  made  form  the  basis  of  the  following  formula 
for  medium  steel  columns.     Obviously  there  will  usually 
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be  at  least  two  jaws  at  the  end  of  each  column.  The  width 
of  the  side  of  the  column  will  be  represented  by  6,  as  shown 
in  Figs.  4  and  6,  and  t  will  represent  the  total  thickness  of 
metal  whose  width  is  6,  also  as  indicated  in  the  same  figures. 
If  P  represents  the  total  load  on  one  jaw  of  the  post,  usually 
one  half  the  total  load  carried  by  the  post  or  colimin, 
the  average  working  intensity  of  pressure  on  the  section  of 
metal  bt  may  be  written 

P  I 

^^  =  8ooo-3ooy (i) 

The  thickness  t  of  metal  is  usually  the  quantity  desired, 
and  eq.  (i)  gives 

P         I 

+  7Z (2) 


80006     27 

In  these  equations  P  should  be  taken  in  pounds,  with 
6,  t,  and  /  in  inches. 

Eq.  (2)  has  been  used  to  a  considerable  extent  in  the 
design  of  steel  railroad  bridges,  and  it  is  probably  as  reason- 
able and  safe  a  value  of  the  thickness  t  as  can  be  written 
with  the  experimental  data  and  experience  now  available. 
It  is  applicable  to  steel  with  ultimate  tensile  resistance 
running  from  60,000  to  68,000  pounds  per  square  inch. 
For  higher  steel  or  for  highway  bridges,  or  for  other  struc- 
tures where  less  margin  of  safety  may  be  justifiable,  the 
value  of  t  may  be  made  correspondingly  less  than  that 
given  in  eq.  (2). 

Prob.  I.  It  is  required  to  design  a  mild-steel  pin-end 
coltmm  45  feet  long  between  centres  of  pins  to  carry  a  load 
of  232,000  poxmds.  The  column  formula  to  be  used  is 
essentially  that  given  as  eq.  (20)  of  Art.  60: 

/>  =  10,000 -40- (3) 
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This  equation  gives  the  greatest  mean  intensity  allowed 
on  the  column,  so  that  p  multiplied  by  the  area  of  cross- 
section   to   be   determined   miist   be 
equal  or  nearly  equal  to  232,000. 

The  least  diameter  or  width  of  a 
built  column  should  not  exceed  about 
one  thirty-fifth  of  its  length,  except 
where  posts  or  columns  are  used  as 
lateral  members,  when  the  length  may 
reach  as  much  as  40  times  the  least 
diameter  or  width  of  cross-section. 
In  this  case  the  colimin  is  to  be  built  of  two  plates  and 
four  angles,  as  shown  in  Fig.  8,  and  the  width  of  plate 
FG  must,  therefore,  not  be  less  than  about  16  inches.  A 
width  of  18  inches  will  make  a  well-proportioned  column 
and  that  dimension  will  be  assumed.  The  separation  of 
the  plates  is  preferably  made  such  that  the  moment  of 
inertia  of  the  section  about  the  axis  AB  will  be  a  little  larger 
than  the  moment  about  the  axis  CD.  The  pin  will  pierce 
the  two  plates  so  that  its  axis  will  be  parallel  to  CD.  Under 
these  conditions,  if  the  column  is  designed  so  as  to  be  strong 
enough  with  the  moment  of  inertia  of  section  taken  about 
CD,  it  will  be  still  stronger  in  reference  to  the  axis  AB,  and 
no  further  attention  need  be  given  to  possible  failure  about 
the  latter  axis. 

If  columns  of  this  type  are  proportioned  in  the  general 
manner  indicated,  the  radius  of  gyration  of  the  section 
about  the  axis  CD  will  be  approximately  .35  of  the  width. 
In  this  case  that  trial  radius  will,  therefore,  equal  6.3 
inches.  Hence,  inserting  the  values  of  ^  =  540  inches  and 
r=6.3  inches  in  eq.  (3),  there  will  result  ^  =  6572  pounds 
per  square  inch.  The  total  area  of  section  required, 
therefore,  will  be  closely  232,000 -^ 6572  =35.3  sq.  ins.  The 
distribution  of  this  metal  between  the  plates  and  angles  is 
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largely  a  matter  of  judgment.     Let  there  be  assumed 

Two    i8"Xf"  piates «22.5  sq.  ins. 

Four  3  J"  X  3  J"  X  1 1  -pound  angles. ...... 1 3      "     " 

Total *35 . 5  sq.  ins. 

This  is  a  tentative  composition  of  section  which  must  be 
tested  by  eq.  (3)  to  determine  whether  it  is  as  nearly 
accurate  as  it  should  be.  In  order  to  do  this,  the  moments 
of  inertia  of  the  section,  as  indicated,  must  be  taken  about 
the  two  axes  AB  and  CD. 

Moment  op  Inertia  about  CD: 

Two    i8"xr  plates. -aXixS' -  607.50 

Four  3i"X  3i"X  i  i-lb  angles  about  own  axis «  14 .  20 

Four   3i"X 3i"X  I  i-lb.angles  about  CZ?«4X3-25X (7.99)''=  829.92 

Moment  of  inertia -« 1451 .62 

Moment  op  Inertia  about  ABi 

Two    i8"Xf "  plates  about  own  axis 2X — ^^  •«  .74 

Two    i8"Xf"  plates  about  AB 2X1 1.25 X(6.o6)»*-  758.70 

Four   3j"X  3i"X  i  i-lb.  angles  about  own  axis —     14 .  20 

Four   3}"X3i"Xii-lb.anglesaboutylB-=4X3.25X(7.38)'«  708.38 
Moment  of  inertia «=  1482 .02 

These  computations  show,  first,  that  the  moment  of 
inertia  about  AB  is  a.  little  larger  than  that  about  CDy 
which  is  as  it  should  be.  They  also  show  that  the  radius  of 
gyration  r  is  6.39  inches.  .  The  approximate  rule  gives  r«= 
6.3  inches.  These  two  values  are  sufficiently  near  to  accept 
the  former.  The  trial  composition  of  section  may,  there- 
fore, be  considered  satisfactory  and  final.  The  thickness 
of  the  side  plates,  .625  inch,  is  sufficient  to  insure  no  buckling 
in  the  tmsupported  width  between  rivets.  Similarly  the 
length  of  leg  of  the  3^-inch  angles  is  also  far  within  safe  or 
proper  limits.  All  features  of  the  cross-section  are,  there- 
fore, so  arranged  as  to  meet  all  the  requirements  of  suitable 
resistance  in  detail. 
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The  details  of  the  ends  of  the  columns  where  they  are 
formed  into  jaws,  as  shown  by  Figs.  9  and  10,  still  remain 


Fig.  9. 


Fig.  10. 


to  be  designed.  The  diameter  of  pin  will  be  taken  at  7 
inches,  as  shown  in  Fig.  9.  The  permissible  intensities 
of  shearing  and  of  the  bearing  on  the  walls  of  rivet  and  pin 
holes  will  be  taken  as  follows  : 

Shearing  on  rivets  =  9000  pounds  per  sq.  in. 
Bearing  on  rivets  and  pins  =  16,000  poimds  per  sq.  in. 

The  total  thickness  of  metal  in  the  two  post  jaws  will, 
therefore,  be 

232000 


Thickness  of  metal  = 


7X16000 


=  2.1  inches. 


The  thickness  of  metal  in  each  jaw  must  therefore  be 
at  least  it^  inches.  Inasmuch  as  the  thickness  of  side 
plates  of  the  column  is  |  inch,  the  pin  plates  to  be  riveted  to 
the  side  plates  must  be  at  least  tV  inch  thick  to  supply  the 
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proper  bearing  surface  for  the  pin ;  but  that  thickness  must 
be  decided  by  the  formula  for  the  jaws,  eq.  (2).  In  that 
equation,  P  =  116,000  pounds,  while  6  =  18  inches  and  /, 
from  Fig.  9,  is  9  inches.  Making  these  substitutions  in  eq. 
(2), 

^  =  1.13  inches. 

In  order  to  meet  the  requirements  of  the  post-jaw  for- 
mula, therefore,  the  pin  plate  must  be  at  least  J  inch 
thick.  It  is  essential  however  to  make  these  details 
specially  stiff  and  strong  and  the  thickness  will,  therefore, 
be  taken  at  tV  inch,  as  shown  in  Fig.  9. 

The  number  of  rivets  required  above  the  pin  hole 
would  ordinarily  be  computed  for  the  thickness  of  plate 
required  for  bearing  on  the  pin,  i^.,  with  the  thickness  of 
pin  plate  of  t^  inch.  Assuming  that  thickness  for  this 
purpose,  the  rivets  being  taken  I  inch  in  diameter,  the 
bearing  value  of  a  single  rivet  will  be 

JXTVXi6,ooo-6i25lbs. 

The  single  shear  of  one  J-inch  rivet  al  9000  pounds  per 
square  inch  has  a  value  of  5412  poimds  which  is  less  than 
the  bearing  value;  the  former  will,  therefore,  decide  the 
number  of  rivets  required.  The  bearing  value  of  the  |-inch 
side  plate  on  the  pin  is  8 XfX  16,000  =80,000  pounds. 
Hence  the  number  of  rivets  required  in  the  pin  plate  on 
each  side  of  the  column  will  be 

1 1 6000  — 80000 

=  seven  nvets  (nearly). 

5412  ^^ 

These  seven  rivets  must  be  found  above  the  pin.  That 
number,  however,  is  far  too  small  for  the  pin  plate  acting 
as  a  part  of  the  jaw,  and  it  will  be  judicious  to  make  the 
total  number  of  rivets  above  the  pin  12,  as  shown  in  Fig.  9. 
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The  jaw  plates  will  extend  5  inches  beyond  the  pin,  as. 
shown.  The  two  batten  plates  abo\e  which  the  latticing 
begins  will  each  be  taken  ^  inch  thick,  and  they  will  be 
placed  as  shown  in  both  Figs.  9  and  10. 

It  is  assumed  that  the  ends  of  the  column  are  to  fit 
into  or  between  other  members  of  the  truss,  so  as  to  require 
cutting  away  the  legs  of  the  steel  angles,  as  shown,  as  this 
is  a  common  requirement. 

The  length  of  a  batten  plate  should  not  be  less  than 
its  width.  In  the  present  instance  the  width  of  batten  will 
be  19.75  inches;  the  length  will,  therefore,  be  taken  as 
20  inches. 

As  indicated  in  the  tabular  statement  at  the  beginning 
of  this  article,  the  lattice  bars,  fully  shown  in  Fig.  10,  will 
be  2iX  3  inches,  and  the  latticing  will  be  taken  as  double, 
although  this  is  not  always  done  for  the  size  of  column  in 
this  particular  instance.  The  lattice  bars  will  be  riveted 
at  their  intersections  also  as  shown  in  Fig.  10.  The  length 
of  lattice  bar  between  rivets  will  be  about  11  inches,  as 
the  angle  made  by  each  lattice  bar  with  the  side  of  the 
column  will  be  about  45  degrees.  A  single  |-inch  rivet, 
therefore,  at  the  end  of  each  bar  will  be  sufficient,  as  shown 
by  the  second  table  of  this  article.  .At  each  panel  point 
of  latticing  a  single  J-inch  rivet  will  hold  the  ends  of  both 
lattice  bars. 

The  complete  bill  of  material  for  the  entire  column  will 
be  as  follows: 

Four  3j"X3i"Xii-lb.  angles,  46.42  ft.  long.  .  185.7X11*2,043 lbs. 

Two    i8"Xi"  plates,  46.42  ft.  long 93 X 38. 25 «« 3,557   " 

Four   27"X  I i"XtV' plates 9X21-    189  " 

Four   2o"X2o"Xi"  battens 6JX34-    227   " 

240  lin.  ft.  of  2i"X  i"  latticing 240X 3 •  ^9 ■=    766  " 

1060  i"  rivets 10.6X54-    572  " 

Total  weight  of  one  column =7,354  tt>Sw 
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Prob.  2.  Let  it  be  required  to  design  a  mild-steel 
column  with  pin  ends,  36  feet  long  between  centres  of  pins, 
to  cany  a  load  of  225,500  pounds.  It  is  supposed  that 
the  coltmin  is  a  member  of  a  railroad  bridge,  so  that  the 
load  given  includes  a  full  allowance  for  impact.  Gordon's 
formula  in  the  form  employed  in  the  American  Bridge 
Company's  specification  will  be  used: 

17000 


I 


i  +  - 

In  this  formula  p  is  the  greatest  mean  intensity  of 
working  pressure  allowed  on  the  section  of  the  coltmin,  /the 
length  between  centres  of  pins  in  inches, 
and  r  the  radius  of  gyration  of  the  j 

column  section  in  inches.     As  the  length    f    '^ 
of  the  colunm  is  but  36  ft.  =432  inches     i 
two    rolled    15-inch   channels  latticed    7-^ 
may  be  taken  as  the  principal  parts,  as     j 
shown  in  Fig.  11.     By  turning  to  the   -*— -^ 
tables  at  the  end  of  the  book,  it.  will  be  p,  ^ 

found  that  the  radius  of  gyration  of  a 
15-inch  channel  about  the  axis  AB  varies  from  about  5.6 
inches  to  nearly  5.2  inches.     The  larger  of  the  two  values 
will  be  tentatively   employed.      Substituting  /  =  432   and 
r«5.6  in  the  above  formula  for  /?, 

p  =  ii ,000  pounds  per  sq.  in. 

Hence  the  total  area  required  is 

225500 

—  =20.5  sq.  ms. 

1 1000  *^    ^ 

The  table  of  steel  channels  at  the  end  of  the  book  shows 
that  the  combined  area  of  two  15-inch  35-pound  channels 
is  20.58  sq.  in.,  and  they  will  be  accepted  as  correct.     The 
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same  table  gives  the  raditis  of  gyration  r  about  the  axis 
AB,  Fig.  II,  as  5.57  inches,  which  is  essentially  equal  to  the 
trial  value  5.6  inches. 

As  shown  in  Prob.  i,  it  is  desirable  to  have  the  moment 
of  inertia  of  the  section  about  AB,  Fig.  11,  a  little  less  than 
that  about  CD,  the  former  (AB)  being  parallel  to  the  axis 
of  the  pin.  Let  the  separation  of  the  channels  be  made 
10  inches  in  the  clear.  By  using  the  values  of  the  table, 
the  moments  of  inertia  about  the  two  axes  may  be  written: 

About  Axis  AB: 
Moment  of  inertia —  3 20X2"- 640. 

Hence  ^' "20^58 "■^'•°^'    .'.  »'-5.57  inflw 

About  Axis  CD: 
Moment  of  two  channel  sections  each  about  axis  parallel  to 

CZ>  and  through  centre  of  gravity 2X8.48-  16.96 

2X  10.29X5^' -689.84 

Moment  of  inertia —706.80 
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Fig.  12.  Fig.  13. 

These  results  are  all  satisfactory  and  show  that  no 
revision  of  the  section  as  given  in  Fig.  11  is  needed. 

The  end  details  and  latticing  shown  in  Figs.  12  and  13 
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remain   to   be   considered.     The   following   data   will   be 
required  : 

Thickness  of  channel  web ""  -43  inch. 

Allowed  shearing  on  rivets  and  pins — 10,000  lbs.  per  sq.  in« 

Allowed  bearing  on  rivets  and  pins =-  20,000  lbs.  per  sq.  in. 

Diameter  of  rivets *«  J  inch. 

Diameter  of  pin —6  inches. 

Value  of  one  {-inch  rivet  in  single  shear =-6,013  lbs. 

Bearing  of  pin  on  channel  web «6X  .43  X  20,000 

«5i,6oolbs. 

Bearing  to  be  carried  by  pin  plate  — ^^^^^  —51,600—61,150  lbs. 

Thickness  of  pin  plate —  ^^/'    —  —.51  inch. 

'^     '^  6X20000     ^ 

Bearing  value  of  one  {-inch  rivet  on  }-inch  plate  — 

iXJX 20,000-  8,750 lbs. 

Hence  one  pin  plate  needs  —y^—  =*ten  {-inch  rivets. 

It  is  assumed  that  the  ends  of  the  column  must  be 
fornied  into  the  jaws  shown  in  Figs.  12  and  13.  As  indi- 
cated in  Fig.  12  the  mean  or  effective  length  of  the  jaw  is 
12  inches.  The  load  carried  by  one  jaw  is  112,750  pounds; 
hence  the  thickness  of  that  jaw  is  by  eq.  (2) 

II275O  ,12  I,         .  i        ,  ,       V 

The  thickness  of  the  jaw  or  pin  plate  to  be  riveted  to 
the  jaw  must  therefore  be  iiV- -43=11  inch.  In  order 
that  these  plates  may  be  firmly  made  a  solid  extension  of 
the  post  or  column  they  should  be  riveted  to  the  webs  of 
the  channels  with  the  rivets  shown  in  Fig.  12.  The  proper 
design  of  the  jaw,  therefore,  requires  a  much  longer  and 
thicker  plate  and  more  rivets  than  the  simple  consideration 
of  the  pin  and  rivet  bearing  and  shearing. 

The  width  of  channel  flange  is  3.43  inches,  hence  the 
total  width  of  column  over  these  flanges,  as  shown  in  Fig. 
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13,  is  16 J  inches.  Each  batten  plate  is  therefore  taken  as 
17  inches  by  18  inches. 

The  length  of  each  lattice  bar  of  the  single,  30-degree 
latticing  will  be  about  16  inches  between  centres  of  rivets 
at  their  ends.  Lattice  bars  2^  inches  by  f  inch  in  section 
will,  therefore,  be  used. 

The  complete  bill  of  material  for  one  colimin  will  then  be 

Two  15"  35-lb.  channels  374  ft.  long 2X  35X 37* - 2,602  lbs. 

Four         i3"X3o"X it"  plates ioX4».44     -    4^5    " 

Four         i7''Xi8"Xi"plates j 6X28.9       -    173    " 

Forty-six  2j"X|"X  19"  bars 72X   3.«9     -    230   " 

Two  hundred  and  twenty-five  J"  rivets 2iX  54  -    122   " 

Total  weight  of  one  column —  3,542  lbs. 

Art.  62.— Cast-iron  Columns. 

Cast  iron  was  the  earliest  form  in  which  the  metal 
iron  was  used  for  coltmins,  and  it  is  natural,  therefore, 
that  the  first  long-column  formulae  for  cast  iron  should  have 
been  among  the  earliest  for  that  class  of  members.  The 
first  experimenter  was  Eton  Hodgkinson,  who  published 
the  results  of  his  tests  on  small  cast-iron  columns,  the 
greatest  length  of  which  was  but  60.5  inches,  in  the  **  Philo- 
sophical Transactions  of  the  Royal  Society  of  London  for 
1840."  He  not  only  recognized  the  round-  and  fixed-end 
conditions,  but  he  also  made  the  distinction  between  long 
columns  and  short  blocks,  the  length  of  the  latter  being 
from  4  to  5  times  the  diameter  or  least  cross-section  dimen- 
sion. If  d  be  the  diameter  of  the  column  in  inches  and  / 
the  length  in  feet,  and  in  the  case  of  hollow  round  columns 
if  D  be  the  exterior  diameter  in  inches  and  d  the  interior 
diameter  in  the  same  unit,  while  P  is  the  total  or  ultimate 
load  in  pounds  on  the  column,  Hodgkinson  established 
the  following  formulae  for  long  cast-iron  columns: 
^3.76 
P  =  33»379777  ;  (fo^"  rounded  ends).      .     .     .     (i) 
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P  =  98,92 2-T77^;  (for  fixed  ends) (2) 

For  hollow  cylindrical  columns  of  cast  iron 

253.76  _J3.76 

P  =  29, 1 20 ^7^ ;  (for  rounded  ends) .     .     (3) 

/)3SS_  JjSS 

P  =  99,320    -  ^--     - ;  (for  fixed  ends) ...     (4) 

The  working  or  maximum  load  allowed  in  any  design 
of  cast-iron  columns  would  be  fotmd  by  taking  one  fifth  to 
one  eighth  of  the  values  given  in  eqs.  (i)  to  (4)  inclusive. 
It  will  be  observed  that  Hodgkinson*s  formulae  expressed 
in  the  preceding  equations  are  simply  Euler*s  formula* 
as  given  in  eqs.  (6)  and  (9)  of  Art.  24.  with  the  introduction 
of  an  empirical  coefficient  and  with  the  indices  of  d  and  / 
changed  to  harmonize  with  the  experimental  results. 

As  Hodgkinson's  experiments  were  made  on  very 
small  columns  of  different  metal  from  that  used  in  cast- 
iron  columns  of  the  present  day,  his  formulae  cannot  Siifely 
be  used  for  practical  purposes  at  the  present  time 

A  correct  formula  for  cast-iron  columns  must  be  based 
upon  tests  of  full-size  columns  cast  with  the  metal  ordi- 
narily employed  in  structural  practice.  Such  tests  have 
been  made  at  the  U.  S.  Arsenal  at  Watertown,  Mass..  and 
will  be  found  reported  in  H.  R.  Ex.  Doc.  No.  45,  50th  Con- 
gress, 2d  Session,  and  in  H.  R.  Ex.  Doc.  No.  16,  50th 
Congress,  ist  Session.  A  valuable  series  of  tests  was  also 
made  at  Phoenixville,  Pa.,  at  the  works  of  the  Phoenix 
Bridge  Co.,  under  the  auspices  of  the  Department  of 
Buildings  of  New  York  City  in  1896-97.  Although  the 
entire  series,  including  both  the  tests  at  Watertown  and 
Phoenixville,  do  not  cover  the  variety  of  sectional  forms 
and  range  of  ratio  of  length   to  diameter  that  could  be 
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desired,  the  results  are  sufficiently  extended  to  show  closely 
what  may  be  considered  the  proper  ultimate  values  for 
hollow  round  cast-iron  columns  of  full  size. 

Table  I. 


Diameter 

in  Inches. 

Area  of 

Length 

Ultimate 

No. 

Length  in 
Inches. 

Large  End. 

Small  End. 

Section 

in 
Square 
Inches. 

Exterior 'i«Po"n<i« 
Diameter  Per^S^uare 

Ext. 

Int. 

Ext. 

Int. 

I 

190.25 

15 

13 

43.98 

12.7 

30.830 

2 

<i 

15 

12.75 

49.03 

12.7 

27.126 

3 

tt 

15, 

12.75 

49  03 

12.7 

•   24.434 

4 

<« 

I5i 

12.75 

49.48 

12.7 

25,182 

5 

<< 

15 

12.66 

50.91 

12.7 

35.435 

6 

" 

15 

12.63 

51.52 

12.7 

40.411* 

7 

160 

8 

6 

21.99 

20 

29,604 

8 

160 

8 

5.91 

22.87 

20 

28,229 

9 

120 

6.06 

3.78 

17.64 

20 

25,805 

10 

120 

6.09 

3.96 

17.37 

20 

26,205 

II 

147.75 

8 

6.5 

17.08 

18.5 

25,973 

12 

J  50 

9 

7 

25.14 

16.7 

21,183 

»3 

162 

12 

10 

34.55 

X3.5 

30.813 

14 

159.75 

14 

12 

40.84 

II. 4 

25,400 

15 

169 

5 

4.54 

3.5 

34 

29.854 

16 

157 

7.17 

4.83 

21.8 

22 

25,470 

17 

157 

6.35 

3.9 

17.28 

25 

27,210 

18 

156 

5.8 

4.03 

13.22 

27 

25,100 

19 

142.6 

7.68 

5.52 

5.94 

4.3 

17.49 

26,7 

29,310 

20 

146.8 

8.01 

5.58 

5.9 

4.35 

18.65 

21.3 

28,520 

21 

150 

6.17 

4.85 

5.09 

3.48 

12.08 

27 

33,500 

22 

X45.5 

6 

4.35 

4.74 

2.73 

12.81 

•37.1 

24,620 

23 

133. 6 

6.02 

4.36 

4.84 

2.88 

12.87 

24.6 

28,060 

24 

129.3 

6.03 

4.35 

4.87 

2.95 

12.87 

23.7 

27,350 

25 

127.6 

7.47 

5.97 

5.72 

4.62 

12.13 

19  3 

46,660 

26 

118. 5 

3.98 

1.96 

2.97 

1.49 

7.16 

34.1 

23,090 

27 

119 

3.98 

1.96 

2.98 

X.47 

7.17 

34-3 

22,040 

28 

118 

3.97 

1.95 

2.99 

1.39 

7..^" 

34-2 

25,060 

29 

84.6 

4.88 

3.03 

4-27 

2.08 

11.25 

18.5 

,    31,190 

1 

*  Not  broken. 

Table  I  shows  the  results  of  all  these  tests,  while  the 
Plate  exhibits  the  same  results  graphically.  The  tests 
Nos.  I  to  10  inclusive  were  made  at  Phoenixville  in  De- 
cember, 1897,  and  Nos.   11  to  14  inclusive  in  1896;    the 
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former  group  under  the  immediate  direction  of  Mr.  W.  W. 
Ewing,  and  the  latter  under  the  immediate  direction 
of  Mr.  Gus  C.  Henning.  The  results  shown  for  tests  15  to 
18  inclusive  were  taken  from  H.  R.  Ex.  Doc.  No.  45,  50th 
Congress,  2d  Session,  but  those  for  Nos.  19  to  29  inclusive 
are  either  taken  or  digested  from  H.  R.  Ex.  Doc.  No.  16, 
50th  Congress,  ist  Session,  being  portions  of  reports  of 
tests  of  metals  and  other  materials  at  the  United  States 
Arsenal,  Watertown,  Mass. 

As  Table  I  shows,  the  columns  Nos.  19  to  29  inclusive 
were  slightly  conical,  although  probably  not  enough  so  to 
affect  appreciably  their  resistances.  The  areas  of  section 
in  square  inches  for  these  columns  were  taken  at  mid- 
distance  between  their  ends.  As  the  area  of  section  varied 
considerably  in  some  columns  that  operation  may  be  a 
source  of  a  little  error  in  determining  the  ultimate  resist- 
ance per  square  inch  from  the  result  of  the  tests,  but  if  the 
error  exists  at  all  it  must  be  very  small.  The  mid-external 
diameter  was  also  taken  for  these  columns  in  determining 
the  ratio  of  the  length  over  the  diameter  shown  in  the 
Table  and  in  the  Plate. 

As  will  be  observ-ed  both  in  the  Table  and  in  the  Plate, 
the  ultimate  resistances  per  square  inch  determined  by 
the  tests  are  quite  variable,  even  for  the  same  ratio  of 
length  over  diameter.  Indeed,  in  a  number  of  cases  they 
are  quite  erratic.  In  Nos.  i  to  6,  for  which  the  ratio  of 
length  over  diameter  was  12.7,  the  ultimate  resistances 
vary  from  a  little  over  24,000  lbs.  per  square  inch  to  over 
40,000  lbs.  per  square  inch  with  no  failure  at  the  latter 
value.  Again,  the  ultimate  resistance  per  square  inch 
for  No.  25,  which  shows  a  ratio  of  length  over  diameter  of 
less  than  20,  is  nearly  47.000  lbs.  per  square  inch,  which  is 
excessively  high  as  compared  with  other  ultimate  resist- 
ances with  the  same  or  less  ratio  of  length  over  diameter. 
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These  erratic  results  are  not  surprising  in  view  of  the 
ordinary  character  of  the  metal.  It  should  be  remembered 
that  the  failures  of  these  columns  are  frequently  recorded 
with  such  ** remarks"  as  the  following:  **Foimdry  dirt  or 
Tioney-comb  between  inner  and  outer  surfaces,'*  **bad 
spots,"  "cinder  pockets  and  blow  holes  near  middle  of 
column,"  **  flaws  and  foundry  dirt  at  point  of  break." 
In  other  words,  it  was  no  imcommon  feature  to  observe  that 
defects,  flaws,  or  blow  holes  or  thin  metal  had  determined 
the  place  of  failure.  There  is  considerable  uncertainty  iil 
platting  the  results  of  tests  affected  by  these  abnormal  con* 
ditions,  but  a  more  or  less  satisfactory  law  for  the  generality 
of  cases  may  be  determined  from  a  graphical  representation 
of  the  results,  as  sh6wn  on  Plate  I.  On  that  Plate  the 
ultimate  resistances  in  pounds  per  square  inch,  as  shown 
in  Table  I,  have  been  platted  as  vertical  ordinates,  while 
the  ratios  of  length  over  diameter  given  in  the  same  Table 
are  represented  by  the  horizontal  abscissas,  all  as  clearly 
shown.  The  full  straight  line  drawn  in  about  a  mean 
position  among  the  results  of  the  tests  probably  represents 
as  near  as  any  that  can  be  found  a  reasonable  law  of  variation 
of  ultimate  resistance  with  the  ratio  of  length  over  diameter. 
It  is  evident  that  within  the  range  of  these  experiments  a 
straight  line  will  represent  the  ultimate  resistances  fully 
as  well  as  any  curve,  if  not  better,  although  the  results  for 
the  lengths  of  thirty-four  times  the  diameter  begin  to 
indicate  a  little  curvature.  The  formula  which  represents 
this  straight  line,  i.e.,  which  gives  the  ultimate  resistance 
per  square  inch,  is  as  follows: 

/?  =  30*500 -1 60^ (5) 

It  is  to  be  borne  in  mind  that  these  coliunns  were  round 
and  hollow,  and  that  they  were  tested  with  flat  ends  in  all 
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cases.  The  ordinary  formtila,  based  upon  Hodgkinson's. 
tests»  and  frequently  used  in  cast-iron  column  construction, 
is  as  follows: 

80000 
Z^-— ^TT^ <^> 

The  curve  corresponding  to  this  particular  form  of 
Tredgold's  formula  is  also  shown  on  the  Plate.  It  will  be 
seen  that  at  the  ratio  of  length  over  diameter  of  10  to  12 
(not  an  uncommon  ratio)  the  ultimate,  as  given  by  this 
formula,  is  just  about  double  that  shown  by  actual  test.  In 
other  words,  if  a  safety  factor  of  5  were  required,  as  is  the  case 
in  some  building  laws,  the  actual  safety  factor  would  be  but 
2  J.  The  curve  represented  by  eq.  (6)  is  seen  to  cross  the  true 
curve  at  a  ratio  of  length  over  diameter  of  about  29.  A 
glance  at  the  Plate  will  show  how  erroneous  and  dangerous 
is  the  use  of  the  usual  formula  for  hollow  roimd  cast-iron 
columns;  indeed,  that  formula  is  grossly  wrong,  both  as  to 
the  law  of  variation  and  the  values  of  ultimate  resistance. 

In  view  of  the  working  resistances,  which  have  been 
used  in  the  design  of  cast-iron  columns,  it  is  no  less  interest- 
ing than  important  to  compare  the  ultimate  resistances  per 
square  inch  of  mild-steel  columns,  as  determined  by  actual 
tests,  with  the  ultimate  resistances  of  cast-iron  columns, 
as  shown  by  the  tests  imder  consideration.  The  broken 
line  of  short  dashes  represents  the  formula 

/?  =  52,000 -180- (7) 

a 

determined  by  actual  tests  of  mild-steel  angles  made  by 
Mr.  James  Christie  at  the  Pencoyd  Bridge  Works,  and 
given  in  Art.  60.  This  line  or  formula  shows  that  the 
ultimate  resistances  per  square  inch  of  mild-steel  columns. 
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are  from  40  to  50%  greater  than  the  corresponding  quanti- 
ties for  cast-iron,  the  same  ratio  of  length  over  diameter 
being  taken  in  each  comparison. 

When  the  erratic  and  unreliable  character  of  cast-iron 
columns  is  considered,  it  is  no  material  exaggeration  to 
state  that  these  tests  show  that  the  working  resistance 
per  square  inch  may  be  taken  twice  as  great  for  mild-steel 
columns  as  for  cast-iron;  indeed,  this  may  be  put  as  a 
reasonably  accurate  statement. 

The  series  of  tests  of  cast-iron  columns  represented  in 
the  Plate  constitute  a  revelation  of  a  not  very  assuring 
character  in  reference  to  cast-iron  columns  now  standing, 
and  which  may  be  loaded  approximately  up  to  specification 
amounts.  They  further  show  that  if  cast-iron  columns 
are  designed  with  anything  like  a  reasonable  and  real  margin 
of  safety  the  amoimt  of  metal  required  dissipates  any 
supposed  economy  over  columns  of  mild  steel. 

If  the  average  working  stress  per  square  inch  is  one 

fourth  of  the  ultimate  resistance,  eq.  (5)  gives 

/ 
/?  =  76oo-40^ (8) 

If  the  working  stress  is  to  be  taken  at  one  fifth  the 
ultimate,  eq.  (5)  gives 

/>  =  6ioo-32^ (9) 

In  these  equations  p  is  the  average  working  intensity 
of  pressure  in  potmds  per  square  inch.  The  length  /  and  the 
exterior  diameter  d  must  be  taken  both  in  the  same  unit, 
ordinarily  the  inch. 

These  formulae  may  be  used  between  the  limits  of  10-7 

/  / 

and  35-7  or  even  40-7.    They  may  also  be  applied  to  hollow 
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rectangular  columns  with  reasonably  close  approximation, 
d  being  taken  as  the  smaller  exterior  side  of  the  rectangular 
cross-section. 

Art.  63. — Timber  Columns. 

Tests  of  this  class  of  members,  the  results  of  which  have 
been  published,  although  of  great  value,  have  not  been 
made  with  sufficiently  large  ratios  of  length  to  radius  of 
gyration  to  produce  true  ** long-column"  failures.  This 
renders  impossible  the  establishment  of  a  long-column 
formula  or  diagram  for  practical  use  in  connection  with 
the  use  of  long  timber  columns. 

Some  valuable  experiments,  however,  have  been  made 
with  full-size  columns  having  lengths  as  great  as  four- 
teen feet.  The  first  results  to  be  given  are  those  of  a 
large  number  of  tests  by  Prof.  Lanza,  of  Boston,  in  which 
he  used  the  United  States  testing  machine  at  Watertown, 
Mass.  These  tests  were  made  during  1881,  on  such  mem- 
bers as  are  commonly  used  in  the  construction  of  cotton 
and  woollen  mills. 

Table  I  contains  the  results  of  Prof.  Lanza's  tests. 
A  large  majority  of  the  columns  had  cores  bored  out  of  the 
centre,  which  varied  in  diameter  from  1.5  to  2.0  inches. 
The  absence  of  material  did  not  affect  in  any  way,  so  far  as 
could  be  observed,  the  resistance  per  square  inch. 

Column  20  had  the  force  applied  2\  inches  out  of  centre 
at  one  end,  and  column  35,  1.9  inches.  These  tests  were 
made  in  order  to  observe  the  effect  of  eccentricity  in  the 
application  of  loads.  They  show  a  marked  decrease  in 
ultimate  resistance. 

Although  the  ends  of  Nos.  39  and  44-51  were  flat,  they 
were  not  parallel. 

All  the  coltimns  Indicated  by  "Round"  were  tapered, 
and  they  almost  invariably  gave  way  by  the  crushing  of 
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Table  I. 

TIMBER  MILL  COLUMNS. 


No 


Porm. 


Diameterin  Inches  at 


Top.      Mid.     Base. 


Section  Area 
in  Sq.  Ins.  at 


Top.     Base, 


Ends. 


>3 


a4 
»5 


a6 
a? 
98 

29 

30 
31 
3a 

33 
34 
35 


Roxmd. . 


Cylindrical. 


Square 

Cylindriod. 


Roxind 

Cylindrical . 


Cylindrical. 
Square 


Round.. 


Round.. 


Cylindrical 


za.oi 
11.97  I 


la.ox 

la.ox 

xa.oz 

xa.oi 

xa.oo 

6.33 

a.  00 

a.  00 

X.98 

XI. 93 


Yellow  pine;  partially  seasoned. 


xa.oi 

xa.oa 

za.oi 

12.0a 

xa.oo 

II  .9a 

11.98 

2.01 

2.00 

2.01 

2.00 

12.44 

xa.S7 

XI. 93 


X3.99 
a. 00  I 


IX. 9a 

x.98 

XX.  93 

xa.94 
xa.85 

a.  00 


III 

6.40 

10. 4S 
8.96 
7.70 

XO.46 
9.98 
8.91 
7.79 
8.43 
8.30 
9.9a 

10. 6s 

l.ll 
7.80 

xo.ss 

10.07 

8.99 

7.79 

8.96 

X0.46 
9.98 
8.91 
7.79 
8.40 
8.30 
9.9a 

65.89 
SX.84 
43.38 
29.98 
83.7s 

61 .  19 
44.72 
85.93 
78.23 
6a. 35 
47.66 
68.80 
63.  xo 
75.45 

85.  aa 
77.36 
61. ax 
45.47 

zz 

Yellow  pine;  air  seasoned. 


7.70 
7.70 


7.9o|44.S6|  47. ox 
7.90  1  44.56! 


Yellow  pine;  dock  seasoned. 


8.00 
7.93 
8.08 
8.75 
XO.05 
3.98 


2. OX     xo.ao 


8.00 

7.98 

8.08 

8.92 
X0.13 

9.02 
XO.07    102.71 


48.26 
48.00 
63.28 
76.04 
99.79 
81 .00 


White  wood;  partially  seasoned. 


8.461 
6.38  I 


9.6x1 
7.40  I 


9.6s 
7.73  1 


54.02 
39.78  I 


70.95 
44.62  I 


White  oak;  partially  seasoned. 


9.X3 

10. IS 

IX. 01 

63.28 

8.37 

9.40 

10.23 

53.83 

7.55 

8.75 

9.0s 

42.58 

6.60 

7.70 

8.06 

32.02 
76.70 
76.70 

9.98 
8.x8 

78.23 
53.55 
46.93 

7.73 
8.20 

50.92 

39.01 

80.00 
62. 14 

48.83 


4,098 

3,66s 
4.719 
4,602 
4,657 
4.086 
4.584 
4.433 
4.705 
4,330 
4,5  IX 
5.4SX 
3.804 
3.5x2 


4.488 
1  4.893 


4.662 
3.604 
3,477 
3.682 
5. XXI 
5,95X 
5,453 


3.333 
3.687 


3,003 
3.786 
3.758 
3,435 
3,478 
3.738 
3.133 
3.140 
3.303 
1,964 


Plat. 


One  flat;  one  round. 

Plat. 

One  flat;  one  round. 

One  flat;  one  round. 

Plat,  pintle. 

Plat. 
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43 
44 
45 

46 
47 
48 
49 
50 
SI 


54 
55 

s6 


Form. 


Round. 


Cylindrical 


Round. ... 
Cylindrical. 


Round. . 


Cylindrical . 


I 

.3 


I3.08 

ia.o8 

13.  I  I 

13.  05 
11.7a 
13. 01 

13.07 


13.87 
14.00 
13.89 
13-80 
13.9a 
13.89 
13.67 
13.85 
13.65 
13.90 
11.51 


Diameter  in  Inches  at 


Top.      Mid.      Base 


Section  Area 
in  Sq.  Ins.  at 


Top.     Base. 


White  oak;  used  in  mill  6|  ye<^s. 
5. 85     6.84    33.89    33.76 

5.8s       6.85      34.05      J4.03 

5.87  6.70  33.93  33. xa 

6.0a  6.75  25.47  ja.79 

6.10  6.83  36.08  33.50 

597  6.74  25.00  32. 7« 

5.75  6.88  aa.oS  34-19 

Whit€  oak;  used  in  mill  35  years. 


10.56 
10.54 
10.54 
10.50 
10. ao 
10.80 
9-a5 
9-55 
9.40 
9.35 
598 

84.74 
84 .  83 
84.40 
83.75 
79.17 
8a.  68 
64.36 
68.65 
66.56 
65.83 
36.03 



68.04 

9.50 

7.30 

38.66 

4,604 
6,039 
4.6H0 
2.945 
3.451 
4,225 
3.264 


4.60  a 
4.951 
4.366 
3.881 
4.674 
4.838 
3.434 
4.618 
3.981 
3.266 
6.147 


Ends. 


While  oak;  thoroughly  seasoned;  1  year  old. 


7.74 
10.95 

10.91 

— 

45  ■  04 
91 .  16 
95.  4« 

3.219 

1,865 
4.450 


put. 


Plat,  ^tle. 
Plat. 


Pintle  ends. 
Plat 


Plat. 

One  flat  -  one  round. 

^Ut. 


the  fibres  at  the  small  end.  In  all  such  coliimns  the  ulti- 
mate resistance  is  per  square  inch  of  the  small  end. 

Some  of  the  square  columns  had  their  comers  slightly 
beveled. 

In  his  report  to  the  Boston  Manufacturers'  Mutual 
Fire  Ins.  Co.,  Prof.  Lanza  says:  *'The  immediate  location 
of  the  fracture  was  generally  determined  by  knots;  ..." 
but  states  that,  whether  knotty  or  straight  grained,  failure 
took  place  in  the  tapered  columns  at  the  small  ends.  Taper- 
ing a  column,  therefore,  to  the  extent  shown  in  these  cases, 
is  a  source  of  weakness. 

Tables  II  and  III  contain  the  results  of  Col.  Laidley's 
tests,  some  of  which  belong  to  short  blocks.     These  tests 
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No. 

Length. 
Inches. 

Porm  of  Section. 

Section  Dimensions, 
Inches. 

Ultimate  ResUtance 
per  Sq.  In. 

Lbs. 

I 

20.4 

Circular. 

10.2  diam. 

6,676^ 

2 

119.95 

Square. 

II     Xii 

6,230 

"8 

3 

119.90 

II     Xii 

6»552 

i 

4 

20.0 

" 

10. 4X10.4 

7,936 

5 

16.0 

8X8 

8,165 

6 

7 

8.0 
3.0 

4X4 
1.5X    1.5 

7,394 
5.533 

t -grained  and 
20  years. 

8 

6.0 

3     X   3 

8,644 

9 

6.0 

3X3 

8,133 

10 

3.0 

** 

I.5X    1.5 

8.389 

II 

3.0 

1.5X    1.5 

8,302 

12 

3.0 

1.5X    1.5 

6,355 

! 

■4J 

13 

14.0 

** 

4.6X   4.6 

9,947 

H 

17.2 

** 

4.6X   4.6 

10,250 

15 

19. 1 

*t 

5.3X   5.3 

7,820^ 

C/J 

16 

180.0 

Rectangular. 

16     X  13.65 

3,070 

17 

180.0 

16. 2X   7.0 

2,795 

18 

180.0 

17     X   8.75 

3,180 

Nos.  13,  14,  and  15  were  pine  of  very  slow  growth. 
Nos.  16,  17,  and  18  were  very  green  and  wet. 
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SPRUCE  THOROUGHLY  SEASONED. 


No. 

Length, 
Inches. 

Form  of  Section. 

Section  Dimensions, 
Inches. 

Ultimate  Resistance 
per  Sq.  In. 

Lbs. 

I 

24 

Rectangular. 

5.4X5.4 

4,946 

2 

24 

5.4X5.4 

4,811 

3 

36 

<i 

5.4X5.4 

4,874 

4 

36 

5.4X5.4 

4.500 

5 

60 

<( 

5.4X6.4 

4,451 

6 

60 

5.4X6.4 

4,943 

7 

120 

«< 

5.4X5.4 

3.967 

8 

120 

<( 

5.4X5.4 

4,908 

9 

60 

« 

5.4X5.4 

5.275 

10 

30 

<( 

5.4X5-4 

5,372 

II 

15 

5.4X5.4 

5.754 

12 

121. 2 

Circular. 

12.4  diam. 

4.681 
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were  made  during  1881,  and  a  detailed  account  of  them 
is  given  in  **Ex.  Doc.  No.  12,  47th  Congress,  ist  Session.*^ 

These  experiments  give   some  important   deductions. 

In  the  first  place,  within  the  limits  of  the  ratio  of  length 
to  diameter,  or  shortest  side  of  rectangular  section,  appear- 
ing in  these  tests,  the  ultimate  resistance  is  essentially 
independent  of  the  length.  This  is  the  result  of  the  action 
of  causes  noticed  in  the  consideration  of  wrought-iron 
columns  composed  of  Cs.  The  ultimate  resistance  of 
any  such  column,  therefore,  is  to  be  obtained  by  multi- 
plying the  area  of  its  cross-section  by  the  ultimate  re- 
sistance, per  square  inch,  of  short  blocks. 

In  Prof.  Lanza's  experiments  the  greatest  ratio  of 
length  to  radius  of  gyration  was  about  86.  Below  this 
value  the  general  conclusion  just  given  may  be  expected 
to  hold,  but  probably  not  much  above  it. 

In  Col.  Laidley's  tests  the  greatest  value  of  the  same 
ratio  was  about  90  (No.  17  of  Table  II),  at  which  there 
seemed  to  be  a  little  decrease  in  ultimate  resistance. 

Again,  it  is  to  be  observed  that  Prof.  Lanza's  results  are 
much  less  than  those  of  Col.  Laidley  for.  the  same  timber. 
The  columns  of  the  former  were  of  ordinary  merchant 
material,  with  the  usual  accompaniment  of  knots,  weak 
spots,  crooked  grain,  etc.,  while  the  latter  experimented 
with  fine,  straight-grained  timber.  . 

The  slow-growth  specimens  (13,  14,  and  15  of  Table  II) 
gave  much  the  highest  results,  while  the  wet  and  unseasoned 
ones  (16,  17,  and  18)  gave  the  lowest  of  all. 

Hence  the  ultimate  resistance  of  timber  columns  will 
depend  upon  quality  and  condition  of  material,  mode  of 
growth,  degree  of  seasoning,  etc.,  etc. 

Table  II  also  shows,  what  has  been  observed  elsewhere, 
that  smaller  specimens  give  higher  results  than  larger  ones. 
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Formula  of  C.  Shaler  Smith,  C.E. 

During  the  winter  of  1861-62,  Mr.  C.  Shaler  Smith 
conducted  a  series  of  over  1200  tests  of  ftill-size  yellow- 
pine  square  and  rectangular  columns  for  the  Ordnance 
Dept.  of  the  Confederate  Government.  The  results  of 
these  tests  have  never  been  published,  but  Mr.  Smith  has 
kindly  furnished  the  writer  with  the  following  summary. 

The  tests  were  grouped  as  follows : 

*'  ist.  Green,  half -seasoned  sticks  answering  to  the 
specification  *good,  merchantable  limiber.' 

"2d.  Selected  sticks  reasonably  straight  and  air-sea- 
soned under  cover  for  two  years  and  over. 

"  3d.  Average  sticks  cut  from  lumber  which  had  been 
in  open-air  service  for  four  years  and  over." 

If  /= length  of  column  in  inches, 
d = least  side  of  column  section  in  inches, 
and  p  =»  Ult.  Comp.  resistance  in  lbs.  per  sq.  in. ; 

then  the  formulae  fotmd  for  these  three  groups  were: 
For  No.iip  = — ^^^^12* 

^     1.^                   8200 
For  No.  2 :  p  = j^. 

'    For  No.  3: /> ^^.      Ji--^'-'^^' 

But  in  order  to  provide  against  ordinary  deterioration 
while  in  use,  as  well  as  the  devices  of  tmscrupulous  builders, 
Mr.  Smith  recommends  the  formula  for  group  No.  3  as  the 
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proper  one  for  general  application.     He  also  recommends 

that  the  factor  of  safety  shall  be  -^7  until  25  diameters  are 

reached,  and  ^ive  thenceforward  up  to  60  diameters.     This 
last  limit  he  regards  as  the  extreme  for  good  practice. 

Mr.  Trautwine  computed  his  tables  from  tests  of  group 
No.  3. 

Addendum  to  Article  63. 

Tables  IV  and  V  have  been  formed  by  digesting  the 
results  of  tests  of  timber  columns  made  at  Watertown, 
Mass.,  and  found  in  **Ex.  Doc.  No.  i,  47th  Congress,  2d 
Session.'* 

Each  result  in  both  Tables  is  usually  a  mean  of  from 
two  to  four  tests,  although  a  few  belong  to  one  test  only. 
All  timber,  both  of  yellow  and  white  pine,  was  ordinary 
merchantable  material,  with  kbout  the  usual  defects,  knots, 
etc.,  and  failure  frequently  took  place  at  the  latter ;  it  was  all 
well  scanned,  and  all  columns  were  tested  with  flat  ends. 

Table  IV. 
YELLOW-PINE  COLUMNS  WITH  FLAT  ENDS. 


Ultimate 

UlUmate 

Length. 

Size  of  Stick. 
Inches. 

7" 

Compres- 
sive Re- 
sistance, 

Length. 

Size  of  Stick. 
Inches. 

/ 
"5" 

Compres- 
sive Re- 
sistance, 

Lbs.  per 
Sq.  in. 

Lbs.pcr 
Sq.lS: 

Ft.  Ins. 

Ft. 

Ins. 

15     0 

8.25X16.25 

21.7 

3.445 

15 

0 

5.0X12 

35.6 

3,764 

10     0 

5.5  X  5.5 

22 

4.738 

23 

4 

7.7X    9.7 

36.4 

3.304 

16     8 

7.7  X  9.7 

26.7 

4.384 

17 

6 

5.5X    5.5 

38.2 

3,242 

15     0 

6.6   X15.6 

27.0 

3,593 

15 

0 

4.5X11.6 

41 

2,462 

12     6 

5.5  X  5.5 

27.3 

5.077 

26 

8 

7.4X    9.4 

43 

2,893 

15     0 

5.9   X12.O 

30.8 

3.546 

15 

0 

40X11.4 

44 

3,065 

20     0 

7.6  X  9.6 

31.2 

3,496 

20 

0 

5.4X    5.4 

44.3 

2.867 

15     0 

5.7    X11.7 

31.9 

3,106 

22 

6 

5.5X    5.5 

50 

2.065 

15     0 

5.6   X15.6 

32.1 

3,656 

25 

0 

5.5X    5.5 

55 

1,856 

15     0 

5-5  X   5.5 

32.8 

3,962 

27 

6 

5.3X   5.3 

62.3 

1,709 
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Flat-end  yellow-pine  columns  were  observed  to  begin  to 
fail  with  deflection  at  a  length  of  about  22c/,  d  being  the 
width  or  least  dimension  of  the  normal  cross-section.  All 
colunms  were  of  rectangular  section,  and  /  in  the  following 
table  is  the  length.  Table  IV,  therefore,  includes  no  short 
column,  i.e.,  one  which  failed  by  compression  alone  with 
no  deflection. 

About  sixteen  of  the  latter  were  tested  with  the  follow- 
ing results : 


Short  yellow-pine  columns;  j  TJT'^'^^^^Vj,  ^*??  ^'  '^•"'"• 

/^d  below  22 Mmean         -4.442 

( minimum  « 3,430    "     " 


Each  of  the  preceding  tests  was  made  on  a  single  rectan- 
gular stick.  A  number  of  tests,  however,  were  made  on 
compound  columns  formed  by  bolting  together  from  two 
to  three  rectangular  sticks,  with  bolts  and  packing  or 
separating  blocks  at  the  two  ends  and  at  the  centre.  The 
bolts  were  parallel  to  the  smaller  sectional  dimensions  of 
the  component  sticks.  As  was  to  be  expected,  those 
compotmd  coltmms  possessed  essentially  the  same  ultimate 
resistance  per  square  inch  as  each  component  stick  con- 
sidered as  a  column  by  itself,  as  the  following  results  show\ 
/  is  the  length  of  the  column  and  d  the  smallest  dimension 
or  width  of  one  member  of  the  composite  column.  All 
had  flat  ends. 

/-»-</.         Number  of  Tests. 

{maximum  =4,559  lbs.  per  sq.  in. 

mean         =3,841  "  "  " 

minimum  =2,756  "  **  " 

(maximum  =3.357  "  " 

36 18 Kmean         =3,122  "  "  " 

(minimum  =2,942  "  "  " 

Table  V  gives  the  results  for  white-pine  columns,  and 
corresponds  with  Table  IV  in  that  it  shows  only  the  failures 
with  deflection,  which  was  observed  to  begin  with  those 
columns  at  a  length  of    32^.      /  and  d  possess  the  same 
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Table  V. 

WHITE-PINE  COLUMNS  WITH  FLAT  ENDS. 


UlUmAte  1 

1 

Ultimate 

Compres- 

1 

Cumpres- 

Size  of  Stick. 

/ 

iiiveRe-    1    , 

Size  of  Stick. 

/ 

sivc  Re- 

Length. 

Inches. 

d' 

sistanc«, 
Lbs.  per  1 
S<i.  In. 

1    L.enKtn. 

1 
1 

Inches. 

d' 

sistance. 
Lbs.  per 
Sq.In. 

Ft.  In«. 

'    Ft.  Ins. 

15     0 

5.6X15.6 

32 

1,874 

17     6 

5.4X5.4 

40 

1.841 

20     3 

7.4X    9.3 

32.4 

2.44« 

26     8 

7.5X9.3 

42.7 

2.113 

15     0 

5.6X11.5 

32.7 

2,432 

20     0 

5.3X5.3 

45 

1.455 

15     3 

5.4X    5.4 

33 

2,744 

22     6 

5.2X5.2 

52 

1,501 

23     4 

7.7X    9.6 

36.4 

2,072 

25     0 

5.3X5.3 

57 

952 

«5     0 

4.5X1 1.6 

40 

1,672 

27     6 

5.4X5.4 

62 

1^081 

signification   as  in   Table   IV,   the    column  l-^d  showing^ 
the  ratios  between  the  lengths  and  least  widths. 

Thirty  columns  with  lengths  less  than  3  2d  were  tested 
to  destruction.  These  sticks  failed  generally  at  knots  by 
direct  compression  and  without  deflection.  The  results 
of  these  thirty  tests  were  as  follows: 


Short  white-pine  columns; 
/-s-(i  below  32 


1 


maximum  «  3,700  lbs.  per  sq.  in. 
mean         =2,414    "      *'        " 
minimum  —1,687    "      "        " 


All  the  preceding  white-pine  columns  were  single  sticks, 
but  a  large  number  of  built  posts  composed  of  two  to  four 
white-pine  sticks  bolted  together,  with  spacing  blocks  at  the 
two  ends  and  at  the  centre,  were  also  tested  with  the  results 
shown  below.  l-^d\s  the  ratio  of  length  over  least  width  of 
a  single  stick  of  the  set  forming  the  composite  column. 


32.1. 
36... 
40... 


Number  of  Tests. 


.15. 


'  maximum -=2,273  lbs.  per  sq 
I  mean  =i,q8o 

minimum  —  i,66i 
J  maximum  — 2,255 

m'^an  =  i  ,999 

minimum  —1,804 
[  maximum  — 2,021 

mean  —1,830 

minimum  .—  1,419 
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A  comparison  of  these  results  with  those  given  in  Table 
V  shows  that  these  composite  or  built  columns  were  the 
same  in  strength  per  square  inch  with  the  single  sticks 
of  which  they  were  composed,  the  latter  being  considered 
single  columns. 

All  the  white-pine  composite  columns  were  tested  with 


Plat*  F. 


flat  ends  and  were  built  up  with  the  greatest  widths  of 
individual  sticks  adjacent  to  each  other. 

The  results  in  Tables  IV  and  V  are  shown  graphically 
in  Plate  F.  One  ordinate  gives  the  values  oi  l-^d,  and  the 
other  the  ultimate  resistance  in  pounds  per  sq.  in. 

The  full  curved  lines  running  into  horizontal  tangents  at 
the  left  represent  about  mean  lines  through  the  points 
indicating  the  actual  column  tests. 

The  broken  lines  represent  the  following  empirical  for- 
mute ;  in  which  p  is  either  the  ultimate  resistance  or  work- 
ing stress  in  potinds  per  sq.  in. 


54«  COMPRESSION— LONG  COLUMNS.  [Ch.  VIIL 

For  yellow  pine     .../>  =  5800  -  7o(/  -^rf) 
*'    white       **       ...     /?«38oo-47(/-^rf) 

For  wooden  railway  structures  there  may  be  used: 

For  yellow  pine     .     .     .     />  =  75o  — 9(/-^rf) 
**    white       **       .     .     .     />  =  500-6(/-^rf) 

For  temporary  structtuies,  such  as  bridge  false  works 
carrying  no  traffic: 

For  yellow  pine    .     .     .     />«isoo— i8(/-^rf) 
*•    white       "...     /?  =  iooo-i2(/^rf) 

The  preceding  formuUe  are  to  be  used  only  between  the 

II  II 

limits  of  20  T  and  60 ~t  for  yellow  pine  and  30^  and  60 j  for 

white  pine, 

I  I 

For  short  coliunns  below  20t  and  30^  there  are  to  be 

used  for  yellow  and  white  pine  respectively: 

Ultimate.  Railway  Bridge.  j^r^SS^ 

Yellow  pine.  .  .  ./>  =  4400 SS"* 1 100  lbs.  per  sq.  in. 

White     " />-=24oo..; 300 600"     " 

All  the  preceding  values  are  applicable  to  good  average 
lumber  for  the  engineering  purposes  indicated. 

Table  VI  exhibits  a  number  of  results  of  the  tests  of 
short  timber  columns  taken  from  the  **  U.  S.  Reports  of 
Tests  of  Metals  and  Other  Materials'*  for  1894,  1896,  1897, 
and  1900.  It  will  be  observed  that  the  ratios  of  length  over 
thickness,  i.e.,  minimum  dimension  of  cross-section,  are 
less  than  22,  and  with  two  exceptions  much  less.  These 
columns  do  not,  therefore,  come  within  the  range  of  appli- 
cation of  such  formulae  as  those  given  on  the  preceding 
page  for  yellow  pine  and  white  pine. 
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Table  VI. 

SHORT  TIMBER  COLUMNS. 


Timber. 


Dimensions,  Inches. 


Leng'h 


Bre'dth 


Thick. 


Ultimate  Compressive 

Resistance, 

Lbs.  per  Sq.  In. 


Max.     Mean.     Min 


Long-leaf  pine.. 
Short-leaf  pine.  . 


Spruce 

Long-leaf  pine  * 

Cyi>ress 

White  pine. . . . 

Red  oak. .  W.V. 
Douglas  fir 

White  oak  .*!!!! 


lao 
1 30 
lao 
1 30 
120 
1 30 
1 30 
131 

I30 

58 
71 
48 
60 
60 
60 

131 
106 

74 
69 


9.8 
9.8 
9.8 
9.8 
9.8 
9.8 
9.6 
9.5 
8 

95 

OS 

4  to  6 

8%  14 

13 
10 
IO&  13 

75 


9.8 
9.8 
9.8 
9.8 
9.8 
9.8 
6 
5 


9 
9 
8 
7.9 
7-9 
3.5 
3.8 
3 

4.1 
8 
10 
7.9 
8 


4,976 
3.800 
4,300 
3,9*5 
3,400 
4,000 
3,174 
7.354 
3,457 


6,347 


7.883 


4.230 


4.574 
3,558 
3.957 
3.481 
3,000 
3.568 
2,589 
6,093 
3,308 
3,652 
3,917 
5.160 

6,311 

6,72s 
6,220 
3,697 
4,214 
4,372 
4,042 


4.200 
3,369 
3.714 
3.037 
3,600 
3,135 
1,900 
4,960 
3,113 


5,568 


Butt     sticks. 

Top 

Middle     " 

Butt 

Top 

Middle     " 

Old  posts. 

I  Probably 


♦  Well  seasoned  and  dry;  13  years  old.  Had  been  in  a  fire  and  comers  were  partially 
charred. 

All  posts  represented  in  this  table  contained  probably  is  to  x8  per  cent,  of  moisture,  or 
perhaps  more. 

The  long-leaf  and  short- leaf  pine  tests  show  that  columns 
taken  from  the  butts  of  trees  are  stronger  than  those 
taken  either  from  the  middle  or  the  tops,  the  top  sticks, 
as  a  rule,  having  the  least  ultimate  resistance  per  square 
inch  of  all.  The  white-pine  and  red-oak  sticks  yield  interest- 
ing results  on  account  of  their  age,  as  they  were  'taken  from 
some  wooden  trusses  of  the  Old  South  Church,  Boston, 
Mass.,  a  building  constructed  in  1729.  The  timber  was  so 
housed  as  to  be  completely  protected  and  kept  very  dry. 
The  results  show  no  loss  of  resistance  as  compared  with 
tests  of  the  same  kind  of  timber  at  the  present  time. 

The  effect  of  immersion  in  water  on  the  resistance  of 
timber  is  illustrated  by  tests  made  at  the  Watertown 
Arsenal.  A  post  similar  to  one  of  the  old  long-leaf  pine 
columns,  12  of  which  were  tested  in  a  seasoned  condition 
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giving  the  average  shown  in  the  Table  of  6093  pounds  per 
square  inch,  was  submerged  in  water  for  a  period  of  130 
days  and  then  tested  with  the  result  of  failing  at  3800 
pounds  per  square  inch. 

The  values  shown  in  Table  VI  correspond  closely  to  the 
results  shown  for  .yellow  pine  and  white  pine  on  pages 
539  and  540,  so  far  as  they  may  properly  be  compared. 


CHAPTER  IX. 
SHEARING   AND   TORSION. 


Art.  64. — Coefficient  of  Elasticity. 

It  has  already  been  shown  in  some  of  the  articles  of  the 
first  portion  of  this  book  on  shearing  and  torsion  that  the 
coefficients  of  elasticity  for  those  two  stresses  are  the  same ; 
and,  indeed,  that  those  two  stresses  are  identical  in  charac- 
ter. The  coefficients  of  elasticity  given  in  this  article 
are  then  derived  chiefly  from  experiments  in  torsion. 

A  considerable  number  of  coefficients  of  elasticity  for 
torsion  may  be  found  in  Table  III  of  Art.  66.  These  values 
belong  chiefly  to  a  wide  range  of  steel,  wrought  iron,  and 
cast  iron.  It  is  important  to  obser\'e  that  the  value  of  the 
coefficient  does  not  change  perceptibly  with  the  grade  of 
steel ;  it  is  essentially  the  same  for  rivet  and  crucible  steel. 
Indeed  it  is  practically  the  same  for  steel  and  wrought  iron. 
This  is  in  accordance  with  the  general  theory  of  el-isticity 
in  amorphous  solid  bodies.  The  values  of  G,  both  in  this 
article  and  in  Art.  66,  Table  III,  indicate  as  a  close  ap- 
proximation 

In  *'Der  Civilingenieur,''  Heft  2,  1881,  the  results  of 
some  interesting  and  important  experiments  on  cast- 
iron  rods  or  prisms  of  various  cross-sections,  by  Prof. 
Bauschinger,  are  given  in  full  detail.     The  rods  or  prisms 

545 


S46 


SHEARING  AND   TORSION, 


[Ch.  IX. 


were  about  40  inches  long,  and  were  subjected  to  torsion, 
while  the  twisting  of  two  sections  about  20  inches  apart, 
in  reference  to  each  other,  was  carefully  observed.  The 
results  for  four  different  cross-sections  will  be  given — i.e., 
circular,  square,  elliptical  (the  greater  axis  was  twice  the 
less),  and  rectangular  (the  greater  side  was  twice  the  less). 
In  each  case  the  area  of  cross-section  was  about  7.75  square 
inches.  The  angle  a  is  the  angle  of  torsion— i.e.,  the 
angle  twisted  or  turned  through  by  a  longitudinal  fibre 
whose  length  is  unity  and  which  is  at  unit's  distance  from 
the  axis  of  the  bar. 


Section. 
Circular.  .. 


HUiptical |-C^ 

Square |^ 

Rectangular.  •  •  •  ]  q  ' 


J  0.007  degree 7,466,000  lbs.  per  sq 

I  0.07        "      6,157,000 


0.008 

073 
.01 
08 


.7,437,000 
.6,228,000 
.7,039,000 
.5,987,000 
.6,996,000 
.5,716,000 


in. 


The  formula  by  which  G  is  computed,  when  the  torsional 
moment  and  angle  a  are  given,  is  the  following: 


a 


"A*' 


(i) 


in  which  M  is  the  twisting  moment,  A  the  area  of  the  cross- 
section,  Ip  the  polar  moment  of  inertia  of  that  cross-section, 
and  c  a  coefficient  which  has  the  following  value,^ 

4^'  =  39.48  for  circle  and  ellipse, 
42.70  **   square, 
42.00  '*  , rectangle, 

as  shown  in  Appendix  I. 

Bauschinger's  experiments  show  that  the  coefficient  of 
shearing  elasticity  for  cast  iron  may  be  taken  from  6,000,000 
to  7,000,000  pounds  per  square  inch;  also  that  it  varies  for 
different  ratios  between  stress  and  strain. 


Art.  64.]  COEFFICIENT  OF  EL/1STICITY.  $41 

It  has  been  shown  in  Art.  5,  that  if  E  is  the  coefficient  of 
elasticity  for  direct  stress,  and  r  the  ratio  between  direct 
and  lateral  strains,  for  tension  and  compression,  that  G 
may  have  the  following  value: 

G — t4-t (2) 

2(1 +r)  ^  ^ 

Prof.  Bauschinger,  in  the  experiments  just  mentioned, 
measured  the  direct  strain  for  a  length  of  about  4  inches, 
and  the  accompanying  lateral  strain  along  the  greater  axis 
of  the  elliptical  and  rectangular  cross-sections,  and  thus 
determined  the  ratio  r  between  the  direct  and  lateral  strains 
per  tmit  in  each  direction.     The  following  were  the  results: 

Compression. 
Section.  r.  G. 

Circular 0.22 6,541,000  lbs.  per  sq.  in 

Elliptical 0.23 6,541,000    "      "        " 

Square 0.24 6,442,000    "      "        " 

Rectangular o.  24 6,499,000    "     "       " 

Tension. 

Circular 0.23 6,570,000  lbs.  per  sq.  in. 

Elliptical 0.21 6,811,000    '•      " 

Square 0.26 6,399,000    "      "        " 

Rectangular 0.22 6,527,000    "     "        " 

The  values  of  E  are  not  reproduced,  but  they  can  be 
calculated  indirectly  from  eq.  (2)  if  desired. 

It  is  seen  that  the  values  of  G,  as  determined  by  the 
different  methods,  agree  in  a  very  satisfactory  manner, 
and  thus  furnish  experimental  confirmation  of  the  funda- 
mental equations  of  the  mathematical  theory  of  elasticity 
in  solid  bodies. 

The  fact  that  G  is  essentially  the  same  for  all  sections  is 
also  strongly  confirmatory  of  the  theory  of  torsion  in 
particular. 

These  experiments  show  that,  for  cast  iron,  the  lateral 
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Strains  are  a  little  less  than  one  quarter  of  the  direct  strains. 
If  r  were  one  quarter,  then  G'=|£,  or  E^\G. 

In  the  **  Journal  of  the  FrankHn  Institute,"  for  1873, 
Prof.  Thurston  gives  the  following  values  of  C,  as  deter- 
mined from  experiments  with  his  torsion  machine; 

White  pine (7=  220,000  lbs.  per  sq.  in. 

Yellow  pine,  sap G—  495,000  "  "  " 

Yellow  pine,  heart G—  495,000  "  "  " 

Spruce G=  211,000  *'  •'  " 

Ash G—  410,000  "  •'  " 

Black  walnut G-  582,000  "  "  " 

Red  cedar G=»  890,000  "  "  " 

Spanish  mahogany G=»  660,000  "  "  " 

Oak G=  570,000  "  " 

Hickory G—  910,000  "  "  " 

Locust G-»  1,225,000  "  "  •' 

Chestnut G—  355,000  "  ** 

The  specimens  were  small  ones,  and  the  timber  was 
seasoned. 

Art.  65. — Ultimate  Resistance. 

Before  considering  the  ultimate  shearing  resistance  of 
special  materials  it  will  be  well  to  notice  the  two  different 
methods  in  which  a  piece  may  be  ruptured  by  shearing. 

If  the  dimensions  of  the  piece  in  which  the  shearing  force 
or  stress,  acts  are  very  small,  i.e.,  if  the  piece  is  very  thin, 
the  case  is  said  to  be  that  of  "simultaneous"  shearing.  If 
the  piece  is  thick,  so  that  those  portions  near  the  jaws  of 
the  shear  begin  to  be  separated  before  those  at  some  dis- 
tance from  it,  the  case  is  said  to  be  that  of  "shearing  in 
detail."  In  the  latter  case  failure  extends  gradually,  and 
in  the  former  takes  place  simultaneously  over  the  surface 
of  separation.  Other  things  being  the  same,  the  latter 
ease  (shearing  in  detail),  will  give  the  least  ultimate  shearing 
resistance  per  unit  of  the  whole  surface. 

In  reality  no  plate  used  by  the  engineer  is  so  thin  that 
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the  shearing  is  absolutely  simultaneous,  though  in  many- 
cases  it  may  be  essentially  so. 

Wrought  Iron. 
The  following  averages  (each  result  being  an  average  of 
six  tests)  are  from  Chief  Engineer  Shock's  experiments,  in 
1868,  on  ordinary  commercial  ** rounds'*  (** Steam  Boilers," 
by  Wiliam  H.  Shock,  Chief  Engineer,  U.  S.  N.),  in  which 
5  is  the  ultimate  shearing  resistance  in  poimds  per  square 
inch :  i 


5. 


Single  Shear.                      Double  Shear. 
....  44,150  lbs 41,090  lbs. 

••  -39.250  " 38*670  " 

•  39.550  "  39J70  " 

•    -41,500  "  37,890  " 

•  40,700  "  37,650  " 

Although  these  figures  show  some  irregularities,  the 
general  result  is  unmistakable,  and  shows  a  decrease  of  5 
with  an  increase  of  diameter. 


Diam.  of  Round. 
0.5     inch.  . 

0.625  ••  .. 

0.75  "  •■ 

0.875  "  .. 

1. 00  "  . . 


The  results  of  experiments  at  Bristol,  England,  by  Mr. 
Jones  C*Proc.  Inst.  Mech.  Engrs.,"  1858),  on  punching 
plate  iron,  are  as  follows : 


Thickness  of  Plate.             Diam.  of  Hole. 
0.437  inch 0.250.  . . 


5. 


.54,700  lbs.  per  sq. 


in. 


0.625 
0.625 
0.875 
1. 000 


.0.500 60,900 

.0.750 52,900 

.0.875 51,700 

.1.000 55,100 


Mr.  C.  Little  fotmd  the  following  for  English  **  ham- 
mered scrap  bars  and  rolled  iron,"  with  parallel  cutters  or 
shears : 

Area  Cut.  Direction.  S. 

o.  50X  3 .00  ins Flat 49i950  lbs.  per  sq.  in. 

0.50X300  " Edge 51,750  ••  " 

1.00X3  00  " Flat 51,750  "  " 

1.00X3.00  " Edge 50,850  "  " 

1.00X302  " Flat 44,350  "  " 

1.00X302  " Edge 46,150  "  " 

1.80X500  " Edge 46,150  "  " 
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In  these  experiments  the  edges  of  the  shears  were  always 
parallel  to  each  other,  thus  tending  to  produce  simultaneous 
shearing.  In  ordinary  workshop  practice,  however,  the 
jaws  of  the  shears  make  a  constant  angle  with  each  other, 
thus  shearing  successive  portions  of  the  material  as  the 
jaws  approach,  whatever  may  be  the  dimensions  of  the 
piece,  and  consequently  always  producing  shearing  in 
detail.  In  the  experiments  (by  the  same  authority,  i.e., 
Mr.  C.  Little,  "  Proc.  Inst.  Mech.  Engrs.,''  1858)  from  which 
the  following  results  were  deduced,  the  angle  between  the 
jaws  of  the  shears  was  an  inclination  of  i  in  8 : 

Bars.  Flatways.  Edgeways. 

3  X  1 . 5      ins 5  =  40,800 45,000  lbs.  per  sq.  in. 

4  5  X  1.375  "  .S  =  . ^2,000 40,100  ••  *'  " 

.vo  Xi.oo  "  i)=35,200 47i300  "  "  " 

5-25X1.75  " 5  =  37,400 50,600  "  "  " 

6.00X1.50  "  5  =  33,600 41,200  "  "  " 

As  was  to  be  expected,  the  *' edgeways"  results  are 
much  the  largest,  as  with  that  position  of  the  bar  the 
shearing  approached  more  nearly  the  simultaneous  con- 
dition. ^ 

"There  will  be  found  in  the  articles  on  fiveted  joints  a 
large  number  of  results  of  tests  of  wrought-iron  rivets  in 
shearing.  Those  tests  show  that  the  ultimate  shearing 
resistance  of  wrought-iron  rivets  may  range  from  about 
34,000  to  about  43,000  pounds  per  square  inch  when  the 
diameter  of  rivet  varies  from  ^  inch  to  i  inch.  The  entire 
range  of  experimental  investigation  shows  that  the  ultimate 
shearing  resistance  of  wrought  iron  may  run  from  .75  to 
.8  of  the  ultimate  tensile  resistance. 

Cast  Iron. 

Very  few  experiments  on  the  resistance  of  cast  iron  to 
shearing  have  been  made,  as  ^i  is  metal  is  seldom  or  never 
used  to  resist  such  a  stres' 
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Mr.  Bindon  B.  Stoney  ("Theory  of  Strains  in  Girders 
and  Similar  Structures,'*  p.  357  of  2d  Edit.)  has  found, 
by  experiment,  that  the  ultimate  shearing  resistance  of  the 
•cast  iron  with  which  he  experimented  varied  from  about 
17,900  to  20,200  pounds  per  square  inch.  He  concluded 
that  the  shearing  and  tensile  resistances  might  be  taken 
the  same. 

Steel 

The  results  of  Prof.  Ricketts'  shearing  tests  on  both  open 
hearth  and  Bessemer  steel  rounds  with  different  grades  of 
carbon  are  given  in  Table  II  of  Art.  43.  The  elastic  limit 
is  the  point  at  which  the  metal  first  fails  to  sustain  the  scale 
beam.  The  double-shear  resistance  in  one  case  exceeds  the 
single  by  over  six  per  cent.  According  to  these  tests,  the 
ultimate  shearing  resistance  of  mild  steel  may  be  taken 
at  three  quarters  of  its  ultimate  tensile  resistance.  Each 
shear  result  is  a  mean  of  three  tests.  -• 


The  rivet  steel  was  low,  containing  but  .09  per  cent,  of  car- 
bon. While  the  specimens  of  Bessemer  steel  were  a  little 
higher  in  carbon,  ranging  from  .  1 1  to  .  1 7  per  cent. ,  except  the 
last  six,  they  were  also  of  low  or  medium  steel.  It  should 
be  carefully  noted  that  the  results  in  that  table  show  that 
the  ultimate  shearing  resistances  for  the  low  or  medium 
steels  running  from  44,600  pounds  per  square  inch  up  to 
53,260  pounds  per  square  inch  are  closely  three  fourths 
the  corresponding  ultimate  tensile  resistances.  On  the 
other  hand,  the  six  specimens  of  high  steel  give  ultimate 
shearing  resistances  but  little  over  two  thirds  of  the  corre- 
sponding ultimate  tensile  resistances.  This  is  a  feature  of 
the  relation  between  the  ultimate  shearing  and  ultimate 
tensile  resistances  of  different  grades  of  steel  which  is 
commonly  exhibited  in  tests.     The  higli  steel  appears  to 
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yield  an  ultimate  shearing  resistance  of  sensibly  less  per- 
centage of  the  tensile  ultimate  than  low  steel. 

Mr.  Kirkaldy  investigated  the  ultimate  shearing  re- 
sistance of  four  grades  of  Fagersta  steel,  and  the  following 
results  are  taken  from  **  Experimental  Enquiry  into  the  Me- 
chanical Properties  of  Fagersta  Steel/'  by  David  Kirkaldy, 
1873.  The  test-piece,  in  each  case,  was  turned  from  a  2 -inch 
square  bar,  to  a  diameter  of  i .  1 28  inches,  and  each  result  is  a 
mean  of  three  experiments.  5  is  the  ultimate  resistance  to 
shearing  in  pounds  per  square  inch ;  r  is  the  ratio  of  ulti- 
mate shearing  over  ultimate  tensile  resistance  of  the  same 
steel;  while  *'rf"  is  the  detrusion  or  relative  movement  of 
one  part  of  the  specimen  in  respect  to  the  other  at  the  instant 
of  separation  over  the  entire  surface. 

Mark.  5.  r.  d. 

1.2 61,400.00  lbs 0.73 o.  19  inch. 

0.9 71J40.00    " 0.75 0.25    " 

0.6 71,650.00    *•  0.70 0.28    " 

0.3 45,410.00    " 0.54 0.32    " 

As  is  evident,  the  lower  **  Mark"  numbers  belong  to  the 
softer  steels. 

In  each  case  two  surfaces  were  sheared,  as  the  '* round" 
was  a  pin  for  three  links,  two  of  which  pulled  one  way  and 
one  the  other. 

All  of  Mr.  Kirkaldy's  experiments  seem  to  show  that  the 
ultimate  shearing  resistance  of  steel  is  about  three  quarters 
.the  tensile. 

Table  I  contains  the  results  of  the  experiments  of  Prof. 
A.  B.  W.  Kennedy,  as  given  in  "Engineering"  for  May  6, 
1 88 1.  The  tensile  resistance  of  the  same  steel  was  given  in 
the  chapter  on  **  Tension." 

The  specimens  were  round  and  of  mild  rivet  steel.  The 
ratio  of  the  ultimate  resistance  to  shearing  over  that  to 
tension  varied  from  o.So  to  0.89. 
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Table  I. 
RIVET  STEEL. 


Ultimate  Resistance 

Ratio  of  Ultimate 

Diameter  in  Inches. 

in  Lbs.  per  Sq.  In. 

Mean. 

Shear  over 
Ultimate  Tension. 

1. 00 

54.110 

1. 00 

54,930 

I.CX> 

1. 00 

55,240 
52,830 

54.550 

0.89 

1.00 

56,660 

1. 00 

53,530. 

0.62 

60,260 

0.62 

59,400 

0.62 

59,600 

59,640 

0.87 

0.62 

59,220 

0.62 

59,740  . 

0.62 

53,670 

0.62 

51,290 

0.62 

52.670 

* 

52,450 

0.80 

0.62 

53,000 

0.62 

5 1, 620  J 

In  the  ''Journal  of  the  Franklin  Institute"  for  March, 
1881,  Charles  B.  Dudley,  Ph.D.,  gives  the  results  of  192 
tests  of  rail  steel,  the  specimens,  0.625  ii^ch  round,  having 
been  taken  from  rails  which  had  been  subjected  to  service 
for  considerable  periods  of  time  on  the  Penn.  R.  R.  The 
tests  were  made  by  Mr.  J.  W.  Cloud,  engineer  of  tests  for 
the  Penn.  R.  R.  Co.  The  following  is  a  summary  of  the 
results : 

i  63,560.00  pounds  per  sq.  in.  {greatest), 
59,880.00  pounds  per  sq.  in.  {mean). 
53,380.00  pounds  per  sq.  in.   {least). 

The  percentages  of  carbon  varied  from  .282  to  .438, 
showing  that  the  steel  was  rather  high.  The  ultimate 
tensile  resistances  were  such  that  the  values  of  the  shearing 
resistances  5  were  about  three  fourths  of  the  former. 

Table  II  exhibits  the  results  of  the  shearing  tests  of  the 
various  grades  of  steel  indicated  at  the  left-hand  side  of  the 
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No.  of 
Tests. 

Lbs.  per  Sq.  In. 

Ultimate 
Shearing. 

Ratio  of 

ShearmK  to 

UltiiTidlc 

Ten.-iue. 

Kind  of  Steel. 

Tension. 

Elastic. 

Ultimate. 

JLandore  Siemens.  . .  . 

Weardale  Bessemer.  . 
Bessemer 

2 
2 

3 
6 
6 
4 
4 

2 

2 

37,500 
40,000 
37,000 
40,600 
44,000 
51,500 
62,000 
69,500 
70,000 

57,000 
63,500 
64,000 
69,000 
71,000 
78,000 
82,000 
116,000 
118,000 

47,500 
51,000 
52,000 
56,000 
51,000 
64,000 
59,000 
74,000 
79,000 

.S29 
.800 
.811 
.807 

•715 
.823 

.721 

Crucible 

.6^2 

Bessemer 

.670 

table.  The  ultimate  tensile  resistances  run  from  57,000 
pounds  per  square  inch  for  the  low  steel  up  to  118,000 
pounds  per  square  inch  for  the  high  steel.  It  is  noticeable 
that  the  ratio  of  the  ultimate  shearing  resistance  over  the 
ultimate  tensile  varies  from  about  .83  for  the  low  steel 
down  to  about  .63  for  the  high  steel,  confirming  the  results 
"already  indicated.  The  results  of  Table  II  are  taken  from 
the  **  Proceedings  of  the  Institution  of  Mechanical  Engineers 
for  1885/'  the  tests  having  been  made  by  Prof.  A.  B.  W 
Kennedy.  On  the  whole,  it  may  be  stated  that  in  the 
low  rivet  steels  the  ultimate  shearing  resistance  may  be 
taken  at  .8  of  the  ultimate  tensile  resistance,  but  in  the  high 
steels  that  ratio  may  fall  bek.w  .65.  As  an  average  the 
ratio  of  the  ultimate  shearing  intensity  over  the  ultimate 
tensile  intensity  may  be  taken  at  .75  for  the  usual  grades 
of  structural  steel. 

Further  results  of  the  shearing  of  steel  in  rivets  may 
be  found  in  the  articles  on  riveted  joints;  they  confirm 
those  given  in  this  article. 
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Copper, 

From  some  English  experiments,  Mr.  Bindon  B.  Stoney 
concluded  that  the  ultimate  shearing  resistance  of  copper 
was  about  two  thirds  of  that  of  wrought  iron,  but  the 
shearing  resistance  of  copper  must  necessarily  depend  on  the 
grade  of  metal,  i.e.,  whether  cast,  wrought,  cold  dravvm,  or 
otherwise  treated. 


Timber. 

In  treating  the  shearing  resistance  of  timber,  it  is 
necessary  to  consider  whether  the  shearing  takes  place 
along  the  fibres  or  in  a  direction  normal  to  them. 

Table  III. 

ACROSS  FIBRES. 


Kind  of  Wood. 

Ash 

Beech 

Birch 

Cedar,  white 

Cedar,  Central  American 

Cherry. 

Chestnut 

Dogwood 

Ebony 

Gum 

Hemlock 

Hickory 


6,280 
5,223 

5,595 
1,372  to  1,519 

3,410 

2,945 

1,535 

6,510 

7,750 

5.890 

2,750 
6,045  to  7,285 


Kind  of  Wood. 


5. 


Locust 

Maple 

Oak,  white i 

Oak,  Uve 

Pine,  white ! 

Pine,  yellow,  Northern 

Pine,  yellow.  Southern 

Pine,  yel.,  very  resinous 

I  Poplar 

!  Spruce 

Walnut,  black 

Walnut,  common.  .  .  , 


7,176 
6,355 
4,425 
8,480 
2,480 
4,340 
5,735 
5.053 
4,418 
3,255 
4,728 
2,830 


Table  III  contains  the  results  of  experiments  by  Mr.  John 
C.  Trautwine  on  round  specimens  0.625  inch  in  diameter, 
and  across  the  fibres  (**  Journal  of  the  Franklin  Institute," 
Feb.,  1880).  As  before,  5  is  the  ultimate  shearing  resistance 
in  pounds  per  square  inch. 

Table  IV  has  been  condensed  from  the  results  of  Col. 
Laidley's  tests  at  the  Watcrtown  arsenal  ('*  Ex.  Doc.  No.  12, 
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47th  Congress,  ist  Session'*).  Usually,  two  such  results- 
have  been  selected  as  will  give  a  correct  idea  of  the  resistance. 
In  all  cases  except  Nos.  iq,  20,  23,  and  33,  the  smaller 
resistance  belongs  to  the  larger  shearing  surface.  In  No. 
3^^  the  smaller  resistance  belongs  to  an  unsatisfactory 
cxixjriment. 

Tablk  IV. 


No. 


Kind  of  Material. 


Shearing  Area 

in  Souare 

Incnes. 


Ultimate  Shear 

in  Lbs.  per  Sq. 

Inch. 


Directions  to  Rin£^  of 
Growth. 


Oregon  pine 

Oregon  pine 

Oregon  maple 

Oregon  maple 

Calitomia  laurel 

Ava  Mexicana 

Ava  Mexicana 

Oregon  ash 

Oregon  ash 

Mexican  white  mahogany  .  . 

Mexican  cedar 

Mexican  cedar 

Mexican  mahogany 

Mexican  mahogany 

Oregon  spruce.  .  .  i 

Oregon  spruce. 

White  pine 

Wliite  pine 

Whitewood 

Whitewood 

Whitewood 

Yellow  pine 

Yellow  pine 

Ash 

Ash 

Red  oak 

Red  oak 

While  oak 

White  oak 

Yellow  birch 

Yellow  birch 

White  maple 

White  maple 

Spruce 

Spruce 


.  o  and  1 4  •  o 

10.7 

»4.4. 

lo.p 
.0  and  14-  3 

14.8 

1 1 .0 

14. & 
8. a 
.  o  and  1 5 . 1 

15.0 
Q.8 

15.0 

II .  I 
.  9  and  34 . 5 

.  o  and  16.0 


34.0 
"  11. o 
"  21.9 
••  32 -.1 
"  131 
"  25.4 
'*  24.4 
••  16.0 
"  23.0 
"  24.0 
'*  24.0 
"  24.0 
"  17.0 
"  25.6 
ifi.o 
9  and  34.0 
8  "  23.8 
24.0 


44  2  and  t  ,096 

820 

436 

1.028 

S49and  1.204 

346 

700 

443 
1,126 

438  and  1 .000 

423 

814 

S66 

1,333 

261  and  356 

31s 
381  and  423 


324 
127 
328 
322 

317 
2K6 
502 
458 

743 
726 
Ho  3 
752 
5^3 
01  2 


352 
370 
481 
38s 
399 
409 
600 
700 
745 
099 
966 
846 
81s 
672 


647 
399  and  537 
235  "  347 
316     '*     374 


Per|>endicular  (a  cxps.X 
Obhnue 
Peqjcndicular 
Obhque 

Oblifjue  ( 2  expfi.) 
Perpendicular 
Parallel 
Parallel 
Perpendicular 
Obhque  ( 2  exps.) 
Perjiendicular 
Parallel 
Parallel 
Perpendicular 
Parallel  ( 2  cxp«.) 
Perpendicular 
Perpendicular  (a  exps.> 
Parallel  ( 2  exps.) 
Oblique  ( 2  exps.) 
Parallel  (2  exps.) 
Perpendicular  (2  exps.) 
Obhque  ( a  exps.) 
Perpendicular  (2  exp.) 
Parallel  (2  exps.) 
PenJendictilar  (a  exps.) 
Pen>endicular  (2  exps.) 
Parallel  (2  exps.) 
Parallel  (2  exps.) 
Perpendicular  ( 2  exps  ) 
Obluiue  ( 2  exjMJ.) 
Perpendicular  (2  exps.) 
Oblujue 

Peryx^ndienlar  (a  exps.) 
Parallel  ( 2  exps.) 
Perpendicular  (a  exps.) 


The  direction  of  shear  is  seen  to  be  either  along  the 
fibres  or  tangential  to  the  rings  of  growth,  in  the  latter 
case  being  either  perpendicular  or  oblique  to  the  fibres. 
When  the  shear  is  along  the  fibres  the  results  are  generally 
reasonably  in  harmony,  for  the  same  timber,  with  those 
in  Table  V. 
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The  values  shown  in  Table  V  were  found  by  Prof. 
J.  B.  Johnson  in  his  experimental  work  for  the  Department 
of  Agriculture,  and  they  have  been  taken  from  **  U.  S. 
Forestry  Circular,  No.  15.''  As  indicated  in  the  table  the 
results  belong  to  unseasoned  timber,  although  the  specimens 
were  selected  and  were  not  large.  Each  value  is  a  mean 
of  a  number  of  tests. 


Table  V. 

SHEARING  RESISTANCE  OF  TIMBER  ALONG  FIBRES. 


No. 

Species. 

ShearinK 

with 
Grain  not 
Reduced 

for 
Moisture. 

No. 

Species. 

Shearing 

with 
Grain  not 
Reduced 

for 
Moisture. 

I 

Long-leaf  pine 

Cuban  pine 

700 

700 

700 

700 

400 

500 

800 

500      1 

400      1 

17 
18 

19 
20 
21 

22 
23 
24 

1      IK. 

Black  oak 

1,100 

2 

Water  oak 

1,100 

3 

4 

Short-leaf  pine 

lyoblolly  pine 

White  pine 

Willow  oak 

900 

900 

1,100 

Spanish  oak 

Shagbark  hickory 

White  hickory 

Water  hickory 

Bitternut  hickory 

Nutmeg  hickory 

Pecan  hickory 

Pignut  hickory 

White  elm 

6 

Red  pine 

x,ioo 

7 
8 

9 
10 
1 1 

Spruce  pine 

1,000 

Bald  cypress 

White  cedar 

1,000 

1,100 

Douglas  spruce 

White  oak 

500           26 
1,000       1    27 
1,000           28 

1,200 

1,200 

1 2 

Overcup  oak 

Post  oak 

800 

13 
14 
15 
16 

1,000 
900 

1,100 
900 

1      29 
30 
31 
32 

Cedar  elm 

1,'^00 

Cow  oak .* . . 

White  ash 

1,100 
1,000 

800 

Red  oak   

Green  ash 

Southern  red  oak 

Sweet  gum 

All  the  preceding  values  belong  to  small  specimens  or 
selected  sticks,  as  has  been  observed;  consequently  they 
are  generally  somewhat  higher  than  can  be  justified  for 
use  in  engineering  practice.  The  amount  of  reduction 
necessary  to  meet  the  requirements  of  that  usage  is  a 
matter  of  judgment  based  on  experience.  Probably  as 
-reasonable  values  as  can  be  assigned  both  for  ultimate 
resistances  and  for  working  stresses  under  ordinary  cir- 
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cumstances  are  those  given  in  Table  VI.     They  are  taken 
from  the  '*  Report  of  the  Committee  on  Strength  of  Bridge 

Table  VI. 

ULTIMATE  RESISTANCES  AND  WORKING  STRESSES  FOR  TIM- 
BER IN  SHEARING. 


Tiniber. 


White  oak 

White  pine 

Southern  long-leaf  or  Georgia  yellow- 
pine 

Douglas  and  yellow  fir 

Northern  or  short-leaf  yellow  pine 

Canadian  (Ottawa)  white  pine 

Canadian  (Ontario)  red  pine 

Spruce  and  Eastern  fir 

Hemlock 

Cedar 

Chestnut 

California  redwood 


Pounds  per  Square  Inch. 


Ultimate  Resistance. 


Across 
Grain. 


4,000 
2,000 

5,000 

4,000 


3.000 
2,500 
1,500 
1,500 


With 
Grain. 


800 
400 

600 
600 
400 
350 
400 
400 
350 

600 
400 


Working  Stresses. 


Across 
Grain. 


1,000 
500 

1,250 
1,000 


750 
600 
400 
400 


With 
Grain. 


200 
100 

150 
150 
100 
100 
100 
100 
100 

150 
100 


and  Trestle  Timbers,**  for  1895,  of  the  Association  of 
Railway  Superintendents  of  Bridges  and  Buildings  to 
which  allusion  has  been  made  in  preceding  articles.  The 
working  stresses  (i.e.,  greatest  permissible  in  design)  are 
taken  at  one  fourth  of  the  ultimate.  This  fraction  needs 
to  be  varied  for  different  classes  of  work. 


Natural  Stones. 

The  ultimate  shearing  resistance  of  stones  has  not  as 
great  practical  value  as  the  ultimate  compressive  or  the 
ultimate  bending  resistance,  yet  there  are  occasional 
structural  conditions  under  which  it  is  necessary  to  ascer- 
tain what  shearing  capacity  may  be  relied  upon.     Valuable 
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data  for  this  purpose  are  shown  in  Table  VII  taken  from  the 
"  U.  S.  Report  of  Tests  of  Metals  and  Other  Materials"  for 
1894  and  1899.  The  sheared  surfaces  were  about  6  inches 
by  4  inches  in  area.  Generally  one  such  surface  was 
sheared,  but  occasionally  two. 

Table  VII. 

SHEARING  RESISTANCE  OF  NATURAL  STONES. 


Stone. 


Brandford  granite,  Conn 

Milford  Granite,  Mass 

Troy  granite,  N.  H 

Milford  pink  granite,  Mass. .  . . 
Pigeon  Hill  granite,  Mass.     .  . . 

Creole  marble,  Ga 

Cherokee  marble,  Ga 

Etowah  marble,  Ga 

Kennesaw  marble,  Ga 

Marble  Hill  marble,  Ga 

Tuckahoe  marble,  N.  Y 

Mount  Vernon  limestone,  Ky.  . 

Cooper  Fandstone,  Oregon 

Mayrard  sandstone.  Mass 

Kitbe  Fandstone,  Mass.  .  ..... 

Worcester  sandstone,  Mass.  .  . . 

Chuckanut  sandstone.  Wash.  .  . 
Yammerthal  limestone,  Buffalo. 


Ultimate  Shearing  Resistance,  Lbs. 
per  Sqtiare  Inch. 


Maximum. 


Mean. 


1,925 
2,872 
2,231 

2,047 


1,501 
1,554 
2,016 

1,287 
1,308 
1.383 

2,518 


1,834 
2,554 
2,219 
1,825 
1,549 
1,369 
1,237 
1,411 
1,242 
1,332 
1,490 
1,705 
1,831 
1,204 
1,150 
1,243 
1,352 
2,127 


Minimum. 


1,742 
2,236 
2,197 

1,052 


1,163 
1,426 
1,389 

1,120 

992 

1,102 

1,735 


All  the  results  except  the  last  are  taken  from  the  Report 
for  i8q4.  Where  but  one  value  appears  in  the  table  one 
test  only  was  made.  In  the  other  cases  two  tests  were 
made  and  the  mean  values  are  means  of  the  two  shown  in 
the  columns  containing  the  greatest  and  least.  It  will  be 
observ^ed  that  the  ultimate  shearing  resistance  is  scarcely- 
more  than  ten  per  cent,  of  the  ultimate  compressive  re- 
sistance of  the  various  stones  tested. 

The  greatest  permissible  working  stresses  for  natural 
stones  in  shear,  in  design  work,  will  necessarily  depend 
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on  the  duty  to  be  performed.  In  view  of  the  variable 
character  of  even  the  best  of  natural  stones  as  delivered 
ready  for  use,  one  eighth  to  one  tenth  of  the  ultimate  is  as 
much  as  should  be  taken  in  ordinary  cases,  and  materially 
less  than  that  under  some  conditions. 

Bricks. 

The  shearing  resistance  of  bricks,  like  that  of  natural 
stones,  is  seldom  employed,  but  it  is  sometimes  needed. 
The  ultimate  resistances  of  bricks  in  shearing  shown  in 
Table  VIII  are  taken  from  the  *'  U.  S.  Report  of  Tests  of 
Metals  and  Other  Materials*'  for  1894. 

Table  VIII. 

BRICKS  IN  SHEARING. 


Kind  of  Brick. 


Hydraulic  Press  Brick  Co.,  St.  Louis,  No.  6 

' •  "    511 

"  **         "        '*  "  brown 

*•  "         "        *'     Chicago,  red 

•Northern  HydrauHc  Press  Brick  Co.,  MinneapoHs,  dark  red 

Kastem  "  ' Philadelphia,  210.  .  .  . 

"  "         "        '*  "  220 

"   ^    "       ."  '*  390 

Philadelphia  and  Boston  Face  Brick  Co.,  Boston,  gray 


Ultimate 
Shearing 

Resist- 
ance, Lbs. 
per  So  uare 

Inch. 


Number 
of 

Sheared 
Sur- 
faces. 


1,011 

642  ; 

1. 047  I 

784  I 

7'4  i 

1,167  I 

1.097  : 

9«8  I 

433  I 

639  I 


In  these  shearing  tests  the  sheared  surfaces  were  each 
about  2.25  by  4  inches  in  dimensions. 

The  ultimate  shearing  resistances  in  Table  VIII  range 
■scarcely  10  per  cent,  of  the  ultimate  compressive  resistances 
of  the  same  materials  shown  in  Table  II  of  Art.  55. 

Working  shearing  stresses  for  design  operations  should 
not  be  taken  more  than  one  eighth  to  one  tenth  of  the 
^lltimate  values  found  in  Table  VIII. 
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Art.  66. — Torsion. 


Coefficieftts  of  Elasticity. 
The  coeflficients  of  elasticity   for  torsion  or  shearing 
can  be  found  either  in  Art.  64  or  in  the  Addendum  to  this 
article. 

Ultimate  Resistance  and  Elastic  Limit. 

Wrought  Iron. 

In  1866  Mr.  Kirkaldy  tested  four  hammered  Swedish 
iron  bars  turned  to  a  diameter  of  1.5  inches  for  a  length  of 
seven  diameters.  The  average  ultimate  moment  of  torsion 
was  produced  by  a  weight  of  2,677  pounds  with  a  leverage 
of  12  inches;  hence,  in  eq.  (20)  of  Art.  8,  ilf  =2,677  X  12  = 
32,124.  Putting  2ro=ci  =  i.5  inches  in  that  equation,  there 
will  result 

M 
T'm  =5-^^  =  48*540  pounds  per  square  inch. 

This  is  the  greatest  intensity  of  torsional  shear  in  the 
section. 

If  r^  be  taken  at  48,000  the  diameter  of  a  \vrought-iron 
shaft  required  to  resist  an  ultimate  moment  M  will  be 

d=^  0.047^  JI (i) 

If  the  working  moment  be  taken  at  one  eighth  the  ulti- 
mate, the  diameter  required  will  be 


J -0.047^8.1/^=0.094^/71'//,   ....     (2) 

in  which  Mi  is  the  working  moment. 

If  H  is  the  number  of  horse -powers  per  minute  to  be 
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transmitted  by  the  shafting,  and  n  the  number  of  revolutions 
which  it  is  to  make, 

M^-'^^^M (3) 


Putting  this  value  in  eq.  (2), 


■'^■^41 


(4) 


This  value  of  d  will  be  much  too  small  in  the  case  of  long- 
shafting  required  in  the  distribution  of  power,  in  consequence 
of  the  bending  caused  by  the  belting. 

The  mean  torsional  moment  at  the  elastic  limit,  in  Mr. 
Kirkaldy's  four  experiments,  was  about  0.4  the  ultimate. 

In  1846  Major  Wade  (** Experiments  on  Metals  for  Can- 
non'*) tested  three  wrought-iron  circular  cylinders  about  1.9 
inches  in  diameter  and  15  inches  long,  with  the  following, 
results : 

^«  ^~dr  ^  ^^^325  lbs.  per  sq.  m. 
==27,525 
=  27,800   **    '•       •• 


83.650 


Mean  =  27,900  (nearly). 
If  the  mean  be  taken  at  28,000, 

^  =  0.056-^^ (5) 

It  is  seen  that  Major  Wade  found  T  ^  much  less  than 
Kirkaldy's  value  for  Swedish  iron,  and  d  in  eq.  (5)  is  cor- 
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respondingly  greater.     If  H  and  n  carry  the  same  significa- 
tion  as  before,  and  if  8  is  the  safety  factor, 

^  =  4.49<j^ (6) 

In  all  these  results,  the  moments  are  supposed  to  be  given 
in  tnch'pounds,  and  the  resulting  values  of  d  are  conse- 
quently in  inches. 

Cast  Iron. 

Major  Wade  also  made  tests  on  circular  cylinders  of  cast 
iron  about  1.9  inches  in  diameter  and  15  inches  long. 

If  d  is  the  diameter  =  2ro  in  eq.  (20)  of  Art.  8,  he  found 
the  following  resiilts  with  the  grades  of  iron  shown: 

2d  fusion Tw  —31,500  lbs.  per  sq.  in. 

3d  fusion r»,  =44,775    "     "        " 

2d  and  3d  fusion T'-i  =  49,735    "      "        "    . 

2d  fusion Tm  =40,020    "     "       " 

3dfusion ...r«  =  53,38o ' 

2dfusion TS,=49,526    "      "        " 

3d  fusion Tm  =  46,230    "      "        " 

Mean  =  45,000  (nearly) . 

Hence  the  diameter  in  inches  for  the  ultimate  moment 
M  in  inch-pounds  is: 

These  values,  of  T  ^  are  very  high,  because  the  iron  with 
which  Major  Wade  experimented  was  evidently  of  a  special 
character  and  extraordinarily  strong. 

The  same  experimenter  tested  some  square  sections,  for 
which,  by  the  exact  theory  of  Appendix  I : 

T'^S-^l  {0^ side  of  square).      ...     (8) 
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The  following  are  from  Major  Wade's  results: 

6»i.ooinches;  A/=  8,750 inch-pounds;  'jTm— 43, 7 50 pounds. 
6  =  1.42  inches ;  A/  =  23,000  inch-pounds ;  r«  —  40, 2 10  pounds. 
6=1.75  inches ;  A/  =  54,000  inch-pounds ;  Tm  -» 50,370  pounds. 

The  mean  of  tliese  results  is:    7  =  44,800  (nearly). 
Hence  for  the  ultimate  moment  in  inch-pounds 


\4A800 


.     Q      -  0.048  i</M (9) 

1 44800  ^  ^^' 

It  is  to  be  observed  that,  according  to  these  experiments, 
T ^  is  the  same  for  circular  and  square  sections;  a  restdt 
very  different  from  that  of  Prof.  Bauschinger's  experiments, 
as  will  presently  be  seen. 

Four  of  Major  Wade's  experiments  on  hollow  circular 
cylinders  are  next  to  be  given. 

By  referring  to  eq.  (20)  of  Art.  8,  the  resisting  moment 
of  such  a  cylinder,  if  d  is  the  external  and  dy  the  internal 
diameter,  will  be 

T  d^-T'   d*      T 
M-     -     ^^    -   '-^^—-/d'-^d,*).      .     .     (10) 

For  the  first  case: 
d  =  3.2S  ins.;    di^2,6i  ins.;    Af  =  95,000  in.-lbs. 

Substituting  in  eq.  (11): 

7^  =  24,170  lbs.  per  sq.  in.  (nearly). 

For  the  second  case: 

rf  =  2.2i  ins.;    (ii  =  i.S4  ins.;    M  =  49,500  in.-lbs. 

Substituting  in  eq.  (11): 

r^  =30,610  lbs.  per  sq.  in.   (nearly). 
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For  the  third  case: 

d-=i.8i  ins.;  ^1  =  0.91  in.;  Af  =  37,250  in.-lb& 

Substituting  in  eq.  (11): 

r^  =  34,220  lbs.  per  sq.  in.  (nearly). 

For  the  fourth  case: 

(i  =  i.3oins. ;  rf3i=o.65  in. ;  Jl/ =  13,000  in.-lbs. 

Substituting  in  eq.  (11): 

r^  =-32,180  lbs.  per  sq.  in.  (nearly). 

These  results  indicate  that  T^  decreases  as  the  thickness 
of  the  wall  of  the  hollow  cylinder  decreases  and  as  the 
exterior  diameter  increases. 

Professor  Bauschinger(**Der  Civilingenieur,**  1881,  Heft 
2)  tested  cylinders  about  40  inches  long,  and  with  the  fol- 
lowing cross-sections  and  approximate  dimensions: 

Circle Diameter  «    3 .  25  inches. 

ElUpse Diameters^  ]  ^^^ 

(4.40 

Square Sides  ~\l[^ 

Rectangle Sides  - 1  ^'^^ 

Rectangle Sides  ""  ]  4' 


.10 
.02 
.10 


The  ultimate  twisting  moments  substituted  in  eqs.  (83;, 
(4O,  (73)»  (7S)»  and  (77)  of  Art.  6,  Appendix  i,  give 

For  circle Tm  —  27,730  lbs.  per  sq.  in. 

Forellipse r«=36,i20    "     " 

For  square r«,-37,i6o    "     " 

For  rectangles  (sides  2  to  i). .  .  Tm  -36,370    "     " 
For  rectangles  (sides  4  to  1). .  .  Tm  =37,090    "     **        " 

These  experiments  give  T  ^  considerably  less  value  for 
the  circular  cross-section  than  for  the  others. 

The  U.  S.  Board,  however,  found  the  following  values  for 
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four  cast-iron  cylinders  one  inch  long  and  0.565   inch  in 
diameter: 

T.,  =-  3S»9So,  34,110,  34,280,  and  33J7o  lbs.  per  sq.  in. 
Elas.  Lint.  —  60,  55,  64,  and  62  per  cent,  of  Tm*  respec- 
tively. 

Stbbl. 

In  connection  with  the  torsional  resistance  of  steel,  tests 
of  circular  cylinders  only  are  to  be  considered.  Those 
first  to  receive  attention  were  made  by  Mr.  Kirkaldy  on 
English  steel,  in  1866-1870,  and  the  restdts  have  been 
deduced  from  his  data. 

As  the  sections  are  all  circular,  eq.  (20)  of  Art.  8  is  the 
only  one  needed: 

^-^-ir ^"^ 

In  this  equation  r«  is  the  greatest  intensity  of  torsional 
shear,  in  any  section,  in  poimds  per  square  inch,  **  rf'*  the 
diameter  of  the  shaft  or  cylinder  in  inches,  and  M  the 
twisting  moment  in  hich-pounds. 

In  all  the  following  experiments  the  lever  arm  of  the 
twisting  couple  was  1 2  inches ;  hence  if  P  is  the  twisting 
force,  M  —  12P,  and  eq.  (12)  becomes 

^        61. 2P  . 

^«  =  —^ (13) 

The  mean  of  four  experiments  with  Bessemer  steel  gave 
for  the  ultimate  resistance 

P  =  2,307  lbs.,  with  rf  =  1.25  inches; 

.'.  Tm  =  72,298  lbs.  persq.  in.     (14) 

The  length  was  10  inches. 
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The  mean  of  some  results  with  Krupp*s  cast  steer  in 
specimens  1.25  inches  in  diameter,  and  2.5  inches  for  torsion 
length,  gave 

P  =  2,867^1bs;     /.     7^  =  89,847  lbs.    .     .'     (15) 

The  following  set  of  results  were  obtained  from  2 -inch 
square  bars  turned  down  to  1.382  inches  in  diameter  for  a 
length  of  II  inches,  and  gives  the  means  of  the  number  of 
tests  indicated. 


P  (Ultimate).     Tw  (Ultimate).     Elastic  Strain. 


Ml.:::: 


3,450  lbs.. 

.  .  80,006  lbs. . 

.  .0.014 

3,293    "  ■ 

•  .  76,365    "   • 

.     O.OII 

3,24«    "   . 

.    75,321     *•   . 

. .0.012 

3,226    "   . 

..74,8"     "   . 

. .0.008 

3,562    "   . 

..82,603    "   . 

. .0.014 

3,786    "   . 

•  -87,797    "   . 

. .0.013 

4,054    "   • 

.  .94,012    "   . 

. .0.016 

3,002    "   . 

.  .69,616    "   . 

.  .0.012 

Specimens. 
5  Hammered  tires, 
5  '*  axles, 

4  "  rails, 

4  Rolled  tires,axles, 
and  rails.  J  *     ..'..3,226    "  ....74,811    "  ....0.008  > .       (16) 

5  Hammered  tires,  ^  -^^    •«  o- -c —    a  

4  "  axles, 

I  "  rail, 

I  Rolled  rail. 

The  elastic  strain  is  the  fraction  of  a  complete  turn 
made  by  the  specimen  at  the  elastic  limit. 

The  mean  of  the  Bessemer  steels  in  (14)  and  (16)  give 

Mean  T ^  =  75,760  lbs.  per  sq.  in. 

Hence  if  M  is  the  breaking  moment  of  the  twisting- 
couple  in  inch-pounds,  the  following  will  be  the  diameter 
of  the  shaft  in  inches : 


r_8l5.iA/  _ 
^7c;76o 


.0407^M;   ....     (17) 


or  if  n  is  the  safety  factor,  and  M^  the  greatest  working- 
moment, 

d^o.o40ji^nM^. (18) 

The  mean  of  the  crucible  steel  results  in  (16),  with  the 
exception  of  the  last,  is 

Mean  7  ^  =  88, 1 40  lbs. 
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Hence  the  diameter  (in  inches)  of  the  shaft  which  will  just 
sustain  the  breaking  moment  il/,  in  inch-pounds^  is 


or,  if  n  is  the  safety  factor,  and  M^  the  greatest  working; 
moment, 

rf  =  o.o387'i/MM, (20) 

In  all  the  preceding  experiments  the  elastic  limit  varied 
from  40  to  47  per  cent,  of  T^  (ultimate)  as  given  in  (14),. 
(15),  and  (16). 

In  1873  Kirkaldy  made  some  experiments  on  speci- 
mens of  Fagersta  steel  which  possessed  a  length  of  about 
9  inches  and  a  diameter  of  1.128  inches,  the  length  of  the 
twisting  lever  being  still  12  inches.  Eq.  (13)  then  gives, 
the  following  results,  each  being  a  mean  of  three  tests: 


Mark.                    P  (Ultimate).                     7m  (Ultimate).                   Strain. 
1.2 2,i2olbs 90,397  lbs. 0.29 

0.9 2,336  " 99,607  " 0.79 

0.6 2,261  " 96,409  " 1.0a 

0.3 1,520  " 64,813  " 3.22 

The  *' strain''  is  the  number  of  complete  turns  made  by 
the  specimen  at  the  place  and  instant  of  rupture. 

The  specimens  with  the  higher  **mark"  numbers  were 
the  higher  steels. 

The  elastic  limit  varied  from  46  to  58  per  cent,  of  the 
ultimate  T^. 

The  diameter  of  a  shaft  for  any  of  these  grades  may 
readily  be  computed  by  the  use  of  these  values  of  T^  in 
equations  similar  to  eqs.  (17)  to  (20). 

The  following  values  were  determined  by  the  Com-^ 
mittee  on  Chemical  Research  of  the  U.  S.  Board,  *'  Ex.  Doc. 
23,  House  of  Rep.,  46th  Congress,  2d  Session,"  with  speci- 
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mens  i  inch  long  turned  to  diameters  of  0.625  and  0.565 
inch,  and  tested  in  a  Thurston  machine : 

7  Elastic  Limit  in      Ultimate  Angle 

-"««.  Per  Cent,  of  r^,  of  Torsion. 

ioo»990 lbs.  per  sq.  in 34 i49**o 

95,230    * 34 X42**.3 

110,260    "     "        "     33 68*'.4 

115,780    "     "        "     42 56^1 

52.375    "      "        "     34 2780.2 

71,420    "     "        "     45 ;...220*>.8 

88,210    "      "        "     39 99''.5 

55,885    "      •'        "     35 I65^o 


119.040  "  "  "  40 84^9 

75,430  "  "  "  44 1800.7 

91,690  "  "  "  39 53^toii3*> 

96,450  "  "  "  36 48*^10    84** 

109,010  "  "  "  29 6i*»toi43*» 

107.315* 32 42«»tOI23*> 


109,590    "      "        "     32 73^  to  141° 

Each  of  the  last  five  results  is  a  mean  of  eight  tests. 

The  first  portion  of  these  results  would  possess  more 
value  if  the  test  specimens  had  been  larger. 

With  these  values  of  T^,  the  diameter  of  a  shaft,  with 
the  torsion  moment  M  in  inch-pounds,  becomes 


Copper,  Tin,  Zinc,  and  their  Alloys. 

The  following  values  of  7  ^  have  been  computed  by  the 
aid  of  eq.  (12)  from  data  determined  by  Prof.  R.  H.  Thurs- 
ton, and  given  by  him  in  the  works  already  cited  in  connec- 
tion with  tension  and  compression.  The  test  specimens 
were  0.625  i^^^h  in  diameter,  with  a  torsion  length  of  i.oo 
inch,  and  were  tested  in  his  torsion  machine.  The  ultimate 
shearing  resistances  of  these  alloys  in  torsion  are  thus  seen 
to  vary  as  widely  as  their  tensile  resistances. 


570 


SHEARING  AND   TORSION. 

Table  I. 
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Comijosition. 

Ultimate  Torsi  Vf  ' 

Elastic  Lititit, 

Ultiiuate  Tonaun 



—   — 

Slu-ar.  /,„.        1 

IVrCentot  7,„. 

An«lf. 

Cu. 

Sn. 

i 

Pounds            1 

IX»«rtH.!.. 

lOO 

00 

35.9  n> 

35 

K^^^O 

lOO 

CX) 

28,4  w 

40 

52  to  154 

CX) 

IOC) 

3.J9<» 

45 

557  0 

oo 

100 

3.297 

33 

691 .0 

90 

10 

43,943 

4> 

114  5 

80 

20 

47.^71 

62 

»6.3 

70 

30 

4,407 

ICX) 

«.5 

62 

3« 

1.770 

ICX) 

I.O 

52 

4« 

686 

ICX) 

1 .0 

39 

61 

5,881 

ICX> 

1.7 

29 

71 

5,257 

ICX> 

2.34 

10 

90 

5.761         . 

63 

131.8 

90 

10 

25,027 

49 

57-2 

90 

10 

3i.«5i         j 

57 

72.6 

TtH  is  in  pounds  per  square  inch. 

Table  I  relates  to  alloys  of  copper  and  tin,  and  Table  II 
to  alloys  of  copper  and  zinc. 

None  but  specimens  with  circular  sections  were  tested. 


Table  II. 


Percentage  of 

Ultimate  Torsive 

Elastic  Limit, 

Ultimate  Torsion 

_-           . 

Shear,  T,„ 

Percent  of  r^. 

Ancle. 

Copper.                      Zinc. 

Pounds. 

DcRrees. 

90.56 

9.42 

35,100 

17.2 

458-0 

81.90 

17.99 

41,575 

27.5 

345-0 

71 .20 

28.54 

4i,cxx) 

24.0 

269.0 

60.94 

38.65 

48,520 

29.4 

202.0 

55.15 

44.44 

52,320 

32.7 

109.0 

49.66                     50.14 

43,154 

36.0 

38.0 

41.30          1           58.12 

4,588 

100.0 

1.8 

32.94       !       66.23 

7.241 

100. 0 

I  .2 

20.81       i       77 -^^^ 

16.374 

100. 0 

0.8 

10.30          1          88.88 

22,5CX) 

85.6 

7.1 

0.00 

ICXJ.OO 

9,186 

38.1 

141-5 
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With  the  preceding  values  of  T^,  the  following  expres- 
sion for  the  diameter  in  inches  may  be  written,  if  M  is  given 
in  inch-pounds : 


rf  =  >J^^^^—  =1.721^1 


TJ 


Timber. 


In  the  July,  1873,  number  of  Van  Nostrand's  Magazine, 
Prof.  Thurston  gave  the  results  of  some  experiments  on 
timber  test  specimens  of  circular  section,  0.875  i^^ch  in 
diameter.     Eq.  (12)  may  be  written  as  follows: 

M^^d'=Cd' (21) 

Prof.  Thurston  determined  the  values  of  C,  and  the 
values  of  T^  =  5.1  C  have  been  computed  from  them: 

r„  (Per  Eq.  In.). 

White  pine 1,530  lbs. 

Yellow  pine,  sap 2, 142  " 

Yellow  pine,  heart 2,448  '* 

Spruce 1,836  " 

Ash 2,632  " 

Black  walnut 3.366  " 

Red  cedar i,9.s8  " 

Spanish  mahogany 3,978  " 

Oak 3,244  " 

Hickory 5,202  " 

Locust 4,896  " 

Chestnut 2, 142  " 

It  is  presumed  that  the  axis  of  torsion  was  parallel  to 
the  fibres,  which  would  cause  the  shear  to  take  place  across 
the  latter. 

It  is  interesting  to  observe  that  r„,  is  generally  con- 
siderably less  than  the  ultimate  resistance  to  simple  shear 
as  given  in  Table  III  of  Art.  65. 
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If  d  is  in  inches  and  M  in  tnch-pouttds,  there  may  again 
be  written 

If  M  is  given  in  foot-pounds,  i2il/  is  to  be  written  for  M. 
If  Afj  is  the  greatest  working  moment,  and  n  the  safety 
factor,  nMj  is  to  be  written  for  M. 

Relation  between  Ultimate  Resistances  to  Tension  and 

Torsion, 

In  the  "Trans.  Am.  Soc.  of  Civ.  Engrs.,"  Vol.  VII,  1878, 
Prof.  Thurston  gave  the  results  of  some  of  his  experiments 
which  were  made  with  a  view  to  the  determination  of  this 
relation.  If  M  is  the  ultimate  torsional  moment  in  foot- 
pounds of  specimens  one  inch  long  and  0.625  i'^ch  in  diam- 
eter; d  the  angle  of  torsion  corresponding  to  this  greatest 
moment  M ;  and  T  the  ultimate  tensile  resistance  in  pounds 
per  square  inch,  he  deduced  from  a  large  number  of  steel 
specimens  of  wide  range  in  grades  the  following  formula : 

r-M('-~-). 

No  experiments  were  made  in  which  0  was  greater  than 
300^ 

T  is  thus  seen  to  increase  as  M  increases  and  as  0  de- 
creases. 


Addendum  to  Article  66. 

There  may  be  found  in  Vol.  XC  of  the  **  Proceedings  of 
the  Institution  of  Civil  Engineers ''  for  1886-87  ^  paper  by 
Messrs.  J.  Piatt  and  R.  F.  Ilayward,  containing  compara- 
tive experimental  values  of  the  elastic  limits  and  ultimate 
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TORSION  AND  SHEARING. 
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Metal. 


All  Values  are  in  Pounds  per  Square  Inch. 


E.L. 


Ultimate 
Tensile 
Resist- 
ance. 


5. 


Wrought  iron:  Crown  best 

Bessemer  steel 

Crucible  steel 

Landore  rivet  steel :  .  i8  C, 

•     .6  Mg 

Crown  rivet  iron 

Steel  casting 

Siemens-Martin  steel . .  . 
Wrought  iron:  S.  C.  Crown 

Muntz  metal 

Gun  metal:  Cu,  64;  zinc, 

2;  tin,  8 

Cast  iron,  turned 

"  skinon.  .*..!!!! 


20,530 

45,400 
43,300 

22,900 
23,250 
23,400 
22,600 
22,920 
19,500 

12,100 


56,400 

100,000 

94,900 

66,970 
64,630 
77,820 
62,960 
66,160 
58,500 

35,500 
33.040 
38,200 
40,600 
34,330 


12,800,000 
12,880,000 
13,660,000 

13,070,000 
13,700,000 
13,040,000 
13,400,000 
13,920,000 
6,790,000 

5,610,000 
7,163,000 
6,602,000 
7,620,000 
7,050,000 


48,400 
116,930 
116,850 

64,060 
56,020 
85,720 
57,700 
55,010 
57.020 

30,720 
25,610 


42,050 

78,880 
74,500 

51,570 
47,870 
60,160 
46,900 
46,510 
42,000 

27,960 

11,860 

11,420 

8,810 


E.L.  indicates  elastic  limit  in  torsion ; 
Tm  "         ultimate  torsion  shearing  resistance ; 

G  **         coefficient  of  elasticity  in  torsion ; 

5  "         ultimate  resistance  in  simple  shear. 

resistances  in  tension,  torsion,  and  shearing,  as  well  as  the 
coefficients  of  elasticity  in  torsion  of  steel,  wrought  iron, 
and  other  metals,  and  Table  III  contains  the  principal 
results.  Each  value  in  the  table  is  the  mean  of  two  to  six 
or  more  tests.  All  the  torsion  specimens  except  those  in 
cast  iron  were  |  inch  in  diameter  for  a  length  of  13  inches. 
Some  of  the  cast-iron  specimens  were  \i  inch  in  diameter 
and  were  tested  as  cast,  i.e.,  they  were  not  turned  down. 
The  remaining  cast-iron  specimens  were  turned  down  to 
f  inch  in  diameter. 

It  will  be  observed  that  the  ultimate  shearing  resist- 
ance, 5,  is  about  three  fourths  only  of  the  ultimate  torsion 
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shear  7,,,,  although  it  might  reasonably  be  anticipated 
that  they  would  be  the  same.  Messrs.  Piatt  and  Hayward 
made  their  simple  shearing  tests  by  turning  grooves  one 
inch  apart  in  inch  rounds  with  a  round-nosed  tool,  thus 
securing  double  shear  at  two  adjacent  sections  kxrated  by 
the  grooves.  This  arrangement  would  produce  some 
bending  at  each  section  of  failure  and  almost  certainly 
prevent  equal  division  of  the  total  shearing  loads  between 
the  two  sections,  thus,  in  a  measure,  producing  failure  in 
detail.  Both  these  influences  would  reduce  the  appar- 
ent ultimate  shearing  intensities  5.  The  latter  intensities 
(given  in  Table  III)  cannot,  therefore,  be  accepted  as  cor- 
rect. 

The  high  values  of  the  ultimate  tensile  resistance  of  the 
cast  iron  and  of  the  ultimate  T  ^,  in  the  same  table,  show 
conclusively  that  the  cast  iron  employed  in  these  tests 
was  of  far  greater  resistance  than  that  ordinarily  used 
in  engineering  structures  which  has  an  ultimate  tensile 
resistance  of  i6,ooo  to  i8,ooo  pounds  per  square  inch. 
It  is  probably  essentially  correct  to  take  the  ultimate 
torsion  shear  T  ^  proportionate  to  the  ultimate  tensile 
resistance. 

The  coefficient  of  torsion  elasticity,  G,  was  computed 
by  eq.  (17)  of  Art.  8,  P^  being  the  twisting  moment  A/, 
and  the  strain  ^0  being  measured  on  the  specimen  when 
under  test. 

These  and  other  similar  tests  show  that  G  may  be 
taken  as  .455  {E  being  the  coefficient  of  elasticity  for 
tension)  with  essential  accuracy. 

Table  IV  contains  experimental  values  of  the  elastic 
limit  and  ultimate  torsion  shearing  resistance  of  the  alloys 
of  aluminum,  tin,  and  copper  shown  in  the  table.  They  were 
determined  by  Messrs.  Gebhardt  and  Ward  in  1896  in 
the  mechanical    laboratory  of    Sibley  College    at    Cornell 
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University  and  reported  to  the  Am.  Soc.  Mech.  Engrs.  in 
1898. 

Table  IV. 

ALUMINUM  ALLOYS— TORSIONAL  RESISTANCE. 


Composition  Per  Cent. 

Angle  of 

Ultimate 

b 

)y  Weigh 
Tn. 

t. 

Torsion  Deg. 

Shearing  Stress 
per  bq.  In. 

Al. 

• 
Cu. 

Elastic- 

Maxi- 

Elastic 

Maxi- 

Limit. 

mum. 

L.imit. 

mum. 

100 

a 

130 

4.300 

25,000 

as 

2.5 

95 

4 

200 

10,710 

33.075 

3.75 

3.75 

92.5 

6 

198 

ii,iS27 

35,802 

s 

5 

00 

7 

175 

15.525 

45.155 

6.2s 

6.25 

87.5 

4 

37 

30,2«2 

03,440 

7.5 

7.5 

«5 

3.5 

22 

25,447 

37.002 

8.75 

8.75 

82.5 

7 

10 

18.413 

18.413 

10 

10 

80 

6 

8 

15.230 

15.230 

♦11 

II 

78 

5.8 

5.8 

13.717 

13.717 

*ao 

ao 

60 

I 

I 

2.321 

2,321 

General  Character. 


Scattering. 


10 
12 

13 

8S 

a7. 

100 


7.5 
110 


88 
89 
86 
85 

7.5 
69.6 


3 

147.5 

14,000 

S 

52 

21,740 

9 

9 

32.984 

8 

12 

32,723 

3 

37 

8.703 

^■5 

20 

2,HOO 

a 

160 

4.005 

43.987 

50,000 

32,9X4 

37.003 

2,800 
I  2,91 1 


Very  soft;  ductile. 
Sort;  ductile. 
Slightly  tough;  ductile. 
Tough-  medium  ductility. 
Very  tough;  rather  nard. 
Hard;  somewhat  brittle. 
Very  hard;  brittle. 

exceed' gly  brittle. 


Somewhat  soft;  ductile. 
Tough ;  medium  ductility. 
Very  tough;  hard. 

Very  soft,  somewhat  ductile. 
"     spongy. 


*  Could  not  be  machined. 


The  results  of  the  table  show  that  the  alloys  yielding 
other  resistances  of  considerable  value  will  also  exhibit 
proportionate  torsion  resistances,  as  might  be  anticipated.. 


CHAPTER  X. 

BENDING  OR   FLEXURE. 

I  Art.  67.— Coefficient  of  Elasticity. 

The  coefficient  of  elasticity,  as  determined  by  experi- 
ments in  fiexure,  can  scarcely  be  considered  other  than  a 
conventional  quantity.  If  the  coefficients  of  elasticity  for 
l)ure  tension  and  compression  were  exactly  equal  to  each 
other,  and  if  all  the  hypotheses  involved  in  the  common 
theory  of  flexure  were  true,  then,  indeed,  the  coefficient  of 
elasticity  for  flexure  would  possess  actual  existence  and  be 
the  same  as  that  for  either  tension  or  compression. 

These  conditions,  however,  never  exist,  and  the  quanti- 
ties found  in  this  chapter  under  the  name  **  coefficient  of 
elasticity"  possess  value  chiefly  as  empirical  factors  which 
(mable  the  deflections  in  the  diflerent  cases  to  be  estimated 
with  sufficient  accuracy  for  all  ordinary  purposes. 

The  formulae  to  be  used  in  the  determination  of  the 
coefficients  of  elasticity  for  flexure  have  already  been 
established,  and  their  use  will  be  shown  in  succeeding 
articles. 

Art.  68. — Formulae  for  Rupture. 

As  with  the  formulae  for  the  coefficient  of  elasticity, 
so  with  the  formulae  for  rupture  in  bending;  they  are  all 
deductions   from   the    common    theory-    of    flexure,    and, 

576 


•Art.  68.]  FORMULAi  hOR  RUPTURE,  Sll 

Strictly   speaking,   are   subject   to   all  the  limitations  in- 
volved in  it. 

'if  A'  and  K'  are  the  greatest  intensities  of  stress  in  the 
section  of  rupture  and  at  the  ihstant  of  rupture;  y  the 
variable  normal  distance  of  any  fibre  from  the  neutral  sur- 
face; y\  and  /  the  greatest  values  of  y\  b  the  variable 
width  of  the  section  (normal  to  y) ;  and  M  the  resisting 
moment  at  the  instant  of  rupture;  then  the  general  for- 
mula for  rupture  by  bending,  as  given  by  eq.  (i)  of  Art. 
26,  is 

^'^yjo     y'bdy^-J_ybdy,    .     .     .     (i) 

This  equation  is  based  on  the  supposition  that  the 
coefficients  of  elasticity  for  tension  and  compression 
are  not  equal.  Although  this  supposition  is  strictly  true, 
yet  equality  is  almost  invariably  assumed,  particularly 
in  the  treatment  of  solid  beams.  Fortunately  this  assump- 
tion is  not  far  wrong  in  those  materials  which  are  most 
valuable  to  the  engineer. 

Eq.  (i),  however,  will  hereafter  be  applied  to  some  cast- 
iron  flanged  beams. 

If  the  tensile  and  compressive  coefficients  of  elasticity  are 

K     A' 
equal,  -  =  -, ;  or  if  K  is  the  greatest  intensity  of  stress  in 

the  section  which  exists  in  the  fibre  at  the  greatest  normal 

K     K 
distance,  rfj,  from  the  neutral  surface,  then  -   =--,  ,  and  eq.  (i) 

becomes 

^'=f w 

This  is  eq.  (10)  of  Art.  9,  and  is  the  one  almost  invariably 
aised  in  engineering  practice. 

In  eq.  (2)  /  is  the  moment  of  inertia  of  the  cross-section  of 


57^  BENDING  OR  FLEXURE.  [Ch.  X. 

the  beam  about  its  neutral  axis.  By  intrcxiucing  the  value 
of  /  for  each  particular  shape  of  section,  simple  working 
forms  of  eq.  (2)  may  easily  be  obtained.  This  will  be  done 
for  two  sections  in  the  following  article. 

Art.  69. — Solid  Rectangular  and  Circular  Beams. 

While  the  rectangular  form  of  cross-section  almost 
invariably  characterizes  timber  beams,  similar  ones  of  iron, 
steel,  and  other  metals  are  only  occasionally  seen.  Beams 
of  iron  and  steel  with  circular  cross-sections,  however,  are 
quite  common  as  pins  in  pin  connection  bridges. 

If  IPx  represents  the  moment  of  the  external  forces 
about  the  neutral  axis  of  any  section,  eq.  (2)  of  the  preced- 
ing article  becomes 

^p'-x- <■) 

The  following  are  the  values  of  /  and  rf,  for  rectangular 
and  circular  sections,  h  being  the  side  of  the  rectangle  normal 
and  b  that  parallel  to  the  neutral  axis,  while  r  is  the  radius 
of  the  circular  section  and  A  the  area  in  each  case: 


12  ""  12 

tangular:  - 

/-* 

r         nr*    Ar* 

Circular:  - 

4         4 

If  the  beams  are  supported  at  each  end  and  loaded  by  a 
weight  W  at  the  centre  of  the  span  (or  distance  between 
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supports),  which  may  be  represented  by  /,  then  the  moment 
at  the  centre  of  the  beam  becomes 

Wl 
IPx^M^— (2) 

There  will  then  result  from  eq.  (i): 
For  rectangular  sections: 

,^     Wl    Kbh^    KAh 
^==T=~6-"^-6" (3) 

For  circular  sections: 

,^     Wl    nKr^    KAr 

M= — = = (4) 

4  4  4 

The  quantity  K  is  called  the  modulus  of  rupture  for 
bending,  and  if  experiments  have  been  made,  so  that  W 
is  known,  eq.  (3)  gives 


r^^iWl^iWl 


2  Ah     2bh^ ^S) 

and  eq.  (4) 

Wl    Wl 

a:=^=— (6) 

Ar     Tzr^  ^  ' 

r    k;/   :    ^    t  .    '      C 
If  the  rectangular  section  is  square,  bh^  =  b^=h^. 

Wrought  Iron, 

If  the  beam  is  simply  supported  at  each  end  and  carries 
a  load  W  at  the  centre,  while  E  is  the  coeflRcient  of  elasticity 
and  w  the  deflection  at  the  centre,  eq.  (28)  of  Art.  22  gives 

Wl^ 
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^   If,  in  any  given  experiment,  w  is  measured,  E  may  thea 
be  found  by  the  following  form  of  eq.  (7) : 

"  ""■  («> 


If  the  section  is  rectangular 


WP 
^"^^wbh- (^> 

These  equations  enable  the  coefficient  of  elasticity  E  to 
je  computed  readily  from  experimental  observations.  It 
is  only  necessary  to  measure  accurately  the  deflection  w 
produced  by  the  load  or  weight  li^and  then  introduce  all  the 
known  quantities  in  eq.  (8)  or  eq.  (9). 

A  bar  of  wrought  iron  3  inches  deep  and  i  inch  wide 
was  placed  on  supports  48  inches  apart  and  loaded  with  a 
weight  of  400  pounds  at  mid-span.  The  measured  de- 
flection was  .0155  inch.     Hence 

_  400  X  48  X  48  X  48 

tL  = =  20,4.^0.000. 

4X1X3X3X3X.OI55  '^^^'''    ''''• 

Other  applications  may  be  made  in  precisely  the 
same  way. 

In  testing  short  solid  wrought-iron  or  other  beams  to 
failure,  it  has  been  obser\^ed  that  when  the  beams  are  very 
short  the  ultimate  extreme  fibre  stress  K  is  far  greater  than 
the  ultimate  resistance  to  tension,  and  that  the  difference 
increases  rapidly  where  the  length  of  span  decreases  to  a. 
few  times  the  depth  of  beam.  This  feature  of  the  flexure 
of  solid  beams  is  fully  illustrated  by  what  follows. 

Kirkaldy   tested    four    square    Swedish    iron   bars  to 
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rupture.     By  the  aid  of  eq.  (5)  and  the  data  given  above, 
the  greatest,  mean,  and  least  results  were  as  follows : 

W,  K.  Final  Deflectioo, 

Greatest 15.885  lbs 74,475  lbs.  per  sq.  in 5 .  85  ins. 

Mean 14,516    " 68,044    *'      '*        "     535    ** 

Least 13,338    " 62,522    "      "        "     498    " 

The  ultimate  tensile  resistance  of  the  same  iron  was 
about  45,000  pounds  per  square  inch.  These  experiments 
would  seem  to  show  that  A',  for  square  bars  tinder  similar 
circtunstances  of  span  and  depth,  may  be  taken  about  1.5 
times  the  ultimate  resistance  to  tension. 

The  results  in  the  following  table  were  computed  by  the 
aid  of  eq.  (6)  for  some  circular  beams  of  **  Burden's  Best'* 
iron  which  were  tested  at  the  Rensselaer  Polytechnic 
Institute  in  November,  1882.  As  beams  cannot  be  actually 
broken  under  such  circumstances,  the  ** ultimate"  value  of 
K  was  taken  with  a  final  deflection  of  one  to  one  and  one 
quarter  the  diameter. 

CIRCULAR  BEAMS  OF  "BURDEN'S  BEST"  WROUGHT  IRON. 


Kind. 


Diameter. 


Span. 


W, 


Elastic.      Ultimate. 


K. 


Elastic. 


Ultimate. 


Turned. 
Turned. 
Turned. 
Turned. 
Rough. 
Rough. 
Turned. 
Turned, 
Rough. 
Rough. 
Turned. 
Turned. 
TiuTied. 
Turned. 


Ins. 
1.25 
1.25 
1.25 
1.25 
I. GO 
I  .00 
I  .00 
1  .00 
1. 00 
1  .00 
0.75 
0.75 
0.75 
0.75 


Ins. 

12 

8 

12 

8 
12 

8 
12 

8 
12 

8 
12 

8 
12 

8 


Lbs. 
3,000 
4.400 


1,700 
2,800 

700 
1,200 

700 
1,300 


Lbs. 

6,000 

10,500 


3,000 
4,800 
1,100 
1,900 
1,100 
1,900 


Lbs. 
46,950 
45,900 
54,760 
52,150 
55,000 
57,000 
55.000 

51,950 
57,000 
47,100 
53,880 
47,100 
58,370 


Lbs. 
93.900 

109,500 
93,870 

114,700 
91,700 

101,900 
91,600 

107,000 
91,680 
97,800 
74,050 
85,310 
74,050 
85,310 
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The  "clastic  limit"  is  taken  at  that  point  beyond  which 
the  metal  "flows,"  and  is  indicated  by  the  incapability  of 
the  specimen  to  hold  up  the  scale  beam  beyond  it,  imder  a 
small  increase  of  stress ;  in  other  words,  it  is  that  point  at 
which  the  specimen  "breaks  down." 

These  exix^riments  show  conclusively  that  "ultimate" 
K  decreases  as  the  ratio  of  span  over  diameter  increases,  but 
thej^  are  not  sufficiently  extended  to  establish  the  limits  of 
application  of  the  observation. 


Cast  Iron. 

All  the  following  results  for  cast-iron  beams  are  found 
from  Major  Wade's  experiments  ("Strength  and  Other 
Properties  of  Metals  for  Cannon,"  1856).  His  test  bars 
were  nearly  two  inches  square  in  section  or  two  inches  in 
diameter,  and  were  twenty-four  inches  long.  They  were 
loaded  at  the  centre,  and  the  distance  between  supports 
was  twenty  inches.  The  following  table  gives  results  for 
square  bars.  K  is  given  in  pounds  per  square  inch,  and 
is  found  by  the  aid  of  eqs.  (5)  and  (6).  "Z?^/."  is  the  final 
deflection. 

Although  Major  Wade  made  many  other  experiments  of 
the  same  kind,  these  may  be  considered  representative  ones. 

It  is  highly  interesting  to  observe  that  K  and  the  final 
deflection  are  materially  larger  for  circular  beams  than 
for  square  ones. 

By  comparing  these  v^alues  of  A'  with  the  ultimate  tensile 
resistances  found  by  Major  Wade,  and  which  have  been 
given  tmder  the  head  of  "Tension,"  it  will  be  seen  that  no 
great  error  will  be  involved  if  K  is  taken  at  twice  the  ultimate 
tensile  resistance  for  square  bars,  and  two  and  a  quartet 
times  the  same  quantity  for  bars  with  circular  section. 
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Kind  of  Iron. 


Hours  in 
Fusion. 


W. 


K. 


Def. 


Richmond  iron;  2d  fusion. 


Stockbridge  iron ;  2d  fusion. 


Franklin  iron;  3d  fusion.. 


o 

I 
2 
2 

i 
1 

2 
o 
o 

I 
I 
2 
2 
3 
3 


Lbs. 

11,587 
12,487 
15,019 
15,525 
11,812 
14,512 
16,481 
19,462 
12,987 
13,365 
15.363 
14,616 
13.788 
14,850 
16,056 
16,722 


Lbs. 
42,130 
45.110 
52,«70 
55,930 
42,760 
52,670 
60,500 
69,680 
49,070 
50,120 
57,330 
54,550 
48,730 
50,720 
56,050 
60,410 


In. 
0.156 
0.152 
0.152 
0.147 
o.  162 

0.195 
0.202 
0.230 
0.250 
0.217 
0.220 

0.195 
0.152 

o.  170 

0.175 

o.  170 


BARS  WITH  CIRCULAR  SECTION,  EQ.  (6). 


Franklin  iron ;  3d  fusion. 


Franklin  iron ;  2d  fusion. 


i 

10,437 

70,600 

li 

8,665 

57,720 

3 

11,112 

70,740 

3i 

10,606 

71,740 

1 

7,920 

52,360 

2 

9,270 

63,670 

3 

9,481 

64,820 

4 

7,920 

52,360 

C.237 

o.  166 

0.254 

0.240 

.240 
.262 


Whether  these  ratios  will  hold  for  iron  of  inferior  quality 
to  that  used  by  Major  Wade  can  only  be  determined  by 
further  exi:)erinienting. 


Steel. 

Some  circular  Bessemer  steel  beams  with  12-  and  8-inch 
spans  were  tested  at  the  Rensselaer  Polytechnic  Institute 
in  November,  1882,  with  the  results  which  are  given  in  the 
next  table.  The  ** elastic  limit"  is  that  point  at  which  the 
specimen  ** breaks  down."     The  '* ultimate"  value  was  that 
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for  which  the  deflection  was  equal  to  one  or  one  and  a. 
quarter  the  diameter. 

CIRCULAR  BESSEMER  STEEL  BEAMS,  EQ.  (0). 


Kind. 


Diameter. 

span. 

In. 

Ins. 

l.OO 

12 

I.OO 

8 

l.OO 

12 

I.OO 

8 

0.75 

.12 

0.75 

8 

0.75 

12 

0.75 

8 

Elastic,    j  Ultimate. 


K. 


Elastic. 


Ultimate. 


Turned. , 


Lbs. 


2,500 
3,750 
1,150 
1,800 
1,150 
1,800 


I 


Lbs. 


4,500 
7,500 
1,800 
3,300 
1,700 
3.300 


Lbs. 
86,000 
85,300 
76,400 
76,400 
77,400 
80,800 
77,400 
80,800 


Lbs. 
146,750 
152,800 
137,520 
152,800 
122,200 
148,200 
II4,4(X) 
148,200 


The  ** ultimate"  K  is  seen  to  decrease  as  the  ratio  of 
length  over  diameter  increases. 

The  following  table  contains  results  computed  from  the 
experiments  of  the  "Steel  Committee*'  of  the  British  Insti- 
tution of  Civil  Engineers;  the  experiments  were  made  in 
1868.  The  bars  were  1.9  inches  square  in  section,  and  the 
distance  between  supports  was  twenty  inches. 

BESSEMER  STEEL.  EQ.  (5). 


Kind  and  Numlier  of  Tests. 


5,  tires,  hammered 

5,  axles,         •'         

4,  ra'ls,  "         

4,  tires,  axles,  rails;  rolled. 


Lbs.  per  Scj.  In, 
I  2Q,030 

129,325 
125,900 
115,120 


Elastic  over 
Ultimate. 


o  573 
0.615 
0.612 
0563 


Pinal  Deflection 
in  Inches. 


3.82 
4.08 

3.94 
4.03 


CRUCIBLE  STEEL,  EQ.  (5). 


5,  t'r«»s.  hammered. 
4,  axles,         " 
1,  rail, 
I,  axle,  rolled 


143,530 

0.574 

152,055 

0.539 

175.470 

0.436 

118,160 

o.53« 

3.32 
3.35 
3.65 
3.84 
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Each' result  is  an  average  of  the  number  of  tests  shown 
in  the  left  column. 

The  ratio  *' elastic  over  ultimate*'  is  the  value  of  K  at 
the  '* elastic  limit'*  divided  by  its  ultimate  value  as  given 
in  the  table. 

A  comparison  of  the  results  found  in  the  preceding 
table  with  the  ultimate  tensile  resistances  of  the  same 
materials  (not  given)  shows  that  K  is  about  1.66  times  the 
ultimate  tensile  resistance  for  square  Bessemer-steel  bars,  and 
about  1.85  times  the  sam£  quantity  for  square  crucible-steel  bars. 

Mr.  J.  W.  Cloud,  of  the  Penn.  R.  R.  Co.',  made  bendmg 
tests  of  the  Bessemer  rail-steel,  whose  ultimate  shearing 
resistances  are  given  in  Art.  65.  His  test  pieces  were  12 
inches  long,  1.5  inches  wide,  and  0.5  ipch  thick.  The  load 
was  applied  in  the  direction  of  the  thickness,  and  midway 
between  supports  10  inches  apart.  The  greatest,  mean, 
and  least  results  of  all  his  tests,  with  carbon  ranging  from 
.282  to  .438  per  cent.,  are  the  following: 

W.  K. 

Greatest 3i349  lbs 133,960  lbs.  per  sq.  in. 

Mean 3i026    " 121 ,040    "      "        " 

Least 2,765    " 110,600    "      "        '* 

With  these  rectangular  specimens  of  Bessemer  rail-steel, 
supported  flatwise,  therefore,  K  may  be  taken  about  1.6 
the  ultimate  tensile  resistance. 

The  following  table  contains  the  results  of  Kirkaldy's 
experiments  on  square  bars  of  Fagersta  steel.  These  bars 
were  1.9  inches  square  in  section,  and  rested  on  supports  20 
inches  apart.  IF  is  the  breaking  weight  at  centre,  and  K  is 
computed  by  the  aid  of  eq.  (5).  The  column  ''Elastic  oiwr 
ultimate''  contains  the  ratios  of  the  values  of  K  at  the 
** elastic  limit"  divided  by  the  ultimate  values  given  in  the 
table. 
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Mark. 


I  .2 
I  .2 
I  .2 


0.9 
0.9 
0.9 


0.6 
0.6 
0.6 


0.3 
0.3 


Pounds. 


Mean 


30,496 ) 
32,896  V  _ 
35,376  i  -^''5^9 


4'3ri2Hj -43,833 


40,260 
36,200 

38, 1 20 


Mean 
=  3«,i45 


2118^^     Mean 


Pounds  per  Square   nh. 


i33,3«o 
143,880 
154,710 


\-' 


Mean 
[44,000 


lol'stni     Mean 
194,850  >• 

188,640) 


Elastic  over 
Ultimate. 


°^)     Mean 


191,700 


0.500) 

0.476  y 
0.512  ) 


176,100 

I5H.3JO 
166,740 


Mean 
=  167,040 


Mean 


106,800  \ 
101,820  !■     ^'*^**" 


Mean 
-0.496 


0.467  ) 
0.491  V 
0.482  ) 


Mean 

-0.48 


Mean 


0.561  ) 


Pinal 

Deflection, 

Inches. 


0.75 
0.72 
0.87 

1 .46 

1.62 
t.38 

315 

3  ■  56 

3-22 

5.22 

5  05 
5  05 


The  "  Mark '*  shows  the  character  of  the  steel ;  i .2  is  the 
hardest,  and  0.3  the  softest. 

AT  is  about  1.6  times  the  ultimate  tensile  resistance  for 
the  grades  1.2  and  0.6,  and  1.8  times  the  same  quantity  for 
the  grades  0.9  and  0.3. 


Comparison  of  Modulus  of  Rupture  for  Bending  with  Ultimate 

Resistances, 

The  experiments  on  solid  steel  and  iron  beams  which 
have  been  cited  show  the  somewhat  remarkable  result  that 
in  general  the  ultimate  intensity  of  stress  K  in  the  extreme 
fibres  has  the  value  neither  of  the  ultimate  resistance  to 
tension  nor  of  that  to  compression ;  nor,  indeed,  does  there 
seem  to  be  anything  like  a  well-defined  relation  between 
those  quantities.  If  those  resistances  have  widely  different 
values,  K  may  be  found  between  them,  but  in  other  cases 
it  may  considerably  exceed  the  greater  of  the  two.  In  no 
case,  however,  is  it  found  less  than  the  least  of  the  two 
ultimate  resistances.     These  investigations  also  show  that 
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K  varies  to  some  extent  with  the  shape  of  cross-section, 
although  it  varies  chiefly  with  the  length  of  span.  In  the 
absence  of  experiments  conducted  in  a  manner  proper  to 
the  solution  of  this  problem,  it  is  difficult  to  assign  defi- 
nitely the  reason  for  the  facts  as  they  appear.  The  expla- 
nation is  probably  due  to  a  number  of  causes. 

It  has  been  shown  conclusively,  as  will  appear  by 
referring  to  the  exact  theory  of  flexure,  that  the  common 
theory  of  flexure  does  not  apply  even  approximately  to  very 
short  beams.  In  the  preceding  cases,  where  the  results 
of  tests  of  solid  steel,  cast-  and  wrought-iron  beams  are 
shown,  the  spans  have  ranged  from  five  or  six  to  ten  or 
twelve  times  the  depth  of  beam,  and  within  those  limits 
the  value  of  K  has  ranged  from  possibly  one  and  one-half 
to  nearly  two  and  one-half  times  the  ultimate  resistance 
to  either  direct  tension  or  compression.  In  engineering 
practice  the  spans  of  solid  circular  steel  beams,  as  in  the 
case  of  pins,  may  be  found  considerably  less  than  the  depth 
of  the  beam.  In  all  these  exceedingly  short  beams  the 
distribution  of  stress  according  to  the  common  theory  of 
flexure  no  longer  holds ;  at  the  same  time  the  supporting 
effect  of  the  direct  transverse  shear  acts  in  a  high  degree. 
The  greatest  intensity  of  direct  stress  of  tension  or  com- 
pression in  the  normal  cross-section  of  greatest  bending^, 
as  shown  by  the  ordinary  formulas,  must  be  much  different 
from  (i.e.,  greater  than)  the  actual.  Again,  the  varying  in- 
tensity in  adjacent  fibres  prevents  perfect  freedom  in  lateral 
strains  and  causes  a  corresponding  increase  of  resistance. 
In  the  cases  considered  the  volume  of  greatest  intensity  of 
stress  is  small,  thus  placing  the  part  first  ruptured  some- 
what in  a  condition  of  a  very"  short  specimen.  After  the 
elastic  limit  is  passed  it  is  highly  probable  in  consequence 
of  the  flow  of  the  material  that  the  law  of  the  variation  of 
stress  intensity  changes,  becoming  such  that  with  the  same 
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greatest  intensity  at  the  surface  of  the  solid  beam  the  resist- 
ing moment  is  consiclerabl>  increased. 

F'inally,  it  has  been  shown  that  the  experimentally 
determined  ultimate  resistances  to  tension  and  compres- 
sion are,  in  reality,  mean  intensities,  and  not  the  greatest 
which  the  material  is  capable  of  exerting  at  any  one  point, 
or  along  any  one  line,  as  in  the  extreme  fibres  of  a  bent 
beam.  On  this  ground  alone,  K  ought  to  be  considerably 
greater  than  either  T  or  C,  as  determined  from  the  usual 
cross-sections. 

All  these  influences  act  to  produce  the  results  observed 
in  the  preceding  tests  of  solid  steel  and  iron  beams,  but 
experimental  investigations  have  not  yet  been  carried  far 
enough  to  give  quantitative  values  to  them. 

Although  the  preceding  observations  have  been  applied 
to  steel  and  iron  beams  only,  the  same  general  features  may 
be  expected  to  characterize  short  solid  beams  of  any 
material.  In  the  case  of  timber  and  stone  the  varying 
character  of  the  material,  especially  the  fibrous  nature  of 
timber,  W\\\  either  partially  or  wholly  obscure  the  charac- 
teristic features  of  the  tests  of  very  short  beams. 


Alloys  of  Aluminum. 

Table  IX  of  Art.  44,  in  the  fifth  column  from  the  left 
side,  exhibits  values  of  the  ultimate  stress  in  the  extreme 
fibres  of  small  beams  of  varying  proportions  of  alumintmi- 
zinc  alloys.  As  might  be  anticipated,  beams  of  either  of 
those  metals  showed  comparatively  low  resistance,  but 
with  aluminum  varying  from  80  down  to  50  per  cent,  and 
zinc  from  20  up  to  50  per  cent,  the  resistance  was  excel- 
lent, the  maximum  being  found  with  Al  ^^  and  zinc  25. 

Table  XII  of  Art.  44  exhibits  the  ultimate  fibre  stresses 
in  small  beams  of  the  alloys  of  aluminum  with  copper,  zinc> 
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manganese  and  chromium.  The  rolled  bars  of  Al  96  ^d 
Cu  4  give  excellent  results;  as  does  the  cast  bar  of  ^/  75.7, 
Ch  3,  zinc  20  and  Man  1.3.  The  remaining  values  of  the 
transverse  resistances  in  the  table  are  self-explanatory. 

Copper,  Tin,  Zinc,  a^td  their  Alloys, 

In  the  following  table  are  given  the  data  and  the  results 
of  the  experiments  of  Prof.  R.  H.  Thurston,  as  contained  in 
his  various  papers,  to  which  reference  has  already  been 
made.  The  distance  between  the  points  of  support  was 
twenty-two  inches,  while  the  bars  were  about  one  inch 
square  in  section,  and  of  cast  metal. 

The  modulus  of  rupture,  K,  is  found  by  eq.  (5),  in 
which,  however,  in  many  of  these  cases,  W  is  the  weight 
applied  at  the  centre,  added  to  half  the  weight  of  the  bar. 
When  K  is  large  and  the  specimens  small,  this  correction 
for  the  weight  of  the  bar  is  unnecessary ;  otherwise  it  is  ad- 
visable to  introduce  it. 

The  coefficient  of  elasticity,  E,  is  fotmd  by  eq.  (9),  in 
which  \V  is  the  centre  load  added  to  five  eighths  of  the 
weight  of  the  bar. 

The  manner  in  which  both  these  corrections  arise  is  com- 
pletely shown  in  Case  2  of  Art.  22. 

E,  for  any  particular  bar,  has  a  varying  value  for  dif- 
ferent degrees  of  stress  and  strain.  Those  given  in  the  table 
may  be  considered  average  values  within  the  elastic  limit. 

As  usual,  '  *  elastic  over  ultimate '  *  is  the  ratio  of  K  at  the 
elastic  limit  over  its  ultimate  value. 

An  examination  of  the  ultimate  tensile  and  compressive 
resistances  of  these  same  alloys,  as  given  in  preceding  pages, 
shows  that  the  ratio  of  K  over  either  of  those  resistances  is 
very  variable.  It  is  usually  found  between  them,  but  occa- 
sionally it  exceeds  both. 
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SQUARE  BARS. 


A'. 

Lba.  per 

Elastic  over 

Ultimate. 

Final 
Deflection. 

E, 
Lbs.  per 
Sq.  In. 

Cu. 

Sn. 

Zn. 

Ins. 

lOO 

0.00 

0.00 

29,850 

(         0.14 
\  to  0.41 

8.00 

9,000,000 
\  10,830,600 

lOO 

0.00 

0.00 

25.920 

1.38 
to  8.00 

lOO 

0.00 

0.00 

21,251 

0.346 

2.31 

13,986,600 

lOO 

0.00 

0.00 

29,848 

0.  140 

Bent. 

10,203,200 

90 

10.00 

0.00 

49.400 

0.400 

Bent. 

14,012,135 

90 

10.00 

0.00 

56.375 

0.41 

3.36 

80 

20.00 

0.00 

56,715 

0.657 

0.492 

13,304.200 

70 

30.00 

0.00 

1 2,076 

1. 00 

0.062 

15,321,740 

61.7 

38.3 

0.00 

2,761 

1. 00 

0.032 

9,663.990 

48.0 

52.0 

0.00 

3,600 

1. 00 

0.019 

17,039,130 

39-2 

60.8 

0.00 

8,400 

1. 00 

0.060 

12,302,350 

28.7 

71.3 

0.00 

8,067 

0.583 

0. 121 

9,982,832 

9  7 

90  3 

0.00 

5,305 

0.25 

Bent. 

7,665,988 

0.00 

100 

0.00 

3,740 

0.273 

Bent. 

6,734,840 

0.00 

100 

0.00 

4,559 

0.267 

Bent. 

5,635,590 

80.00 

0.00 

20.00 

21,193 

3.27 

11,000,000 

62.50 

0.00 

37.50 

43.216 

3.13 

14,000,000 

58.22 

2.30 

39.48 

95,620 

1.99 

11,000,000 

55.00 

0.50 

44.50 

72,308 

92.32 

0.00 

7.68 

21,784 

0.33 

Bent. 

13,842,720 

82.93 

0.00 

16.98 

23.197 

0.41 

Bent. 

14,425,150 

71.20 

0.00 

28.54 

24,468 

0.51 

Bent. 

14.035,330 

63.44 

0.00 

36.36 

43,216 

0.53 

Bent. 

14,101,300 

58 -49 

0.00 

41.10 

63.304 

0.48 

Bent. 

11,850,000 

54-86 

0.00 

44.78 

47.955 

0.39 

Bent. 

10,816,050 

43.36 

0.00 

56.22 

17,691 

1.00 

0.0982 

12,918,210 

36.62 

0.00 

62.78 

4,893 

1. 00 

0.0245 

14,121,780 

29.20 

0.00 

70.17 

16,579 

x.oo 

0.0449 

14,748,170 

20.81 

0.00 

77.63 

22.972 

1. 00 

0.1254 

14,469.650 

10.30 

0.00 

88.88 

41,347 

0.73 

0.5456 

12,809,470 

0.00 

0.00 

100.00 

7,539 

0.57 

O.I244 

6,984,644 

70.22 

8.90 

20.68 

50,541 

0.4019 

14,400,000 

56.88 

21.35 

21.39 

2.752 

0.0146 

14,800.000 

45.00 

23.75 

31.25 

6,512 

0.0150 

7,000,000* 

66.25 

23.75 

10.00 

8.344 

0.0162 

12,000,000* 

10.00 

50.00 

40.00 

21,525 

■    r 

Bent. 

9,000,000 

58.22 

2.30 

39.48 

95.623 

2.000 

10,600,000 

60.00 

10.00 

30.00 

24,700 

0. 1267 

14,500,000 

65.00 

20.00 

15.00 

11,932 

0.0514 

17,000,000 

70.00 

10.00 

20.00 

36,520 

0.1837 

1 5,000,000 

75.00 

5.00 

20.00 

55,35  s 

Bent. 

13,000,000 

80.00 

10.00 

10.00 

67,117 

Bent. 

13,500,000 

55.00 

5.00 

44 .  50 

72.308 

Bent. 

1 1 ,000,000 

60.00 

2.50 

37  ■  50 

69,508 

1.500 

13,000,000 

72.52 

7  50 

20.00 

51,839 

Bent. 

1 2.000.000 

77.50 

1 2 .  50 

10.00 

61,705 

0.705 

1.^,5 'o,roo 

85.00 

1 2 .  50 

2.S 

62,405 

B-nt. 

12,500,000 

*  These  bars  were  about  half  the  length  of  the  others. 


Art.  69,]  TIMBER  BEAMS.  591 


Timber  Beams. 

As  timber  beams  are  always  rectangular  in  section,  eq. 
(3)  only  will  be  needed.  Retaining  the  notation  of  that 
equation,  if  the  beam  carries  a  single  weight  W  at  the  centre 
of  the  span  /, 

2  KAh 
W^-^T (10) 

If  the  total  load  PF'  is  tmiformly  distributed  over  the 
span, 

PF'=^^f (II) 

As  K  is  supposed  to  be  expressed  in  pounds  per  square 
inch,  all  dimensions  in  eqs.  (10)  and  (11)  must  be  expressed 
in  inches. 

In  the  use  of  timber  beams  it  is  usually  convenient  to 
take  the  span  /  in  feet,  and  the  breadth  (6)  and  depth 
(h)  in  inches.  Placing  12/  for  /,  therefore,  in  eqs.  (10) 
and  (11), 

W=!^:    and     W.,^.  .    .    .    (,„ 

in  which  formula?  /  must  be  taken  in  feet  and  A  and  h  in 
inches. 

If  B  be  put  for  -^,  eq.  12  becomes 

Ah  Ah 

W^B-^-;     and     T^'  =  2B-^.    .     .     .     (13) 

Hence  when  W  and  W  have  been  determined  by  ex- 
periment. 
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For  single  load  W  at  centre 

„     117        ,      Wl      i8U'7       \Wl  \Wl        ,    , 

^'Ah  •■•  ^=Air  AK  ==\/>6=-*^Wa'6-      ('4> 

For  total  load  W  uniformly  distributed 

„      Wl         ,       Wl       gWl       iTF/  'H'-'7      ,     , 

If  the  beam  has  a  section  one  inch  square  and  is  one  foot 

long,   B=^W^      .     B,   therefore,   may  be  considered   the 

unit  of  transverse  rupture ;  it  is  sometimes  called  iiie  coefficient 
for  centre-breaking  loads. 

If  the  depth  h  of  the  beam  is  given  and  the  breadth  is 
desired,  eq.  (14)  gives 

Wl    imi 
^°Bh}'-Kh^ ('^) 

Eq.  15  also  gives 

^      Wl       <)W'l  ,    , 

In  general,  whatever  may  be  the  distribution  of  the  load- 
ing, if  the  bending  movement  is  M  (in  inch-pounds),  eq. 
(3)  gives 

^^^fk^'-'^^y-Rb'   •   •  •   •   (^8) 

or 

,       M       6M  ,    , 

^—iBh^-Kh^ ^^9) 

The  general  observations  which  have  already  been  made 
in  connection  with  the  ultimate  resistances  of  timber  in 
tension  and  compression  are  equally  applicable  to  the  flex- 
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ure  or  bending  of  timber  beams.  The  ultimate  resistance 
of  the  timber  as  exhibited  by  the  intensity  of  stress  in  the 
extreme  fibre  can  only  safely  be  taken  when  determined 
from  tests  of  full-size  beams  as  actually  used  in  engineering 
structures.  Such  resistances  or  moduli  when  determined 
from  small  pieces  selected  for  the  purpose  of  test  are  liable 
to  be  largely  in  error  for  the  reasons  given  in  detail  in  Art.  57. 

Table  I. 
LASLETT'S  TESTS. 

Sections  2X2  inches  with  span  of  6  feet. 


Kind  of  Timber. 


Oak.  English 

Oak,  English 

Oak,  English 

Oak,  French 

Oak.  French 

Oak.  Tuscan 

Oak.  Sardinian 

Oak,  Dantzic 

Oak,  Spanish 

Oak,  American,  white 

Oak,  American,  Baltimore. 
Oak,  African  (or  teak).  .  .  . 

Teak,  Moulmein 

Teak,  Moulmein 

Ironwood,  Burmah 

Chow,  Borneo. 

Greenhcart.  Guiana 

Sabicu,  Cuba 

Mahogany,  Spanish 

Mah(*gany,  Honduras 

Mahf)gany,  Mexican 

Eucalyptus,  Australia: 

Tewart 

mahogany 

iron-bark 

blue->jum 

Ash,  Enghsh 

Ash,  Canadian 

Elm.  English 

Roik  dm,  Canada 

Pir.  Dantzic 

Fir.  Riga 

Fir,  spruce,  Canada 

Larch,  Russia 

Cedar.  Cuba 

Red  pine.  Canada 

Yellcjw  pine,  Canada    .    .  .  . 

Yfilf.w  pine,  Canada    

Yellow  pine,  Canada 

Pilch  pmc.  American.  .  ,  .  . 

PiU^h  pine,  American 

Pitch  pine,  American 

Kauri  pine,  New  Zealand.  . 


W,  in  Lbs. 


I 


562 
407 
81. i 
H77 
831 
758 
7S8 
474 
S62 
804 
723 

1. 108 
013 
84J 

1,273 
975 

1.333 

1,203 
856 
802 
783 

1,029 
086 

1.407 
712 
X62 
<>38 
393 
920 
877 
Ooo 
670 
026 
s;()o 

r.27 
483 
304 
1,049 
030 
744 
719 


B,  in  Lbs. 


422 

305 
610 

65  H 
()2J 
569 
S^>9 
3S6 
422 
603 
54a 
831 
68  s 
632 
955 
731 
1,000 
970 
642 
602 
587 

772 
51s 
1,055 
534 
647 
479 
295 
690 
658 
4SO 
S03 
470 
420 
490 
470 
362 
228 
787 
()()H 
55H 
530 


Final  Deflec- 

Coefficient 

tion. 

of  Elas.,  or  E. 

Inches. 

Pounds. 

5.10 

3-95 

7.71 

90  2,ft00 

6.00 

1,536.800 

7.58 

1,440,000 

7.66 

605,000 

6.  SO 

871,400 

6.46 

6.62 

8.83 

1.184,600 

7.13 

1,547.200 

5. 14 

1,010.880 

3 .  38 

1,378,500 

6.49 

1,172,400 

425 

2,369,300 

2.83 

2,472,300 

4.62 

»,oS7,0OO 

3.75 

2,369,300 

3-45 

1,882.800 

4.06 

1,187,100 

3.92 

2,021,800 

4. 75 

1,791,000 

4-71 

3.81 

2,420,000 

4.21 

1,805,100 

8.63 

1,404.000 

7-37 

S.2Q 

8.79 

1,299.700 

514 

1.395.400 

i-f^i 

1,763,200 

5    10 
4.  .\.\ 

1,849,200 

4-37 
4  •  63 
4.66 
3  30 
3-45 
4.79 
4.67 
4-42 
4.00 


2,030,800 
1.834.300 
1,602.000 
1,636,300 


E  has  lK>».'n  computed  only  tor  those  cases  in  which  W  exceeds  700. 


594 


BENDING  OR  FLEXURE, 


[Ch.  X. 


Tables  I,  II,  III,  and  IV  contain  values  of  B  and  E 
which  have  been  computed  from  data  determined  by  the 
English  experiments  of  Messrs.  Laslett,  Maclure,  Finchara^ 
Edwin  Clark,  and  G.  Graham  Smith. 

In  all  these  tables  W  is  the  total  load  applied,  including- 
the  weight  of  the  beam,  wherever  that  correction  is  made. 

In  Table  I  the  coefficient  of  elasticity  is  computed,  in 
all  cases,  for  a  centre  load  of  390  pounds.  In  Table  II  the 
centre  load  for  the  same  computation  is  1680  pounds,  and 
in  Table  VII  the  elastic  load  had  different  values  for  dif- 
ferent beams. 


Table  II. 

FINCHAM'S  TESTS. 
3X3  inches,  section;   4  feet  span:  very  dry  timber. 


Kind  of  Timber. 

W. 

B. 

Coefficient  of 
Elasticity. 

Riga  tir    

Pounds. 

4,530 
3.780 
2,756 
3,292 
2,520 
4,110 

Pounds. 

670 

559 
408 

487 

373 
608 

Pounds. 
2,293.760 
>, 593,000 
1,550,000 
1,850,000 
925,000 
1,977,400 

Red  oine 

Yellov»^pine 

Norway  fir 

Scotch  nine       

ICaiiri  nini» 

In  all  cases  except  the  four  noted  in  Table  IV  the  ap- 
plied loads  were  placed  at  the  centre  of  the  span. 

Alti-ough  these  experiments  do  not  embrace  a  great 
variety  of  cross-section  for  all  kinds  of  timber,  yet  Tables  I, 
III,  and  IV  give  much  larger  values  of  B  for  small  depths 
of  pine  and  fir  beams  than  for  large  ones.  This  is  a  very 
important  consideration  in  connection  with  the  ultimate 
resistance  of  beams,  and  probably  obtains  for  all  kinds  of 
timber. 

These  experiments  also  showed  that  the  coefficient  of 
elasticity,  £,  varied  materially  in  the  same  specimen  for  dif- 
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ferent  deflections,  and  that  values  among  the  greatest  may 
be  fotind  with  large  deflections;  also  that  the  ** elastic 
limit ' '  for  flexiire  in  timber  beams  is  more  conventional 
than  real,  since  with  loads  about  half  the  breaking  weight, 
not  only  the  deflection  but  the  *  *  set "  varied  with  the  time. 


Table  III. 
MACLURE'S  TESTS. 

Specimens  of  Memel  Fir — 1849. 


Breadth. 

Depth. 

Span. 

W. 

B, 

Pinal  Deflectxoo, 
Inches. 

Inches. 

Inches. 

Feet. 

Pounds. 

Pounds. 

I 

I 

1 

483 

644 

0.75 

I 

I 

I* 

450 

600 

0-75 

2 

2 

2r 

1,910 

637 

1. 00 

2 

2 

2^ 

1,311 

437 

1.125 

3 

3 

9 

1,104 

368 

3.5 

3 

3 

9 

1,482 

494 

4.5 

6 

12 

12 

34.720 

482 

2.0 

9 

12 

12 

38,080 

353 

2.5 

12 

12 

12 

61,600 

428 

3.25 

Table  IV. 

TESTS  BY  EDWIN  CLARK  AND  G.  GRAHAM  SMITH. 


Timber. 

Br'dth. 

Depth. 

Span. 

IV. 

B, 

Final 
Deflec- 
tion. 

Coefficient 

of 
Elasticity. 

American  red  pine.  . 
American  red  pine.  . 
American  red  pine .  . 

Memel  fir 

Inches. 

12 

I  a 

6 

13.5 

13.5 

6 

6 

6 

6 
M 
14 

6 

6 

14 

14 

14 
14 

Inches. 
1  a 

12 

6 
13.5 

13. 5 

12 

12 

12 

12 

15 

»s 

12 
12 

15 
IS 

15 

IS 

Feet. 

IS 
IS 
IS 

.O..S    ] 

12.25 
12.25 

12.25 

12.25 

10. S 
lo.s 
12.25 

■  o.S    { 

10. 5 
10. s 

Pounds. 

33,4Q7 

29.908 

7.370 

Distrib'd 
6.H,s6o 

Distrib'd 
68,560 
19,145 
23.625 
23.030 
23.700 
1.^4,400 
132.610 
16.800 
19,040 

Distri!)'d 
ftS/)oo 

Distrib'd 
6S.600 
85.792 
76,160 

Lbs. 
291 
260 
as6 

j-  293 

271 

335 
326 

448 
442 

238 
270 

j-   229 

[  229 
286 
254 

Inches. 
4.00 
3.10 
1.68 

1.11 
1.93 
1-31 
1.31 
1.14 

1.94 

Pounds.     ^ 
1,443,830  1  H 
1,155,100     rt 
1,015,900  J    . 

2,150,500  .,  ^ 

Memel  fir 

1,561,300 

1.573,400 
1.442,300 
3.125.000 
1.431.300 
1,935,400 
1.693.400 
1,247,000 
1,247,000 

1,329.750 

1,329.750 
1,270,000 

Baltic  fir 

Baltic  fir.  .          .... 

i 

Pitch  Dine    

Pitch  pine 

Pitch  nine      

Pitch  pine 

Red  nine          

rt 

Red  nine 

P 

Quebec  yellow  pine.. 

Quebec  yellow  pine.. 

'  >uebec  yellow  pine.. 
Quebec  yellow  pine.. 

6 
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The  quantity  ordinarily  termed  the  load  at  the  '  *  elastic 
limit*'  may  be  taken  from  0.5  to  0.6  the  breaking  weight. 
In  Table  IV  it  varied  from  0.50  to  0.78. 

\''aluable  tests  on  timber  beams  have  been  made  by  Col. 
Laidley  and  Prof.  Lanza;  both  experimented  dtiring  1881. 
Col.  Laidley's  results  are  given  in  Table  V. 

As  was  to  be  expected,  in  accordance  with  conclusions 
already  drawn,  the  sticks  of  Oregon  pine  with  the  smallest 
depths  gave  values  of  A.'  and  B  considerably  larger  than  the 
others.  These  results  emphasize  the  fact  that  for  large 
bejims  K  or  B  must  be  taken  from  -tests  on  beams  equally 
large,  if  accurate  computations  are  to  be  made.  With  these 
considerations  in  view,  Prof.  Lanza's  results  for  large  spruce 
beams,  given  in  Table  VI,  possess  much  value.  With  the 
exception  of  Nos.  1 1  and  1 2  the  material  was  common  mer- 
chantable lumber. 

Table  V. 

SEASONED  STICKS,    LOADED  AT  CENTRE. 


No 


Kind  of  Wot^l. 


Oregon  pine 

Oregon  pine 

Ort'Kon  pine 

Oregon  maple 

California  laurel 

Ava  Mexicana 

Oregon  ash. 

Mexican  white  mahogany 

Mexican  cedar 

Mexican  mahogany.  . . 


span. 


Ins. 
44 


44 

44 


44 
44 


Width. 


Ins. 
3.4S 

I  .23 
I  .  21 

3.5« 

J  -  (h 
3-77 
3-75 
3-75 


Depth. 

Ins. 

3.48 

1.23 

I .  ao 

3.63 

3.58 

3.O9 

3.64 

3-77 

3. 75 

3-75 


LVjs.  FjerStj. 
Inch. 


1 1 ,900 
13.210 
16,570 
10,500 

8,Q30 
9,930 
8.4OO 
9,610 

7.035 
15,830 


661 
734 
oai 
587 
496 
552 
470 
534 
441 
879 


Remarks. 


Cross-grained 

Worm-eaten 
Cross-grained 


Table  VII  exhibits  the  values  of  the  ultimate  intensity 
of  stress  in  the  extreme  fibres  of  timber  beams  as  determined 
by  Prof.  J.  B.  Johnson  for  the  Division  of  Forestry  of  the 
U.S.  Department  of  Agriculture.  He  used  some  large  beams 
but  they  were  mostly  small,  4  inches  by  4  inches  in  section 
and  60  inches  long.  The  values  in  the  table  are  subject 
to  the  same  limitations  of  use  which  liave  been  set  forth  in 
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Table  VI. 
SEASONED  SPRUCE  BEAMS. 


A:-i8B. 

No. 

Span. 

Width. 

Depth. 

Manner  of  Loading. 

Lbs.  per  Sq. 
Inch. 

B. 

Feet. 

Inches. 

Inches. 

15.00 

a.  00 

12. 00 

At  centre. 

5.526 

307 

6.60 

2.00 

9.00 

•<        ti 

5.389 

299 

15.00 

a.  00 

12.00 

*'        " 

S.a37 

291 

6.67 

3-75 

9.00 

ti                     4i 

4,082 

226 

4.00 

3.00 

9.00 

"                    '* 

3,a8s 

183 

10.00 

3.00 

9.00 

"                     ** 

4.S08 

250 

15.00 

3.00 

9.00 

It 

5,651 

314 

20.00 

3.90 

12.00 

tt 

4,253 

237 

10.00 

a.  so 

13.50 

•  t                     tt 

3.787 

210 

16.00 

3-75 

12.00 

4.5  feet  from  one  end. 

3,271 

182 

7.00 

7.00 

2.00 

At  centre. 

8.748 

486 

7.00 

1-75 

6.75 

tt        tt 

7,562 

420 

6.67 

3.00 

9.00  • 

II        It 

4,931 

274 

6.67 

3.00 

9.00 

At  4  points,  1 6  ins.  apart. 

4,961 

276 

16.00 

3.90 

12.00 

4.5  feet  from  one  end. 

5,218 

289 

previous  articles  on  tension  and  compression  of  timber. 
The  results  for  such  small  selected  pieces  are  far  too  high 
for  the  full-size  beams  which  are  employed  in  engineering 
practice  and  they  should  be  used  only  after  having  been 
subjected  to  a  suitable  reduction.  It  will  be  noticed  that 
the  first  four  values  in  the  table  belong  to  a  condition  in 
which  the  amount  of  moisture  is  15%  Ijy  weight  of  the  tim- 
ber, while  the  remaining  values  are  for  a  12%  moisture. 

The  results  shown  in  Table  VIII  possess  much  value  for 
the  reason  that  they  belong  largely  to  full-size  beams  of 
Oregon  Pine,  although  the  span  in  no  case  exceeds  84 
inches. 

The  tests  were  made  under  the  supervision  of  Mr.  Wm. 
Hood,  chief  engineer  of  the  Southern  Pacific  R.  R.  Co.  at 
San  Francisco,  Cal.  in  1895.  The  material  was  fairly  well 
air-seasoned,  corresponding,  perhaps,  to  15  or  18  per  cent, 
of  moisture,  and  of  good  merchantable  quality  not  selected. 
Naturally  the  small  sticks  two  or  three  inches  only  in  depth 
with  24-inch  spans  were  better  in  quality  than  the  larger 
beams,  since  knots  and  other  defects  not  sufficient  to  cause 
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the  rejection  of  the  latter  might  easily  exclude  the  former 
from  accej^tance. 

Table  VII. 

JOHNSON'S  TESTS. 


iVo. 


5 

7 
8 

9 

lO 

II 

12 

13 
«4 

«5 
i6 

»7 
i8 

19 

20 
21 

22 
^3 

24 

25 
26 

27 
28 
29 

30 

31 

32 


species. 


Averafire 

Highest 

10  Per  (xMit. 

of  Tests. 


Average 

Lowest 

10  Per  Cent. 

of  Tests. 


Average  of 
AUTesU. 


Pounds  per  Square  Inch  in 
Extreme  Fibre. 


Reduced  to  15%  Moisture. 

1  lyongleaf  pine 

2  I     Cuban  pine 

3  I     Short  leaf  pine 

4.    I     Loblolly  pine 


Reduced  to  12%  Moisture, 

Wliite  pine 

Red  pine 

Spruce  pine 

Bald  cypress 

White  cedar 

Douglas  spruce,  a 

White  oak 

Overcup  oak 

Post  oak 

Cow  oak    *  . .  . . 

Red  oak 

Texan  oak 

Yellow  oak 

Water  oak 

Willow  oak 

Spanish  oak    

Shagbark  hickory 

Mockernut  hickory  . .  . . 

Water  hickory 

Bitternut  hickory 

Nutmeg  hickory 

Pecan  hickory 

Pignut  hickory 

White  elm 

Cedar  elm 

White  ash 

Green  ash 

Sweet  gum 


14,200 

8.800 

10,900 

14,600 

8,800 

11,900 

12.400 

7,000 

9,200 

13,100 

8,100 

10,100 

10,100 

5,000 

7,900 

12,300 

4,900 

9,100 

13,600 

5.800 

10,000 

11,700 

5.000 

7.900 

8,400 

4,000 

6,300 

12,000 

4,100 

7,900 

18,500 

7,600 

13.100 

14,900 

6,300 

11.300 

15,300 

7,400 

12.300 

12,500 

6,5CO 

11,500 

15,400 

9.100 

11,400 

16,900 

10,000 

13.100 

14,600 

5,700 

10,800 

15,700 

7,200 

12,400 

13,800 

5,400 

10,400 

15,600 

6,900 

12,000 

20,300 

9,400 

16,000 

19,700 

7,900 

15.200 

17,300 

5,400 

12,500 

19,300 

8,700 

15,000 

15,600 

8,100 

12,500 

18,100 

10,300 

15,300 

24,300 

11,500 

18,700 

13,600 

7,300 

10.300 

17,300 

8,500 

13,500 

14,200 

6,300 

10,800 

16,000 

5,100 

11,600 

12,700 

6,000 

9.500 

a  Actual  tests  on  "dry"  material  not  reduced  for  moisture. 
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The  values  in  Table  VIII  illustrate  in  a  clear  manner  the 
variations  to  be  expected  between  large  and  small  beams. 
The  lower  half  of  the  table  belongs  to  practically  full-size 
beams  and  the  upper  portion  to  small  beams.  The  coeffi- 
cients of  elasticity  and  elastic-limit  stresses  in  extreme  fibres 
for  the  smallest  beams  are  about  75  per  cent,  greater  than 
for  the  largest  full-size  beams,  while  the  ultimate  stress  in 
the  extreme  fibres  is  about  twice  as  great!  This  difference 
is  not  accidental,  but  it  is  seen  to  vary  with  some  approach 
to  regularity  throughout  the  table. 

Table  VIII. 

TIvSTS  OF  OREGON  PINE  BEAMS,  UNTREATED,  NOV.,  DEC,  1895. 

Summary  of  Values  Calculated  from  Tests. 


Span 

in 

Inches. 

I 

24. 

II 

24 

III 

36 

IV 

48 

V 

84 

VI 

84 

VII 

84 

VIII 

84 

IX 

84 

Breadth 


Depth 

in 
Inches. 


Ratio  of  j 
Len^h  to 
Depth.     ' 


Modulus  of  Elasticity  E, 
Pounds  per  S<iuare  Inch. 


3 

2 

2          1 

3 

3          ' 

4 

4 

6 

13 

7 

6 

8 

8 

10 

6 

12 

and  7 

16 

12 

8 


Lca.si. 


9 

8 

12 

10 

5 

8 

4 

7 

5 

25 

1.651,155 
1,168,366 
1,330,841 

1 ,443,880 

1,677,670 
1,347,448 

1,281,167 

1,105,217 

959,046 


Greatest . 

2,159,738 
1,618,438 
1,871,446 
1.814,433 
1,867,363 
1 ,860,960 
1,435,930 
1,496,196 
1,181,250 


Average. 


1,793,761 
1,473,334 
1,620,333 
1.590,239 

1,784,945 
1,642,521 
1,356,035 
1,347,364 
1.074,334 


Outer  Fibre  Stress  at  Elastic  Limit, 
Pounds  per  Square  Inch. 


Outer  Fibre  Stress  at  Failun,', 
Pounds  per  Sciuarc  Inc-.h. 


Least. 


Greatest. 


Average. 


Least. 


Greatest. 


Average. 


I 

II 

III 

IV 

V 

VI 

VII 

VIII 

IX 


6,600 

4,489 

6,040 

5,675 
4,076 
3,890 
3,123 
3,617 
2,446 


7,282 
8,415 
7,251 
8,127 
5,340 
4,986 

4,120 

4,772 
5,673 


6,953 
5,887 
6,818 
6,467 
4,859 
4,560 

3,679 
3.937 
3.769 


10,574 

9,887 

10,193 

10,840 

7,486 

7,616 

5,477 
5,406 
4,104 


12,677 

12,538 

13,145 

11,715 

10,049 

9,912 

7,782 

6,824 

6,961 


11,215 

11,358 

11,678 

11,205 

8,294 

8,575 

6,856 

6,198 

5,592 
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Table  IX  contains  ultimate  resistances  and  working^ 
stresses  for  the  extreme  fibres  of  full-size  beams  as  compiled 
by  the  Committee  of  the  Association  of  Railway  Superin- 
tendents of  Bridges  and  Buildings,  which  has  already  been 
drawn  upon  in  previous  articles  on  the  tension  and  compres- 
sion of  timber. 

Table   IX. 

ULTIMATE  AND  WORKING  STRESSES  OF  TIMBER  BEAMS. 


Timber. 


White  oak 

White  pine 

Southern  long-leaf  or  Georgia  yellow  pine 

Douglas,  Oregon,  and  yellow  fir 

Washington  hr  or  pine  (red  fir) 

Northern  or  short-leaf  yellow  pine 

Red  pine 

Norway  pine 

Canadian  (Ottawa)  white  pine 

Canadian  (Ontario)  red  pine 

Spruce  and  Ea  tern  fir 

Hemlock 

Cypress 

Cedar 

Chestnut 

California  redwood 

California  spruce 


Bxtreme 
Fibre  Stress. 


CoeflRcicnts 
of  Elasticity 


Working 
Fibre  Stress. 


Pounds  per  Sfitiare  Inch. 


6,000 
4,000 
7,000 
6.500 
5,OOQ 

6,000 

5,000 
4,000 

5,000 
4,000 
3,500 

5,000 
5,000 
5.000 
4,500 
5,000 


1,100,000 
1,000,000 
1,700,000 
1 ,400,000 

1,200,000 
1,200,000 
1,200,000 

1 ,400,000 

1,200,000 
900,000 
900,000 
700,000 

1,000,000 
700,000 

1 ,  200,000 


1,000 

700 

1,200 
1,100 

800 

1,000 

800 

700 

800 
700 

600 

800 
800 
800 
750 
800 


The  working  stresses  given  in  the  fourth  column  are 
those  regularly  employed  in  engineering  practice  in  the 
design  and  construction  of  full-size  timber  beams  under 
ordinary  circumstances.  It  is  evident  that  the  working- 
stress  must  vary  to  some  extent  with  the  duty  to  which  the 
beam  is  to  be  subjected.  The  coefficients  of  elasticity  are 
such  as  may  reasonably  be  employed  in  the  cases  where  it 
is  desired  to  compute  the  deflections  of  beams,  but  it  is 
to  be  remembered  also  in  making  such  computations  that 
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the  elastic  properties  of  timber  are  extremely  variable  and 
that  the  results  may  not  prove  to  be  as  accurate  as  might 
be  expected. 


Failure  of  Timber  Beams  by  Shearing  Along  the  Neutral 

Surface. 

In  the  preceding  treatment  of  timber  beams,  it  has  been 
assumed  that  when  broken  imder  test  the  extreme  fibres 
will  fail,  either  in  tension  or  compression.  As  a  matter  of 
fact,  failure  of  such  beams  usually  takes  place  at  some  weak 
spot,  as  a  knot,  point  of  incipient  or  active  decay,  or  at  some 
other  point  where  abnormal  weakness  is  developed.  This 
latter  observation  holds  true  whether  the  failure  of  the  beam 
takes  place  by  tension  or  compression  in  the  extreme  fibres 
or  by  shearing  in  the  neutral  surface. 

In  Art.  10  it  was  shown  that  the  greatest  intensity  of 
either  transverse  or  longitudinal  shear  in  any  nonnal  sec- 
tion of  a  beam  takes  place  at  the  neutral  surface,  and  hence 
that  the  tendency  of  the  fibres  there  is  to  separate  by  longi- 
tudinal movement  over  each  other.  This  is  precisely  the 
kind  of  failure  which  actually  takes  place  in  some  short  tim- 
ber beams.  If  the  total  transverse  shear  at  any  normal  sec- 
tion of  the  beam  is  S,  eq.  (8)  of  Art.  10  shows  that  the 
maximum  intensity,  5,  of  shear  in  the  neutral  surface  is 

'-Ibd (^°> 

In  this  equation,  b  is  the  breadth  or  width  of  the  beam 
and  d  the  depth,  usually  taken  in  inches. 

If  W  is  a  single  weight  or  load  at  the  centre  of  span  of  a 
beam  simply  supported  at  each  end,  the  shear  s,  as  far  as 
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that  single  load  is  concerned,  is  constant  throughout  the 
entire  length  of  the  beam  with  the  value 

3ir 


s  = 


4bd' 


(21) 


If,  again,  the  beam  is  uniformly  loaded  with  the  total 
load  W\  the  intensity  of  shear  s  in  the  neutral  surface  has 
a  value  which  varies  from  zero  at  the  centre  of  span  to  the 
value  given  by  eq.  (21)  after  making  Vr  =  n''.  Whenever 
the  value  of  the  intensity  s  exceeds  the  ultimate  intensity 
of  shear  along  the  fibres  lying  in  the  neutral  surface,  the 
beam  will  fail  by  the  separation  of  its  two  halves  or  parts 
at  the  neutral  surface.  . 

Table  X. 

FAILURE  OF  TIMBER  BEAMS  BY  SHEARING  IN  THE 
NEUTRAL  SURFACE. 


Timber. 


Si)ruce 

Yellow  pine. 
White  oak.  . 
White  pine. 


I  Ultimate  Shearing  Resistance  in  Pounds 
No  fif  per  Square  Inch  in  Neutral  Surface. 

Tests. 


10 

2 
3 


Max. 


Mean . 


Least. 


273 
289 

379 
180 


200 

"7 

224  I 

151 

266  ' 

152 

151 

119 

These  beams  were  generally  alK)ut  12  inches  deep,  with  s])ans  from  7  to 
20  feet. 

Professor  G.  Lanza  has  made  a  considerable  number  of 
tests  of  full-size  beams  of  spruce,  yellow  pine,  white  pine, 
and  white  oak  at  his  laboratory  in  the  Massachusetts  Insti- 
tute of  Technology  at  Boston,  a  number  of  which  failed 
by  shearing  in  the  neutral  surface.  Table  X  (Professor 
Lanza's  ''Applied  Mechanics,"  page  697)  exhibits  a  sum- 
mary of  those  tests  and  shows  the  intensities  of  the  ulti- 
m^,te  shearing  resistance  found  in  full-size  beams.  Those 
values  are  seen  to  be  low,  so  that  in  the  design  of  timber 
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beams  it  is  essential  that  there  should  be  a  proper  margia 
of  safety  against  failure  in  this  way.  While  .this  pre- 
cautionary computation  should  be  made,  the  ordinary 
procedin-es  of  design  of  timber  beams  are  based  upon  eqs. 
16  to  19,  in  which  the  failure  of  extreme  fibres  by  tension 
or  compression  are  the  controlling  influences. 

It  has  been  foimd  in  many  cases,  and  possibly  in  nearly 
all,  that  wind-shakes,  season  cracks,  and  other  influences 
which  induce  at  least  partial  separation  of  the  fibres  at  the 
neutral  surface,  are  the  sources  of  incipient  failure  by  shear- 
ing in  the  neutral  surface.  The  presence  of  those  elements 
of  the  case  probably  accounts  for  the  lowvalues  of  the  shear- 
ing intensities  parallel  to  the  fibres,  shown  in  Table  X. 

Influence  of  Time  on  the  Strains  of  Timber  Beams, 

It  has  been  found  by  actual  observation  that  if  a  timber 
beam  is  loaded  to  no  greater  extent  than  one  fourth  of  its 
ultimate  load,  the  resulting  deflection  will  continue  to  in- 
crease under  continued  loading  for  a  long  period  of  time. 
Sufficient  investigations  have  not  yet  been  made  to  express 
these  results  quantitatively  with  much  accuracy.  Enough 
has  been  ascertained,  however,  to  show  that  the  influence 
of  time  is  most  important  in  determining  the  deflection  of 
timber  beams  imder  loads  applied  for  a  considerable  period 
of  time,  and  that  when  the  loading  becomes  a  large  portion 
of  the  ultimate,  i.e.,  perhaps  75  per  cent.,- the  beam  may 
fail  if  the  application  be  sufficiently  continued.  Indeed, 
some  experiments  indicate  that  failure  may  possibly  take 
place  at  .6  or  .7  of  the  ultimate  of  a  single  application,  if 
that  amount  be  imposed  a  sufficient  length  of  time. 

It  should  be  understood,  therefore,  that  in  using  the  co- 
efficients of  elasticity  given  in  this  article  for  the  purpose 
of  computing  deflections,  such  computations  are  applicable 
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only  when  loads  are  applied  for  short  periods  of  time.  For 
long  periods  of  application  it  may  be  necessary  in  some 
cases  to  take  only  one  half  of  those  coefficients  of  elas- 
ticity for  the  ptirpose  of  computing  desired  deflections. 

Timber  Beams  of  Natural  and  Prepared  Wood. 

Table  XI  contains  the  results  of  some  experiments  by 
A.  M.  Wellington,  C.E.  C*R.  R.  Gazette,"  Dec.  17,  1880), 
on  small  specimens  i^  inches  square  and  15  inches  between 
supports.  **A11  the  woods,  except  as  specified,  had  been 
cut  six  to  eight  months  and  were  partially  seasoned. ' ' 

Table  XI. 

SPECIMENS.  1.25  INCHES  SQUARE.  16  INCHES  LONG. 


Kind  of  Timber. 


White  oak.  well  seasoned.  , 

White  ash 

Beech 

Elm 

Pin  oak 

White  oak,  green 

Soft  maple 

Black  ash 

Sycamore 


Natural. 


W,  in  Lbs.  B,  in  Lbs 


989 
926 
864 

763 
941 

747 
742 
685 
628 


633 
593 
553 
489 
602 

479 
476 

439 
401 


Prepared. 


W,  in  Lbs.  B,  in  Lba. 


825 
801 
763 

755 

643 
640 
550 


527 
513 
489 
482 

411 
409 

332 


Lo«sPer 
Cent. 


II. 2 
7.2 
0.0 

20.0 

>3  7 

6.9 

17.2 


The  "prepared"  specimens  had  been  treated  by  the 
Thilmeny  (sulphate  of  baryta)  process;  and  all  specimens 
of  the  same  kind  of  wood  were  cut  from  the  same  stick. 

The  column  *  *  Loss ' '  is  the  per  cent,  of  loss  caused  by 
the  preserx^ative  process  employed. 

The  results  of  testing  creosoted  Oregon  pine  beams  by 
Mr.  William  Hood,  Chief  Engineer  of  the  Southern  Pacific 
Railroad  Co.,  in  1895,  are  shown  in  Table  XII.  Correspond- 
ing values  for  the  same,  but  imtreated  timber,  are  given  in 
Table  VIII.  The  amount  of  creosote  in  the  timber  was 
about  1 1  pounds  per  cubic  foot. 
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Table  XII. 

OREGON  PINK  BEAMvS— CREOSOTED 


G 

'U 

a-5 

Ratio  of 
Length 

to 
Depth. 

Coefficient  of  Elasticity  E. 

=1 

Pounds  per  Square  Inch. 

Ratio  of  Creosoted  to 
Untreated. 

Greatest. 

Mean. 

Least. 

Gr'test.l   Mean. 

Least. 

36 

48 
84 
84 

84 

6 

4 

10 

8 

4 
and 

7 

4 

6 

8 

10 

16 

9 

8 

10.5 

8.4 

5.25 

1,607,813 
1.190,972 
1,543,113 
1,715.788 

1,195,183 

1,531.250 

979,940 

1.412,167 

1,319,536 

975,754 

1,378,125 
676,974 

1,262,175 
896,399 

770,772 

1.036 
0.656 
0.829 
1.195 

I  .Oil 

0.945 
0.616 
0.860 
0.973 

0.970 

0.859 
0.469 

0-937 
0.700 

0.842 

is" 

c  . 

Ratio  of 
Length 

to 
Depth. 

Extreme  Fibre  Stress  at  Elastic  Limit. 

1- 

Pounds  per  Square  Inch. 

Ratio  of  Creosoted  to 
Untreated. 

Greatest. 

Mean. 

Least. 

Or' test. 

Mean. 

Least. 

36 

48 

84 
84 

84 

6 

4 

10 

8 

4 
and 

7 

4 

6 

8 

10 

16 

9 

8 

10.5 
8.4 

5.25 

4,601 
4.380 
4,422 
3.776 

2,498 

4.382 
3.505 
4,341 
3,038 

1,998 

3,944 
2,629 
4,282 
2,334 

1,484 

0.653 
0.542 
1  .  101 

0.917 
0.607 

0.643 
0.539 
0.952 
0.826 

0.530 

0.635 
0.463 
0.887 
0.747 

0.440 

36 
48 
84 

«4 
84 


£-1 


Ratio  of 
Length 

to 
Depth. 


6 

4 
10 

8 

4  I 
and    16 


4 

6 

8 

10 


9 

8 
10.5 

8.4 

5-25 


Outer  Fibre  Stress  at  Failure. 


Pounds  per  Square  Inch. 


Greatest. 


Mean. 


6,570 
5,692 
5,572 
4,802 

4.707 


6,351 
4.671 
5,262 
4.158 

4.157 


Least. 


5.913 
3.942 
4.712 
3.793 

3.634 


Ratio  of  Creosoted  to 
Untreated. 


G  r'  test .     Mean .     Least. 


0 .  580 
0.486 
0.619 


0.544 
0.417 
0.614 


0.693  I  0.617 
0.884    0.774 


0.500 
0.364 
0.562 
0.606 

0.678 


Note. — 4-inch  and  6-inch  creosoted  beams  were  cut  from  interior  of  8- 
inch  by  lo-inch  beams. 
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With  four  exceptions  (three  in  connection  with  the  co- 
efficient of  elasticity)  the  creosoted  timber  gave  less  values 
of  the  coefficient  of  elasticity  and  of  the  extreme  fibre 
stresses  than  the  untreated  and  in  most  cases  much  less. 
This  might  reasonably  be  anticipated  in  consequence  of  tlic 
operations  to  which  the  timber  is  subjected  in  the  process 
of  cret^soting.  Preservative  treatments  appear  to  reduce 
the  resistance  of  the  timber. 

Concrete  Beams. 

When  a  concrete  or  a  natural  stone  beam  is  subjected  to 
transverse  loading  it  fails  by  tearing  apart  on  the  tension 
side.  The  failure  of  the  beams,  therefore,  indicates  to  some 
extent  the  ultimate  tensile  resistance  of  the  material.  Ob- 
viously, in  the  case  of  concrete  beams  the  ultimate  carrying 
capacity  will  depend  upon  a  number  of  elements,  such  as 
the  kind  and  quality  of  cement,  sand  and  broken  stone  used, 
and  the  proportions  of  the  mixture.  Table  XIII  contains 
results  of  tests  of  a  considerable  number  of  concrete  beams 
6  ins.  by  6  ins.  in  cross-section  and  six  months  of  age.  For 
three  months  these  beams  were  frequently  wetted  though 
kept  in  air.  During  the  remaining  three  months  they  were 
kept  in  air  without  wetting.  The  length  of  span  for  some 
of  these  beams  was  42  ins.  and  18  ins.  for  the  remainder. 
Within  the  limits  of  the  tests  this  difference  in  span  appeared 
to  make  no  essential  difference  in  the  ultimate  intensities 
of  stress  in  the  extreme  fibres.  With  the  cross-sections  of 
the  beams,  i.e.,  6  ins.  wide  and  6  ins.  deep,  the  ratio  of  span 
length  divided  by  the  depth  was  either  7  or  3,  making  the 
beams  very  short.  The  different  columns  of  the  table  show 
the  character  of  the  insfredients  of  the  concrete  as  well  as 
the  greatest,  mean,  and  least  values  of  the  intensities  of  ex- 
treme fibre  stress  K,     As  would  be  anticipated,  the  values 
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Table  XIII. 
CONCRETE  BEAMS  SIX  MONTHS  OLD. 


B'klyn  Bridge  Rosendale. 


Atlas  Portland. 


Silica  Portland. 


Alsen  Portland . 


B'klyn  Bridge  Rosendale  . 
<  (        11  it 

Atlas  Portland 


Silica  Portland 

Alsen  Portland 


Concrete. 


s.br. 
-2-4 
■3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
■2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-7-5 


Size  of 
Stone  in 
Inches. 


0-2J 
I-2i 
O-I 

0-2i 

t  * 

<  < 
0-1 

O-2J 

I72I 

I  4 

O-2J 

<  ( 

I-2i 

I   < 

O-I 

Gravel. 


No.  of 
Tests. 


6 
5 
4 
3 
6 

3 
6 
6 
6 
6 
6 
6 

5 
6 
6 
6 
6 

5 
6 
6 
6 
6 
6 
6 
6 
I 
6 
6 
6 
6 

5 
6 


Ultimate  Stress  m 
Extreme  Fibres, 
Lts.  per  Sq.  In. 


Max. 

Mean. 

Mm. 

I^^O 

103 

76 

128 

80 

33 

153 

128 

109 

140 

136 

134 

1.^4 

»25 

120 

1.8 

126 

122 

647 

526 

460 

516 

449 

360 

510 

452 

335 

45« 

402 

360 

560 

503 

458 

516 

420 

355 

385 

349 

282 

329 

283 

238 

554 

424 

326 

297 

268 

224 

423 

377 

297 

329 

272 

238 

560 

472 

404 

491 

404 

341 

574 

493 

453 

460 

419 

391 

654 

566 

466 

541 

484 

414 

192 

171 

147 

— 

157 

— 

554 

481 

414 

417 

352 

285 

379 

344 

3>2 

279 

245 

195 

4C0 

.'82 

326 

77.^ 

?^4 

2(.6 

" c. "  indicates  cement;   *'.y. "  indicates  sand;   "6r. "  indicates  broken  stone 
or  gravel.     An  excellent  limestone  was  used  for  broken  stone. 

for  the  Portland  cement  beams  are  much  higher  than  those 
for  the  Rosendale  cement.  The  table  exhibits  the  usual 
variations  in  the  results  for  such  material,  but  on  the  whole 
those  for  gravel  are  seen  to  be  somewhat  less  than  those  for 
broken  stone,  the  proportions  of  mixture  being  the  same 
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for  the  two  materials.  Even  with  Portland  cement,  and 
with  as  rich  a  mixture  as  1-2-4,  ^he  results  show  that 
working  values  of  the  greatest  intensity  in  extreme  fibres 
should  not  exceed  40  to  60  pounds  per  square  inch. 

e  investigations  from  which  the  results  in  Table  XIII 
have  been  taken  were  conducted  by  Messrs.  George  C. 
Saunders  and  Herbert  D.  Brown,  graduating  students  in  the 
class  of  Civil  Engineering  of  Coltimbia  University  in  1898. 

The  results  of  tests  of  twelve  Giant  Portland  cement 
concrete  beams  with  30-  and  68-inch  spans  jire  given  in 
the  **  U.  S.  Report  of  Tests  of  Metals  and  Other  Materials" 
for  1900,  and  they  are  shown  in  Table  XIV. 

Table  XIV. 

TRAXvSVERSE  TESTS  OF  GIANT  P0RTLANIM:EMENT 

CONCRETE  BEAMS. 

Composition:  i  c,  3  s.,    5  br.  st. 


Span, 

Breadth, 
Inches. 

Depth, 
Inches. 

No.  of 
Tests. 

Ultimate  Stress.  K,  in 
Fibres.  Pounds  per  Sq 

Extreme 
uare  Inch. 

Max. 

Mean. 

Min. 

68 
30 

6 

6  and  4 
6  and  4 

6 
6 
6 

I 
7 

4 

564 
454 

472 
493 
415 

348 
367 

The  age  of  these  beams  was  made  up  of  2  days  in  air, 
2  months  in  water,  and  then  i  one  month  in  air,  making  a 
total  of  3  months  and  2  days.  The  broken  stone  included 
all  sizes  passing  a  2  J -inch  ring,  and  retained  on  a  sieve  with 
i-inch  meshes.  In  these  tests  the  ratio  of  length  over  depth 
was  5,  except  in  the  first  where  it  was  11.  Tlierc  seems  to 
be  little  dilTerence  in  the  values  of  A'  for  tlie  two  ratios,  but 
the  number  is  much  too  small  to  yield  any  law  of  variation. 

The  values  of  the  ultimate  extreme  fibre  stresses  (A'), 
shown  in  Table  XV,  are  the  results  of  testing  t(^  failure  short 
Portland  cement  concrete  beams  by   Mr.   FI.  Von  Schon, 
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Chief  Engineer  of  the  Michigan  Lake  Superior  Power  Com- 
pany, at  Sault  Ste.  Marie,  Mich.,  and  they  are  taken  from 
his  paper  in  the  "  Transactions  of  the  American  Society  of 
Civil  Engineers"  for  December  1899.  The  beams  were  6 
inches  by  6  inches  in  cross-section,  with  a  span  of  18  inches. 
The  ratio  of  length  over  depth,  therefore,  was  3. 

Table  XV. 

PORTLAND-CEMENT  CONCRETE  BEAMS.  6  INS.  BY  6  INS.  SECTION, 

18  INS.  SPAN. 


Ultimate  Fibre  Stress,  K, 

Pounds  per  Square  Inch. 

Cement. 

Broken  Stone. 

Mixture. 

No.  of 
Tests. 

1 

Max. 

Mean. 

Min. 

E 

Sandstone 

A 

2 

178 

176 

174 

' ' 

B 

2 

225 

217 

209 

<  t 

i 

2 

288 

280 

272 

*  i 

2 

329 

325 

321 

* ' 

E 

2 

108 

102 

97 

Boulder  stone 

A 

2 

354 

326 

298 

<  ( 

B 

2 

358 

32S 

299 

'  * 

C 

2 

390 

373 

356 

( < 

D 

2 

420 

410 

400 

<  ( 

E 

2 

350 

330 

310 

R 

Sandstone 

A 

2 

181 

169 

158 

( < 

B 

2 

18^ 

175 

167 

*  * 

C 

2 

266 

262 

258 

** 

D 

2 

328 

308 

288 

*  1 

E 

2 

195 

1S2 

169 

Boulder  stone 

A 

2 

390 

347 

204 

* ' 

B 

2 

423 

406 

390 

*  * 

C 

2 

410 

392 

374 

1  < 

D 

2 

411 

393 

375 

<  i 

E 

2 

332 

322 

312 

Mixture  A .  . 
B... 

'*        C.  . 
D.. 


cement,  2.4  sand,  5.3  broken  stone. 
2.4    *'      4.8      '* 
2.4    "      4.4      " 
"        2.4    "      4 


"        E.  . .  .1       "       0.3  lime,  3.1  sand,  5.3  broken  stone. 

The  beams  were  left  from  two  to  eight  days  in  their 
forms  or  moulds  after  being  made,  and  then  tested  at  the 
age  of  60  days  in  air. 
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The  chief  elements  in  the  composition  of  the  Portland 
cements  indicated  by  E  and  R  in  the  Table  were  as  follows  i 

Cement  E.  Cement  R. 

Ltme 62.38  63.55 

Silica 23.08  21.70 

Alumina 5.69  8.76 

Magnesia i .  21  2 .96 

Iron  oxide 5 .  35  1.27 

Potash  and  soda i  .66  i .  12 

The  sand  used  in  Mr.  Von  Schon's  tests  was  from  St. 
Mary's  River,  the  broken  sandstone  was  the  native  Pots- 
dam variety,  while  the  broken  boulder  stone  was  granitic 
in  character.  All  broken  stone  would  pass  through  a  i^- 
inch  ring  and  be  retained  on  a  i-inch  ring;  the  material 
was,  therefore,  little  balanced. 

In  the  constructions  executed  imder  the  supervision  of 
the  Boston  Transit  Commission,^  large  amounts  of  concrete 
were  needed,  and  in  the  report  of  the  Commission  for  the 
year  ending  June  30,  1902,  there  are  exhibited  a  large  num- 
ber of  tests  of  Portland-cement  concrete  beams  6  inches 
by  6  inches  in  cross-section  with  30-inch  spans.  The  ratio 
of  length  of  span  over  depth  of  beam  in  this  case  is,  there- 
fore, 5.  Table  XVI  gives  the  greatest,  average,  and  least 
results  of  these  tests  with  the  number  of  beams  broken. 

Table  XVI. 

PORTLAND-CEMENT  CONCRETE  BEAMS,  6  IN&  BY  6  INS.  SECTION, 

30  INS.  SPAN. 


Composition  by 
Volume. 

Hours  in 
Compressed 

Air  Pressure, 
Lbs.  per 
Sq.  In. 

No.  of 
Tests. 

Ultimate  Fibre  Stress,  K, 
Lbs.  per  Sq.  In. 

Cement. 

Stone 
Du.st.* 

Broken 
Stone.* 

Max. 

Mean. 

Min. 

I 

I 
I 
I 

1.7 
1.9 

2 

2 

2.75 
2.6 

2.4 
2.4 

24 
24 
48 

28-30  days 

7-12 
12-18 
18-25 
20-25 

12 

50 

30 

100 

999 
924 
904 
900 

851 
850 

731 
728 

677 
590 
622 
523 

*  Approximate  volumes. 
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The  concrete  was  machine  mixed  and  Vulcanite-Port- 
land cement  was  used.  The  stone  dust,  to  which  reference 
is  made  in  the  table,  was  finely  crushed  stone  varying  from 
impalpable  powder  up  to  \  inch  diameter,  the  broken  stone, 
on  the  other  hand,  being  of  ordinary  size.  It  will  be  noticed 
that  these  beams  were  kept  a  part  of  the  time  in  compressed 
air  at  pressures  varying  from  7  to  25  pounds,  presumably 
for  the  reason  that  some  of  the  material  was  to  be  used  under 
such  conditions. 

Table  XVII  contains  results  of  a  number  of  tests  of 
concrete  beams  6  inches  by  6  inches  in  cross-section  and 
with  30-inch  spans,  made  for  the  purpose  of  comparing  the 
resistances  of  concretes  made  with  stone  dust  and  sand. 
This  table  is  also  taken  from  the  Report  of  the  Boston 
Transit  Commission  for  the  year  ending  Jime  30,  1902. 

Table  XVII. 

PORTLAND-CEMENT  CONCRETE  BEAMS,  6  INS.  BY  6  INS.  SECTION, 

30  INS.  SPAN. 


Composition  by  Volume  (Approximate). 

No.  of 
Tests. 

Ultimate  Fibre  Stress,  K, 
Potinds  per  Sqxiare  Inch. 

Cement. 

Sand. 

Stone 
Dust. 

Broken 
Stone. 

Max. 

Mean. 

Min. 

I 
I 
I 

I 

.9 
1.6 

.9 

2 
.9 

.9 

2-4  . 
2.7 

3 
2.7 

4 
4 
4 
4 

947 
846 

773 
862 

848 
784 
711 
806 

760 
704 
656 
759 

This  concrete  was  also  made  with  Vulcanite-Portland 
cement  and  the  mixing  was  done  by  hand.  The  beams 
were  kept  in  air  for  the  first  24  hours  and  then  29  days  in 
damp  earth. 

The  results  both  as  to  coefficient  of  elasticity  and  ex- 
treme fibre  stress,  given  in  Table  XVIII,  were  determined 
at  the  mechanical  laboratory  of  the  Department  of  Civil 
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Engineering  of  Columbia  University  in  1902  by  Mr.  Myron  S. 
I*'alk.*  They  have  special  value  from  the  age  of  the  beams, 
which  was  about  seven  years.  These  beams  were  originally 
made  under  the  supervision  of  Mr.  A.  Black,  Instructor  in 
Civil  Engineering,  Columbia  University,  for  the  purpose  of 
determining  thermal  linear  expansion.  They  were  kept 
well  moistened  for  several  months  after  being  made,  but 
subsequently  until  tested  they  were  kept  under  cover  with- 
(  ut  moistening.  The  gravel  used  was  rotmded,  varying  in 
size  from  *  to  2  J  inches. 


Table  XVIII. 

PORTLAND^EMENT  MORTAR  AND  CONCRETE    BEAMS  BROKEN 
BY  CENTRE  WEIGHT. 


Section  of  Bar 

Extreme 
Fibre  Stress. 
Pounds  per 
Sqxuue  Inch 

Bar. 

'     A«e. 
Year*. 

Span  in 
Inches. 

in  Inches. 

Coefficient 

of  Elasticity. 

Pounds  per  Sq.  In. 

Depth. 

Width. 

.4 

7.4 

36 

4.12 

4.06 

1» 

7.4 

16 

1, 591, OCX) 

278 

i* 

7-4 

16 

1,102,000 

3«5 

B 

7 

36 

4.00 

2,122,000 

606 

B, 

7 

16 

2,440,000 

636 

^ 

7 

16 

1,220,000 

530 

C 

7 

36 

405 

1,315,000 

247 

Ct 

7 

16 

387,000 

229 

c. 

7 

16 

1,023,000 

208 

D 

7.3 

36 

4.10 

4    ^S 

1,165,000 

294 

I\ 

7-3 

16 

597,000 

415 

D, 

7.3 

16 

597.000 

346 

Barsi4,  i  Aalborg  cement,  2  sand.  4  jjravcl. 
''    B,   1   Atlas  *'        3     " 

'*    C,   I  Alsen  '*        3     "      5  gravel. 

"    D,  I       "  "2     '• 


Some  of  the  coefficients  of  elasticity  are  abnormally 
low,  those  belonging  to  the  beams  B,  B„  and  B^  are  fairly 
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representative  of  what  may  be  expected  with  such  mate- 
rial in  flexure. 

Plate  A  represents  graphically  the  results  of  the  tests 
of  the  preceding  three  bars  B.  As  usual,  the  strain  of 
deflection  consisted  of  two  parts  in  all  cases,  one  perma- 
nent, at  least  for  the  time  being,  and  one  elastic,  which 
disappeared  on  the  removal  of  the  load.  This  feature  is 
shown  by  two  lines,  in  each  case  indicated  by  the  same 
letter  and  subscript.  The  difference  between  the  total 
and  permanent  strain  or  deflection  varied  very  nearly  as 
the  centre  load,  and  that  difference  being  the  elastic  de- 
flection was  used  in  computing  the  coefficients  of  elasticity 
given  in  Table  XVIII.  No  coefficient  of  elasticity  was 
cpmputed  for  a  centre  loading  less  than  about  200  pcxmds. 
For  the  purpose  of  computing  deflections  under  ordinary^ 
working  stresses  from  a  condition  of  little  or  no  loading, 
it  would  be  best  to  take  the  coefficient  of  elasticity  at  not 
more  than  one  half  of  the  values  given  in  the  Table,  in 
order  to  allow  for  that  part  of  the  deflection  which  does 
not  disappear  immediately  upon  the  removal  of  the  loading^_^ 

Reviewing  all  the  preceding  values  of  the  ultimate  \ 
stress  in  the  extreme  fibres  of  concrete  and  mortar  beams,  ^ 
the  working  intensities  of  stress  in  extreme  fibres  can  prob- 
ably not  be  properly  taken  higher  than  50  to  75  potmds 
per  square  inch  when  Portland  cement  is  used  for  well- 
balanced  mixtures  not  less  rich  than  i  cement,  2  sand,  and 
4  broken  stone,  or  possibly,  where  exceptionally  well  made, 
I  cement,  3  sand,  and  5  broken  stone.  If  gravel  is  em- 
ployed, some  reduction  should  be  made,  depending  upon 
its  character,  and  a  similar  observation  must  be  applied 
to  mixtures  less  rich  in  cement  than  the  preceding. 

For  natural  cements,  values  of  working  stress  greater 
than  one  fovirth  of  the  preceding  probably  should  not  be 
used.     Indeed,    it   may   be   a   serious   question    whether 
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nattirai  cement  should  be  used  at  all  where  concrete  or 
mortar  may  be  subjected  to  flexure. 

Table  XIX. 

BRICK-MASONRY  BEAMS. 
(Age  of  beams  about  equally  5  months,  8  days,  and  6  months.) 


ROSENDALE-CEMENT   MORTAR*.     I 

c,  2  s. 

Spain,  Inches. 

/ 
d' 

Stress  in  Extreme  Fibre,  Pouncis  per 
S<iuare  Incli. 

Nc.  of  Teste. 

Max. 

Mean. 

Mm. 

96 

78 

7.4 
6 

67 

54 
18 

3« 

5 

66 

51 

8i 

56 

23 

4 

42 

3-2 

91 

73 

54 

8 

Portland-cement  Mortar:    i  c,  3  s. 


96 

7.4 

173 

144 

124 

4 

66 

5.1 

145 

120 

96 

4 

42 

32 

229 

166 

94 

10 

Table  XIX  exhibits  some  interesting  results  of  the  tests 
of  brick-masonry  beams.  These  investigations  were  made 
by  Messrs.  A.  W.  Gill  and  Frederick  Coykendall,  gradua- 
ting students  in  Civil  Engineering  in  Columbia  University 
in  1897.  Fig.  I  shows  the  manner  of  laying  up  the  brick 
to  form  the  beams  which  were  tested.  The  breadth  of 
each  beam  was  about  12  ins.  and  the  depth  13  ins.  The 
spans  varied  from  8  ft.  down  to  3  ft.  6  ins.,  with  the 
ratios  of  length  over  depth  of  beam  given  in  the  column 

/ 
headed    , .     This  column  of  ratios  shows  that  the  beams 

should  be  considered  short.  I 

The  Rosendale-cement  mortar  was  mixed  with  one  vol- 
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ume  of  cement  to  two  volumes  of  sand,  while  the  Portland- 
cement  mortar  was  mixed  with  one  volume  of  cement  to 
three  volumes  of  sand.  During  the  first  three  months  the 
beams  were  kept  well  wetted,  but  less  so  during  the  last 
three  months.    At  no  time  were  they  dry.    The  Table  gives 


Fig.  I. 

all  the  results  of  tests  and  shows  that  the  beams  had  very 
little  resisting  capacity,  although  possibly  15  to  20  pounds 
per  square  inch  might  be  justified  as  working  values  in  the 
extreme  fibres  of  the  beams  built  with  Portland-cement 
mortar.  The  bricks  were  laid  by  ordinary  masons  with 
such  care  as  could  be  impressed  upon  them,  although  the 
experimenters  stated  that  the  brickwork  was  of  very  in- 
different quality  and  hence  that  the  results  are  lower  than 
thev  should  be. 
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Natural'Stone  Beams. 

Table  XX  exhibits  results  found  by  the  same  experi- 
menters as  in  the  case  of  Table  XIX  with  a  number  of 
natural-stone  beams,  the  spans  for  which  varied  from  36 
ins.  down  to  12  ins.  The  first  figure  in  the  second  column 
of  the  table  headed ' '  Section  * '  gives  the  depth  of  each  beam. 

Table  XX. 

NATURAL-STONE  BEAMS. 

BLUBSTONB. 


Span, 
Inches. 

Section, 
Inches. 

I 

Stress  in  Extreme  Fibre, 
Poimds  per  Square  Inch. 

No.  of 
Tests. 

Max. 

Mean. 

Min. 

24 
36 
12 

24 

4X6 
6X8 
4X6 
8X6 

6.15 
6.2 

3 
3 

3,958 
3,288 
4,112 
3,929 

3,512 
2,797 
3,237 
3,547 

3,054 
2,906 
2.282 
2,715 

5 

3 

II 

6 

GRANITE. 


24 

4X6 

6 

2,321 

2,250 

2,178 

3 

36 

6X8 

6 

1,861 

1,798 

1,766 

3 

12 

4X6 

3 

2,714 

2,487 

2,086 

9 

SANDSTONB. 


24 

4X6 

6 

1,575 

1,354 

1,237 

3 

36 

6X4 

6 

1,204     . 

945 

637 

3 

12 

4X6 

' 

1,907 

1,539 

1,267 

9 

MARBLE. 


24 

4X6 

6 

2,036 

1,880 

i,< 

36 

6X8 

6 

1,683 

1,548 

I,: 

12 

4X6 

3 

2,455 

2,026 

i>( 
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while  the  second  figure  gives  the  width.    It  will  be  observed 

from  the  ratios  of  ^  given  in  the  third  column  that  the  beams 

were  very  short.  The  extreme  fibre  stresses  are  seen  to  nm 
comparatively  high  for  the  bluestone,  granite,  and  marble. 
Indeed,  working  values  of  intensities  may  reasonably  be 
taken  as  follows: 

For  blue  tone 250  to  400  pounds  per  square  inch. 

*'    granite 20010300      "         **       '* 

"    marbl   17    to  225       "         "       " 

"    sandstone lootoiso      **         "       " 

In  the  use  of  sandstone  it  should  be  understood  that  the 
preceding  values  apply  only  to  the  best  qualities  of  that 
particular  stone. 


CHAPTER  XI. 

CONCRETE-STEEL  MEMBERS. 

Art.  70. — Composite  Beams  or  Other  Members  of  Concrete 

and  Steel. 

Concrete,  like  other  masonry,  is  admirably  adapted  to 
resist  compression.  Its  capacity  of  resistance  to  tension 
is  much  less  than  its  ultimate  compressive  resistance, 
although  if  the  concrete  is  well  made  the  tensile  resistance 
may  have  considerable  value.  The  purpose  of  the  con- 
crete-steel combination  is  the  production  of  a  beam  or 
other  member  almost  entirely  of  concrete,  but  which  shall 
have  a  high  capacity  to  resist  tension  in  those  portions 
which  may  be  subjected  to  tensile  stresses.  This  result 
is  accomplished  by  embedding  steel  bars  of  desired  shape 
and  of  suitable  cross-sectional  area  in  the  proper  parts  of 
the  concrete.  While  no  general  rule  can  be  given  for  the 
area  of  the  steel  section  in  comparison  with  the  concrete, 
it  may  be  stated  approximately  that  the  steel  section  is 
usually  between  f  and  li  per  cent,  of  the  area  of  a  normal 
section  of  the  concrete.  Inasmuch  as  the  presence  of  the 
steel  is  for  the  purpose  of  giving  tensile  resistance  to  the 
member  it  is  evident  that  the  re-enforcing  steel  bars  will 
always  be  found  in  those  portions  of  the  concrete  mass 
which  may  be  subjected  to  tension.  In  such  concrete- 
steel  construction  as  arches  the  steel  re-enforcement  is 
frequently  used  both  on  the  tension  and  compression  sides 

of  the  concrete. 
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In  the  case  of  concrete-steel  beams  or  other  similar 
members,  as  the  steel  is  entirely  embedded  in  the  concrete, 
the  loads  and  reactions  must  obviously  be  applied  directly 
to  the  latter.  When  the  concrete  takes  its  stress,  there- 
fore, at  least  a  porticm  of  that  stress  must  be  conveyed  to 
the  steel,  and  that  requires  that  the  adhesive  joint  or  bond 
between  the  steel  and  concrete  shall  be  as  strong  as  possible. 
Hence  in  laying  the  steel  bars  in  the  concrete  it  is  necessary 
that  the  contact  between  the  two  materials  shall  be  inti- 
mate and  essentially  continuous.  Various  means  are  em- 
ployed to  accomplish  these  ends.  Square  bars  are  fre- 
quently twisted,  while  rotmd  bars  may  be  nicked  and  flat 
ones  either  twisted  continuously  in  one  direction  or  have 
alternate  portions  twisted  in  opposite  directions,  or,  finally, 
rolled  with  alternately  enlarged  and  contracted  sections. 
Again,  where  built-up  members  are  embedded  in  concrete, 
rivet-heads  and  other  details  of  construction  serve  the 
same  general  purposes.  The  efficiency  of  the  concrete- 
steel  construction  depends  wholly  upon  the  resistance  of 
this  bond,  and  the  design  must  always  be  such  that  the 
adhesive  shear,  so  to  speak,  or  the  stress  of  sliding  along 
the  steel  surface,  shall  never  exceed  per  square  unit  the 
ultimate  resistance  of  the  bond. 

In  the  analysis  and  computations  which  follow  it  is 
assumed,  as  it  must  be,  that  the  bond  between  the  steel 
and  concrete  is  such  as  to  make  the  entire  mass  act  as  a 
unit,  so  that  the  combination  of  the  two  heterogeneous 
elements  shall  act  as  a  single  whole. 

Art.  71.— Physical  Features  of  the  Concrete-steel  Combination 

in  Beams. 

It  will  be  shown  later  on  that  so  far  as  can  be  deter- 
mined  from  physical  data  now  available  the  coefficient  of 
elasticity  for  concrete  in  compression  for  the  operations 
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ordinarily  employed  in  designing  engineering  structures 
and  for  mixtures  not  less  rich  in  cement  than  i  cement, 
3  sand,  and  6  gravel  or  broken  stone,  at  ages  of  one  to  six 
months,  may  range  from  about  2,000,000  pounds  per  square 
inch  to  more  than  5,000,000  poimds  per  square  inch,  while 
for  concrete  beams  the  coefficient  or  modulus  may  range 
from  about  1,500,000  po\mds  per  square  inch  for  compara- 
tively shallow  beams  to  more  than  3,000,000  potmds  per 
square  inch  for  beams  of  comparatively  great  depths. 
ValuQS  for  the  coefficient  of  elasticity  for  concrete  in 
tension  can  be  foimd  in  Art.  46.  Further  tests  for  the 
determination  of  this  quantity  are  much  to  be  desired,  but 
enough  has  been  done  to  establish  at  least  closely  approxi- 
mate values.  Some  authorities  assume  the  tensile  coeffi- 
cient to  be  only  one  half  of  the  coefficient  of  elasticity  for 
concrete  or  mortar  in  compression.  As  a  matter  of  fact, 
the  tests  of  a  Monier  arch  of  75  feet  span  by  a  committee 
of  the  Austrian  Society  of  Engineers  and  Architects, 
which  made  its  report  in  1895,  showed  in  that  particular 
case  the  coefficient  of  elasticity  of  concrete  in  tension  to  be 
nearly  one  fifth  greater  than  the  coefficient  for  compression, 
although  it  should  be  stated  that  the  age  of  the  tensile 
specimens  was  materially  greater  than  that  of  the  com- 
pression material.  The  values  in  Art.  46  indicate  that  the 
tensile  coefficient  is  at  least  equal  to  the  compressive. 
It  is  possible  that  subsequent  investigations  may  show 
that  the  tensile  coefficient  of  elasticity  is  less  than  that  for 
compression,  but  at  the  present  time  there  appears  to  he 
practically  no  basis  for  that  assumption.  Tt  seems  to  he 
reasonable  and  safe,  as  it  is  more  simple  to  take  the  two 
coefficients  equal  to  each  other  until  further  investigations 
have  conclusively  established  a  different  ratio. 

A  clear  understanding  of  the  beha\nor  of  mortars  and 
•concrete  is  necessary  to  the  correspondingly  clear  view  of 
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what  takes  place  in  the  concrete-steel  beam  tinder  loading. 
In  many  cases  of  concrete  under  compression  of  varying 
intensities  a  careful  measurement  of  the  resulting  strains 
shows  that  a  permanent  deformation  or  compression  re- 
mains at  least  for  the  time  being  after  the  removal  of  load^ 
even  when  the  latter  is  sometimes  not  more  than  ibo  or  200 
pounds  per  square  inch.  This  permanent  set  is  dependent 
upon  the  age  of  the  material  and  usually,  perhaps  always, 
decreases  as  age  increases.  In  many  other  cases  a  per- 
manent set  is  observable  only  under  intensities  of  stress 
as  high  as  1000  or  1200  poimds  per  square  inch,  or  even 
considerably  more.  When  these  sets  occur  they  are  fre- 
quently fo\md  far  below  what  may  probably  be  termed  the 
elastic  limit  of  the  material,  and  in  some  quarters  they  have 
given  the  impression  that  mortar  and  concrete  have  little 
or  no  true  elastic  behavior.  This,  however,  is  an  erroneous 
view,  as  in  the  testing  of  concrete  and  mortar  cubes  equal 
increments  of  stress  intensities  quite  uniformly  give  equal 
increments  of  strain  or  deformation  over  a  considerable 
range.  Although  the  upper  limit  of  this  essentially  constant 
ratio  between  stress  and  strain  is  usually  not  very  clearly 
defined,  it  is  so  defined  in  a  considerable  percentage  of 
cases  and  in  almost  all  tests  of  well-made  concrete  and 
mortar  that  limit  may  readily  be  assigned  near  enoi^h  for 
all  practical  purposes. 

A  large  amount  of  data  bearing  upon  these  points  will 
be  foimd  in  the  "  Report  of  Tests  of  Metals  and  Other  Mate- 
rials" at  the  Watertown  Arsenal  for  1899.  Twelve-inch 
cubes  with  a  great  variety  of  proportions  of  constituent 
elements  ranging  from  a  few  days  up  to  six  months  in  age 
were  employed  in  those  investigations.  Figs,  i  and  "2  ex- 
hibit graphically  the  results  of  twelve  of  those  tests  so  taken 
as  to  be  fairly  representative  of  all.  The  vertical  ordinates 
of  the  curves  represent  compressive  stress  intensities  up  to 
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failure,  while  the  horizontal  ordinates  represent  the  total 
compressive  strains  or  deformation  imder  the  corresponding 
stresses  also  tip  to  the  point  of  failtir.e.  These  strains  are 
shown  in  the  figures  one  himdred  times  their  actual  amoimts. 
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In  Fig.  I  the  concrete  nine  days  old  shows  only  little  resist- 
ing power  and  a  low  coefficient  of  elasticity,  as  would  be 
expected.  In  nearly  all  the  other  cases,  on  the  other  hand, 
the  ratio  between  stress  and  strain  is  reasonably  constant 
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up  to  nearly  1000  pounds  per  sqiiare  inch.  The  two  excep- 
tions are  found  in  Fig.  i,  belonging  to  i  to  3  Portland- 
cement  mortar  and  to  i,  2,  and  4  steel-cement  concrete,  the 
former  four  months  old  and  the  latter  three  montlis  old. 
On  the  other  hand,  the  1,2,  and  4  concrete  six  months  old 
in  the  right-hand  group  of  Fig.  2  discloses  constant  propor- 
tionality between  stress  and  strain  up  to  2000  pcjunds  per 
square  inch,  and  the  same  observation  may  apply  to  a  sim- 
ilar concrete  represented  by  one  of  the  curves  in  the  lefl- 
liand  group  of  Fig.  2.  Again  the  i  to  i  granite-dust  mortar 
four  months  old  represented  by  one  of  the  curves  in  the 
right-hand  group  of  Fig.  2  shows  a  constant  ratio  up  to 
nearly  4000  poimds  per  square  inch.  Indeed,  the  whole 
.group  of  curves  probably  shows  a  more  satisfactory  approach 
to  a  constant  ratio  between  stress  and  strain  than  do  similar 
curves  for  cast  iron.  It  should  be  stated,  as  will  be  observed 
by  referring  to  the  report  cited,  that  some  of  the  curves 
shown  in  Fig.  i  and  Fig.  2  belong  to  groups  for  which  small 
jxirmanent  sets  were  observed  below  elastic  limits,  while 
♦others  belong  to  those  which  show  no  such  permanent  set. 
This  observation  does  not  api)ear  from  the  test  records  to 
be  applicable  to  any  particular  character  of  curves,  but 
sometimes  to  those  which  are  more  nearly  straight  and  some- 
times to  those  which  are  less  so. 

The  results  deduced  from  the  tests  of  cubes  covered  by 
the  1899  and  other  **  Reports  of  Tests  of  Metals  and  Other 
Materials*'  are  confirmed  by  the  investigations  of  such  for- 
eign authorities  as  M.  Consid^re,  Melan,  Brik,  and  others. 
They  show  conclusively  that  it  is  reasonable  and  safe  to 
apply  to  concrete  and  concrete-steel  beams  the  formulae 
established  by  the  common  theory  of  flexure  after  intro- 
ducing into  them  empirical  quantities  established  by  experi- 
ment precisely  as  is  done  with  iron  and  steel  beams. 

It  is  important  to  state  in  this  connection  that  the  re- 
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stilts  of  tests  with  concrete-steel  beams,  so  far  as  they  have 
been  made,  indicate  that  the  elastic  or  semi-elastic  behavior 
•of  concrete  tinder  stress  will  in  the  main  characterize  the 
behavior  of  the  same  material  when  tinder  loading  in  the 
composite  beam  of  concrete  and  steel,  so  that  the  coefficients 
of  elasticity  determined  for  concrete  alone  may  be  used  in 
the  composite  member. 

There  is  one  important  respect  in  which  the  action  of 
concrete  alone  is  quite  different  from  that  which  takes  place 
when  it  is  combined  with  steel.  In  the  latter  case  the  con- 
crete will  stretch  under  a  stress  nearly  or  quite  equal  to  its 
ultimate  resistance  a  comparatively  large  amount.  It  is 
customary  to  state  that  under  such  conditions  the  coeffi- 
cient of  tensile  elasticity  of  the  concrete  is  practically  zero, 
but  there  is  just  as  much  ground,  or  more,  for  making  the 
same  obser\'ation  in  connection  with  such  ductile  materials 
as  structural  steel.  What  is  actually  meant  is  simply  that 
the  concrete  will  stretch  before  parting  much  more  when  its 
deformation  is  controlled  by  the  corresponding  deformation 
of  the  steel  reinforcement  than  when  it  acts  by  itself  or, 
without  such  reinforcement.  This  feature  of  the  action 
under  stress  of  concrete  in  the  composite  beam  has  a  most 
important  bearing  upon  some  rather  peculiar  phenomena 
connected  with  the  testing  of  such  beams  to  failure.  M. 
Consid6re  has  stated  C  *  Comptes  Rendus  Academic  des  Sci- 
ences, '  *  Paris,  Dec.  12,  1898)  that  mortar  will  stretch  twenty 
times  as  much  when  combined  with  steel  as  when  \maided 
by  that  combination.  He  further  states  that  the  concrete 
stretches  uniformly  with  uniform  increments  of  bending 
moment  up  to  about  four  tenths  of  the  ultimate  moment. 

As  the  coefficient  of  elasticity  for  concrete  is  a  small 
fraction  only  of  that  of  steel  the  tendency  of  the  concrete 
in  composite  beams  is  to  stretch  or  compress  more  than 
the  steel  embedded  in  it.     Hence  the  concrete  immediately 
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adjacent  to  the  steel  tends  to  slide  along  the  latter,  but 
that  tendency  is  resisted  by  the  adhesive  shear  at  the  joint, 
in  consequence  of  which  the  steel  acquires  its  stress  whether 
of  tension  or  compression.  The  normal  section  of  the 
unloaded  beam,  therefore,  will  not  remain  normal  after 
flexure,  but  there  will  be  either  a  cup-shaped  depression 
around  the  steel  or  a  similar  shaped  elevation.  This  is 
illustrated  in  Fig.  3. 


Fig.  3. 

In  that  figure  the  intensity  of  stress  on  either  side  of 
the  neutral  axis  is  assumed  to  vary  directly  as  the  distance 
from  the  axis,  but  in  a  subsequent  analysis  a  different  law  of 
variation  will  be  assumed  in  order  that  the  treatment  may 
.  be  complete,  although  the  author  is  not  of  opinion  that  the 
assumption  of  any  law  of  variation  different  from  that  of 
the  common  theory  of  flexure  is  at  the  present  time  justified. 
It  will  further  be  assumed  in  the  analysis  which  follows 
that  normal  sections  of  the  unloaded  beam  will  remain 
normal  under  loading.  This  is  a  common  procedure,  and 
it  is  not  believed  that  the  amount  of  variation  from  a  plane 

.   section  under  stress,  described  above,  is  sufficient  to  make 

j  the  assumption  sensibly  in  error. 


Art.  72. — Rate  at  Which  Steel  Reinforcement  Acquires  Stress. 

The  determination  of  the  rate  at  which  the  concrete 
gives  stress  to  the  steel  is  not  of  great  importance  in  ordi- 
nary design  work  or  in  most  other  practical  relations;  yet 
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it  is  desirable  in  some  cases,  and  it  is  an  element  of  the 
action  of  internal  stresses  in  a  composite  beam  which 
should  be  understood  as  clearly  as  practicable.  The  fol- 
lowing analysis  oflEers  a  means  of  determining  that  rate 
as  nearly  as  it  can  be  done  at  the  present  time.  The 
notation  used  is  shown  also  in  Fig.  3  on  the  opposite  page. 
The  intensity  of  stress  in  the  concrete  at  the  distance 
d^y  the  distance  of  the  steel  reinforcement,  from  the  neutral 
axis  is  k.  Then  if  /  represent  the  moment  of  inertia  of  the 
entire  composite  section  about  its  neutral  axis  (located  by 
dp  determined  hereafter),  there  may  be  written 

M=^;     .',dM^^ (i) 

If  5  is  the  total  transverse  shear  in  the  normal  section . 
in  question  at  the  distance  x  from  one  end  of  the  beam, 

dM^Sdx^"^ (2) 

Let  p  be  the  total  perimeter  of  section  of  the  steel  re- 
inforcement at  the  section  located  by  x. 
Let  ^4^  be  the  area  of  steel  section  with  perimeter  p. 
Let  5  be  the  intensity  of  adhesive  shear  at  the  surface  or 

joint  between  the  steel  and  concrete. 
Let  fej  be  the  intensity  of  stress  in  the  steel. 

The  variation  of  k^  for  the  indefinitely  small  distance 
dx  is  dk^.     From  what  has  preceded  there  may  be  written 

p.dx.s  =  A,dk,;     .-.  dx  =  ^.     ...     (3) 

Inserting  the  value  of  dx  from  eq.  (3)  in  eq.  (2),     , 

'ps     d^ 


/ 
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By  solving  this  equation  for  5  and  remembering  that 

~dk     £; 

''^"^npdk  -^EJ  p ^^^ 

This  value  of  s  must  never  exceed  the  ultimate  adhe- 
sive resistance  between  the  steel  and  concrete. 

There  are  but  few  records  of  tests  to  determine  this 
adhesive  shear  between  steel  and  concrete,  but  it  has 
sometimes  been  taken  as  .16  to  .2  the  ultimate  compressive 
resistance  of  the  concrete.  Bauschinger  fotmd  it  in  some 
experiments  to  have  a  value  of  640  poimds  per  square  inch, 
it  seems  to  depend  largely  upon  the  amount  of  water  used 
in  the  concrete  mixture  and  the  care  with  which  the  mortar 
of  the  concrete  is  brought  into  contact  with  the  steel  or 
iron  bars.  The  continuity  of  this  contact  is  much  more 
effectively  secured  by  a  comparatively  wet  concrete  than 
with  a  dry  mixture,  and  this  accounts  for  the  advantageous 
results  secured  in  using  a  comparatix^ely  large  amount  of 
water  in  the  mixture.  Considere  found  this  value  in  some 
of  his  experiments  to  range  from  1 7 1  to  7 1  pounds  per  square 
inch,  according  to  the  amount  of  water  used  in  mixing  the 
material,  the  smallest  value  corresponding  to  the  least 
percentage  of  water.  Prof.  W.  K.  Hatt  gives  some  deter- 
minations of  this  quantity  in  a  paper  entitled  **  Tests  of 
Reinforced  Concrete  Beams,''  read  before  the  American 
Society  for  Testing  Materials  at  its  annual  meeting,  1902. 
He  pulled  ^V-  and  J-inch  wrought-iron  rods  out  of  concrete 
around  which  it  was  formed  to  a  depth  of  about  6  inches 
and  with  ages  of  32  and  35  days.  The  averages  of  three 
tests  each  were  as  follows : 

Diameter  of  rod tV  »"•  J  J"- 

Ajre 32  days  35  days 

Maximum  lbs.  per  sq.  in 735  780 

Avcraj^c  lbs.  per  sq.  in C\t,6  756 

Minimum  lbs.  per  sq.  in 47^  7^4 
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For  suitable  mixtures  it  is  probabty  safe  to  assume  the 
ultimtate  value  of  this  adhesive  shear  to  range  from  at  least 
500  to  800  pounds  per  square  inch.  In  these  tests  Prof. 
Hatt  foimd  that  after  the  rod  was  once  started  so  that  the 
shear  changed  to  friction,  the  latter  had  values  rtmning 
from  50  to  70  per  cent,  of  the  adhesive  shear.  It  was  also 
found  in  these  experiments  that'  the  contact  between  the 
concrete  and  the  iron  rods  was  not  continuous  but  qtdte 
irregular.  The  working  value  of  this  shear  for  ordinary 
design  work  should  be  taken  about  J  to  iV  of  its  ultimate 
value.  Where  shock  exists  ^  is  probably  high  enough, 
but  where  shock  is  absent  it  is  probably  safe  to  use  |  to  J 
the  ultimate  value. 

Anything  which  roughens  or  makes  uneven  the  exterior 
surface  of  the  steel  reinforcement  will  obviously  increase 
the  resistance  of  the  bond  between  it  and  the  concrete. 
The  preceding  values  are  for  unroughened  steel  surfaces. 
When  square  bars  are  twisted,  or  other  efficient  means  axe 
employed  to  make  the  bond  materially  stronger,  corre- 
spondingly larger  working  values  of  the  adhesive  shear  may 
be  used. 

Art.  73* — ^nitimate  and  Working  Values  of   Empirical  Quan- 
tities for  Concrete-steel  Beams. 

It  is  necessary  for  the  practical  use  of  the  preceding 
and  following  analyses  that  a  niimber  of  empirical  quanti- 
ties be  determined  chiefly  for  the  concrete.  The  coeffi- 
cient of  elasticity  for  wrought  iron  for  this  purpose  may 
be  taken  at  28,000,000  poimds  per  sqtiare  inch,  and 
30,000,000  pounds  per  square  inch  for  structural  steel, 
which  is  now  invariably  used  in  the  reinforcement  of 
concrete-steel  beams. 

In  Art.  55  there  ^dll  be  found  set  forth  in  considerable 
detail  some  of  the  latest  and  most  reliable  determinations 
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of  the  coeriicicnl  of  elasticity  for  concrete  in  compression 
for  diilercnt  mixtures  and  at  ages  ranging  from  a  few  days 
up  to  six  months.  The  following  table  is  a  condensed 
statement  of  average  values  taken  from  those  data.  It  is 
found  in  a  paper  by  Mr.  Edwin  Thacher,  prepared  from  the 
original  Reports,  and  was  given  by  him  in  a  lecture  before 
tlie  College  of  Civil  Engineering  of  Cornell  University,  1902. 

This  table  exhibits,  as  reasonable  values  for  the  coeffi- 
cient of  elasticity  in  compression  as  can  be  determined  at 
the  present  time.  The  value  to  be  selected  for  any  particu- 
lar case  will  depend  upon  the  proportions  of  mixture  and 
upon  the  degree  of  balancing  of  the  sand  and  gravel  or 
broken  stone,  although  the  influence  of  the  latter  cannot 
be  definitely  stated.  It  is  not  improbable  that  a  considera- 
ble portion  at  least  of  the  variations  in  the  results  of  the 
table  are  due  to  the  varying  degrees  of  natural  balancing 
in  the  different  test  blocks.  The  value  will  also  depend 
upon  the  age  of  the  concrete.  For  all  ordinary  engineering 
constructions  it  is  reasonable  to  take  the  coefficient  of  com- 
pressive elasticity  at  2,500,000  to  3,000,000  pounds  per 
square  inch  for  a  concrete  mixture  of  i  cement,  2  sand,  and 
4  gravel  or  broken  stone.  This  table  shows  that  practi- 
cally the  same  value  may  be  taken  for  a  concrete  of  i  cement, 
3  sand,  and  6  gra\'el  or  broken  stone,  especially  if  the  mate- 
rials are  well  selected  and  balanced.  If  the  concrete  is 
mixed  in  the  proporticms  of  i  cement,  6  sand,  and  12  gravel 
or  broken  stone,  the  coefficient  of  elasticity  is  seen  to 
decrease  materially  and  should  not  be  taken  higher  than 
1,500,000  pounds  per  square  inch.  Suitable  quantities 
for  mixtures  other  than  those  named  in  the  table  can  be 
reasonably  and  safely  selected  from  those  afforded  in  it. 

Tliese  values  show  that  the  ratio  of  the  coefficient  of 
elasticity  for  steel  over  that  for  concrete  may  range  from 
10  to   20  for  the  varying  conditions  described.     In  the 
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paper  of  Prof.  Hatt,  to  which  allusion  was  made  in  Art.  72, 
he  gives  values  of  the  coefficient  of  elasticity  for  i,  2,  and 
4  concrete  in  compression  ranging  from  3,680,000  pounds 
to  4,702,000  potmds  per  square  inch,  and  there  are  some 
foreign  as  well  as  domestic  tests  which  show  results  even 
higher.  It  is  probable  that  these  extremely  high  values 
are  due  to  special  conditions  of  mixture  or  other  in- 
fluences which  do  not  characterize  actual  concrete  work, 
and  as  they  are  few  in  niunber  in  comparison  with  the 
great  mass  of  concrete  testing  work  done  at  the  Water- 
town  Arsenal  it  is  believed  that  the  results  given  in  the 
table  are  better  adapted  for  engineering  practice. 

The  ultimate  resistances  of  mortar  and  concrete  in 
tension  and  compression  will  be  fotmd  in  Arts.  46  and  54. 
These  values  will  also  depend  upon  the  proportions  and 
character  of  mixttire  or  upon  the  age.  The  records  of 
tests  and  experience  which  have  thus  far  accumulated  in 
connection  with  concrete-steel  construction  show  that  the 
compressive  working  stress  of  concrete  in  beams,  where  the 
mixture  is  in  the  proportions  of  i  cement,  2  sand,  and  4 
gravel  or  broken  stone,  may  probably  be  taken  as  high  as 
500  pounds  per  square  inch.  It  should  be  remembered 
that  this  intensity  will  exist  in  the  extreme  fibres  of  the 
beam  only.  Mixtures  of  less  strength  would  require  a 
corresponding  reduction  in  the  maximimi  working  in- 
tensity of  compression.  A  mixture,  for  example,  of  i 
cement,  2  J  sand,  and  5  broken  stone,  unless  the  materials 
were  well  balanced,  might  justify  a  reduction  of  the 
greatest  working  stress  to  400  pounds  per  square  inch. 

Some  foreign  authorities  have  prescribed  two  degrees 
of  safety,  in  the  first  of  which  the  maximum  working  stress 
of  compression  of  427  poimds  per  square  inch  is  allowed, 
and  711  poimds  per  square  inch  for  safety  of  the  second 
degree.     Structures  in  which  the  duty  of  the  concrete  i& 
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severe  might  be  designed  with  the  smallest  of  those  values, 
but  where  the  duty  is  materially  less  severe,  with  the 
larger. 

It  is  not  unusual  at  the  present  time  in  the  design  of 
concrete-steel  arches  to  allow  a  maximum  mtensity  of 
compression  of  500  pounds  per  square  inch  and  50  to  75 
pounds  per  square  inch  for  the  maximum  intensity  of 
tension. 

Tensile  tests  of  concrete  show  that  where  proportions 
of  I  cement,  2  sand,  and  4  gravel  or  broken  stone  are  used 
a  maximum  intensity  of  tension  of  50  to  70  poimds  per 
square  inch  is  about  J  to  ^  the  ultimate  tensile  resistance 
at  the  age  of  three  to  six  months.  These  values  are  reason- 
able and  may  be  employed  in  concrete  beams  where  it  is 
desired  to  avail  of  the  ten,sile  resistance  of  concrete.  In 
much  of  the  best  engineering  practice  at  the  present  time, 
however,  the  tensile  resistance  of  the  concrete  is  neglected 
in  the  interests  of  additional  safety  in  concrete-steel  beam 
construction.  Inasmuch  as  fine  cracks  may  appear  in 
concrete  from  other  agencies  than  tensile  stress,  it  is  un- 
doubtedly advisable  in  most  cases  certainly  to  omit  the 
bending  resistance  of  the  concrete  in  tension,  especially 
as  that  omission  does  not  sensibly  increase  the  weight  or 
cost  of  the  beam  when  properly  designed. 

Art.  74. — General  Formulas  and  Notation  for  the  Theory  of 
Concrete-steel  Beams  According  to  the  Common  Theory  of 
Flexure. 

The  application  of  the  common  theory  of  flexure  to 
the  bending  of  concrete-steel  beams  is  in  reality  the  de- 
velopment of  the  theory  of  flexure  for  composite  beams 
of  any  two  materials.  The  notation  to  be  used  and  the 
general  formulae  will  first  be  written,  therefore,  and  then 
the  special  formulae  for  concrete-steel  beams  will  be  estab- 
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lished  in  the  succeeding  articles.  These  general  formulae, 
it  should  be  observed,  apply  to  beams  of  any  shapes  of 
cross-section  of  either  material  or  for  any  relative  areas 
of  cross-section  of  those  materials,  although  in  concrete- 
steel  beams  the  area  of  cross-section  of  the  steel  is  frequently 
or  perhaps  usually  but  one  to  one  and  a  half  per  cent,  of 
the  area  of  the  concrete. 

Again,  the  formula?  will  be  so  written  as  to  make 
practicable  the  use  of  different  coefficients  of  elasticity 
for  concrete  in  tension  and  compression  if  that  should 
be  desired. 

The  notation  to  be  used  in  the  succeeding  articles  is 
chiefly  the  following: 
is,  =  coefficient  of  elasticity  of  the  steel. 
E^^         **  **  **         **     **    concrete  in  compression. 

n£j=         **  **  **         an    concrete  in  tension. 

A^  and  A^  are  the  areas  of  normal  section  of  the  concrete 

and  steel  respectively, 
/j  and  /j  are  the  moments  of  inertia  of  A^  and  -4,  respec- 
tively about  the  neutral  axis  of  the  normal  section. 
^1  ==  greatest  intensity  of  bending  compression  in.  the  con- 
crete. 
k'  =  greatest  intensity  of  bending  tension  in  the  concrete, 
c  =  greatest  intensity  of  bending  compression  in  the  steel. 
t  =  greatest  intensity  of  bending  tension  in  the  steel. 
6=  breadth  of- the  concrete. 

h^  and  h^  are  total  depths  of  the  concrete  and  steel  re- 
spectively. 
fej«  vertical    distance  between  the    centres  of  the  steel 

reinforcing  members, 
rfj  =  distance  of  extreme  compression  **  fibre"  of  the  con- 
crete from  the  neutral  axis. 
rfj=  distance  of  the  centre  of  the  compression  steel  rein- 
forcing member  from  the  neutral  axis. 
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d^  =  distance  from  extreme  cpmpression  fibre  of  the 
steel  to  the  neutral  axis, 
a  =  distance  of  the  centre  of  the  compression  steel 
reinforcing  member  from  exterior  compression 
surface  of  concrete. 
0=  distance  of  the  centre  of  the  tension  steel  rein- 
forcing  member   from    exteriof    tension   sur- 
face of  concrete. 
M2=area  of  normal   section  of  reinforcing  steel  in 
tension, 
(i— r)Aj=area  of  normal  section  of  reinforcing  steel  in 
compression. 
p^  =  intensity  of  compressive  stress  in  the  concrete 

at  distance  z  from  the  neutral  axis. 
p'  =  intensity  of  tensile  stress  in  the  concrete  at  dis- 
tance z  from  the  neutral  axis. 
p^  =  intensity  of  stress  in  the  steel  at  distance  z  from 

the  neutral  axis. 
u  =  tensile  or  compressive  strain  in  unit  length  of 
** fibre"  at    unit   distance   from    the    neutral 
axis. 
In  all  the  theory  of  bending  of  concrete-steel  beams  it 
is  assumed,  as  in  the  common  theory  of  flexure,  that  any 
plane,  normal  section  of  the  beam,  before  bending  takes 
place,  will  remain  plane  (and  normal)  while  the  beam  is 
subjected  to  bending.     Hence 

p^  =  EjW2f,     p'  =  nE{Uz,     and    p^  =  EuZf^.    .     .     ( i ) 

Inasmuch  as  all  the  loading  carried  by  concrete-steel 
beams  is  supposed  to  act  in  a  direction  normal  to  the  axes 
of  the  beams,  as  is  usual  in  the  common  theory.of  flexure, 
the  total  stresses  of  tension  and  compression  in  any  normal 
section  of  a  beam  induced  by  the  bending  must  be  equal 
to  zero.     The  expression  of  this  sum,  written  by  the  aid  of 
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eqs.  (i)  and  by  which  the  neutral  axis  of  the  composite 
section  is  determined,  is  the  following: 


E.u{l''zdA,-n£^^^z^^^^  (2) 


Or 


/   'zdA.-n  I       zdA.+j^  /        zdA^^o.       .     (3) 


- 6 


Eq.  (3)  is  perfectly  general,  and  the  position  of  the 
neutral  axis  can  always  be  located  by  it  whatever  may 

be  the  shape  of  cross-section 
of  either  the  concrete  or  steel. 
Fig.  I  may  be  taken  as 
an  arbitrary  typical  com- 
posite section  showing  the 
j  5  J  preceding  system  of  notation 

J I  t:a---<^:i--^-'--|-.X  applied  to  it.      The  outline 

Fig.  I.  of  the  concrete  is  rectangular, 

as  in  the  ordinary  concrete-steel  beam.  The  steel  in  com- 
pression is  represented  as  two  steel  angles,  while  three 
roimd  rods  constitute  the  steel  in  tension.  In  the  next 
article  the  application  of  the  general  eq.  (3)  to  the  special 
case  of  the  ordinary  concrete-steel  beam  will  be  made. 

The  general  value  of  the  bending  moment  of  the  stresses 
indubed  in  any  normal  section  of  a  composite  beam  can  be 
at  once  written  by  the  aid  of  eqs.  (i).  The  typical  ex- 
pression of  the  difTerential  moment  is 

p^dA^z=^E^uzMA^, 

Hence*the  value  of  the  moment  is 

M^E,uf\hiA,^nE,iiJl^^zHA,^E,uf^^^  (4) 
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This  equation  is  also  completely  general  whatever  may 
be  the  shape  of  section  of  either  material.  It  will  be  de- 
veloped for  the  ordinary  form  of  concrete-steel  beams  in 
Art.  76. 

Eqs.  (3)  and  (4)  cover  completely  the  theory  of  bending 
or  flexure  of  composite  beams  of  two  materials,  one  of 
them  having  different  values  for  the  coefficients  of  elasticity 
in  tension  and  compression.  It  will  be  observed  that  the 
position  of  the  neutral  axis  of  any  section  of  the  beam,  as 
located  by  eq.  (3),  is  affected  by  the  values  of  E^,  £,,  and  n, 
and  that  it  does  not  in  general  pass  through  the  centre  of 
gravity  of  the  section. 

Art.  75. — ^Position  of  Neutral  Axis  in  Ordinary  Rectangular  Con- 
crete-steel Beams  by  Common  Theory  of  Flexure. 

The  ordinary  reinforced  or  concrete-steel  beam  is 
formed  with  a  rectangular  normal  cross-section  with  a 
constant  depth  d^  and  a  constant  width  6,  the  outline  of 
the  concrete  section  being  rectangular  and  the  steel  rein- 
forcement, or  bars,  being  embedded  in  the  concrete,  all  as 
typically  shown  in  the  figure  on  the  opposite  page.  The 
area  of  the  steel  section  is  small  in  comparison  with  that  of 
the  concrete,  usually  from  about  one  to  one  and  one  half 
per  cent,  of  the  latter,  so  that  there  is  no  sensible  error  in 
making  dA^  ^bdz.  The  first  two  terms  of  the  first  member 
of  eq.  (3)  of  the  preceding  article  then  takes  the  form 

Jo  Jhi-di  2  2 

=  (i-n)—^+nbdJi^-n-l.     (i) 

As  the  steel  section  is  always  small  it  will  be  essentially 
c(/rrect  to  consider  each  portion  of  it  concentrated  at  its 
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centre  of  gravity,  so  that  there  may  be  written 


^'  ^zdA,^{i'-r)A,d^-rA,{h^-d,)^A^{d,-'rh;).    (2) 


By  introducing  the  values  of  eqs.  (i)  and  (2)  in  eq.  (3) 
of  the  preceding  article  the  latter  will  become 

2  2  Il'i 

Or,  since  d^^d^  —  a, 

"'»  "^ T^ii '^i  =  r-T»+       6(1 -n) 

The  solution  of  this  qtiadratic  eqtiation  gives 

d^^- 


I— n 


.\^ 1 1_   S I    .1 1 : — 


(3> 


Eq.  (3)  will  locate  the  neutral  axis  of  the  section  imder 
consideration  by  giving  its  distance  d^  from  the  upper 
surface.  All  quantities  appearing  in  its  second  member 
are  known  either  in  the  case  of  an  actual  beam  or  in  the 
process  of  designing.  In  the  one  case  a  and  h^  will  be 
known  from  given  dimensions  and  they  will  be  prescribed 
in  the  other.  The  same  observation  applies  to  the  sectional 
area  A^y  although  a  prescribed  or  assumed  area  may  be 
subject  to  revision  in  the  operation  of  designing,  thus 
necessitating  possibly  more  than  one  application  of  the 
formula. 
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If  the  entire  steel  reinforcement  is  on  the  tension  side 
of  the  beam  as  shown  in  Fig.    i   and  as 
often  occurs,  r  will  be  imity  in  eq.  (3),  or    = 
I  — r  =  o.     The  only  effect  produced  by  this    \ 
substitution  in  eq.  (3)  is  to  make  "^ 


NEin-RAt  AXM 


a  +  rh=  a -{-h^^  distance    frofn  centre  of  steel 

bars  to  upper  surface  of  beam.  ^^-  '• 

The  use  of  eq.  (3)  is  by  no  means  so  formidable  or  in- 
volved as  may  appear  at  first  sight.     If,  as  has  sometimes 

E 
been  taken,  «  =  ^  and  -^  =  10,  that  equation  becomes 

d,^-h,^ 20^ ±\h,^  +  Ao^{a  +  rh,)  +  (h,  +  20y»^ '   (4) 

If  the  coefficients  of  elasticity  of  concrete  in  tension 
and  compression  are  taken  the  same,  so  that  n  =  i ,  it  will 
be  only  needful  to  revert  to  the  equation  immediately 
preceding  eq.  (3). 

After  first  multiplying  both  members  of  that  equation 
by  (i  —  «)  and  then  placing  i  —  n  =0,  there  will  result 

.'•  ^.  = T^4 (S) 

^'^E,  b 

As  in  the  precedinsf  case,  when  the  steel  reinforcement 
is  wholly  on  the  tension  side  of  the  beam  it  is  necessary 
only  to  place  r  =  i  in  eq.  (5). 
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Neglect  of  the  Tensile  Resistance  of  Concrete. 

Many  civil  engineers  consider  it  advisable  to  neglect 
the  bending  resistance  of  that  part  of  the  concrete  in  ten- 
sion and  to  estimate  the  carrying  capacity  of  the  reinforced 
beam  as  if  the  compressive  bending  resistance  constitutes 
the  entire  bending  resistance  of  the  con- 
crete.    In  that  case  the  stress  conditions 
assimied  would   be  exhibited  by  Fig.  2. 
These    stress    conditions    usually    exist 
before    rupture    in    consequence  of  the 
"°*  *•  concrete  in  tension  failing  by  cracking. 

Again,  cracks  may  sometimes  be  formed,  or  at  least  be 
started,  by  a  number  of  extraneous  causes  independent  of 
the  loading.  For  these  reasons  it  will  usually,  or  at  any 
rate  frequently,  be  the  part  of  prudence  and  good  practice 
to  ignore  the  tensile  bending  resistance  of  the  concrete  in 
concrete-steel  beams. 

In  order  to  find  the  neutral  axis  for  this  condition  of 
stresses  it  is  only  necessary  to  omit  the  second  integral  in 
the  first  member  of  eq.  (3)  of  the  preceding  article.  This 
is  equivalent  to  omitting  from  eq.  (3)  of  this  article  every 
term  in  which  n  enters,  or,  in  other  words,  to  making  n 
equal  to  zero.  By  completing  these  omissions  the  value 
of  rfj  at  once  takes  the  form 

The  value  of  d^  in  eq.  (6)  gives  the  distance  of  the  neutral 
axis  below  the  upper  or  compressive  surface  of  the  beam 
when  the  tensile  resistance  of  the  concrete  is  neglected. 

When  the  steel  reinforcement  is  wholly  on  the  tension 
side  of  the  beam,  r  =  i,  and  a  +  rh^=a-\-h^. 
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-Art.  76. — Bending  Moments  in  Concrete-steel  Beams  by  Com- 
mon Theory  of  Flexure. 

The  complete  expressions  for  the  bending  moments 
of  concrete-steel  beams  may  now  be  written  and  their 
values  for  any  particular  case  estimated.  By  introducing 
the  notation  already  employed  into  the  ordinary  formula? 
(^f  the  common  theory  of  flexure  the  following  general 
expression  for  the  bending  moment  will  result : 

M^Eai  I  ^\^dA,-\-nEM  r    z^dA.-^EAi  f  '     zHA^.    (i) 

This  equation  obviously  is  based  on  the  condition  that 
the  intensities  of  the  tensile  and  compression  bending 
stresses  vary  directly  as  the  distances  from  the  neutral 
axis.  The  bending  moment  based  on  the  assumption  that 
those  intensities  vary  according  to  the  parabolic  curve  will 
be  determined  in  a  later  article. 

The  first  two  integral  expressions  in  the  second  member 
of  eq.  (i)  are  moments  of  inertia  of  the  two  portions  of 
.4  J,  about  the  neutral  axis  of  the  section,  while  the  third 
is  the  moment  of  inertia  of  A^  about  the  same  axis.  That 
equation  may  then  be  written 

M  -=E,ur  -{-nE^nr  -\-E^uI, (2) 

If  /j  is  the  moment  of  inertia  of  A^^  about  the  neutral 
axis,  then  7'+/"=/^. 

Again,  if  k^  is  the  greatest  intensity  of  compression  in 
the  concrete  and  fe'  the  greatest  intensity  of  tension,  while 
c'  is  the  intensity  of  compression  stress  in  the  steel  at  the 
*<listance  d^'  from  the  neutral  axis,  then 

k  k'  c 

E^u^-^,     nE,u^j^-j,     and    E^u^j.  .     .     (3) 
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By  introducing  these  values  in  eq.  (2), 

This  is  the  general  value  of  the  bending  moment  for 
any  form  of  section  or  any  two  materials.  The  rectangular 
normal  section  will  be  employed  for  the  outline  of  the 
concrete  and  steel  bars  of  any  desirable  shape,  but  of  com- 
paratively small  section,  for  concrete-steel  beams.  The 
corresponding  quantities  are  then  to  be  introduced  into, 
eq.  (4).     For  this  case 

r-^    and    rJ»^'>l. 
3  3 

Also 

The  value  of  I^  may  be  written  in  this  form  for  the 
reason  that  the  steel  sections  (A^)  are  small. 

The  insertion  of  these  quantities  into  eq.  (4)  will  give 

M...f+*'^'IV.[(-rMAVMA(|-.)'].(5) 

The  use  of  this  equation  for  the  value  of  the  bending, 
moment  can  be  made  more  convenient  if  its  second  member 
be  changed  in  form  so  as  to  involve  but  one  intensity  of 
stress,  and  that  one  may  preferably  be  the  greatest  com- 
pression, fej,  in  the  concrete. 

From  eq.  (3), 

¥=J^%     and     ^"fj'fer      •     •     •     (6> 
By  introducing  these  values  in  eq.  (5), 

"^-"'{-f-'d^-^-'tiA^'^^^^^^ 
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This  value  of  the  bending  moment  M  requires  only 
the  greatest  intensity  of  compression,  k^,  in  the  concrete 
to  be  given,  all  other  quantities  in  the  second  member 
being  either  given  or  assignable. 

The  greatest  intensity  of  tension  in  the  steel  will  be 

^        d,    ""-E,      d,     ^^ ^^^ 

Thus  all  the  intensities  in  the  extreme  fibres  may  be 
expressed  in  terms  of  any  one.  As  a  practical  matter  it 
is  probably  preferable  to  use  the  greatest  compression  in 
the  concrete  for  that  purpose,  £is  will  appear  later. 

If  the  two  coefficients  of  elasticity  for  the  concrete  are 
taken  to  be  the  same,  «  =  i  in  eq.  (7). 

If  the  steel  reinforcement  is  wholly  on  the  tension  side 
of  the  beam,  r  =  i  and  eq.  (7)  will  take  the  form 

Neglect  of  the  Tensile  Resistance  of  Concrete. 

If  the  bending  resistance  of  the  concrete  on  the  tension 
side  of  the  neutral  axis  be  neglected  it  is  necessary  only 
to  omit  the  second  term  of  the  second  member  of  eq.  (7) 
in  which  n  appears.  That  equation  will  then  take  the 
form 

In  case  the  steel  reinforcement  is  wholly  oji  the  tension 
side  of  the  beain,  r  =  i  and  the  bending  moment  becomes 

<•. .      ■M=fe.(^V|^'(;i,-d,)').    .   .   .  (II) 


•     1 ' 
/ 

r 
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In  all  the  preceding  fomiukc  the  distance  d^  of  the 
neutral  axis  Irom  the  exterior  compression  surface  of  the 
beam  is  to  be  foimd  by  the  appropriate  equation  in  the 
preceding  article,  d^  from  eq.  (3)  of  that  article  being  re- 
quired for  use  in  the  general  eq.  (7)  of  this. 

The  preceding  equations  complete  all  that  is  neces- 
sary in  the  treatment  of  practical  questions  of  design  or 
of  ultimate  carrying  capacity.  Their  actual  application  to 
engineering  work  will  be  illustrated  in  considerable  detail. 

Art.  77. — Position  of  Neutral  Axis  in  Ordinary  Rectangular 
Concrete-steel  Beams  if  Intensities  of  Stress  Vary  by  the 
Parabolic  Curve. 

If  the  intensities  of  the  bending  stresses  on  the  two 
sides  of  the  neutral  axis  vary  as  the  abscissae  of  a  parabola, 
the  condition  of  stress  may  be  represented  by  Fig.  i.  The 
vertex  of  the  parabola  on  the  compression  side  is  at  V 
and  at  v  on  the  tension  side.  The  branches  of  the  two 
parabolas  start  from  the  comm(m  point  O  at  the  neutral 
axis.  In  this  case  the  position  of  that  axis  can  readily 
be  located  by  placing  the  sum  of  all  the  tensile  stresses 
in  the  normal  section  c^f  the  beam  equal  to  the  sum  of  all 
the  compressive  stresses  in  the  usual  manner.     In  Fig.  i 


M^-'3-Z^ 


Fig.  I. 


the  upper  part  of  the  beam  is  supposed  to  be  in  compression 
with  the  maximum  intensity  ^,.  the  lower  part  being  in 
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tension  with  the  greatest  intensity  k' ,  The  neutral  surface 
of  the  beam  is  A' 5.  The  stress  in  the  steel  reinforcement 
on  the  compression  side  is  c{i  —  r)A^^C  and  irA^  =  T  on 
the  tension  side,  c  and  /  being  the  intensities. 

The  width  of  the  beam  being  b,  the  total  compressive 
stress  in  the  concrete  is  ^bdj^^  and  the  total  tension 
^b{h^  —  d^)k\  the  relatively  small  area  A^  of  the  steel  sec- 
tion being  neglected.     Hence  the  desired  equation  will  be 

ibd,P']-c{i-^r)A,  =  ib{h^-d^)k'  +  trA,.     ,     .     (i) 

If  it  be  assumed  that  plane  normal  sections  of  the  beam 
remain  plane  after  flexure,  as  is  usually  done,  the  rate  of 
strain  u  at  imit's  distance  from  the  neutral  axis  may  be 
written,  as  in  the  common  theory  of  flexure,  as  follows, 
E  being  the  coefficient  of  elasticity  for  the  concrete  in 
compression  and  nE^  in  tension : 

If  the  values  of  fej,  k\  c,  and  t  each  in  terms  of  u  and 
its  coefficient  of  elasticity  be  taken  from  eq.  (2)  and  in- 
serted in  eq.  (i),  the  latter  will  become,  after  imiting  its 
terms, 

ibE,ii-n)d,'  +  ^bh,nE,d,=ibnE,h,^  +  E,A,(rh^-'d;). 

But  d^=d^  —  a;   hence 

<i,  *+ — d.  =— ^—  + i—  (r/t, +a) ; 

»  I  — «  '     I— n      I— n       *      ' 


•.d.= 


I  — n 


U»«      2E,T,,         ,     P"  +  4£,  6/        ,, 
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All  the  quantities  appearing  in  the  second  member  of 
eq.  (3)  are  known,  and  tiie  position  of  the  neutral  axis  will 
be  determined  by  finding  the  value  of  d^. 

By  comparing  eq.  (3;  with  eq.  (3)  of  the  second  pre- 
ceding article  it  will  be  observed  tiiai  the  two  values  of  d 
are  nearly  the  same,  but  it  should  be  noticed  that  the 
analysis  of  this  article  involves  some  incongruity.  In 
passing  from  eq.  (i)  to  eq.  (2)  the  intensities  of  bending 
stresses  in  the  concrete  are  written  in  the  usual  manner 
by  employing  the  coefficients  of  elasticity  and  the  tmi- 
tbrmly  varying  strains  required  by  the  assumption  that 
the  normal  sections  remain  plane  after  flexure.  This 
analytic  operation  makes  the  intensities  of  bending  stresses 
in  the  concrete  vary  directly  as  the  distances  from  the 
neutral  axis,  whereas  eq.  (i)  w^as  written  on  the  assumption 
that  those  intensities  vary  according  to  the  parabolic 
curve  shown  in  Fig.  i.  Eq.  (3)  is  thus  analytically  faulty 
and  possesses  no  sensible  advantage  over  the  other  and 
more  rational  value  of  J,. 

If  the  steel  is  reinforced  entirely  on  the  tension  side  of 
the  beam  r  becomes  equal  to  unity,  and  hence  rh^  +  a^ 
fcj  +  a,  the  distance  of  the  centre  of  the  steel  bars  from  the 
upper  surface  of  the  beam. 

In  case  the  coefficients  of  elasticity  for  tension  and 
compression  in  the  concrete  are  taken  equal,  w  =  i  or 
I  -n  =  o.  By  multinMng  both  members  of  the  equation 
immedintelv  preceding  eq.  (3)  by  i  —  w,  then  making  n  =  i, 
there  will  result 


F^—' 
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When  the  steel  reinforcement  is  wholly  on  the  tension 
side  of  the  beam  r  is  to  be  made  equal  to  i  in  eq.  (4). 

Neglect  of  the  Tensile  Resistance  of  the  Concrete, 

The  conditions  of  stress  for  this  case  are  shown  in 
Fig.  2.  The  stress  T  in  the  steel 
reinforcement  is  the  only  ten- 
sile stress  assumed  \o  act  on  the 
tension  side  of  the  beam.  In 
eq.  (i),  therefore,  it  will  be 
necessary  to  omit  the  first  term 
of  the   second  member,   leaving  ^^*  ^* 

the  equation  in  the  form, 

lbd,k,  +  c{i-r)A,==trA,.       ....     (5) 

The  effect  of  this  change  is  equivalent  to  making  w  =  o 
in  eq.  (3).     The  value  of  d^  will  then  become 

The  distance  of  the  neutral  axis  below  the  upper  surface 
of  the  beam  is  thus  determined  for  this  particular  case. 
Where  the  steel  reinforcement  is  wholly  on  the  tension 
side  of  the  beam  r  =  i  and  rh^  +  a=h^  +  a. 


Art.  78. — Bending  Moments  in  Concrete-steel  Beams  if  Inten- 
sities of  Stress  Vary  by  the  Parabolic  Curve. 

If  the  intensities  of  tension  and  compression  in  the 
concrete  of  the  composite  beam  vary  as  the  horizontal 
coordinates  of  the  two  branches  of  the  parabolas  shown 
in  Fig.  I  of  the  preceding  article,  the  vertices  of  the  parab- 
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olas  being  in  the  upper  and  lower  surfaces  of  the  beam^ 
the  moments  of  the  internal  stresses  may  readily  be  foimd. 
The  centres  of  gravity  of  the  two  parabolic  areas  will  be 
fdj  and  i{h^'^'d^)  from  the  neutral  axis,  and  these  arccis 
will  be  f^jflfj  and  ik'{h^  —  d^).  Hence  the  total  bending 
moment  of  the  stresses  of  tension  and  compression  in  the 
concrete  will  be 

The  total  bending  moment  of  all  the  stresses,  including 
those  of  the  reinforcing  steel,  will  then  be,  remembering 
that  the  breadth  of  the  concrete  is  6, 

M=^^,(d,%  +  {h^^d,rk')b  +  c{i-r)A,d,  +  trA,{h,-d,),     (i) 

As  £1  is  the  coefficient  of  elasticity  of  the  concrete  in 
compression  and  nE^  in  tension,  there  may  be  written 

k--n%-''h M 

Also 

Or,  hv  using  the  preceding  expression  for  k'  in  the- 
second  of  eqs.  (3), 

Tl^iis  all  the  intensities  of  stresses  fe',  c,  and  f  are  ex- 
pre55<5ed  in  terms  of  k^.  The  values  of  those  intensities 
^ven  in  eqs.  (2^  f-^V  and  (^)  mav,  if  desired,  be  inserted 
in  eq.   (t),  so  that  the  bending  moment  M  would  be  ex- 
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pressed  in  terms  of  k^.  As  those  intensities  must,  however, 
usually  be  determined  in  any  event,  it  is  scarcely  necessary 
to  write  the  value  of  M  in  such  an  extended  and  com- 
plicated equation. 

If  the  two  coefficients  of  elasticity  for  concrete  are 
taken  equal  to  each  other  the  ratio  n  becomes  tmity  in 
eqs.  (2)  and  (3).  ^ 

If  the  steel  reinforcement  is  found  wholly  on  the  ten- 
sion side  of  the  beam,  r=i,  and  the  term  c{i-'r)A^d^ 
becomes  equal  to  zero  in  eq.  (i). 

Finally,  if  the  resistance  of  the  concrete  to  tension  be 
neglected,  k'  =-0,  and  the  term  ^{hy  —  d^Yk^  in  the  second 
member  of  eq.  (i)  disappears. 

In  case  the  latter  two  conditions  concur,  i.e.,  if  there 
is  tension  steel  reinforcement  only,  and  if  the  tensile  re- 
sistance of  concrete  is  neglected,  the  value  of  the  bending 
moment  M  may  be  written  in  terms  of  k^  as  follows : 

M  =  (,W.H|M,(/.,-<i,)(^^'-^-^^-3))fe,.    (s) 


Art.  7C).r-Division  of  Loading  Between  the  Concrete  and  Steel 
Under  the  Common  Theory  of  Flexure. 

It  is  occasionally  desirable  to  determine  the  portion  of 
the  total  loading  of  either  a  concrete-steel  beam  or  arch 
carried, by  the  steel  and  concrete  parts  of  the  member. 
In  making  this  determination  the  formula  established  in 
the  preceding  articles  in  accordance  with  the  common 
theory  of  flexure  will  be  employed.  It  will  be  convenient 
also  for  this  purpose  to  represent  the  intensity  of  stress  in 
the  extreme  fibre  of  the  steel,  whether  tension  or  com- 
pression, bv  k.,  the  distnnce  of  that  extreme  fibre  from  the- 
neutral  axis  of  the  composite  section,  established  in  Art.  75, 
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being  represented  by  rf,.  It  will  further  be  supposed  that 
the  coefficients  of  elasticity  for  concrete  in  tension  and 
compression  are  the  same.  Eq.  (4)  of  Art.  76,  representing 
the  resisting  moment  of  the  internal  stresses  in  a  normal 
section  of  a  composite  member,  may  then  be  written 

^^=^'+X <^) 

Let  the  total  load  on  the  composite  beam  or  arch  be 

represented  by  VV,  while  W^  and  W^  represent  the  portions 

of  IF  carried  by  the  steel  and  concrete  respectively.     Also 

W  \V 

let  q^  and  q^  be  so  taken  that  9i=-jTr  and  9j  =  Ti/.    The 

remaining  notation  will  be  that  given  in  Art.  74. 

Since  the  bending  moments  in  the  portions  A^  and  A^ 
are  proportional  to  the  loads  which  those  portions  carry, 

k,  k 

remembering  that  ^'  and  -,'  are  equal  to  E^u  and  E^u  re- 
spectively, there  may  be  written,  as  indicated  by  eq.  (i), 


^'     W     EJ,  +  EJ,     ^"^     ^'     W     EJ,+EJ, 
Also 


^'=7rrtr,  ^^  ^'=/rrt^ 


(2) 


Also,  if  n  =  77r, 


^«=£-T      ^^      9»=d-r (3) 


n+i  ^»    n  +  i 

Then,  since     M,  =  ?,.!/  and  M^  =  ^^A/, 


«i        /^        and     «,-     ^^    ,       ...     (4) 
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Eqs.  (2),  (3),  and  (4)  show  the  portions  of  loading 
•carried  by  the  two  materials  and  the  greatest  intensities 
•of  stresses  in  their  extreme  fibres. 

It  is  sometimes  necessary  to  combine  a  bending  moment 
with  the  direct  compression  (or  tension)  produced  by  a 
force  P  acting  along  or  parallel  to  the  axis  of  a  beam  or 
arch.  Let  p^  and  p^  represent  the  intensities  of  stress 
produced  in  the  two  portions  A^  and  A^hy  such  a  direct 
force.  Since  equal  unit  longitudinal  strains  exist  in  the 
two  materials,  the  intensities  of  stress  in  the  portions  A^ 
and  A^  will  be  proportional  to  their  coefficients  of  elastici- 
ties.    Hence 


Hence 


/.A+^M,=^;    ■■P^-T^, 


(6) 


In  the  case  of  an  elastic  arch  like  those  of  combined 
concrete  and  steel,  the  thrust  P  is  in  general  exerted  along 
the  axis  of  the  arch  ring  but  at  some  distance,  /,  from  it. 
In  such  a  case  the  bending  moment  is 

M^Pl\    hence     M^=q,Pl    and    M^^q^Pl.    .     (7) 

The  values  of  the  bending  moments  are  to  be  placed  in 
eq.  (4),  in  order  to  determine  the  intensities  k^  and  k^. 

In  determining  the  resultant  of  stress  for  any  section 
of  an  arch  ring,  if  the  conditions  under  which  eqs.  (2)  were 
written  be  employed,  the  thrust  on  the  portion  A^  will  be 
^jP,  and  q^P  on  A^,  since  the  thrusts  on  the  two  portions 
vn'll  be  proportional  to  the  loads  which  they  carry.  Hence, 
if  k^  and  k^  again  be  used  to  represent  the  greatest  inten- 
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sities  t)f  stress  in  the  two  portions,  there  may  at  once  be 
written 

,         ir     Md,\ 

In  eqs.  (8)  and  (9),  M=Pl. 

If,  again,  the  last  members  of  eqs.  (5)  and  (6)  be  used 
in  connection  with  eqs.  (2)  and  (4)  the  resultant  values, 
of  k^  and  kj  \vill  be 

q,Md,       (       P  Md,\ 

In  the  use  of  all  these  equations,  care  must  be  taken 
to  give  the  proper  sign  to  the  bending  moment  M, 

These  equations  comprise  all  that  are  necessary  in  order 
to  ascertain  the  distribution  of  the  loading  between  the 
steel  and  the  concrete,  or  any  other  two  materials,  whether 
the  case  may  be  one  of  pure  bending  or  a  combination  of 
bending  and  direct  stress. 


Art.  80.— Practical  Application   of  the  Formulae  for  Concrete- 
steel  Beams. 

The  practical  application  of  the  formulae  of  the  pre- 
ceding articles  either  in  the  operations  of  design  or  in  the 
testing  of  actual  beams  is  a  simple  matter.  This  will  be 
illustrated  by  determining  the  distance  d^  from  the  top 
surface  of  the  beam  to  the  neutral  axis,  and  the  extreme 
fibre  stresses  in  the  concrete  and  steel  of  a  number  of 
composite  beams  the  results  of  whose  tests  to  failure  are 
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given  by  Edwin  Thacher,  C.E.,  in  the  **  Transactions  of  the 
Association  of  Civil  Engineers  of  Cornell  University,"  1902, 
Vol.  X. 

Table  I. 
TESTS  OF  CONCRETE-STEEL  BEAMS. 


Experi- 
menter. 


Thacher.  . 


Kirkaldy.  . 
Kansoine  . 


Span, 
ins. 


Depth 

of 

Beam, 

Ins. 


ij8 
72 
60 
49  •« 


Br'dth'^..  . 

of 

Beam , 

Ins. 


Concrete. 


Mixture. 


ist  I  c,  3  s.,  6  b.  s. 
I  jd  1  c,  2  s..  4  b.  s. 
I  ist  I  c,  3  s.,  6  b.  s. 
'2d  I  c,  2  s..  4  b.  s. 
.1  c,  a  crushed  brick 
'  I  c,  3  s.,  6  b.  s. 


A|fe, 
Days. 


I* 
81  &  83 

79 

84 

60-go 


Metal. 


No.  and 
Size. 


3—1"    O 

10— r'  □ 


Total 

Area, 

Sq. 

Ins. 


.62s 
[  .406 


No. 

of 

Tests. 


Centre 

of 
Steel 
Rods. 

Neu- 
tral 
Sur- 
face. 

Breaking 
Weight  at 
Centre  of 

Pounds. 

Maximum 

From  Top 
Surface  of 
Beam,  Ins. 

C 
Max. 

'oncreii- 
Mean. 

10 
3-75 

3.28 
1.07 
2.7 

1 .  2 

4,085  to  5.095 
2,091  to  2,337 
16,761-21,067 

21,220 

2.420 

2.583 
2,230 

2.3«.S 
2,520 
1.935 

1,320 

Square  Inch. 


jLeast. 


2,375 
2.414 
1,705 


Max. 


59.500 
63.1  5» 
72.300 


Steel. 


Mean. 


58,600 
61,600 
62,70c 


I  33,700 


Least. 


58,400 
59, 020 
55,300 


Manner  of 
Failure. 


Rods  broke. 
Rods  broke. 
Rods  broke  and 
concrete  failed. 
Concrete  failed ; 
nf»t  old  enouifh. 


♦  Wrought-iron  bars. 

Table  I  contains  the  elements  of  those  tests  and  their 
results.  The  beams  were  all  of  rectangular  section  and 
of  sufficient  dimensions  to  make  them  full  size.  The 
tensile  resistance  of  the  concrete  is  neglected  in  all  of  them 
and  the  steel  or  iron  reinforcement  is  concentrated  on  the 
tension  side  of  the  beam  in  every  case. 

In  order  to  locate  the  neutral  axis,  therefore,  eq.  (6) 
of  Art.  75  must  be  employed.  Although  the  coefficient 
of  elasticity  E^  is  generally  a  little  larger  for  the  i  cement, 
2  sand,  and  4  broken-stone  concrete  than  for  the  1:3:6 
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mixture,  the  difference  is  small  and  the  value  2,500,000 
will  be  taken  for  each.      As  the  coefficient  for  steel  is 

30,000,000,  the  ratio  jf  =  i2.     Eq.  (6)  of  Art.  75  will  then 

take  the  form 


b 


In  the  first  set  of  three  tests  in  the  table  A,  =  .331 
sq.  in.,  and  6  =  5  inches.  Also  a+/tj  =  io  inches.  The 
insertion  of  these  quantities  in  eq.  (i)  gives  /» 

^4  =  3 .  28  inches.  ^   ^^^/tM'"^^ 

In  the  same  manner,  the  quantities  to  be  inserted  in 
eq.  (i)  for  the  second  set  of  three  values  (second  line  of 
table)  are 

>l,=  .22  sq.  in.,  6  =  10  inches,      and      a+/t,  =  3.25  inches. 

Hence 

rfj  =  1 .07  inches. 

The  simple  repetition  of  these  operations  for  the  Kir- 
kaldy  and  Ransome  tests  will  give  the  values  of  2.7  inches 
and  1.2  inches  shown  in  the  eleventh  column  of  the  table. 

The  determination  of  the  stresses  in  the  extreme  fibres 

of  the  concrete  and  steel  renuires  the  use  first  of  eq.  (11), 

Art.   76,  and  then  eq.   (8)  of  Art.   76.     The  first  of  those 

ennations  gives,  remembering  that  h^  —  d,  is  the  distance 

from  the  neutral  surface  to  the  centre  of  the  steel  or  iron 

E 
reinforcing  members,  and  that  ^'  =  12, 

k. 2:\^ W 

bd,'--    '    " 


'  +  36^J(;»,-rf,)« 
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All  the  beams  were  broken  by  a  centre  load,  but  the 
centre  breaking  loads  given  in  the  table  include  the  half- 
weights  of  the  beams.  If,  therefore,  W  represent  any 
centre  breaking  weight  in  the  table  and  /  the  span  in  inches, 
the  moment  M  in  eq.  (2)  will  be 

Wl 

M^-f^ (3) 

4 

In  the  first  set  of  three  tests  of  the  table,  represented 
by  the  first  or  upper  line,  the  following  numerical  quanti- 
ties are  f oimd  for  the  mean  results : 

W  =  502 2  poimds ;    /  =  1 38  inches ; 

/ 
/.  M^W —  =  173,259  in.-lbs. 
4 

Also,  /t3--dj  =  10- 3.28  =6.72  inches; 

6  =  5  inches ;    d^  =  3. 28  inches ;    A^  =  .33 1  sq.  in. 

The  substitution  of  these  quantities  in  eq.  (2)  will  give 

^i  =  2385  poimds  per  sq.  in. 

Eq.  (8)  of  Art.  76  now  gives 

6  72 
f  =  12  —^  2385  ==  58,600  pounds  per  sq.  in. 

Again,  in  the  second  set  of  three  tests  the  smallest 
centre  breaking  weight,  including  half  the  weight  of  the 
beam,  is  2091  poimds,  the  span  being  72  inches.     Hence 

__       Wl       2091X72  .     o  •        lU 

M  =  — =r-^-    -  — =37,638m.-lbs. 
4  4 
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Also,     /ij  —  (/j  =  2 . 1 8  inches ;    d^^i.oy  inches ; 

-1,  =  .221  sq.  in. ;     fc  *=  10  inches. 
Employing  these  numerical  quantities  in  eq.  (2), 

fej  «  2414  pounds  per  sq.  in. 
Eq.  (8)  of  Art.  76  will  then  give 

^  =  12  Y^  2414=63,151  pounds  persq.  in. 

Both  of  the  preceding  values  of  t  are  partly  representa- 
tive of  the  ultimate  tensile  resistance  of  low  steel. 

Eq.  (2)  shows  that  where  there  are  a  number  of  tests 
of  beams  of  the  same  size  and  span  M  is  the  only  variable. 
In  other  words,  k^,  and  hence  /,  will  vary  as  M  or,  what  is 
equivalent,  as  the  centre  breaking  weight.  Using  the 
data  of  the  last  of  the  preceding  examples,  the  greatest 
centre  breaking  load  was  2237  pounds.  Hence  the  greatest 
k^  is 

,       2237 
'  ^  2091  ^^^^  ""  ^583  pounds  per  sq.  in. 

Also,  for  the  stress  in  the  steel. 


2237 

2091  59,020=63,151  pounds  persq.  in. 

The  remaining  values  of  k^  and  t  in  the  table  were  found 
in  precisely  the  same  manner  by  employing  the  data 
yielded  by  the  tests,  also  exhibited  in  the  table. 
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HatVs  Tests  of  Reinforced  Beams. 
The  results  of  tests  of  reinforced  and  plain  concrete 
beams  given  in  Table  II  have  been  computed  from  data 
in  a  paper  presented  before  the  American  Society  for 
Testing  Materials  at  its  annual  meeting  in  June,  1902,  by- 
Prof.  W.  Kendrick  Hatt.     As  the  section  of  every  beam 


Table  II. 

TESTS  OF  REINFORCED  AND  PLAIN  PORTLAND-CEMENT  CON- 
CRETE BEAMS,  8  INS.  X  8  INS.  IN  SECTION  AND  80  INS.  SPAN, 
BROKEN    BY   CENTRE    LOADS. 


Per 

Cent. 

No. 

cjf  Iron 

Sec- 

tion. 

I 
2 

3 

4 

5 

6 

7 

H 

0 

— 

lO 

— 

1  2 

— 

Iron 
from 
Bot- 
tom of 
Beam, 
Ins. 


Extreme 

Arc 

Centre 

Fibre 

Stress  in 

Breaking 

Stress  in 

Inm. 

Days. 

Load. 

C.mcrete, 

Pounds  i)ci 

Pounds. 

Pounds 

Sq. In. 

tKT  S(i.  In. 

25 

5.7.15 

2,170 

34.720 

28 

6.485 

2, 4 'JO 

39.200 

7 

6,2.15 

2,360 

37,760 

9 

S.7.?S 

2.170 

34.720 

2S 

io,4«5 

3.280 

33,456 

27 

10.485 

3.280 

33,456 

25 

7.735 

2,840 

55.700 

2.^ 

7,535 

2,760 

54,180 

27 

12.235 

2,030 

32,820 

25 

1  2,035 

2,8So 

32,260 

.50 

6,735 

2,2.10 

37.700 

?>o 

6,().i5 

2,IQ5 

37.100 

6 

11.735 

1,795 

20.S90 

17 

S,4io 

1,150 

15,180 

17 

2,480 

530 

7,000 

28 

2.635 

618 

28 

2.435 

571 

7 

3.5  20* 

42s 

8 

1,735 

407 

14 

760 

176 

II 

1.260* 

165 



I  I 

1,2')0* 

165 

Remarks. 


Broken-stone  concrete; 
I  cem.,  2  sand,  4  b.  s. 

Do.         Do.         Do. 


Do. 
Do. 
Do. 


Do. 
Do. 
Do. 
Do. 


Do. 
Do. 
Do. 
Do. 


Do. 

Grivel    concrete:    i  ce- 
ment, s  gravel. 

Cinder  concrete. 

Plain  broken-stone  con- 
crete. 

Do.         Do.         Do. 

PHin  cinder  concrete. 


*  These  beams  tested  on  a  span  of  40  inches  instead  of  80  inches. 

was  8  in.  by  8  in.,  those  beams  having  a  reinforcement  of 
I  per  cent,  of  wrought  iron  contained  bars  whose  aggre- 
gate sectional  area  was  0.64  sq.  in.  Similarly  the  2  per 
cent,  and  3  per  cent,  reinforcements  indicate  1.28  sq.  in. 
and  1.92  sq.  in.  total  sectional  areas  of  wrought  iron  re- 
•spectively. 
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The  third  column  of  the  table  gives  the  distances  of 
the  centres  of  the  wrought-iron  reinforcements  from  the 
bottom  sxirfaces  of  the  beams.  It  is  particularly  to  be 
observed  that  the  wrought-iron  reinforcement  is  placed 
entirely  in  the  lower  or  tension  portion  of  the  beams,  and 
that  the  tensile  resistance  of  the  concrete  is  ignored. 

The  tests  gave  the  centre  breaking  loads  shown  in  the 
fifth  column  of  the  table,  each  of  which  includes  half  the 
own  weight  of  the  beam  for  an  80-inch  span,  except  for 
the  tests  indicated  by  stars,  in  which  the  span  was  but 
40  inches  and  the  half -weight  of  beam  118  pounds. 


The  manner  of  computing  the  intensities  of  extreme 
fibre  stresses  given  in  the  sixth  column  of  the  table  is  the 
same  for  reinforced  beams  as  that  set  forth  in  connection 
•with  Table  I,  and  it  will  be  illustrated  by  one  value  of 
Table  II  only. 

In  the  upper  of  the  two  number  4  tests  the  centre 
breaking  load  was  foimd  to  be  7500  potinds,  which  with 
the  half -weight,  235  pounds,  of  the  beam  makes  a  total 
^f   7735   pounds.     The   centre  breaking  moment  is  ilf  == 

'-^ ^  =  154,700  in. -lbs.     The  area  A,  of  the  wrought* 

4 
iron  section  is  i  per  cent,  of  64  sq.  in.  =  0.64  sq.  in.     The 

remaining  data  are 

6  =/tj  =  8  inches ;     a  +  /I3  =  7  inches; 

E 
£3  =  29,000,000;    jE^  =  2,400,000;     .'.  vr  =12  (nearly). 

These  quantities  inserted  in  eq.  (6),  Art.  75,  give 
dj=:  —.96 ±3.615  =2.655  inches; 
/.  fej-rf,  =  7-2.655  =4.345  inches. 
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By  using  the  preceding  ntimerical  values  in  eq.  (n), 
Art.  76,  put  in  the  form  of  eq.  (2)  of  this  article, 

,         M        154,700       «      „ 

»i  = r  = 2~  =  2840  lbs.  per  sq.  in. 

'     54.56       54.56  ^  ^     ^ 

This  is  the  intensity  of  the  greatest  stress  in  the  extreme 
fibres  of  the  concrete. 

Eq.  (8)  of  Art.  76  gives  for  the  greatest  intensity  of 
tensile  stress  in  the  wrought  iron 

t  =  12-^^ — ^k^  =  55JOO  lbs.  per  sq.  m. 

These  operations  illustrate  sufficiently  the  methods  of 
finding  all  the  values  in  the  sixth  and  seventh. coltunns  of 
the  table  for  the  reinforced  beams. 

Tests  Nos.  9,  10,  II,  and  12  are  of  plain  concrete  beams, 
the  concrete  being  either  of  broken  stone  or  cinder  without 
reinforcement.     Eq.  (3)  of  Art.  69  gives  for  such  beams 

In  this  equation  W  is  the  centre  breaking  load  in 
pounds,  including  half  the  weight  of  the  beam.  The 
values  of  the  centre  breaking  loads  in  the  fifth  column  of 
the  table  substituted  in  the  preceding  equation  will  give 
the  greatest  tensile  intensities  (fej)  of  stress  shown  in  the 
sixth  column.  These  plain  concrete  beams  failed,  as 
would  be  expected,  on  the  tensile  side. 

The  reinforced  broken-stone  concrete  beams  to  which 
Table  II  applies  failed  by  the  breaking  of  the  remforce- 
ment,  the  concrete  in  compression  showing  no  signs  of 
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failure,  although  the  greatest  age  of  the  concrete  was  but 
30  days  and  in  two  cases  7  and  9  days  only. 

The  cinder-concrete  beams,  both  reinforced  and  plain, 
show  ultimate  resistances  scarcely  half  those  of  the  broken- 
stone  concrete. 

A  coefficient  of  elasticity  of  1,450,000  was  taken  for 
cinder  concrete,  making  the  ratio  E^-^E^  =  20  in  the  two 
jestsJfe^S. 

in  1 90 1  ten  beams  of  concrete  and  concrete  reinforced 
with  steel  rods  were  broken  at  the  mechanical  laboratory 
of  the  Massachusetts  Institute  of  Technology,  Boston, 
with  the  results  given  in  the  following  table.  These  beams 
were  all  8  ins.  wide  and  12  ins.  deep,  the  effective  span 
being  II  ft.  Beam  No.  i  was  of  concrete  without  the 
reinforcement  of  steel  rods.  The  other  nine  beams  carried 
either  one  or  two  twisted  square  steel  rods  of  the  Ransome 
type  of  the  sizes  shown  in  the  table.  These  rods  were 
placed  with  their  centres  2  ins.  from  the  outside  bottom 
or  top  surface  of  the  beam.  The  breaking  load  was  applied 
at  the  centre  of  the  span  for  seven  of  these  beams,  but  for 
the  other  three  the  breaking  load  was  applied  at  two 
points  44  ins.  apart  and  equidistant  from  the  centre  of  the 
span.  In  the  latter  cases,  therefore,  the  two  equal  loads 
were  applied  at  the  one-third  points  of  the  span.  These 
elements  of  the  tests  are  all  clearly  shown  in  Table  III. 

The  concrete  was  composed  of  one  volume  Alpha 
Portland  cement,  three  volumes  of  (Plum  Island)  sand, 
and  six  volumes  of  crushed  stone,  the  latter  being  com- 
posed of  one  third  trap  rock  with  the  greatest  dimension 
of  J  in.  and  two  thirds  of  the  same  rock  of  i  in.  greatest 
dimension.  Briquettes  of  the  mortar  used  in  this  con- 
crete gave  an  ultimate  tensile  resistance  of  250  lbs.  per 
sq.  in.  at  the  age  of  17  days  and  300  lbs.  per  sq.  in.  at  the 
age  of  28  days. 


A  view  exhibiting  the  failure  under  compression  of  a  i2-in.  concrete  culie.  The 
composition  is  i  Portland  cement,  I  sand,  and  4.5  broken  stone.  The  age  of 
the  concrete  was  i  year,  8  months,  23  days,  and  the  ultimate  compressive 
resistance  attained  was  4481  lbs.  per  sq.  in. 

{To  jacc  page  660.) 
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No  of 

Age. 
Days. 

Reinforcing  Rods: 
Size  and  Position. 

Final  Stresses. 
Lbs.  per  Sq.  In. 

Manner  of 
Failiire. 

Beam. 

Concrete, 
Compres- 
sion. 

Steel, 
Tension. 

I 
2 
3 

4 

5 
6 

I 

9 
10 

40 
39 
38 
50 

so 

41 
41 
43 
30 

31 

None 

One — i  inch B 

One —       "    B 

One— 1     ••    B 

One — I      •*    B 

One— li    "    B 

Two — I     "    B 

Two — li  "    B 

Two— li."    B 

Two— li"    B 

Centre 

Two  points 
,  Centre 

Two  points 

776 
2,816 
3,427 
3.910 

3.770 

a, 802 
3.655 
4,780 
4,053 
3,413 

0 
117,700 
95,360 
84.470 
68,400  1 
37,612 
41,949 
32,360 
22,750 

27,020  -j 

Rod  drew  out. 
Ccn.  crushed. 
Rod  drew  out. 
Concrete     split 
off  at  bottom. 
Rod  drew  cut. 

I*        1*       «« 
••        ••       «t 

Rod  drew  out, 
con.  crushed. 

B  indicates  bottom. 


The  ultimate  tensile  resistance  of  the  J-in.  square  steel 
rods  was  82,560  lbs.  per  sq.  in.,  while  the  J-in.  rods  gave 
99,880  ^nd  102,000  lbs.  per  sq.  in.  The  f-in.,  J-in.,  and  i-in. 
lods  gave  ultimate  resistances  running  from  82,000  down 
to  70,800  lbs.  per  sq.  in.,  the  lowest  values  belonging  to 
the  I -in.  square  rods. 

The  ultimate  compressive  resistances  of  the  concrete 
and  the  greatest  tensile  stresses  in  the  steel  rods  have  been 
computed  by  the  preceding  formulae,  as  already  illustrated 
in  the  other  tables  of  this  article,  and  hence  the  detailed 
operations  need  not  be  repeated  here. 

Reviewing  all  the  preceding  results,  it  may  be  stated 
that  the  neatest  working  intensity  of  compression  in  the 
extreme  fibres  of  the  concrete  of  reinforced  beams  may 
properly  be  taken  at  400  to  500  poimds  per  sq.  in.  for 
1:2:4  broken-stone  concrete,  or  even  for  1:3:5  mixtures 
if  the  materials  are  well  balanced,  care  being  taken  in  all 
cases  to  produce  the  best  grade  of  concrete. 
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PROBLEMS. 

One  or  two  applications  to  design  work  will  show  how 
simple  is  the  practical  use  of  the  formulae  of  the  preceding 
articles. 

Prob.  I.  Design  a  concrete-steel  beam  for  a  clear  span 
i»f  15  feet  to  carry  a  load  of  380  pounds  per  linear  foot 
in  addition  to  its  own  weight,  the  maximum  compression  k^ 
in  the  extreme  fibres  of  the  concrete  to  be  400  pounds  per 
sq.  in. 

Let  it  be  supposed  that  the  concrete  mixture  is  i  cement, 
3  sand,  and  5  broken  stone,  for  which  the  coefficient  of 
elasticity  is  2,500,000,  the  coefficient  for  steel  being  30,000,- 

R;^ _^'i ^  000.     Assume  a  trial  beam  18  inches 

deep  and  12  inches  wide  as  shown 
in  Fig.  I.  Also  assume  the  entire 
steel  reinforcement,  on  the  tension 
side  of  the  beam,  to  be  composed 
of  four  3 -inch  square  steel  bars  with 
their  centres  i^  inches  from  the 
tension  surface  of  the  beam.  The 
tensile  resistance  of  the  concrete  will 
be  neglected.  The  following  data  will  then  result,  re- 
membering that  the  weight  of  the  beam  per  linear  foot  will 
be  taken  as  1 50 +  75=225  lbs. : 

6.n 


Fio.  I. 


i\ 


,f^  1 


Total  load  =  (380  +  2  2  5)  1 6  =  9680  lbs. 


^^  y^  The  effective  length  of  span  is  taken  at  16  feet 

i4,  =  2 .  25  sq.  ins. ;    6  =  12  ins. ;    k^  =400  lbs. ; 
/  =  i92ins. ;    w  =  i2;    a-f/t,  =  16.5  ins. 
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As  the  two  coefficients  of  elasticity  for  concrete  are  taken 
equal  to  each  other,  n  =  i . 

These  data  substituted  in  eq.  (6)  of  Art.  75  give  for 
the  distance  of  the  neutral  axis  from  the  upper  or  com- 
pressive surface  of  the  beam 

dj  =  -2.256  +  8.918=6.66  ins. 

The  depth  of  the  beam  is  fixed  at  18  inches,  but  the 
width  or  breadth  may  vary.     Eq.  (11)  of  Art.  76  gives 

M        A  \ 

Using  the  preceding  data, 

_-       9680X192  .        „  J  7  J  o      • 

M  =  - g =  232,320  m. -lbs.,      and      h^-a^=^g.84vns. 

Substituting  in  the  above  equation  for  6,  there  will 
result 

6  =  12  .6  ins. 

The  beam  should  therefore  be  made  12.6  inches  wide. 
This  is  sufficiently  near  the  assumed  width  to  need  no  re- 
computation.  If  the  difference  were  considerable,  so  as 
to  vary  sensibly  the  weight  of  beam  and,  hence,  the  mo- 
ment M,  a  revision  of  the  values  of  d^  and  b  would  be 
necessary. 

Eq.  (8)  of  Art.  76  gives  the  intensity  of  tensile  stress 
in  the  steel  as 

9.84 
/■■12  ^-^400  =  7104  lbs. 
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This  is  smaller  than  necessary,  as  /  might  safely  be 
taken  at  14,000  pounds  per  sq.  in.  A  revision  should 
therefore  be  made  if  the  beam  were  to  be  built,  so  as  to 
reduce  properly  the  size  of  the  steel  bars. 

Prob.  2.  Let  it  be  desired  to  design  a  concrete-steel 
floor-beam  or  plate  between  steel  I  beams  placed  6  feet 
between  centres,  the  load  to  be  carried  being  100  pounds  per 
sq.  ft.,  in  addition  to  the  weight  of  the  concrete-steel  plate 
itself.  A  thickness  or  depth  of  concrete  of  4  inches  is 
usually  sufficient  for  such  a  span,  and  that  depth  will  be 
assumed.  In  order  to  illustrate  the  application  of  the 
formulae,  small  steel  bars  or  rods  will  be  assumed  in  the 
compression  part  of  the  concrete,   although  they  would 

not  ordinarily  be  employed. 
j_Q.— £3-1-.  The  arrangement  of  a  12- 
iLi"  «•"!  inch  section  of  the  plate  is 
ji-Q-  ^-4-  shown  in  Fig.  2.  A  row  of  i- 
-^ — '^'  "  ' —  inch  square  steel  rods  4  inches 
between  centres  is  placed  .9 
^*  inch  from  the  upper  surface  of 
the  concrete,  and  a  row  of  |-inch  square  steel  bars  at  the  same 
distance  from  the  lower  surface.  The  distance  between 
centres  of  the  upper  and  lower  steel  bars  is,  therefore. 
2.2  inches.  The  tensile  resistance  of  the  concrete  will  be 
neglected,  and  the  coefficients  of  tensile  and  compressive 
elasticity  of  the  same  material  will  be  given  the  same  value, 
i.e.,  2,500,000  pounds.  The  coefficient  of  elasticity  for  steel 
will  be  taken  at  30,000,000  pounds.  The  following  data 
will  therefore  result  for  a  12 -inch  width  of  the  concrete- 
steel  plate : 
Sectional  area  of  three  i-inch  square  bars 188  sq.  in. 


Hence i4,-.6o8  " 
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r=.7;    6  =  12  ins.;    Aj=4ms. ;    a  =.9111.; 

fej  =  2 . 2  ins. ;    r/tj  =  1 .  54  ins. ;    a  +  r/t,  =  2 .  44  ins. ; 

E,  A, 

The  substitution  of  these  values  in  eq.  (6)  of  Art.  75 
will  give  the  distance  of  the  neutral  surface  from  the  top 
surface  of  the  beam  as 

dj  =  —  .  612  +  1.834  =  l".22. 

Hence 

d,  =  1.22—  .9=.32. 

The  greatest  permissible  compressive  working  stress,  fe,, 
in  the  extreme  fibres  of  the  concrete  will  be  taken  at  440 
pounds  per  sq.  in.  The  4-inch  plate  of  concrete  with  its 
steel  bars  will  be  taken  to  weigh  65  poimds  per  sq.  ft.  As 
the  length  of  span  is  6  feet,  i.e.,  72  inches,  the  total  bending 
moment  M  is 

165X6X72     Q         •      1U 
M  =  — ^— g — —  =  8910  m.4bs. 

If  the  numerical  values  found  above  be  inserted  in 
eq.  (10)  of  Art.  76,  there  will  result 

M  =  440(5 .  96  -h  14 .  63)  =  9060  in. -lbs. 

This  is  sufficiently  near  to  8910  in. -lbs.  to  justify  accept- 
ing as  final  the  depth  of  concrete,  arrangement,  and  size 
of  steel  bars  assumed. 

Eq.  (10)  of  Art.  76  might  have  been  used  to  test  the 
trial  values  by  finding  in  that  equation  either  k^  or  b  after 
substituting  the  given  value  of  M  and  then  comparing 
the  results  with  those  assumed.  Either  procedure  most 
convenient  may  be  employed. 
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Eq.  (8)  of  Art.  76  gives  the  intensity  of  tensile  stress 
in  the  steel  as 

t^i2 440  =  8131  lbs.  per  sq.  m., 

and  the  compressive  intensity 

.32 
c  =  — ^^^8131  -=  1384  lbs.  i^er  sq.  in. 
1 .00 

The  low  value  of  c  shows  that  the  steel  bars  in  com- 
pression could  well  be  omitted,  as  they  usually  are  in  such 
cases. 

The  important  duty  performed  by  the  concrete  in 
compression,  as  shown  by  these  practical  applications, 
indicates  that  a  strong  concrete  should  be  employed  for 
this  class  of  construction. 


CHAPTER  XII. 
ROLLED  AND  CAST  FLANGED  BEAMS. 

Art.  8i. — Flanged  Beams  in  General. 

In  the  beams  which  are  to  follow,  the  material  is  dis- 
tributed in  a  much  more  advantageous  manner,  in  respect 
of  its  resisting  moment,  than  in  the  solid  beams  which  have 
been  heretofore  treated.  In  these  beams  it  will  be  foimd, 
in  almost  all  cases,  that  the  ultimate  intensity  of  bending 
stress,  at  the  point  which  first  ruptures,  is  equal  either  to  the 
ultimate  resistance  to  tension  or  compression.  In  this 
respect  at  least,  therefore,  the  ultimate  load  for  flanged 
beams  is  more  easily  and  exactly  determined  than  for 
solid  ones. 

In  Fig.  I  of  Art.  71  is  shown  a  "flanged  beam."  The 
** flanges*'  are  the  two  horizontal  parts  above  and  below; 
the  **web"  is  the  vertical  part  tmiting  the  two  flanges  so 
as  to  form  the  perfect  beam. 

In  order  that  there  may  be  economy  of  material  in  the 
beam,  neither  flange  must  begin  to  fail  before  the  other; 
in  other  words,  the  two  exterior  layers  of  fibres,  above  and 
below,  must  begin  to  fail  at  the  same  time. 

The  intensities,  then,  in  these  two  layers  must,  at  the 
instant  of  rupture,  equal  the  ultimate  resistances  to  ten- 
sion and  compression  in  bending. 

These    general    considerations    show    that    the    flange 
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stresses  in  the  flanged  beam  correspond  largely  to  the 
direct  tensile  and  compressive  stresses  of  the  solid  beam, 
and  if  the  bending  resistance  of  the  web  be  neglected  they 
correspond  exactly. 

If  the  bending  resistance  of  the  web  be  recognized,  the 
moment  of  the  internal  stresses  of  a  flanged  beam  has  the 
same  expression  as  for  the  solid  beam, 

,^    KI            ..    KI  . 

M^Y~     or    M=-^, (i) 

according  as  the  failure  is  in  one  flange  or  the  other,  / 
being  the  moment  of  inertia  of  the  entire  section  about  its 
neutral  axis,  and  K  the  intensity  of  stress  in  the  extreme 
fibres  at  the  distance  h^  or  h.  If,  on  the  other  hand,  the 
bending  resistance  of  the  web  is  to  be  neglected,  as  is  fre- 
quently done  in  plate  girders,  the  expression  for  the  mo- 
ment of  the  internal  stresses  takes  a  much  simpler  form.  The 
stresses  of  tension  and  compression  in  the  flanges  are  then 
supposed  to  be  uniformly  distributed  over  the  flange  sec- 
tions, so  that  the  centre  of  stress  in  each  flange  is  the  centre 
of  gravity  of  that  flange  section.  The  normal  or  vertical 
distance  between  those  centres  of  gravity  is  called  the 
effective  depth  of  the  beam  or  girder. 

Let  a  be  the  sectional  area  of  the  tension  flange  and  T 
the  uniform  intensity  of  stress  in  it,  and  let  a'  and  C  be 
the  corresponding  values  for  the  compression  flange,  while 
d  is  the  effectiv^e  depth.  Then,  since  aT  =a'C,  the  moment 
of  the  internal  stresses  will  be 

M^aTd^a'Cd (2) 

The  use  of  both  eqs.  (i)  and  (2)  will  be  illustrated  by 
numerous  practical  applications. 
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It  is  clear  from  what  has  preceded  that  the  chief  func- 
tion of  the  flanges  is  to  resist  the  bending  proper,  while 
the  main  function  of  the  web  is  to  resist  the  transverse 
shear. 


/ 


Art.  82. — Flanged  Beams  with  Unequal  Flanges. 

Although  the  tensile  and  compressive  coefficients  of 
elasticity  for  all  the  structural  metals  may  be  taken  the 
same  for  each  metal  in  engineering  design,  the  increasing 
use  of  beams  of  a  composite  nature  makes  it  desirable  to 
treat  flanged  beams  with  imequal  flanges  first  with  equal 
coefficients  of  elasticity  and  tnen  with  imequal. 


t>  < 


Equal  Coefficients  of  Elasticity. 

By  the  common  theory  of  flexure,  if  the  two  coefficients 
of  elasticity  are  equa\  it  has  been  shown  that  if  C,  Pig.  i, 
is  the  centre  of  gravity  of  the 
cross-section,  the  neutral  axis 
of  the  section  will  pass  through 
that  point.  Let  it  now  be  sup- 
posed that  the  lower  flange  is  in 
tension,  while  the  upper  is  in  com- 
pression. Also  let  T  represent 
the  ultimate  resistance  to  tension 
in  bending,  and  let  C  represent  the 
same  quantity  for  compression  in 
bend'ng  Then  s'nce  intensities  vary  directly  as  distances 
from  the  neutral  axis. 


I 

i 

I 

I 

-1- 


I 
I 


-Ijr-- 


Fio. 


h. 
h 


T 

"C' 


T 


(i) 
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The  ratio  between  ultimate  intensities  is  represented  by 
n'.     If  d  =/»+/«,  is  the  total  depth  of  the  beam,  and  hence 

-d 
h,^n{d-h^)=~^- f  ....     (2) 

If,  as  an  example,  for  structural  steel  there  be  taken 

The  re  ation  between  h  and  h^  shown  in  eq.  (2)  is  en- 
tirely independent  of  the  form  of  cross-section.  But 
according  to  the  pr  ncip  es  just  given,  in  order  that  economy 
of  mater  al  sha  obtain,  ^e  cross-section  should  be  so  de- 
signed that  h  and  h^  shall  represent  the  distances  of  the  centre 
of  gravity  from  the  exterior  fibres. 

The  analytica  expression  for  the  distance  of  the  centre 
of  gravity  from  DF  is 

Wa'  +  (fe  -  V)nd  -  \t')  +  i(6,  -  b')t,^ 

The  meaning  of  the  letters  used  is  fully  shown  in  the 
figure.  In  order  that  the  beam  shall  be  equally  strong  in 
the  two  flanges,  the  various  dimensions  of  the  beam  must 
be  so  designed  that 

Xi=K (4) 

It  would  probably  be  found  far  more  convenient  to  cut 
sections  out  of  stiff  manila  paper  and  balance  them  upon 
a  knife-edge. 
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The  moment  of  inertia  about  the  axis  AB,  thus  deter- 
mined, is 

This  value  is  to  be  substituted  in  eq.  (2)  of  Art.  68,  now 
changed  to 

lif    CI     TI 

h       h^ 

For  various  beams  whose  lengths  are  /  and  total  load  W 
the  greatest  value  of  M  becomes : 
Cantileve    uniformly  loaded, 

M= — . 
2 

Cantilever  loaded  at  end, 

M^WL 

Beam  supported  at  each  end  and  uniformly  loaded^ 

^^^       8        8  • 
Beam  supported  a'  each  end  and  loaded  at  centre, 

M= — . 
4 

The  last  two  cases  combined. 

Sometimes  the  resistance  of  the  web  "s  omitted  from 
consideration.     In  such  a  case  the  intensity  of  stress  in 
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each  flange  is  assumed  to  be  uniform  and  equal  to  either 
T  or  C.  At  the  same  time  the  lever-arms  of  the  different 
fibres  are  taken  to  be  imiform,  and  equal  to  h  for  one  flange 
and  h^  tor  the  other,  h  and  \  now  representing  tlie  ver.ical 
distances  from  the  neutral  axis  to  the  centres  o/  gravity  of 
the  flanges,  while  d=h+h^. 

On  these  assumptions,  if  /  is  the  area  of  the  upper  flange 
and  /'  that  of  the  lower,  there  will  result 

M^fC.h+f'T\ (5) 

But  since  the  case  is  one  of  pure  flexure, 

fC=f'T (6) 

.:  M=fC(h+h,)=fCd'.fTd.      ...    (7) 
Also,  from  eq.  (6), 


(8) 


Or,  the  areas  of  the  flanges  are  inversely  as  the  ultimate 
resistances. 

Unequal  Coefflcients  of  Elasticity, 

All  the  preceding  results  p-esuppose  equality  between 
the  coefficients  of  elasticity  for  tension  and  compression. 
In  some  cases  this  presumi)t*on  is  not  permissible.  Resort 
must  then  be  made  to  the  formulae  of  Art.  26. 

The  neutral  surface  must  first  be  located.  If  d  is  the 
total  depth  of  the  beam,  h^  =d-h\  h,  then,  must  be  found. 
Eq.  (5)  of  Art.  26,  when  applied  to  Fig.  i,  becomes 

'^1-2  2  JL2  2  J 
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E'  representing  the  coefficient  of  elasticity  for  compression, 
and  E  that  quantity  for  tension. 

Performing  the  operations  indicated  and  reducing, 
writing  n  for  £'  -f-  £, 

(n  -  iWh'  +  2[nf(b  - 6')  +  t,(b,  - V)  +  6'rf]/t 

=  nr{b  -  b')  +  {2d  -  t,){b,  -  V)t,  +  Vd\     (9) 

h  is  to  be  measured  on  the  compression  side  of  the  beam. 

This  is  a  quadratic  equation  of  condition  for  the  deter- 
mination oi  h.  It  is  best  to  leave  it  as  it  is  until  the  numeri- 
cal substitutions  are  made  and  then  to  solve  it.  h^  imme- 
diately results  from  the  equation  h^  =d  —  h. 

Frequently  there  is  no  compression  flange,  the  section 
being  like  that  shown  in  Fig.   2.     In  such 
case  b  is  equal  to  b\  or  f  is  equal  to  zero; 
hence  the  two  terms  nt'(b  —  6')  and  nf^(b  —  6') 
in    eq.    (9)    disappear.     No    other    change  I — 
occurs.  ^''''  '• 

Eq.  (i)  of  Art.  26  then  gives  the  following  resisting 
moment  of  the  section: 

M.'.[^,-,,-,nn-n'.'-^^'^f^'^y   (.0, 

C  is  the  greatest  intensity  of  stress  in  the  section  of  the 
same  kind  as  £'. 

If  the  section  is  like  Fig.  2,  b  again  equals  b'  and  the 
term  {b  —  b'){h  —  t'y  in  eq.  (10)  disappears,  but  nothing 
else  is  changed. 

If  T  is  the  greatest  stress  on  the  other  side  of  the  neutral 
surface  from  C, 
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In  order  that  the  beam  may  be  equally  strong  in  the 
two  flanges,  the  ratio  between  h  and  h^,  as  determined  by 
eq.  (9),  should  be  the  same  as  that  determined  by  the 
following  process.  If  u  is  the  rate  of  strain  at  imits'  dis- 
tance from  the  neutral  surface, 


h^C,\         h      CE 


Euh 


If  there  is  no  waste  of  material,  the  cross-section  must 
be  so  designed  that  the  ratios  given  by  eqs.  (9)  and  (12) 
will  be  the  same. 

If  the  thicknesses  of  the  flanges  f  and  t^  are  small  com- 
pared with  the  depth  d  of  the  beam,  and  if  6'  also  is  small, 
i.e.,  if  the  flanges  are  assumed  to  give  the  whole  resistance 
to  bending,  while  the  web  takes  up  the  shea  eqs.  (10)  and 
(11)  may  be  much  simplified. 

C     T 
Making,  therefore  6'  =0  in  eq.  (10),  putting  r-  =7-  and 

then  expanding  the  quantities  Qi  —  fy  and  Qi^  —  ty)^, 

Under  the  conditions  taken,  Cbf  ^TbJ,:  also,  ~t   and 

*'  '  3/t 

-J-  are  very  small  and  may  be  neglected.     Hence 

M^Cb  {d--f^t,)^Tb,t,{d^t'^Q.     .     .     (13) 

But  both  of  these  approximations  have  made  M  too 
small.      As     an     approximate     compensation,     therefore, 

—  ( ^  I  may  be  written  for   -  (/'  + 1^.     The  moment  then 
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becomes 

M^CwU-^-^\ (14) 

The  quantity  within  the  parenthesis  of  the  second 
member  of  this  equation  is  evidently  the  distance  between 
the  centres  of  gravity  of  the  flanges,  while  the  quantity 
Cbf  =  TbJ.^  is  simply  the  flange  stress.  Eq.  (34)  is,  then, 
identical  with  eq.  (7),  as  was  to  be  anticipated.  The 
equa  ity  of  flange  stresses  gives 

a  relation  identical  with  eq.  (8). 

If  desirable,  an  approximate  correction  for  the  neglect 
of  the  web  may  be  introduced  in  eq.  (14).  It  has  been 
seen  that  that  equation  is  precisely  the  same  as  if  £' 
were  equal  to  E,  i.e.,  as  if  the  two  coefficients  of  elasticity 
were  equal.  Now  it  will  be  shown  in  the  next  article  that 
if  E'  =£,  the  resistance  of  the  web  to  bending  is  equal  to 
that  of  one  sixth  of  its  area  of  normal  section  concentrated 
in  each  flange.  Hence,  if  a  is  the  area  of  the  normal  sec- 
tion of  the  web,  since  bf  and  b^t^  are  areas  of  the  normal 
sections  of  the  upper  and  lower  flanges,  there  may  be 
approximately  written 

^.c(...|)(.-a£.).r(v..i)(.-'-:±i.).     (.5, 

Values  of  C  and  T  may  be  determined  by  experiment. 
In  the  case  of  so' id  beams,  it  has  been  seen  that  if  r  and 
f'  are  certain  ratios,  K=rT  or  r'C.     Hence,  since  the  web 
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of  a  flanged  beam  is  really  a  solid  beam  subjected  to  flexure^ 
eq.  (15)  may  be  written 

J/«rZ?(a'+^)-CD(a"  +  'JY       .     .     (16) 


in  which 


D=d—      --=  depth  between  flange  centres; 

a    =area  of  section  of  web; 
a'  =  b^t^  =  area  of  bottom  flange ; 
a"  =6/'  =area  of  top  flange; 
r    ^K-^T,  andr'=A:^C. 


Cast-iron  Flanged  Beams, 

In  Art.  69  it  has  been  seen  that  the  ratio  r  is  equal  to 
about  2  for  a  solid  bar  with  square  cross-section.  This 
would  make  r-r-6==J.  A  few  imperfect  experimental 
indications,  however,  seem  to  indicate  a  decrease  of  r  for 
a  greater  ratio  of  depth  to  breadth.  Let,  therefore, 
r  -T-  6  =  o. 2  5 .     Eq.  {16)  then  becomes 


(^'+^) (^7) 


M  =  TD 


If  W  =  centre  breaking  load  in  pounds, 

H^j=  total  tmiform  breaking  load  in  pounds^ 

/=«span  in  feet, 
12/  =  span  in  inches, 

W.12I 


TD(a'+^) 
W y^ (18) 
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In  the  same  manner 


r4'+2) 


w,-, — ^y-^ (19) 

Or,  if  pi  is  the  weight  of  the  beam,  supposed  uniformly 
distributed, 

('^+f^-v-- <=°> 

It  has  been  shown  under  the  head  of  **  Tension"  that  T 
varies  from  15,000  pounds  per  square  inch,  for  ordinary- 
castings,  to  30,000  for  those  of  extra  quality.  In  eqs.  (18), 
(19),  and  (20), 

D  must  be  taken  in  inches; 

a  and  a'  in  square  inches;     and 

/  in  feet. 

Those  equations  have  been  verified  in'  a  most  satisfac- 
tory manner  by  the  ntmierous  English  experiments  of 
Hodgkinson  and  Cubitt  (*' Experimental  Researches,*'  etc, 
by  Eaton  Hodgkinson,  F.R.S.,  1846),  and  Berkley  C*Proc. 
Inst,  of  Civil  Engineers,"  Vol.  XXX),  as  shown  by  the 
tables  in  those  publications. 


Cast-iron  Beams  without  Upper  Flange, 

When  the  beam  has  the  section  shown  in  Fig.  2  eq.  (10) 
should  be  used  in  all  such  cases  where  anything  more  than 
a  very  loose  approximation  is  desired.  In  that  equation  n 
may  be  taken  equal  to  unity,  the  great  irregularities  in 
the  ratio  of  the  two  coefficients  of  elasticity  precluding  any 
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other  value.     Since,  in  this  case  (see  Fig.  i),  6=6',  eq.  (10) 
becomes 

.i/=^w,H^V-(fe.-6')(/^-0*].    .    •    (21) 

The  distance  of  the  centre  of  gravity  of  the  beam's 
section  from  its  lower  side  DF,  Fig.  i,  is  found  by  making 
&  =6'  or  ^'  =0  in  eq.  (3)  and  writing  h^  for  x^, 

''^     2[6'd+(6,-6%J ^"^ 

The  total  depth  of  the  beam  being  d,  there  may  at 
once  be  written 

h^d-h^ (23) 

By  the  aid  of  eqs.  (22)  and  (23)  h  and  h^  at  once  be- 
come known  and  eq.  (21)  may  be  employed  in  practical 
applications. 

In  designing  beams  of  this  class  the  preceding  equa- 
tions must  be  used  to  some  extent  in  a  trial  manner. 

If  the  weight  of  the  beam  is  taken  into  consideration, 
as  in  eq.  (20), 


M 


=  («'+D3'. 


A  mean  of  three  of  Mr   Hodgkinson's  beams  of  4.5  feet 
span,  5.125  inches  depth,  gave 

1^  +  — =8766  lbs.      and      ^  =  45, 700  lbs. 

One  of  Mr.  Cubitt's  beams  of  15  feet  span  and  14  inches 
depth  gave 

W^--'  =28,100  lbs.     and    C  =  30,850  lbs. 
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The  bottom  flange  of  this  beam  was  unsound. 

C  must  necessarily  depend  upon  the  span,  since  that 
portion  of  the  web  which  is  subjected  to  compression  is 
somewhat  in  the  condition  of  a  long  column.  This,  indeed, 
is  true  of  the  compression  flange  of  any  flanged  beam,  but 
the  effects  resulting  from  such  a  condition  are  much  more 
marked  in  the  class  of  beams  shown  in  Fig.  2.  , 

If,  then,  W  is  the  centre  breaking  weight  and  W^  the 
total  tiniform  breaking  load  (not  including  the  weight  of 
the  beam),  eq.  (21)  becomes 

^=~=^^^^*+^'^*-^b^-b')^K-h)']-^^-   (24) 

In  this  equation  /  must  be  taken  in  feet  and  other  di- 
mensions in  inches. 

For  5  feet  span  C  may  be  taken  at  45,000  lbs. 
For  15  feet  span  C  may  be  taken  at  35,000  lbs. 

Design  of  Beams, 

In  order  that  a  beam  with  top  and  bottom  flanges  may 
give  the  best  result,  i.e.,  reach  its  ultimate  resistance  in 
each  flange  at  the  same  time,  Mr.  Hodgkinson  found  that 
the  area  of  the  lower  flange  section  should  equal  about  six 
times  that  of  the  upper.  That  relation  has  been  antici- 
pated in  eq.  (8). 

In  general,  if  it  is  desired  to  design  a  cast-iron  flanged 
beam  to  carry  any  load  whatever  producing  the  bending 
moment  ilf,  in  inch-pounds,  eq.  (17)  shows  that  the  sum  of 
flange  and  web  areas  in  square  inches  must  be 

,     CL      M  .     . 
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For  ordinary  castings  T  =  15,000  to  18,000  pounds, 
per  square  inch  for  ultimate  resistance  or  2000  to  3000 
pounds  per  square  inch  for  intensity  of  working  resistance 
in  designing. 

With  /  expressed  in  feet,  if  pi  is  the  weight  of  the  beam 
itself,  eq.  (20)  gives  for  a  load  W  at  the  centre  of  span 

^-r,%"*^- <-> 

If  the  load  is  uniformly  distributed  and  represented 
by  H^p  including  the  weight  of  the  beam  itself,  eq.  (19) 
gives 


PROBLEMS. 

Prob.  I.  A  cast-iron  flanged   beam  like  Fig.  i  and  of 

8  feet  effective  span  must  be  designed  to  carry  a  uniform 
load  of  23,000  pounds  in  addition  to  its  own  weight.  Find 
the  dimensions  of  the  cross-section.  Eq.  (27)  is  to  be  used. 
The  depth  D  between  centres  of  flanges  will  be  taken  at 
10  inches,  and  a  trial  weight  of  beam  of  600  pounds  will 
be  assumed.  The  working  stress  T  will  be  assumed  at 
2000  pounds  per  square  inch.     Eq.  (27)  then  gives 

,  ,  a     3X8 

a'+    ==— — — 23,600  =  14. 15  sq.  ms. 

4     2X2000X10    ^  -t     J --1 

If  the  lower  flange  be  made  loXii  inches  and  the  web 

9  X  i  inches, 

a'  =  12.5  sq.  ins.     and     -=9X5  X\  =  1.69  sq.  ins. 

4 
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The  dimensions  satisfy  the  above  equation  and  make 
good  proportions.  The  upper  flange  may  then  be  taken 
at  3  X  J  inches,  giving  an  area  a  little  more  than  one  sixth 
of  the  lowe  flange  area.  The  total  area  of  beam  section 
will  then  be 

9X^  +  3X1  + 10 Xii  =  21. ssq.  ins. 

Prob.  2  It  is  required  to  design  a  cast-iron  flanged 
beam  of  5  ft.  effective  span  to  carry  a  load  of  1800  lbs. 
applied  at  the  centre  of  span,  the  section  of  the  beam  to 
be  like  that  shown  in  Fig.  2,  i.e.,  without  upper  flange. 
The  greatest  permitted  working  stress  in  compression  will 
be  8000  lbs.  per  sq.  in.,  and  the  total  depth  of  the  beam  is  to 
be  taken  at  9  inches. 

Referring  to  eq.  (21),  eq.  (22),  and  Fig.  i  for  the  notation, 
the  given  data  and  the  dimensions  to  be  assumed  for  trial 
will  be  as  follows:  ci  =  9  ins.;  fe=6'  =  J  in. ;  6^  =  8  ins.; 
/j  =  I  in. ;  /  =  5  ft. ;  and  C  =  8000.  The  introduction  of 
these  values  into  eq.  (22)  will  give  for  the  distance  of  the 
centre  of  gravity  above  the  bottom  .surface  of  the  beam 

/ij  =  2.6ins.     and    /t  =d  — A^  =6.4  ins. 

The  preceding  trial  dimensions  will  make  the  beam 
weigh  about  50  Jbs.  per  linea^.  foot.  If  all  the  preceding 
values  are  substituted  in  eq.  (22),  which  is  simply  another 
form  of  eq.  (21),  there  will  be  found 

11^  =  1994—  125  =1869  lbs. 

The  trial  dimensions,  therefore,  give  the  centre-load 
capacity  of  the  beam  69  pounds  greater  than  required, 
which  may  be  considered  sufficiently  near  to  show  that  the- 
assumed  dimensions  are  satisfactory. 
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Art.  83. — Deflection  of  Cast-iron  Flanged  Beams. 

If  W  is  the  centre  load  in  pounds,  /  and  w  the  span  and 
centre  deflection,  respectively,  in  inches,  and  /  the  moment 
of  inertia  of  the  cross-section,  eq.  (28)  of  Art.  22  giv%iS 

IT      W'^'  (  \ 

^^-^1 ^^> 

Or,  if  /  is  in  feet,  which  is  more  convenient, 

-^^'    CO 


A  mean  of  two  ot  Mr.  Berkley's  beams  gave 

/  =  4. 5  feet ;    tf  =  o. 284  inch ;    W  =  20, 160  lbs. ; 
7  =  18.74.        Hence    £  =  12,424,600  lbs. 

A  mean  of  two  of  Mr.  Cubitus  beams  gave 

/  =  i5  feet;    le;  =  0.465  inch;     IV  =  11,200 lbs. ; 
7  =  227.03.      Hence  £  =  12,886,720  lbs. 

The  four  preceding  beams  had  top  and  bottom  flanges, 
as  in  Fig.  i,  Art.  82.  Another  of  Mr.  Cubitt's  beams,  with- 
out top  flange,  as  in  Fig.  2  of  the  same  article,  gave 

/  =  IS  feet ;    w  =  0.41  inch ;     W  =  13,440  lbs. : 
7  =  373.  Hence    £  =  10,679,400  lbs. 

This  last  beam  had  a  defective  bottom  flange,  hence 
there  may  be  taken  without  essential  error 

£  =  12,000,000  lbs. 
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Taking  I  in  feet,  eq.  (2)  now  gives  for  the  centre  deflec- 
tion 

w  =  — J (3) 

1,000,000/  ^"^^ 

in  which  W  is  either  the  centre  load,  or  five  eighths  (fths) 
the  total  uniform  load,  as  the  case  may  be. 

The  formula  by  which  /  is  to  be  computed  is  the  one 
which  immediately  follows. eq.  (4)  of  Art.  82. 

Art.  84. — Flanged  Beams  with  Equal  Flanges. 

Nearly  all  the  flanged  beams  used  in  engineering  prac- 
tice are  composed  of  a  web  and  two  equal  flanges.  It  has 
already  been  seen  that  the  ultimate  resistances,  T  and  C, 
of  structural  stee  and  wrought  iron  to  tension  and  com- 
pression are  essentially  equal  to  each  other ;  the  same  may 
be  said  a' so  of  their  coefficients  of  elasticity  for  tension 
and  compression.  These  conditions  require  equal  flanges 
for  both  steel  and  wrought-iron  rolled  beams. 

In  Fig.  I  is  represented  the  normal  cross-section  of  an 
•equal-flanged  beam.  It  also  approximately  represents 
what  may  be  taken   as   the   section  of  ^  c 

any  wrought-iron  or   steel   I  beam,  the  ^ ^ ^ 

exact    forms    with    the    corresponding  i ! — ^r-^ 

moments  of  inertia  being  given  in  Art.       |     '    '"'' 


I 


58.     Although    the    thickness   f  of  the       i 
flanges  of   such   beams   is  not  uniform,        1        I 
such  a   mean  value   may   be   taken   as       i 
will   cause   the    transformed    section  of       j 
Fig.   I  to  be  of  the  same  area  as  the^ i 


I 
I 
I 

b 


I 

onginal  section.  * j- 

Unless  in  exceptional  cases  where 
local  circumstances  compel  otherwise, 
the  beam  is  always  placed  with  the  web  vertical,  since  the 


684  'ROLLED  AND  CAST  FLANGED  BEAMS.  [Ch.  XI L 

resistance  to  bending  is  much  greater  in  that  position. 
The  neutral  axis  I  IB  will  then  be  at  half  the  depth  of  the 
l>eam.  Taking  the  dimensions  as  shown  in  Fig.  i,  the  mo- 
ment of  inertia  of  the  cross-section  about  the  axis  HB  is 

^=-       12  ('> 

while  the  moment  of  inertia  about  CD  has  the  value 

/i= (2) 

1  12  ^ 

With  these  values  of  the  moment  of  inertia,  the  general 
formula,  M  =  -t-,  becomes  (remembering  that  rfj=-  or     j 

^-C \j-^ (3) 

or 

^=^— 6F— (4> 

C  is  written  for  AT,  since  K  =  T  ^C, 

Eq.  (3)  is  the  only  formula  of  much  real  value.  It  will 
be  found  useful  in  making  comparisons  with  the  results  of  a 
simpler  formula  to  be  immediately  developed. 

Let  rfj    =^{d-\-h).     Since  t'  is  small  compared  with  ~, 

the  intensity  of  stress  may  be  considered  constant  in  each 
flange  without  much  error.  In  such  a  case  the  total  stress 
in  each  flange  will  be  CbV  =  Tbt\  and  each  of  those  forces 
will  act  with  the  lever-arm  \d^.  Hence  the  moment  of 
resistance  of  both  flanges  will  be 

Cbt\  d,. 
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The  moment  of  inertia  of  the  web  will  be  — .     Conse- 

12 

quently  its  moment  of  resistance  will  have  very  nearly  the 
value  .-/  -  --^^ 

The  resisting  moment  of  the  whole  beam  will  then  be 

M^c{bt'dy^^^ (S) 

A  further  approximation  is  frequently  made  by  writing 
djt  for  h^\  then  if  each  flange  area  bf  =/,  eq.  (5)  takes  the 
form 

M-Cd,(f  +  '^) (6) 

Eq.  (6)  shows  that  the  resistance  of  the  web  is  equivalent 
to  tfiat  of  one  sixth  the  same  amount  concentrated  in  eacja^ 
flarif^e^ 

If  the  web  is  very  thin,  so  that  its  resistance  may  be 
neglected, 

M=Cfd^^Cbt'd,,       (7) 

or 

/-^ <«) 

Cases  in  which  these  formulae  are  admissible  will  be  /  f 
given  hereafter.  It  virtually  involves  the  assumption  that  j  \ 
the  web  is  used  wholly  in  resisting  the  shear,  while  the  !  , 
flanges  resist  the  whole  bending  and  nothing  else.  In  ' 
other  words,  the  web  is  assumed  to  take  the  place  of  the 
neutral  surface  in  the  solid  beam,  while  the  direct  resistance  • 
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to  tension  and  compression  of  the  longitudinal  fibres  of  the 
latter  is  entirely  supplied  by  the  flanges. 

Again  recapitulating  the  greatest  moments  in  the  more 
commonly  occurring  cases: 

Cantilever  uniformly  loaded, 

1.,     ^^     Pl^  i  ^ 

^--^2 ^9) 

Cantilever  loaded  at  the  end, 

M^Wl (lo) 

Beam  supported  at  each  end  and  uniformly  loaded, 

^-X      8 (^^> 

Beam  supported  at  each  end  and  loaded  at  centre, 

Wl 

M«— (I2) 

Beam  supported  at  each  end  and  loaded  both  uniformly 
and  at  centre. 


M 


-:(•--!) (-3) 


In  all  cases  W  is  the  total  load  or  single  load,  while  p,  as 
usual,  is  the  intensity  of  uniform  load,  and  /  the  length  of  the 
beam.  ^ 

Art.  85. — Rolled  Steel  Flanged  Beams. 

The  resisting  moments  of  all  rolled  steel  beams  sub- 
jected to  bending  are  computed  by  the  exact  formula 

^-f '■> 
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K  being  the  greatest  intensity  of  stress  (i.e.,  in  the  extreme 
fibres)  at  the  distance  d^  from  the  neutral  axis  about  which, 
the  moment  of  inertia  /  is  taken.  In  all  ordinary  cases 
the  webs  of  beams  are  vertical  so  that  the  axis  for  /  is 
horizontal;  but  it  sometimes  is  necessary  to  use  the  mo- 
ment of  inertia  /  computed  about  the  axis  passing  through 
the  centre  of  gravity  of  section  and  parallel  to  the  web. 
The  latter  is  frequently  employed  in  considering  the  lateral 
bending  effect  of  the  compression  in  the  upper  flange. 

The  upper  or  compression  flange  of  a  rolled  beam 
under  transverse  load,  unless  it  is  laterally  supported,  is 
somewhat  in  the  condition  of  a  long  column  and,  hence, 
tends  to  bend  or  deflect  in  a  lateral  direction.  This  ten- 
dency depends  to  some  extent  on  the  ratio  of  the  length  of 
flange  (/)  to  the  radius  of  gyration  (r)  of  the  section  about 
the  axis  parallel  to  the  web,  as  will  be  shown  in  detail  in 
a  later  article.  It  will  be  foimd  there  that  the  ultimate 
compression  flange  stress  decreases  as  the  ratio  /^r  in- 
creases. Hence  in  Table  I  there  will  be  foimd  values  of 
/  H-  r  for  the  different  beams  tested. 

The  results  of  tests  given  in  Table  I  were  found  by 
Mr.  James  Christie,  Supt.  of  the  Pencoyd  Iron  Co.,  and 
they  are  taken  from  a  paper  by  him  in  the  "  Trans.  Am. 
Soc.  C.  E.'*  for  1884.  All  beams,  both  I  and  bulb,  were 
loaded  at  the  centre  of  span.  Hence  the  moment  of  the 
centre  load,  W,  and  the  uniform  weight  of  the  beam  itself, 
pi,  will  be,  as  shown  in  eq.  (13)  of  Art.  84, 

^-■('^-^Vf « 


Hence 


'^-U^^-'l) (3> 
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The  known  data  of  each  test  will  give  all  the  quanti- 
ties in  the  second  member  of  eq.  (3).  The  two  columns 
of  elastic  and  ultimate  values  of  K  in  the  table  were  com- 
puted by  eq.  (3).  The  positions  of  the  bulb  beams  (i.e., 
the  bulb  either  up  or  down)  in  the  tests  are  shown  by  the 
skeleton  sections  in  the  second  column. 

The  coefficients  of  elasticity  E  were  computed  from 
the  data  of  the  tests  taken  below  the  elastic  limit  by  the 
aid  of  eq.  (21),  Art.  22: 

«'.=^8^^7fW'+i/'/| (4) 

H'  being  the  centre  load  and  pi  the  weight  of  the  beam, 
the  length  of  span  /  being  given  in  inches. 

All  beams  were  rolled  at  the  Pencoyd  Iron  Works. 
The  **mild  steel"  contained  from  o.ii  to  0.15  per  cent,  of 
carbon,  and  the  '*high  steel"  about  0.36  per  cent,  of  carbon. 
These  steels  are  the  same  as  those  referred  to  in  Art.  60. 

No.  14  is  the  only  test  of  a  '*high*'  steel  beam;  all  the 
remaining  tests  being  with  mild-steel  shapes.  Tests  3  to 
9  inclusive  were  of  deck  or  bulb  beams,  as  the  skeleton 
sections  show. 

Beams  3  and  4  were  rolled  from  the  same  ingot,  as  were 
also  6  and  7,  as  were  also  10,  12,  and  13,  and  as  were  also 
16,  17,  18,  and  19.  All  beams  were  unsupported  laterally 
in  either  flange.  The  moments  of  inertia  were  computed 
from  the  actual  beam  sections.  The  length  of  span  is 
represented  by  /,  while  r  is  the  radius  of  gyration  of  each 
beam  section  about  an  axis  through  its  centre  of  gravity 
and  parallel  to  its  web.     The  values  of  r  were  as  follows: 

5  inch  !...  ,r  =0.54  inch.         3  inch  I.  ..  .r— 0.59  inch. 

6  "   " r  =  o.63  "  8  "  " r-o.88  " 

7  "   " r=o.7i  "  10  "  " »-=0.95  " 

9  "   " r=o.83  "  12  "  " r«i.oi  " 
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Table  I. 

TRANSVERSE  TESTS  OF  STEEL  BEAMS.  /^' 


PCu 


No. 

Kind  of 

Span 

I 

Moment 
of 

Final 
Centre 

K  in  Pounds  per 
Sciuare  Inch  at 

Coefficient  of 
Elasticity  E, 

Beam. 

in  Ins. 

Load  in 
Pounds. 

in  Pounds  per 
Square  Inch. 

r 

Inertia. 

Elastic. 

Ultimate 

I 

Mild    i"l 

SO 

100 

2.76 

5,500 

4 1 , 1 00 

45,200 

30,890,000 

2 

y/  M 

30 

66 

2.76 

8,300 

40,800 

45,100 

25,011,000 

3 

"   c? 

108 

200 

12 

8,800 

50,000 

5  5. 000 

27.7»8,ooo 

4 

"    5'' J 

108 

200 

12 

8,400 

46.900 

52.500 

25,480.000 

5 

..     f,*.^ 

q6 

»52 

22 

14.860 

51,200 

54.300 

23,692,000 

b 

..     ^/,.. 

f>9 

07 

37.6 

34.000 

47,100 

50,300 

18,765,000 

7 

'J 

69 

07 

37.6 

34.000 

47.100 

50.300 

23,040,000 

8 

*;  <? 

240 

290 

84.8 

14.500 

46,000 

5 '..^00 

29,923,000 

0 

"      o"X 

240 

290 

82.9 

13.500 

39.S00 

48,800 

30.209,000 

lO 

"       8"  I 

240 

273 

70.2 

13,000 

37.600 

44.400 

28,889,000 

II 

..       jj/,  .. 

240 

273 

70.3 

12.930 

37.500 

44,100 

20.055,000 

la 

..       g// .. 

144 

164 

70.2 

19,480 

32,800 

39,000 

31.313,000 

ij 

Hiqh   3"" 

96 

109 

70.2 

31.300 

40,300 
54.300 

42,800 

23,689,000 

14 

30 

2-  74 

1 1,500 

27.515.000 

«S 

Mild  10"" 

TS6 

164 

150.5 

22,500 

35.000 

28,414.000 

16 

*•     10"  •• 

168 

177 

iso.s 

21,000 

35.200 

27,182.000 

17 

••     10" " 

180 

189 

150.5 

10.500 

35.000 

29,160,000 

18 

"     10" " 

192 

202 

150.5 

18,000 

34.400 



29.727,000 

10 

..     ,,r/.. 

240 

238 

264.7 

24.500 

33.400 



30,749.000 

20 

"     1 2"  " 

240 

238 

267.6 

24,200 

32.500 

29,568,000 

21 

"        12"" 

228 

226 

273.8 

22.000 

27,500 

29,164,000 

32 

..       ,,//.. 

216 

214 

26.5 .  7 

29,000 

35.600 



30,219,000 

23 

"     I  a"" 

204 

202 

256.7 

27.000 

32.100 



30,030,000 

^4 

"     la"*' 

19a 

190 

257.8 

34.000 

38.000 



20.700.000 

25 

"     12'  " 

19a 

190 

262.6 

34.000 

37.300 



28,234,000 

36 

"     12"" 

180 

178 

262.4 

36,700 

37.700 

. 

27,717,000 

27 

..     ,,/,.. 

168 

166 

264.0 

38,000 

36,300 

28,784,000 

jH 

..     ,j//« 

156 

154 

261.7 

43,000 

38.400 

.  27,818,000 

The  values  of  K  both  for  the  elastic  limit  and  the  ulti- 
mate are  erratic,  and  the  range  of  results  in  the  table  is  not 
sufficient  to  establish  any  law,  but  on  the  whole  the 
small  ratios  l-^r  accompany  the  larger  values  of  K.  The 
bulb  or  deck  beams  also  appear  to  give  larger  values  of 
K  than  the  I  beams. 

The  results  of  these  tests  indicate  that  the  greatest 
working  intensities  of  stress  in  the  flanges  of  rolled  steel 
beams  may  be  taken  from  12,000  to  16,000  pounds  per 
square  inch  if  the  length  of  unsupported  compression 
flange  does  not  exceed  i  sor  to  20or. 

In  the  work  of  design,  the  quantity  /  -:-(ij  used  in  eq.  (2), 
called  the  **  section  modulus/'  is  much  employed,  and  it 
can  be  taken  directly  from  the  Cambria  Steel  Company's 
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tables  at  the  end  of  the  book,  as  can  the  moment  of  inertia  /. 
Eq.  (2)  shows  that 

d-K (5) 

Hence  the  moment  of  the  loading  in  inch-potmds  di- 
vided by  the  allowed  greatest  flange  stress  in  pounds  per 
square  inch  must  be  equal  or  approximately  equal  to  the 
section  modulus  of  the  required  beam. 

Prob.  I.  It  is  required  to  design  a  rolled  steel  beam 
for  an  effective  span  of  20  ft.  to  carry  a  uniform  load  of 
725  lbs.  per  linear  foot  in  addition  to  the  weight  of  the  beam 
itself,  the  circumstances  being  such  that  it  is  not  advis- 
able to  use  a  greater  total  depth  of  beam  than  12  ins. 
The  greatest  permitted  extreme  fibre  stress  K  will  be 
taken  at  12,000  lbs.  per  sq.  in.  It  will  be  assumed  for 
trial  purposes  that  the  beam  itself  will  weigh  35  lbs:  per 
linear  foot,  so  that  the  total  uniform  load  will  be  760  lbs. 
per  linear  foot.  The  centre  moment  in  inch-pounds  will, 
therefore,  be 

__     760X20X20X12  ^         .     „ 

M  = ^ =  456,000  m.-lbs. 

By  eq.  (5)  the  section  modulus  will  be  456,000^-12,000 
=  38.  By  referring  to  the  Cambria  Steel  Company's 
tables  at  the  end  of  the  book  it  will  be  found  that  this, 
section  modulus  belongs  to  a  12-in.  35-lb.  steel  rolled 
beam,  and  that  beam  fulfils  the  requirements  of  the 
problem. 

"l^rob.  2.  It  is  required  to  design  a  rolled  steel  beam 
for  a  32-ft.  effective  span  to  carry  a  load  of  1280  lbs.  per 
linear  foot  in  addition  to  the  weight  of  the  beam,  and  a 
concentrated  load  of  11,000  lbs.  at  a  point  11  ft.  distant 
from  one  end  of  the  span.     The  greatest  permitted  work- 
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ing  stress  in  the  extreme  fibres  of  the  beam  is  16,000  lbs. 
per  sq.  in. 

It  will  be  asstimed  for  trial  purposes  that  a  24-in.  beam 
weighing  95  lbs.  per  linear  foot  will  be  required  so  that 
the  total  imiform  load  per  linear  foot  will  be  1375  pounds. 
It  will  then  be  necessary  to  ascertain  at  what  point  in  the 
span  the  maximum  bending  moment  occurs,  i.e.,  at  what 
point  the  transverse  shear  is  equal  to  zero.  Let  a  be  the 
distance  of  the  concentrated  weight  from  the  nearest  end 
of  the  span,  i.e.,  a  =  1 1  ft.  Then  let  P  be  the  single  weight, 
p  the  total  uniform  load  per  linear  foot,  and  /  the  length 
of  span.  The  following  equation  representing  the  condi- 
tion that  the  transverse  shear  must  be  equal  to  zero  may 
be  written 

PI  Pa 


Hence, 


/     Pa 


In  the  above  equation  x  is  obviously  the  distance  from 
that  end  of  the  span  farthest  from  P  to  the  section  of 
greatest  bending  moment.  Substituting  the  above  numeri- 
cal values  in  the  equation  for  Xy  there  will  result 

^-16  +  2.75  =  18.75  ft. 

Since   32  —  18.75  =  13.75,  the  following  will   be  the  value 
of  the  greatest  bending  moment  in  inch-potmds : 

,^     /  17.75X18.75                    11,000X11       «      \ 
^  =  (-^ ^X  13.25  +  -^-^^ X  18.75  JI2 

=  2,900,363  inch-pounds. 
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The  section  moclulus  of  the  beam  required  is  by  eq,  (5) 
2,900,363  ^  16,000  -  181.  The  section  modulus  of  a  24.-in. 
steel  beam  weighing  85  lbs.  per  linear  foot  is  180.7,  ^s  will 
l>e  found  by  referring  to  the  tables  at  the  end  of  the  book. 
Hence  that  beam  will  be  assumed  for  the  correct  solution 
of  the  problem.  The  fact  that  the  beam  weighs  10  lbs. 
])er  linear  foot  less  than  the  assumed  weight  has  too  small 
an  effect  upon  the  greatest  bending  moment  to  call  for 
any  revision. 

Prob.  3.  A  steel  tee  beam  of  8  ft.  span  is  to  be  used  as 
a  purlin  to  carry  a  uniform  load  of  125  lbs.  per  linear  foot 
with  the  web  of  the  tee  in  a  vertical  position.  The  greatest 
|x;rmitted  intensity  of  stress  in  the  extreme  fibre  of  the 
tee  is  14,000  lbs.  per  sq.  in.  It  is  required  to  find  the 
dimensions  of  the  tee.  By  referring  to  eq.  (5)  the  section 
modulus  will  be  written 

1000X96       o .  . 

5  =  ^--; =  .86  m. 

8x  14,000 

By  referring  to  the  Cambria  Steel  Company's  tables 
it  will  be  found  that  a  3X3XU  in.  steel  tee  weighing  6.6 
lbs.  per  lin.  ft.  has  just  the  section  modulus  required. 
That  tee  therefore  fulfils  the  requirements  of  the  problem. 

Prob.  4.  It  is  required  to  support  a  single  weight  of 
12,000  lbs.  at  the  centre  of  a  span  of  13  ft.  6  ins.  on  two 
rolled  steel  channels  with  their  webs  in  a  vertical  position 
and  separated  back  to  back  by  a  distance  of  3  ins.,  the 
i^reatest  permitted  intensity  of  stress  in  the  extreme  fibre 
of  the  flanges  being  15,000  lbs.  Find  the  size  of  channels 
required. 

Art.  86. — The  Deflection  of  Rolled  Steel  Beams. 

The  deflections  of  rolled  steel  beams  may  readily  be 
computed  by  the  formulae  of  Art.   22.     The  general  pro- 
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cedure  will  be  illustrated  by  using  the  equations  for  a  non- 
continuous  beam  simply  supported  at  each  end  and  loaded 
by  a  weight  at  the  centre  of  span,  or  imiformly,  or  in  both 
ways  concurrently.  Eq.  (20)  will  give  the  deflection  at 
any  point  located  by  the  coordinate  x,  while  eq.  (21)  will 
give  the  centre  deflection  only.  The  tangent  of  the  in- 
clination of  the  neutral  surface  at  any  point  located  by  x 

disj 
will  be  given  by  the  value  of  -r-  found  in  eq.  (19). 

Prob.  I.  Let  the  centre  deflection  of  the  rolled-steel 
beam  of  Prob.  i  of  Art.  85  be  required.  Referring  to 
eq.  (21)  of  Art.  22, 

W  =  o\    /  =  20  feet  =  240  inches;    /?  =  760  pounds; 
7  =  228.3;    and    E  may  be  taken  at  29,000,000. 

Hence  the  centre  deflection  is 

240X240X240X5X760X20  ,     . 

*      48x8X29,000,000X228.3        ^  ^ 

If  half  the  external  tmiform  load  of  725  pounds  per 
linear  foot  had  been  concentrated  at  the  centre  of  span, 

725X20  J        ^ 

W^^-^ —  =7250  pounds;    p^zs 

and  /  =  20  ft.  =  240  ins.     Also    pi  =  700  potmds. 

Hence  the  centre  deflection  would  be 

24oX24oX24oX(725Q  +  437-5)_  .     . 

^*  48  X  29,000,000  X  228.3  •  333  incn. 

Prob.  2.  In  Prob.  2  of  Art.  85  place  the  1 1  ,ooo-poim<l 
weight  at  the  centre  of  span,  then  find  the  inclination  of 
the  neutral  siuface  and  the  deflection  of  the  24-inch  85- 
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ix)und  steel  beam  at  the  centre  and  quarter  points  of  the 
32-foot  span,  taking  £»- 29,000,000  pounds. 

Art.  87.— Wrought-iron  Rolled  Beams. 

Although  wrought-iron  rolled  beams  are  not  now  manu- 
factured, being  completely  displaced  by  steel  beams,  yet 
many  are  still  in  use.  Hence  it  is  advisable  to  exhibit 
the  empirical  quantities  required  to  design  them  and  to 
determine  their  safe  carrying  capacities  as  well  as  their 
deflections  tmder  loading. 

It  has  been  observed  in  Art.  74  that  the  upper  or  com- 
I)ression  flange  of  a  loaded  flanged  beam  will  deflect  or 
tend  to  deflect  laterally  at  a  lower  intensity  of  compressive 
stress  as  the  tmsupported  length  of  such  a  flange  is  in- 
creased. The  experimental  results  given  in  Table  I  ex- 
hibit the  values  of  the  intensity  of  stress  K  in  the  extreme 
fibres  of  the  beam  both  at  the  elastic  and  ultimate  limits, 
the  usual  formula  for  bending  resistance  being  used, 

^-f « 

In  the  autumn  of  1883  an  extensive  series  of  tests  of 
wrought-iron  rolled  beams,  subjected  to  bending  by  centre 
loads,  was  made  by  the  author,  assisted  by  G.  H.  Elmore, 
C.E.,  at  the  mechanical  laboratory  of  the  Rensselaer  Poly- 
technic Institute.  The  object  of  these  tests  was  to  dis- 
cover, if  possible,  the  law  connecting  the  value  of  K  for 
this  class  of  beams  with  the  length  of  span  when  the  beam 
is  mtirely  without  lateral  support.  The  means  by  which  the 
latter  end  was  accomplished,  and  a  full  detailed  account 
of  the  tests  will  be  found  in  Vol.  I,  No.  i,  "Selected  Papers 
of  the  Rensselaer  Society  of  Engineers."  The  main  results 
of  the  tests  are  given  in  Table  I.  All  the  tests  were  made 
on  6-inch  I  beams  with  the  same  area  of  normal  cross- 
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..y 

Final 

If- 

Perm'nent 

Perm'nent 

E 

No. 

Si>an, 
Feet. 

Centre 

I  . 

Vertical 

Lateral 

Pounds  per 
Square  Inch. 

Weight. 
Pounds. 

r  ' 

Elastic 
Limit, 

Ultimate, 
Pounds. 

Deflection, 
Inches. 

Deflection, 
Inches. 

Pounds. 

I 

;.„ 

4,060 

400 

27,726 

31,094 

0.14 

24,170,000 

2 

4,200 

400 

29,623 

32,885 

0.30 

26.374,000 

3 

\'> 

4,390 

360 

28,264 

30,791 

0.2 

0.5 

24,520,000 

4 

4.570 

360 

28,264 

32,020 

0.18 

0.4 

24,313,000 

5 

[16 

4.770 

320 

26,564 

29,579 

0.28 

1. 00 

25,771,000 

6 

5,270 

320 

29,596 

32,632 

0.48 

1.25 

25,003,000 

7  JU. 

6,130 

280 

31.191 

33,049 

0.30 

1.20 

26,082,000 

8 

s  '** 

6,125 

280 

31,164 

33,023 

0.30 

I.  10 

23.373,000 

9 

U2 

7,161 

240 

30,221 

32,907 

0.35 

1.08 

25,287,000 

10 

f'^ 

7,350 

240 

31,314 

33.817 

0.33 

1.09 

24,022,000 

II 

j.o 

9,255 

200 

33,082 

35,358 

0.39 

1.08 

25,115,000 

12 

9,655 

200 

33,082 

37,064 

0.50 

1.50 

24,218,000 

»3 

1« 

11,485 

160 

29,736 

35,010 

0.30 

0.90 

21,611,000 

>4 

11,980 

160 

31,936 

36,527 

0.29 

1.05 

21,987,000 

15 

[  ^ 

18,300 

120 

35,497 

41,737 

0.605 

1.53 

23,040,000 

16 

18,145 

120 

36,617 

41,396 

0.67 

1.88 

:jo,935,ooo 

17 

[  ^ 

22,870 

100 

34,136 

43,434 

0.67 

1.75 

22,023,000 

18 

23,065 

100 

34,136 

43.813 

0.67 

1-75 

25,272,000 

19 

(' 

29.985 

80 

32,619 

45,532 

0.96 

1.70 

24,315,000 

20 

28,585 

80 

32,619 

44.744 

0.60 

1.86 

21,275,000 

section  of  4.35  square  inches.  Actual  measurement  showed 
the  depth  d  of  the  beams  to  be  6.16  inches.  The  moment 
of  inertia  of  the  beam  section  about  a  line  through  its 
centre  and  normal  to  the  web  was  7  =  24.336.  The  radius 
of  gyration  of  the  same  section  in  reference  to  a  line  through 
its  centre  and  parallel  to  the  web  was  r=o.6  inch.  /  was 
the  length  of  span  in  inches. 

If  M  is  the  bending  rtioment  in  inch-pounds,  W  the 
total  centre  load  (including  weight  of  beam),  and  K  the 
stress  per  square  inch  in  extreme  fibre,  the  following 
formulae  result: 

Md 
"  2/ 


K- 


and 


M  =  — . 
4 


(2) 


a:  = 


Wld 
8/  • 


(3) 
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The  experimental  values  of  W,  /,  d,  and  /  inserted  in 
the  above  formula  give  the  values  of  A"  shown  in  the  table. 
The  coefficient  of  elasticity,  £,  was  found  by  the  usual 
formula, 

H7" 
^'^48^/' ^^> 

in  which  w  is  the  deflection  caused  by  W. 

The  full  line  is  the  graphical  representation  of  the  values 
of  K  given  in  Table  I.     Since  K  must  clearly  decrease  with 


Puttet 


the  length  of  span,  and  increase  with  the  radius  of  gyration 
of  the  section  about  an  axis  through  its  centre  and  parallel 
to  the  web  (the  latter,  of  course,  being  vertical),  K  has 
been  plotted  in  reference  to  l-^r  as  shown.  No  simple 
formula  will  closely  represent  this  curve,  but  the  broken 
line  covers  all  lengths  of  span  used  in  ordinary  engineering 
practice,  and  is  represented  by  the  formula 


/ 
:  51,000- 75-. 


(5) 


For  raiVay  structures  the  greatest  allowable  stress 
per  square  inch  in  the  extreme  fibres  of  rolled  beams  may 
be  taken  at 

/ 


'10,000—15-'. 


(6) 
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Values  of  k  taken  from  a  large  scale  plate,  like  Plate  I, 
are,  however,  far  preferable  to  those  given  by  any  formula. 

The  ultimate  values  of  K  given  in  Table  I  are  fairly 
representative  of  the  best  wrought-iron  I  beams.  The 
coefficients  of  elasticity  E  range  from  about  22,000,000  to 
about  25,000,000  pounds;  the  average  may  be  taken  about 
24,000,000  pounds. 

The  deflection  of  wrought-iron  beams  may  be  computed 
by  the  formula 

^=^^81?' (7) 

when  the  load  W  is  at  the  centre  of  the  beam.  In  the 
general  case  of  a  beam  carrying  the  centre  load  W  and 
the  uniform  oad  pi,  the  quantity  {W  +  \pl)  must  displace 
W  in  eq.  (7).  If  the  beam  carry  only  the  uniform  load  ply 
W  in  eq.  (7)  must  be  displaced  by  \pl. 

If  it  is  desired  to  apply  the  law  expressed  in  eqs.  (5) 
and  (6)  to  mild-steel  beams,  the  second  members  of  those 
equations  may  be  multiplied  by  |  to  f  for  close  approxi- 
mations. 


CHAPTER  XIII. 
CONNECTIONS. 

Art.  88.— Riveted  Joints. 

Although  riveted  joints  possess  certain  characteristics 
under  all  circumstances,  yet  those  adapted  to  boiler  and 
•similar  work  differ  to  some  extent  from  those  found  in  the 
best  riveted  trusses.  The  former  must  be  steam-  and  water- 
tight, while  such  considerations  do  not  influence  the  design 
of  the  latter,  consequently  far  greiitcr  pitch  may  be  found 
in  riveted-truss  work  than  in  boilers.  Again,  the  peculiar 
requirements  of  bridge  and  roof  work  frequently  demand 
a  greater  overlap  at  joints  and  different  distribution  of 
rivets  than  would  be  permissible  in  boilers. 

Kinds  of  Joiiits. 

Some  of  the  principal  kinds  of  joints  are  shown  in  Figs,  i 
to  6.  Fig.  I  is  a  ** lap-joint'*  single-riveted;  Fig.  2  is  a 
*' lap-joint"  double-riveted;  Fig.  3  is  a  ** butt-joint"  with 
a  single  butt-strap  and  single-riveted;  while  Figs.  4,  5,  and 
6  are  ** butt-joints"  with  double  butt-straps,  Fig.  4  being 
single-riveted,  while  the  others  are  double-riveted.  Fig.  5 
shows  zigzag  riveting,  and  Fig.  6  chain  riveting.  All  these 
joints  are  designed  to  resist  tension  and  to  convey  stress 
from  one  single  thickness  of  plate  to  another.     Two  or 
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three  other  joints   peculiar  to   bridge  and  roof  work  will 
hereafter  be  shown. 
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Fig.  I. 
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Fig.  4. 


Fig.  5. 


Fig.  6. 


In  the  cases  of  bridges   and  roofs  these  ** butt-straps" 
are  usually  called  *' cover-plates/' 


Art.  89. — Distribution  of  Stress  in  Riveted  Joints. 

The  Bending  of  the  Plates. 

A  very  little  consideration  of  the  question  will  show 
that  only  an  approximate  determination  of  the  distribu- 
tion of  stress  in  a  riveted  joint  can  be  reached. 

In  order  that  rivets,  butt-straps,  or  cover-plates,  and 
different  portions  of  the  same  main  plate  may  take  their 
proper  portions  of  stress,  an  absolutely  accurate  adjust- 
ment of  these  different  parts  must  be  attained ;  but  all  shop 
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work  must  necessarily  be  more  or  less  imperfect,  and  the 
requisite  conditions  can  never  be  maintained  during  and 
after  construction.  Hence  the  j^recise  amount  of  stress 
carried  by  «ach  rivet,  or  each  cover-plate,  or  each  portion 
of  the  main  plate  at  the  joint,  cannot  be  found. 

In  the  cases  of  lap-joints  with  three  or  more  rowS'  of 
rivets  (frequently  foimd  in  truss  work),  or  in  similar  work 
when  two  rows  of  rivets  join  a  small  plate  to  a  much  larger 
one,  the  outside  rows,  or  row,  in  consequence  of  the  stretch- 
ing of  the  material  at  the  joint,  must  take  far  more  than 
their  portion  of  stress,  if  indeed  they  do  not  carry  nearly 
all.  The  same  condition  of  things  will  exist  in  butt-joints 
if  two  or  more  rows  are  found,  under  similar  circumstances, 
on  the  same  side  of  the  joint. 

If  a  strip  of  p  ate  in  which  the  ratio  of  width  over  thick- 
ness is  very  cons  derable  be  so  gr  pped  in  a  testing-machine 
that  the  applied  stress  be  approximately  imiformly  dis- 
tributed over  its  ends  and  if  it  be  tested  to  breaking,  it 
will  be  foimd,  if  the  broken  pieces  be  joined  at  the  place  of 
breaking,  that  the  central  portions  of  the  fracture  are 
widely  separated,  while  the  edges  are  in  contact.  This  is 
due  to  the  cause  explained  in  Art.  41,  *' Coefficient  of 
Elasticity.''  If  a  ho^e  or  holes  be  made  in  or  near  the  centre 
of  the  spec'men,  a  portion  of  the  material  in  the  front  and 
rear  of  these  holes  will  be  relieved  from  stress,  and  the  total 
stress  in  the  central  section  of  the  specimen  will  be  more 
nearly  uniformly  distributed  in  the  remaining  material. 
And  again,  these  holes  will  **neck"  the  specimen  down  to  a 
short  one.  The  influences  noticed  in  Art.  41,  **  Ultimate 
Resistance  and  Elastic  Limit."  will  thus  be  called  into 
action.  For  both  these  reasons  the  existence  of  the  hole, 
or  holes,  t'w  itself,  will  increase  the  intensity  of  the  ultimate 
resistance  of  the  plate. 

On  the  other  hand,  the  effect  of  the  punch,  if  the  hole 
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is  punched,  as  will  presently  be  shown,  is  to  decrease  the 
resistance  of  the  metal  about  the  hole.  If  the  hole  is  in  a 
joint,  also,  the  bearing  pressure  between  the  rivet  and  plate 
is  very  great,  and  as  this  pressure  must  be  carried  as  tension 
to  the  material  adjacent  to  the  rivet-hole,  and  through 
that  in  its  immediate  vicinity,  the  latter  (i.e.,  the  material 
at  the  extremities  of  diameters  parallel  to  the  joint)  will 
receive  much  greater  tension  than  that  in  the  central  por- 
tion between  the  holes. 

These  last  two  mfiuences  tend  to  reduce  the  mean 
intensity  ot  ultimate  resistance  of  the  material  of  the  joint, 
and  sometimes  more  than  counterbalance  the  increase 
caused  by  the  existence  of  the  holes  simply  as  such.  In 
other  cases  the  resultant  effect  can  only  be  determined  by 
experiment. 

In  Figs.  I  and  2  it  will  be  observed  that  the  stresses  in 
the  plates  of  a  lap-joint  act  eccentrically,  and,  let  it  first 
be  assumed,  with  a  lever-arm  equal  to  half  the  stmi  of  the 
thickness  of  the  two  plates.  If,  however,  a  specimen  joint 
is  put  in  a  testing-machine,  the  resultant  stress  may  be 
made  to  pass  through  the  centre  of  the  joint,  thus  making 
the  lever-arm  for  each  plate  about  half  its  thickness. 

If,  therefore,  t  is  the  thickness  of  one  plate  and  if  that 
of  the  other  while  T  and  V  are  the  mean  intensities  of 
tension  in  the  plates,  p  the  pitch  of  the  rivets,  and  d  the 
diameter,  in  the  first  case  a  width  of  each  plate  equal  to 
the  pitch  will  be  subjected  to  the  bending  moment, 

M^Tt{p-d){^\^-^=rt!{p-d){^-^,  .     .     (X) 
and  in  the  second, 

M  =  r,.(2^,    or     rY.(£^).         .    .    („ 
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If  AT  is  the  greatest  intensity  of  tensile  bending  stress^ 
then 

,,     tM  t'M 

^^^r    ^^      2f ^^^ 

The  greatest  intensity  of  tension  in  the  plate  will  there- 
fore be 

T  +  K.     or      V+K (4) 

The  moment  of  inertia  /  will  have  the  value 

{p-d)t^  (p-d)r 

,     or . 

12  12 

If  each  plate  has  the  same  thickness,  t  =  f  and  T^T^; 
hence 

Byeq.  (i)         K  =  6T (5) 

Byeq.  (2)         K^^T (6) 

These  values  of  K  are  very  large  and  appear  excessive. 
It  is  to  be  remembered,  however,  that  the'  formula  used, 
cq-  (3)»  is  strictly  applicable  only  within  the  elastic  limit. 

There  is  no  reason  to  doubt,  therefore,  that  within  that 
limit  the  greatest  intensity  of  tension  in  the  plates  of  the 
joint  may  reach  from  4T  to  jT, 

From  these  considerations  it  is  to  be  expected  that  the 
true  elastic  limit  of  the  joint,  as  a  whole,  would  be  very  low. 

The  preceding  investigations  in  the  flexure  of  the  joint 
are  based  upon  the  virtual  assumption  that  the  plates 
remain  straight  after  the  application  of  external  stress.  In 
reality  such  a  condition  of  things  does  not  obtain.  Even 
below  the  elastic  limit  the  plates  begin  to  take  positions 
which  are  shown  in  an  exaggerated  manner  in  Fig.  7.  On 
account  of  the  bending,  the  material  at  the  points  .4-4 
stretches  much  more  than  that  at  the  points  BB  (^\4th  low 
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values  of  T  that  at  the  latter  points  may  be  in  compression), 
so  that  the  centre  lines  of  the  plates  P  and  P'  are  brought 
more  nearly  into  coincidence,  thus  lessening  the  bending 
moment  to  which  the  joint  is  subjected.  After  the  elastic 
limit  of  the  material  at  .4.4  is  passed,  a  considerable  in- 
crease of  strain  or  stretch  takes  place  at  those  points  for 
the  same  increment  of  stress.  Two  important  results 
follow  this  increase  of  strain  between  the  elastic  limit  and 
failure:  the  joint  becomes  very  markedly  distorted,  so 
that  the  plates  P  and  P'  become  much  more  nearly  in 

P| ^^^^^-3,. 

Fig.  7. 

line,  and  the  stress  becomes  much  more  nearly  uniformly 
distributed  in  the  sections  AB,  AB,  This  is  equivalent 
to  saying  that  the  joint  is  subject  to  a  greatly  decreased 
bending  moment. 

If  the  plates  are  thin,  the  excess  of  strain  at  -4^4  over 
that  at  BB,  requisite  to  bring  the  plates  PP'  essentially 
into  line,  may  easily  be  within  the  stretching  capacity  of 
the  material.  If,  however,  the  plates  are  thick,  that  con- 
dition will  not  hold,  and  the  material  at  -4.4  will  begin  to 
fail  before  P  and  P'  are  nearly  in  line.  Hence  the  mean 
intensity  of  stress  in  a  th  ck  plate,  other  things  being  equal 
at  the  instant  of  rupture,  will  be  considerably  less  than  that 
in  a  thin  one.  It  might  thus  happen  that  a  lap-joint  with 
thin  plates  would  be  found  stronger,  even,  than  one  with 
thicker  plates. 

Reference  will  hereafter  be  made  to  experiments  which 
verify  these  conclusions. 

It  will  now  be  well  to  turn  back  a  moment  to  the  con- 
sideration of  eqs.  (5)  and  (6).  Those  equations  show  the 
effect  of  bending  to  be  dependent  on  T  only,  and  entirely 


704  CONNECTIONS.  [Ch.  XIII. 

i}idepefulent  of  lite  thickness  of  the  plates,  which  apparently 
contradicts  the  conclusion  just  drawn.  But,  as  has  already 
been  intimated,  those  equations  involve  the  virtual  assump- 
tion that  the  plates  remain  continually  straight,  and  do 
not  contemplate  the  altered  conditions  of  the  joint  which 
exist  just  at  and  before  rupture.  Again,  they  presuppose 
no  passage  of  the  elastic  limit.  There  is  thus  no  real 
contradiction. 

Although  a  single-riveted  lap-joint  only  has  been  treated, 
precisely  the  same  considerations  apply  to  a  double-riveted 
lap-joint,  a  butt-joint  with  single  butt-strap  or  cover-plate, 
and  all  butt-straps  or  cover-plates  of  butt-joints.  The 
main  plates  of  butt-joints  with  double  cover-plates  are  not 
subjected  to  flexure. 

The  Bending  of  the  Rivets, 

The  rivets  of  all  riveted  joints  are  subjected  to  heavy 
flexure,  the  greatest  of  which  usually  occurs  in  single  lap- 
and  butt-joints  like  Figs,  i  and  3.  An  approximate  value 
of  the  bending  moment,  in  any  case,  may  be  found  as 
follows: 

Let  n  be  the  number  of  rows  of  rivets  in  one  plate.  In 
Figs.  I,  3,  4,  n  is  i;  and  2  in  Figs.  2,  5,  and  6.  Then  if 
/  and  t'  are  the  thicknesses  of  the  two  plates  or  of  one  plate 
and  one  cover,  T  and  T'  the  mean  intensities  of  tension  in 
the  same  pieces,  and  if  M  be  taken  from  eq.  (i),  the  approxi- 
mate bending  moment  will  be 

M     KAd       .r  »       ^    V 

—  =— g— ,     (from  Art.  69,)         ...     (7) 

in  which  A  is  the  area  of  the  cross-section  of  one  rivet,  K 
the  greatest  intensity  of  tension  or  compression  due  to 
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bending,  and  d  the  rivet  diameter,  as  before.     From  eqs.  (7) 
^nd  (i), 

K^4Tt{p-d)^-^ (8) 


If  t^t\ 


K^Sr/^rf (9) 

nAd  ^^' 


This  equation  is  approximate  because  it  is  virtually 
assumed  that  the  pressure  on  the  rivet  is  uniformly  dis- 
tributed along  its  axis.*  This  is  a  considerable  deviation 
from  the  truth,  particularly  as  failure  is  approached.  The 
true  bending  mgment  is  much  less  than  that  given  by 
eq.  (7)  after  the  rivet  has  deflected  a  little. 

When  the  joint  takes  the  position  shown  in  Fig.  7,  it 
is  clear  that  the  rivet  is  also  subject  to  some  direct  tension. 


The  Bearing  Capacity  of  Rivets. 

There  is  a  very  high  intensity  of  pressure  between  the 
shaft  of  the  rivet  and  the  wall  of  the  hole.  This  intensity 
.is  not  uniform  over  the  surface  of  contact,  but  has  its 
greatest  value  at,  or  in  the  vicinity  of,  the  extremities  of 
that  diameter  lying  in  the  direction  of  the  stress  exerted 
in  the  plate.  At  and  near  failure  this  intensity  may  be 
equal  to  the  crushing  resistance  of  the  material  over  a  con- 
siderable portion  of  the  surface  of  contact. 

The  intricate  character  of  the  conditions  involved  ren- 
ders it  quite  impossible  to  determine  the  law  of  the  dis- 
tribution of  this  pressure.  The  bending  of  the  rivets  under 
stress  tends  to  a  concentration  of  the  pressure  near  the 

*  In  accordance  with  this  assumption,  strictly  speaking,  }/  (thickness  of 
main  plate)  should  be  taken  instead  of  /  in  the  sum  (/+  O  ^^  t^c  above 
"formulae  for  bending,  when  applied  to  the  double  butt-joint.  Figs.  5  and  6. 
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surface  of  contact  of  the  joined  plates,  while  the  unavoid- 
ably varying  **fit*'  of  the  rivet  in  its  hole,  even  in  the  best 
of  work,  throws  the  pressure  towards  the  front  portion  of 
the  surface  of  the  rivet  shaft.  The  intensity  thus  -varies 
both  along  the  axis  and  around  the  circumference  of  the 
rivet. 

If  any  arbitrary  law  is  assumed,  the  greatest  intensity 
of  pressure  is  easily  determined.  Such  laws,  however,  are 
mere  hypotheses  and  possess  no  real  value.  All  that  can 
be  done  is  to  determine,  by  experiment,  the  mean  safe 
working  intensity  on  the  diametral  plane  of  the  rivet  which 
is  equivalent  to  a  fluid  pressure  of  the  same  intensity  against 
•its  shaft. 

Thus,  if  /  is  this  mean  (empirically  determined)  intensity^ 
d  the  diameter  of  the  rivet,  and  t  the  thickness  of  the  plate^ 
the  total  pressure  carried  by  one  rivet  pressing  against  one 
plate  is 

R^fdi (id) 


The  Bending  of  Plate  Metal  Immediately  in  Front 
of  Rivets, 

There  yet  remams  to  be  considered  the  condition  of  that 
portion  of  the  plate  on  which  the  pressure  R  =fdt  is  applied, 
and  which  is  situated  immediately  in  front  of  the  rivet. 

This  portion  of  the  plate  is  really  in  the  condition  of  a 
beam  fixed  at  each  end,  with  a  span  equal  to  the  diameter 
of  the  rivet.  The  beam,  however,  is  not  a  straight  one. 
At  each  end  of  the  diameter  the  direct  bending  stress  will 
be  tension ;  and,  on  account  of  the  position  of  the  material, 
its  direction  will  be  approximately,  at  least,  that  of  the 
proper  tension  of  the  plate.  At  those  points,  therefore, 
the  proper  and  bending  tension  will  act  to  some  extent 
together,  and  the  metal  will  usually  be  more  highly  stressed 
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than  an)rwhere  else.  This  accounts  for  the  usual  manner 
of  tensile  fracture  of  a  joint,  in  which  the  metal  begins  to 
tear  on  each  side  of  the  rivets,  the  metal  between  (gener- 
ally in  a  diagonal  direction  in  zigzag  riveting)  being  the 
last  to  give  way. 

In  the  interior  of  the  joint  it  is  quite  impossible  to 
determine  the  value  of  this  tensile  bending  stress  on  each 
side  of  the  rivet.  On  the  exterior  of  the  joint,  however, 
an  approximate  result  may  be  reached,  and  hence  the 
depth  h,  Fig.  2,  from  the  centre  of  the  outside  row  of  rivets 
to  the  edge  of  the  plate.     The  depth  of  the  beam  will  be 

taken  as  (A — ),  and  the  pressure  or  load  will  be  considered 

concentrated  at  the  middle  of  the  diameter  or  span.  If  t 
is  the  thickness  of  the  plate,  p  the  pitch  of  the  rivets,  and 
T  the  mean  intensity  of  tension  between  the  rivets,  the 
load  on  the  beam  will  be  {p--d)Tt,  and  the  moment  of 
inertia  of  the  cross-section  will  be 


<-0' 


12 


From  what  has  been  shown  in  the  chapter  on  bending 
the  modulus  of  rupture  in  the  present  case  may  be  safely 
taken  at  |r. 

In  Art.  22  the  moment  at  the  centre  and  end  of  a  span 
fixed  at  each  end  and  loaded  in  the  centre  was  shown  to  be 
equal  to  one  eighth  the  load  into  the  span. 

Hence,  by  the  usual  formulae, 

/.  h^o,'jiV(p-d)d  +  o,sd.     .     .     .     (11) 
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Reviewing  the  results  of  this  section,  it  may  be  con- 
cluded that  the  bending  of  the  plates  about  axes  parallel 
to  them,  or  normal  to  them  in  the  interior  of  the  joint,  and 
the  bending  of  the  rivets,  as  well  as  the  law  of  the  distri- 
bution of  pressure  against  them,  cannot  be  expressed  by 
fonnula  with  any  useful  degree  of  accuracy;  but  that  such 
influences  must  be  recognized  in  the  empirical  determi- 
nation of  the  shearing  and  tensile  resistances  of  the  joint 
and  the  mean  intensity  of  pressure  against  the  diametral 
plane  of  the  rivet. 

Effect  of  Patching, 
The  injurious  effect  of  punching  steel  plates  has  been 
fully  considered  on  pages  315  to  325,  and  the  results  there 
set  forth  should  be  carefully  remembered  in  connection 
with  riveted  joints. 

Art.  90. — Diameter  and  Pitch  of  Rivets  and  Overlap  of  Plate. 
Distance  between  Rows  of  Riveting. 

Diameter  of  Rivets. 
The  diameter  of  rivet  may  at  least  approximately  be 
expressed  in  terms  of  the  thickness  of  the  plate  which  it 
pierces.  There  are  various  arbitrary  or  conventional 
rules  based  upon  this  method  of  determining  the  rivet 
diameter.  If  the  unit  is  the  inch,  the  diameter  d  may  be 
expressed  as  ranging  between  the  two  following  values 
for  ordinary  thicknesses  of  plate : 

d--nt   +.375^  /  .  V 

rf  =  .875^  +  .37S^  f ^'^ 

in  which  t  is  the  thickness  of  the  plate.  Unwin  gives  the 
following  expression  for  the  diameter  of  somewhat  different 
form  from  that  which  precedes: 

d  =  i.2\/r (2) 
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Neither  of  the  preceding  expressions  can  be  applied 
for  all  thicknesses  of  plates.  If  the  thickness  is  great, 
those  expressions  make  the  diameter  of  the  rivet  too  large, 
the  diameter  rarely  exceeding  i  inch  even  for  the  heaviest 
plates.  The  application  of  eq.  (i)  to  different  thicknesses 
of  plates  will  give  the  following  diameters  of  rivets  ex- 
pressed by  the  nearest  tV  in. : 


t 

d 

}in. 

T»jin. 

f 

f 

i 

i 

f 

H 

i 

iiV 

i 

li 

I 

lA 

In  structural  work  for  ordinary  thicknesses  of  metal 
the  prevailing  diameters  of  rivets  are  J  in.  and  J  in.  For 
light  work,  such  as  sidewalk  railings  or  light  highway 
construction,  rivets  as  small  as  ^  in.  or  f  in.  in  diameter 
are  used.*  On  the  other  hand,  i-in.  rivets  are  occasionally 
employed  for  specially  heavy  sections. 

Pitch  of  Rivets. 

It  is  possible  to  determine  the  pitch  of  rivets  approxi- 
mately by  an  equation  expressing  equality  between  the 
tensile  resistance  of  the  net  section  between  two  adjacent 
rivets  and  the  shearing  or  bearing  capacity  of  a  single  rivet, 
but  it  is  scarcely  practicable  to  proceed  in  that  manner 
as  a  rule.  Again,  the  pitch  will  vary  to  some  extent  with 
the  number  of  lines  of  riveting  on  either  side  of  the  joint. 
In  single-riveting  the  pitch  must  be  less  than  in  double- 
or  other  multiple-riveting.  In  boiler  or  other  similar 
riveting,  also,  the  pitch  must  be  usually  less  than  in  struc- 
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tural  work,  as  questions  of  steam-  and  water-tightness  or 
other  similar  considerations  are  involved  in  the  former 
class  of  joints.  Finally,  the  pitch  will  also  obviously 
dcf)end  largely  upon  the  thickness  of  plates.  In  single- 
riveting  for  comparatively  thin  plates  the  following  rela- 
tion may  be  taken,  p  being  the  pitch  in  inches : 

p  =  1.75  in.  to  2.25  in (3) 

For  comparatively  thick  plates  in  single-riveting  the  follow- 
ing relation  may  hoi  1 : 

p- 2.375  in.  to  3  in (4) 

In  double-riveting,  p  and  /  still  being  the  pitch  and  thick- 
ness respectively,  the  following  relation  may  be  taken  for 
comparatively  thin  plates: 

/?  =  2.6875  in.  to  3.25  in (5) 

Again,  for  comparatively  thick  plates  in  double-riveting, 

/^  =  3-375  in.  to  3.75  in (6) 

The  values  given  by  eqs.  (3)  to  (6)  are  for  boiler  or 
other  similar  work. 

In  structural  work  the  pitch  of  rivets  is  seldom  less  than 
about  three  times  the  diameter  of  the  rivet,  and  it  is  fre- 
quently specified  not  to  exceed  sixteen  times  the  thickness 
of  the  thinnest  plate  pierced  by  the  rivet. 

Overlap  of  Plate. 

The  overlap  of  a  plate,  h  in  Fig.  2,  Art.  88,  in  a  riveted 
joint  is  the  distance  from  the  edge  of  the  plate  to  the  centre 
line  of  the  nearest  row  of  rivets.     This  distance,  like  other 
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elements  of  riveted  joints,  will  depend  somewhat  upon 
the  thickness  of  the  plate  as  well  as  the  diameter  of  rivet 
and  other  similar  considerations.  It  is  a  common  practice 
to  make  the  overlap  not  less  than  about  i.$d,  d  being  the 
•diameter  of  the  rivet.  Occasionally  in  riveted  joints  it 
is  made  a  little  less,  but  1,5  times  the  diameter  of  the  rivet 
is  about  as  small  as  the  overiap  should  be  made.  Some- 
times \  in.  is  added  to.  the  preceding  value  of  the  overlap. 

The  width  of  overlap  Qi)  may  also  be  determined  in 
terms  of  d  by  the  aid  of  eq.  (11)  of  Art.  89.  Since  the  load 
on  the  rivet  is  represented  by  (p  —  d)Tt,  p  must  be  taken 
in  terms  of  d  for  a  single-riveted  joint,  in  which  p  =  2^d  to 
2  id.  As  a  margin  of  safety,  and  as  it  will  at  the  same 
time  simplify  the  resulting  expression,  let  p^^sd, 

Eq.  (11)  of  Art.  89  then  gives,  in  confirmation  of  the 
preceding  rule, 

h^i.Sd (7) 

Experience  has  shown  that  this  rule  gives  ample  strength, 
?ind  is  about  right  for  calking,  in  boiler  joints. 

It  is  to  be  remembered  that  the  preceding  conventional 
rules  for  the  diameter  of  rivet,  pitch,  and  overlap  of  plate 
are  necessarily  to  a  large  extent  conventional  or  approxi- 
mate, and  in  special  cases  they  cannot  be  applied  with 
mathematical  exactness.  As  practical  rules,  however, 
they  are  sufficiently  close  to  give  good  general  ideas  of 
those  feattires  of  riveted  joints. 

Distance  between  Rows  of  Riveting. 

The  distance  bciiceen  the  rows  of  riveting  is  not  susceptible 
of  accurate  expression  by  formulae,  although  the  considera- 
tions involved  in  the  establishment  of  eq.  (11)  of  Art.  89 
would  lead  to  an  approximate  value.     It  is  evident,  how- 
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ever,  that  this  distance  should  never  be  as  small  as  h. 
Apparently,  in  more  than  double-riveted  joints,  this  dis- 
tance should  increase  as  the  centre  line  of  the  joint  is 
receded  from,  in  consequence  of  the  bending  action  of  the 
rivet.  There  are  other  reasons,  however,  besides  that  of 
inconvenience,  why  such  a  practice  is  not  advisable. 

In  chain  riveting  the  distance  between  the  centre  lines  of 
the  rows  of  rivets  may  be  taken  equal  to  the  pitch  in  a  single- 
riveted  joint,  or,  as  a  mean,  a/  2.5  the  diameter  of  a  rivet. 

In  zigzag  riveting  (Fig.  5)  this  distance  may  be  taken  at 
three  quarters  its  value  for  chain  riveting. 

Art.  91. — ^Lap-joints,  and  Butt-joints  with  Single  Butt-strap  for 

S  eel  Plates. 

A  butt-joint  with  single  butt-strap,  similar  to  that  shown 
in  Fig.  3,  Art.  88,  is  really  composed  of  two  lap-joints  in 
contact,  since  each  lialf  of  the  butt-strap  or  cover-plate 
with  its  underlying  main  plate  forms  a  lap-joint.  It  is 
unnecessary,  therefore,  to  give  it  separate  treatment. 

From  these  considerations  it  is  clear  that  the  thickness 
of  the  butt-strap  or  cover-plate  should  be  at  least  equal  to 
that  of  the  main  plate ;  it  is  usually  a  little  greater. 
Let  ^=  thickness  of  plates; 
d  =  diameter  of  rivets ; 
/?  =  pitch  of  rivets    (i.e.,    distance  between  centres 

in  the  same  row) ; 
r  =  mean  intensity  of  tension  in  net  section  of  plates 

between  rivets; 
T'  =  mean  intensity  of  tension  in  main  plates ; 
/  =  mean  intensity  of  pressure  on  diametral  plane 

of  nvet; 
5=  mean  intensity  of  shear  in  rivets; 
n  =  number  of  rivets  in  one  main  plate; 
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q  =  ntunber  of  rows  in  one  main  plate ; 

h  =  amount  of  extreme  lap  as  shown  in  Fig.  2,  Art.  77. 

If  all  the  dimensions  are  in  inches,  then  T,  7',  /,  and  5 
are  in  pounds  per  square  inch. 

The  starting-point  in  the  design  of  a  joint  is  the  thickness 
/  of  the  plate.  The  rivet  diameter  may  then  be  expressed 
in  terms  of  t,  and  the  pitch  in  terms  of  the  diameter.  Such 
rules,  like  those  given  in  Art.  89,  may  be  useful  within 
a  certain  range  of  application,  but  they  cannot  be  depended 
upon  in  all  cases. 

The  thickness  t  of  boiler-plate  depends  upon  the  internal 
pressure,  and  is  to  be  determined  in  accordance  with  the 
principles  laid  down  in  Art.  6,  after  having  made  allowance 
for  the  metal  punched  out  at  the  holes  to  find  the  net 
section. 

In  truss  work  the  thickness  depends  upon  the  amotmt 
of  stress  to  be  carried,  and  the  same  allowance  is  to  be 
made  for  rivet-holes  in  finding  the  net  section. 

The  relation  existing  between  T  and  T'  is  shown  by  the 
following  equations: 

or 

T     p-d  d 

T—T'^-P <^) 

In  order  that  the  joint  may  be  equally  strong  in  refer- 
ence to  all  methods  of  failure,  the  following-  series  of  equali- 
ties must  hold: 

-tpT  ~t{p^d)T^ nfdt  =  o. 78541^/^5. 

.-.  tpT  ==t(p-d)T  =^qfdt=^o.y&S4qd^S.      .     .     (2) 
It  is  probably  impossible  to  cause  these  equalities  to 
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exist  in  any  actual  joint,  but  none  of  the  intensities  7',  T, 
/,  or  5  should  exceed  a  safe  working  value. 

The  method  of  failure  by  tearing  through  the  gross 
section  of  the  main  plate  is  practically  impossible  under 
ordinary  circumstances,  and  it  is  neglected  in  designing 
riveted  joints.  This  neglect  is  expressed  by  dropping 
the  first  member  of  eq.  (2)  and  thus  reaching  eq.  (3) : 

t{p-d)T  =^qfdt^o,78s4qd'S (3) 

This  equation  shows  that  the  usual  design  of  a  riveted 
joint  must  provide  against  failure  in  three  principal  ways: 

1.  Tearing  through  the  net  section  of  the  plate. 

2.  Compression  of  tite  metal  where  the  rivets  bear  against 

the  plate. 

3.  Shearing  of  the  rivets. 

Although  these  are  the  three  principal  methods  of 
failure  of  riveted  joints,  whatever  may  be  their  type  or 
form,  the  proper  design  of  such  joints  should  be  so  per- 
formed as  to  afford  provision  also  against  the  secondary 
stresses  caused  by  rivet  bending,  bending  of  the  plates,  and 
other  indirect  influences  discusssd  in  preceding  articles. 
This  latter  end  is  attained  by  determining  the  empirical 
intensities  T,  /,  and  5  of  eq.  (3)  by  testing  to  failure  actual 
riveted  joints  in  which  those  secondary  stresses  exist.  In 
that  manner  the  design  against  the  three  principal  methods 
of  failure,  described  above,  will  also  afford  provision  against 
the  secondary  or  indirect  stresses  of  rivet  and  plate  bend- 
ing or  other  similar  conditions.  The  determination  of  the 
intensities  7,  /,  and  S  by  tests  of  actual  riveted  joints  will 
be  fully  shown  in  the  following  articles. 

Among  the  older  tests  of  steel-riveted  joints  are  those 
of  Sharp,   Martell,   Kirkaldy,  and  Greig  and  Eyth,  some 
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of  the  results  of  which* are  shown  in  Table  I.  Values  of 
the  shearing  stress  5  are  shown  for  a  considerable  variety 
of  joints  and  thicknesses  of  plate.  A  considerable  reduc- 
tion is  noticed  with  the  increase  in  plate  thickness,  due 
probably  to  increased  bending  and  size  of  rivet. 

Table  I. 
SHEARING  OF  STEEL  RIVETS. 


Joint. 


Mean  of 


Thickness 
of  Plate. 


5  in  Pounds 

per  Satiare 

Incn. 


Single-riveted 

Double-riveted  (chain). 
Treble-riveted        "      . 


(zigzag) 

ff  <( 

Quadruple-riveted  (zigzag). 


iin. 


I   " 


57,570 
53,690 
53,310 
50,650 
60,930 
56,220 
57,120 
53,540 
53,980 
43,560 
46,140 
43,010 


Four  experiments  by  Mr.Kirkaldy  on  .single-riveted  lap-joints,  during  1881 
^ve  5  varying  from  52,106  to  54,042  lbs.  per  square  inch. 


Those  and  other  tests  have  shown  that 
5  =  .7rto.8r;     .     . 


(3) 

the  larger  value  belonging   to  comparatively  thin  plates. 
As  a  mean  there  may  be  taken  for  steel  joints 

S  =  .1ST (4) 

It  will  be  found  hereafter  that  /  may  be  taken  at  least 
1.257.  If  these  values  be  substituted  in  the  third  and 
fourth  members  of  eq.  (3),  in  which  7  =  2,  there  will  result 

d  =  2/ (nearly) (5) 

This  value  of  d  is  too  large  for  thick  plates. 


I 
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The  rivet  pitch,  therefore,  for  steel  plates  may  be  said 
to  vary  from  2t  for  thin  plates  to  i,6t  for  thick  ones,  with 
a  maximum  diameter  of  i^  to  iiV  inches.  The  distance 
between  the  centre  lines  of  the  rows  of  rivets  may  be  taken 
at  2.5c/  to  3J  for  chain  riveting  and  three  fourths  of  that 
distance  for  zigzag  riveting. 

The  best  designed  sing.e-riveted  lap-joints  give  from 
55  to  64  per  cent,  the  strength  of  the  solid  plates. 

Well-designed  double-riveted  lap-joints  should  give  from 
^^5  to  75  P^r  cent,  the  res'stance  of  the  solid  plate. 

Equally  well-constructed  treble-  and  quadruple-riveted 
joints  should  have  an  efficiency  of  70  to  80  per  cent,  of  the 
solid  plate. 

It  is  therefore  seen  that  there  is  little  economy  in  more 
than  double-riveting  ordinary  joints. 

Art.  92. — Steel  Butt-joints  with  Double  Cover-plates. 

Butt-joints  with  double  butt-straps  or  covers  differ  in 
two  respects,  and  advantageously,  from  lap-joints  and  butt- 
joints  with  a  single  cover;  i.e.,  in  the  former  the  rivets  are 
in  double  shear  and  the  main  plates  are  subjected  to  no 
bending.  The  cover-plates,  however,  are  subjected  to 
greater  flexure  than  the  plates  of  a  lap-joint,  for  there  is 
no  opportunity  to  decrease  the  leverage  by  stretching.  As 
the  covers  form  only  a  small  portion  of  the  total  material, 
these,  with  economy,  may  be  made  sufficiently  thick  to 
resist  this  tendency  to  failure. 

Let  f  =  thickness  of  each  cover-plate ;  and  let  'the  re- 
maining notation  be  the  same  as  in  Art.  91.  The  intensity 
of  compression  between  the  walls  of  the  holes  in  the  cover- 
plates  and  the  rivets,  and  the  tension  in  the  former,  will 
be  ignored  on  account  of  the  excess  in  thickness  of  the  two 
cover-plates  combined  over  that  of  the  main  plate.     This 
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excess  in  thickness  is  required  on  account  of  the  bending 
in  the  covers  noticed  above. 

The  thickness  of  each  cover  should  be  from  ^  to  \  the  thick- 
ness of  the  main  plates,  or  /'  =.625  to  .875/. 

The  combined  thickness  of  the  covers  will  thus  be  from 
1.25  to  1.75  that  of  the  main  plates. 

The  four  principal  methods  of  rupture  in  the  main  plate 
will  then  lead  to  the  following  equations,  corresponding  to 
eq.  (2),  Art.  91: 

-/pr  =-t(p-d)7=n^  =  i.S7o8nd»5. ' 

.-.   ipr  ^t(p-d)T  ^qfdt  =  i.S7o8qd^S.       .     .     (i) 

As  in  Art.  91,  and  for  the  reasons  there  given,  the  first 
member  of  eq.  (i)  may  be  omitted,  thus  giving 

t(p-d)T=qfdt  =  i.syoSqd^S (2) 


Table  I  exhibits  the  results  of  some  of  the  older  tests 
of  steel-riveted  joints.  The  intensities  of  tension  and  com- 
pression, T  and  /,  existed  at  failure.  The  first  of  the  last 
set  of  results  in  the  table,  by  Mr.  Kirkaldy,  was  found  with 
zigzag  riveting  in  which  the  distance  beween  the  centre 
lines  of  the  rows  of  rivets  was  too  small. 

These  results  are  quite  irregular,  but  it  would  seem  to 
be  a  safe  deduction  to  take  /  =  1.257,  with  T  equal  to 
70,000  to  75,000  pounds  per  square  inch  for  thin  plates,  and 
55,000  to  60,000  for  thick  ones.  , 

With  this  value  of  /,  and  9  =  2,  the  first  and  second  / 
members  of  eq.  (2)  give  for  double-riveted  butt-joints  iHth  ' 
two  covers 

p-3'5d (3) 
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Table  I. 
DOUBLE-RIVETED  BUTT-JOINTS. 


Experimenter  or  Authority. 


Henry  Sharp 

Boyd. .'.'  [[[[['.'.'.[['.'.['.'.'.'...'.'.'.'..'.'.]'.'.'.'.'.'.'..'.'.'. 
Kirkaldy,  annealed  plates 

Greig  and  Eyth 

Parker '..'.'.'.....'.[.'.[[['...[.'..[........ 

Kirkaldy  ^i-inch  Siemens  steel  plates.     Mean  of  two 
"       %6-inch    Landore    "  "i^a"  rivets 


Holes  by 


Drill 
Punch 
Drill 


Punch 


Drill 


Bored 
Punch 
Bored 


Pounds  per  Square 
Inch  for 


06.160 
87.600 
55.100 
51.740 
64.200 
58.600 
55.aoo 
51.  a  JO 
64.3*0 
68,090 
75.400 
8a.450 
8J.180 
76,500 
78.9ao 
74.030 
70,540 
73.oao 
72.560 
79.3QO 
76.5*0 
67,670 
57.360 
4Q.370 
50,020 
69,140 
61.800 
66.aoo 
63.260 
63.560 
60.500 
67.540 
66.750 
67.960 


f. 


83.330 

75,170 

76.205 

71.680 

88.890 

80.130 

76,160 

70,800 

88,930 

O3.»6o 

101,000 

90.660 

100,5x0 

90.460 

92.380 

02.850 

88.500 

84.630 

83,080 

107,110 

119,780 

92,270 

71.440 

40. 1 00 

50.760 

107.410 

74.520 

119,000 

107,700 

104.100 

117.300 

08.6.)O 

108.000 

1 2 1 ,060 


If  the  same  value  of  /  be  preserved,  there  will  result  for 
single-riveted  butt-joints  with  two  covers 


P  =  2.5d. 


(4) 


If,  as  in  the  preceding  article,  there  be  taken  S  =  .757" 
and  /-=  1.257,  the  second  and  third  members  of  eq.  (2) 
give 

d  =  i,o6t (5) 

This  value  of  the  rivet  diameter  is  too  small  for  thin  plates, 
but  about  right  for  thick  plates. 
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Double-riveted  butt-joints  designed  in  accordance  with 
the  foregoing  deductions  shotdd  give  a  resistance  ranging 
from  65  to  75  per  cent,  of  that  of  the  solid  plate. 

Single-riveted  joints  will  give  an  efficiency  somewhat 
less;  perhaps  from  60  to  65  per  cent. 

It  is  to  be  supposed,  in  applying  the  rules  just  established, 
that  all  steel  plates  are  drilled  or  punched  and  reamed. 

As  in  the  preceding  cases,  the  distance  between  the 
centre  lines  of  the  rows  of  rivets  may  be  taken  at  2.5  to  3^ 
for  chain  riveting,  and  three  quarters  that  distance  for 
zigzag. 

Art.  93.— Tests  of  Full-size  Riveted  Joints, 

There  have  not  been  many  tests  of  full-size  riveted 
joints  of  either  iron  or  steel,  and  those  which  have  been 
made  seldom  include  such  heavy  steel  plates  as  are  now 
frequently  emp  oyed  both  in  boiler  work  and  for  structural 
purposes.  The  most  valuable  tests  avai'able  and  with  the 
greatest  range  in  size  of  r  vet  and  thickness  of  plate  are 
those  which  have  been  made  at  the  U.  S.  Arsenal,  Water- 
town,  Mass.  The  results  shown  in  Table  I  were  taken 
from  **  Senate  Ex.  Doc.  No.  1,47th  Congress,  2d  Session," 
while  those  in  Table  II  are  taken  from  "  Senate  Ex.  Doc. 
No.  5,  48th  Congress,  ist  Session."  The  results  shown  in 
Table  III  are  from  the  same  source  and  are  given  in  the 
•*U.  S.  Report  of  Tests  of  Metals  and  Other  Materials" 
for  1896.  The  character  of  plates,  rivets,  and  holes  is 
shown  in  the  tables,  and  the  intensities  of  tension  in  the 
net  sections  of  plates,  compression  or  bearing  on  diametral 
surface,  and  shearing  on  rivets  are  those  which  existed  at 
the  instant  of  failure.  The  bold-face  figures  show  the 
kind  of  failure,  and  when  such  figures  are  found,  for  the 
same  test,  in  two  or  three  columns,  they  show  that  the 
same  two  or  three  kinds  of  failure  took  place  simultauieously. 
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Table  I. 

RIVETED  JOINTS— IRON  AND  STEEL. 


No. 


Stxeof 
Rivet 
and 
Kind. 


Pitch  of 
Rivet. 


Maximum  Stresae^. 
Pounds  per  Square  Inch. 


Tension 

on  Net 

Area  of 

Plate  (T. 


Com' 
pression 
on  Dia- 
metral 

Surface  ] 
( ;)• 


Shearing 

on 

Rivets 


15 


35 

m,lt 

iron 

.\(> 

n2" 

'* 

M 

^^  W 

** 

•w;*' 

** 

40 

*1| 

'* 

41 

w. 

steel 

42 

K 

*' 

43 

vii 

" 

44 

T. 

•• 

4S 

^n' 

'iron 

46 

%•' 

f    •• 

!%•* 


Single-riveted 

48.280 
46.520 
88.580 
41.790 
52.160 
64.930 
49.420 
47.260 
46.890 
49.720 

4I.OV5 

87.600 


lap-joints; 

76.140 

82.910 
7J.a6o 
70.360 
65.420 
b8,H(>o 
87.670 
83.940 
78.220 
64.660 

66.77» 
60.88O 


^-inch  iron  plates. 

84.900 
88.640 
84.870 


88.660 

J3.4ao 
3S.3O0 
JO. 640 
40.610 
45.300 
48.420 
44.204 
42.088 


57.7 
61.4 
53.8 
57.  X 
60.6 
64.0 
65.9 
63.1 
60.. 1 
65. 5 
53.1 
48.3 


iVi«"  punched  holea. 

•  drilled       •• 

•  t.  •• 

punched     ** 


"/is" 


drilled 


Sinffle^rivcted  lap-joints;  ^-inch  steel  plates. 


4i6|K"  iron 

^^'  P;;  " , 

4j6|Jft"  Steel 
437:^"     " 
4j8|^    iron 
429H"    •• 
438^"  steel 

'^^-  " 

47  TW    " 

48,7,ie"   " 

40^"      " 
50IH"      " 


85  T46"  iron 


86 
617 
618 


%6" 


I'Ks' 


«" 


46.340 

83,480 

37.890 

53. a 

40.OIO 

81.780 

37.860 

52.8 

60.250 

107.260 

49.270 

69.2 

59.340 

106.290 

48.750 

68.0 

40.950 

77.«70 

86.360 

48.2 

4a. 370 

80.200 

86.710 

49.6 

68.190 

I20,I<)0 

56.100 

74.3 

61.310 

I  16,000 

52,460 

71.8 

66860 

90,000 

41.700 

68.8 

70.000 

94.330 

43.750 

72.0 

62.496 

1 0 1 , 1  .Ho 

66.220 

69.0 

58.338 

94.8<.o 

60.382 

64.8 

60.184 

114. ''O^ 

62.742 

70.6 

57.439 

109.650 

60.646 

67. 6l 

m«"  punched 

•• 

•« 

drilled 


'Ms" 


holes. 


Double-rivctcd  lap-joints; 


38,53  s 
41.750 
60.692 
49.960 


64.120 
69.710 
42.118 
4i.6te 


H-inch  plates. 

H"   drilled 


48.110 
41.760 
28,691 
a8.66o 


60.3 

6s. A 

65.8 

I  6s. 3 


4U 

%" 

iron 

433 

^" 

(i 

434 

*»" 

** 

41S 

%" 

•• 

87 

T?s" 

Steel 

88 

%s" 

Dmible^ri^^eted  lap-joinbi:  M-inch  steel  plates. 


K 


61.510 

S4.640 

25,400 

70.4 

60.300 

S^,7'  I 

25,530 

69.4 

65.400 

64,600 

30,430 

74.9 

64.600 

63.430 

30.430 

74.3 

56,044 

94.910 

57.910 

76.3 

59.180 

08,360 

61.130 

79. 5 

fM"^  m^^- 


Double-welt  butt-joints;   M-inch  Iron  plates. 

58.475    I    67.32'  !    16,044    (62. 2  (iMs"  punched 


50.959   I    64. mS 


16,044 
16.710 
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- 

Maximum  Stresses, 

** 

Pounds  per  Square  Inch. 

c 

■s 

1— V  • 

Size  of 

^  u 

No. 

Rivet 
and 

Pitch  of 
Rivet. 

Tension 

Com- 
pression 

Shearing 

Remarks. 

Kind. 

on  Net 

on  Dia- 

on 

C  0 

Area  of 

metral 

Rivets 

•z^ 

Plate  (r) 

Surface 

(5). 

Single-riveted  lap-joints;  H-i^ch  iron  plates. 

62  i%e"iron 

2      ins. 

37.460 

60.840 

88.280 

49.0 

^,"  punched  holes. 

63 

**       " 

86.180 

68.160 

35. 520 

47.2 

.4 

64 

it       11 

38.190 

60,730 

87.580 

49-7 

"      driUed       " 

6s 

•«       11 

36,210 

57.530 

86.060 

47.1 

It          «t           It 

()() 

**       " 

2^6  " 

41.750 

54.130 

34.230 

50.0 

"   punched  holes. 

^1 

•>       «( 

41.290 

•  53,400 

34,150 

49.3 

tt 

720 

i"        " 

61.700 

52.970 

26.180 

60.4 

I  Me"    'I 

721 

i"        ** 

2H6  •• 

58.610 

50,220 

24.830 

57.1 

Single-riveted  lap-joints;    96-inch  steel  plates. 

51  iH«"iron 

a     ins. 

39.920 

63.210 

80.740 

45-4 

9i"     punched  holes. 

52 

.4                   tt 

2       " 

37.700 

60,760 

88.190 

43.6 

**              "            " 

SJ 

••   Steel 

55. 215 

89,680 

66.430 

64.1 

tt             tt            •« 

54 

"       '* 

S4.740 

88.660 

65.460 

63.5 

"             *'            '* 

5  5 

•  (               M 

:^:: 

68.650 

80.930 

60.650 

66.7 

drilled       " 

S^i 

•  «               •< 

68.076 

81,600 

60.900 

67.2 

tt              tt          i« 

258 

v    •• 

65.460 

80.490 

63.560 

70.9 

!%•"  punched     " 

2^9 

I  "iron 

65.210 

88.990 

63.600 

70.6 

"           "           ** 

7t8 

'•He" 

73.804 

79.510 

86.614 

71.4 

'j(^«"  ;;     « 

719 

i"    •' 

2%e  •• 

78.070 

80,200    t   36.590    1  72.0 

Double-riveted  lap-joints;  96-inch  iron  plates. 

h^ 

*He"iron 

2     ins. 

48.460 

39.160 

24.760 

63.5 

9^"  punched  holes. 

fto 

'*       " 

2       '* 

50.780 

41,070 

26,150 

66.4 

It 

58 

*•       " 

2       " 

50.220 

40,640 

25.330 

65.7 

"          '*           ** 

70 

"       " 

a       " 

46.256 

41.480 

27.550 

60.5 

(1                     M 

7> 

tt       It 

2       " 

46.110 

41,270 

27,010 

60.4 

«<                     «t 

81 

"       *' 

3Vi    •• 

30,020 

58,700 

89.180 

50.4 

"     drilled      *• 

8a 

"    334    "              1   30,130   1    57,340   1   88.410    1  49.x  I 

Double-riveted  lap-joints;  96-»nch  steel  plates. 

57 

»yi«"iron 

2     ins. 

62.800 

50,760 

3  2.3  TO 

73.2 

^"  punched  holes. 

50 

2       " 

64.720 

52.4^0 

32.030 

75.2 

Oo 

" 

2        " 

68.210 

56,860 

34.710 

73.2 

It          « 

'n 

tt       tt 

2        *' 

54.930 

49.5.?o 

30,8^0 

6^.8 

It          It            • 

83 

"    steel 

-m    " 

44,660 

84.460 

52.750 

64.4 

"      drilled       " 

84      "       ••    13^    ■•                1    43/'So    1    83.000    1    61.845 

63.0      " 

Reinforced  riveted  lap-joints;  96-inch  iron  plates.     (See  figure  next  page.) 

244 

%"  iron 

\  2  ins.  joint 
»  4    "    welt 

38.870 

59,080 

40.860 

67.6 

iMe"  drilled  hole,  96"  welt. 

245 

%"    •• 

i:: ::  ;: 

48.770 

56.640 

34.460 

74.0 

^a"      

3q6 

m"  " 

{::::  :: 

44.840 

57.910 

33,890 

75. 7 

«<                    ««                    t<          Wf#           «• 

2Q7 

H"    " 

|::::  :: 

42.680 

55.350 

31.810 

71.9! 
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Reinforced  riveted  joinU;    H-in«i»  »t«cl  platen.     (See  alnive  figure.) 


»46 
«47 
398 
399 


940 
941 
39  a 

993 

3*8 


943 

M3 
994 
995 


Ji".teel|]ji^i-1i} 


W'iton 

f^"iron 
steel 


^i"  iron 


{••::   ::} 


62*060 

67.3ao 

3a.96o 

89.0 

62JI0 

68.135 

33ypoo 

90.1 

6i,oao 

67J00 

84.250 

87.8 

61,710 

61.040 

84.760 

88.9 

i%«"  drilled  hotel. 


Single-riveted  lap-joints;  H-inch  iron  platet. 


81.100 

41.S00 

34.a8o 

39.8 

81.895 

4I.9S5 

34.960 

39.7 

32,376 

47.850 

88.020 

4a. 9 

33.»8o 

48.890 

89.220 

44-3 

39.900 

58.880 

47.020 

sa.a 

40.500 

50.900 

47.830 

54. » 

i^a"pancbed  hotel, 
drilted      " 


Single-riveted  lap-joints;   ^-inch  steel  plates. 


38.ao4 

50.940 

41.100 

38. a 

35.915 

47.800 

88.686 

35-9 

60.210 

56,080 

86.770 

51. a 

49.590 

47.060 

30.540 

4a.  a 

t^«"  punched  hotel. 


Double-riveted  lap-joinU;  ^-inch  iron  plates. 

I  44.820   I   59.640   I  a5.a8o   |  57- o  |i%e"  punched hrfBfc. 

I   42.920   I    57.950    I  a4.56o   l55-3j 

Double-riveted  lap-joints;  H-inch  steel  plates. 

I  64.602   I   29.354  I  »9.67o  I  53. 8(1/;  punched hohfc 

I    64.519    I    29.371    I  I9.<>44   I  53-81 

Single-riveted  lap-joints;  ^-inch  iron  plates. 

I  84.680  I  47,510   I  35.460  |44.9|iM6"panchedholBfc. 

I   84.280   1    4<>.790   I  34.930    I  42.0 1 

Double-riveted  lap-joints;  H-»nch  iron  plates, 

iron     bWins.  I  48.680  I   29.740  I  aa.960  I  56.3  |i^«" punched hoJBi. 

*•        {2%    ••  I   45.850    I    31.310    I  a3.670   |  59-31 

Single-riveted  lap-joints;  ^-inch  steel  plates. 

734h"8teel  (25^  ins.  |  49.650  |  56.760  |  48.490  |  50.5  |i^s''|wiidiedhdhfc 


3a9^"iron   fains. 
635i%"       "   1»    " 


6io|^'^e"iron|2  ins. 
6ao|i%«"    •'   I2    •• 


7^o(T"iron     |7«<Jins. 

73. Ii"  ••    U%  " 


7321 
73311 


735I1" 


!:;!' 


52,770  I   60,150   I   46.080   iS3'6| 
Double-riveted  lap-joints;   W->nch  steel  ptetei. 


7,6Ii"stecl    latins.  I   69.680   I   30,780   I   .^0.470   I  70.9 U^s^pmidiedholefc 

7^711"     "       I2H    "  I   67.100   I    vS.:<oo   '    30. uo   I  68.3 1      
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Table  II. 
RIVETED  JOINTS—IRON  AND  STEEL. 


Maximum  Stresses, 
Poimds  per  Square  Inch. 

1. 

Thick- 
ness of 
Plate 

Diameter 

No. 

and 
Kind  of 
Rivet. 

Pitch  of 
Rivet. 

Tension 
on  Net 

Com- 
pression 
on  Dia- 

Shearing 
on 

Remarks. 

Area  of 

metral 

RiveU 

.^tu 

Plate  (D 

Surface 
(f). 

(S). 

S 

Single-riveted  iron  lap-joints. 

I 

^'^^ 

iHs"  iron 

xjj^ins. 

39.800 

50.850 

33,7x0 

47.0 

n;'.;' 

punched  holes. 

3 

"        " 

41.000 

53.050 

35,x7o 

49.0 

'*           *' 

i 

W'-- 

K'    :; 

2       " 

85.650 

47.3SO 

37,300 

45.6 

»%s" 

"           •• 

4 

.. 

85.160 

46,690 

36,780 

44.9 

••           •• 

Single-riveted  iron  butt-joints. 

5 

9$"irpn 

iMs"  iron 

3     ins. 

46.860 

72.3QO 

25,380 

59-9 

^' 

punched  holes. 

6 

**        '* 

X                    « 

46.876 

73.050 

a5,45o 
24,630 

60.  s 

*•           " 

I 

^r 

r    :: 

it        •< 

46.400 

6x,940 

59.4 

i%e" 

••           «« 

•  •          «• 

46.140 

61,740 

24.3x0 

59'2 

** 

**           •' 

9 

«." 

i"       *' 

*?^ :: 

44.260 
42.350 

60,330 

23,010 

57.2 

xMs" 

••■          •* 

ID 

•1         >i 

58.080 

22,3x0 
21,870 

54-9 

••           •• 

IX 

7.      .. 

'¥'  :: 

2.0  '* 

42.810 

57,000 

52.1 

x%s' 

r           ta                  •! 

la 

•     •*    \  41,920 

56,540   1    22.140 

5X.7 

•  •                •• 

Single-riveted  steel  lap-joiiits. 

13 

9^;' steel 

H'/    }^ 

ijfeC  ills. 

61.270 

65,760 

404190 

59.5 

i%s" 

punched  holes. 

14 

60,830 

65,3ao 

89.900 

59.  X 

«i           «. 

IS 

W'  " 

i%6"  iron 

a        " 

47.580 

44.590 

29.890 

40.2 

\" 

«•           ft 

16 

49.840 

46,960 

31.070 

42.3 

•*           «• 

Single-riveted  steel  butt-jointi 

1. 

17 

fi"'»!*' 

iMe"  iron 

a     ins. 

62.770 

97.940 

3X.240 

7X.7 

K 

punched  holes. 

x8 

i%a"    •• 

"        " 

61.210 

95.210 

3X,020 

69.8 

** 

• 

XQ 

!^;'  :: 

"     steel 

"        *• 

68.920 

6a,aao 

20,370 

57.x 

" 

*• 

« 

90 

**        ** 

•1        »• 

66.710 

59.580 

19,890 

55.0 

*' 

* 

21 

T  :: 

i" 

^?^ :; 

62.180 

71.450 

27.750 

63.4 

iMa" 

* 

22 

"          " 

62.690 

71.980 

27,940 

63.8 

** 

* 

93 

»$."  :: 

»^"  ;; 

»«  '• 

54.650 

55.619 

23,190 

54. 0 

x%a" 

• 

24 

54.200 

55.840 

22,8x0 

53-4 

'* 

It  is  important  to  notice  that  in  general  the  highest  ulti- 
mate resistances  of  tension  and  compression  or  bearing  are 
found  with  the  thin  plates,  and  that  those  quantities 
diminish  appreciably  as  the  thickness  of  plate  increases, 
both  for  iron  and  steel.  This  law  is  not  so  well  defined  in 
reference  to  the  diameter  of  rivet,  if  indeed  these  tests  shoiv 
it  at  all,  except  for  steel. 
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The  length  of  these  test  joints  varied  from  9.75  to  13 
inches  for  Tables  I  and  II,  and  from  10  to  27  inches  for 
Table  III. 

Although  the  results  of  these  tables  are  somewhat 
irregular,  they  confirm  the  general  acciu-acy  of  the  relations 
established  between  the  values  of  T,  /,  and  5  in  the  pre- 
ceding articles,  as  well  as  other  general  rules  and  conclu- 
sions for  boiler  work. 

Some  efficiencies  are  lower  than  those  given  for  similar 
joints  in  Art.  94,  but  such  instances  can,  by  the  aid  of  the 
tables,  be  traced  either  to  indifferent  design  or  a  phenome- 
nally low  value  of  some  one  of  the  three  resistances.  In 
general  the  results  compare  well  with  those  given  in  that 
article. 

The  pitches  of  rivets  are  seen  to  be  adapted  to  boiler 
work,  being  much  less  than  are  ordinarily  used  in  bridge 
work;  yet  the  corresponding  resistances  show  what  may 
legitimately  be  done  and  expected  when  unusual  condi- 
tions demand  a  departure  from  ordinary  rules. 

Before  deducing  working  intensities  for  bridge  con- 
struction from  the  preceding  results  it  is  to  be  first  ex- 
plained that  those  results  are  as  given  in  the  government 
reports,  and  that  the  net  section  used  is  the  gross  section 
of  the  plate,  less  the  actual  metal  removed  by  the  pvinch  or 
drill,  with  no  allowance  for  deterioration  by  the  former  in  the 
immediate  vicinity  of  the  hole.  Again,  in  Tables  I  and  IT 
the  diametral  bearing  surface  and  the  shearing  area  of  the 
rivet  are  taken  to  be  those  of  the  drill,  or  a  mean  between 
the  punch  and  die  in  case  of  punched  holes.  In  bridge 
work,  in  determining  the  net  section,  metal  is  deducted 
for  a  diameter  equal  to  that  of  the  cold  rivet  before  driving 
plus  one  eighth  of  an  inch ;  and  the  shearing  and  bearing 
are  computed  for  the  section  and  diameter  of  the  cold  rivet 
before  driving. 
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Table  III. 
TESTS  OF  STEEL-RIVETED  JOINTS;  J-INCH  PLATES. 


Square  Inch. 

Rivet. 

Efficiency 

of  Joint,             Ren 

Joint. 

oarks. 

Tension  on 

Compres- 

Shearing 

Percent. 

Net  Area 

sion  on 

on 

of  Plate 

Diametral 

Riveu 

(T). 

Surface  (t). 

(5). 

A 

i"  steel 

38,040 

57.960 

41.760 

47.1       ir'dri 

57                   '' 

lied  holes. 

B 

"      ** 

39,450 

81.680 

35.560 

•                        4, 

C 

•t      •• 

62.200 

59.950 

23,480 

83. 5 

•                        II 

" 

"      " 

56410 

77.900 

29.640 

80.3 

*                        •• 

•' 

"      " 

63.000 

88,510 

ao,930 

85. S 

•                        •• 

" 

(t      «i 

69.380 

78.900 

29.410 

85.3 

1                        «i 

•'  * 

'*      •* 

55,050 

71.890 

99.850 

79.4        •; 

«                        11 

H 

t<      •» 

5 1. 340 

76.560 

36.030 

78 

1                       •• 

** 

(I                «4 

62.160 

50,170 

20.790 

78.6 

14                    44 

** 

«(                tl 

62.390 

54.660 

ai,S3o 

S4.7 

l«                    •• 

*' 

**                •' 

68.660 

51,350 

30,630 

II                    •• 

66.080 

67.490 

a7.030 

8a. s 

»'                 44 

•  Joint  not  fractured. 

A.  Double-riveted  lap-joint;  ^-inch  plate. 

B.  Double-riveted  butt-joint,  two  splice-plates;  i-in.  plate. 

C.  Treble-riveted  '*  "  " 

H.  Quadruple-riveted  butt-joint,  two  spHce-plates;  )-in.  plate. 
The  pitch  of  the  outside  rows  of  rivets  in  joints  B,  C,  and  H  was  double  that  of  ths 
adjoining  rows.     In  the  same  joints  one  spHce-plate  was  narrower  than  the  other,  so  that 
H  took  one  less  row  of  rivets  on  either  side  of  the  joint  than  the  other. 

With  these  explanations  in  view,  the  preceding  tests 
justify  the  following  working  stresses  for  the  plate-girder 
floor-beams  and  stringers  of  railway  bridges  with  machine- 
driven  rivets. 

(    7,500  'bs.  per  sq.  in.  for  iron. 
Rwetsheanng \^^^^^   .     .    .     .    .    ^^^^j 

14,000  lbs.  per  sq.  in.  for  iron. 
"    "     "    "    steel. 

-    _       (    8,000  lbs.  per  sq.  in.  for  iron. 
Tension  tnfiet  section  of  plate -^  ^^^^^   ..     u     a    «    u    ^^^ 

The  bearing  resistances  are  taken  rather  low,  especially 
for  steel,  for  the  reason  that  thick  plates  are  frequently 
vised  in   bridge   construction,    and   the   ultimate   bearing 


Rivet 


( 14,000 
*^^^^^« li8,ooo 
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resistance  for  them  is  appreciably  less  than  for  the  thin 
plates  used  in  most  of  the  preceding  tests. 

The  preceding  working  stresses  are  based  on  steel  for 
rivets  giving  from  56,000  to  64,000  pounds  per  square  inch 
tensile  resistance,  while  the  steel  for  plates,  in  test  speci- 
mens, should  offer  from  58,000  to  66,000  potmds  per  square 
inch  ultimate  tensile  resistance. 

In  the  government  report  from  which  Table  I  is  ab- 
stracted, can  be  found  a  large  number  of  tests  made  for 
the  purpose  of  determining  the  proper  minimvmi  distance 
from  the  centres  of  rivet-holes  to  the  edge  of  plates.  As 
a  result  of  those  tests  and  other  experience  on  the  same 
subject,  it  may  be  stated  that  the  least  distance  from  the 
centre  of  a  rivet-hole  to  the  edge  of  a  plate  may  be  taken 
at  one  and  one  half  the  diameter  of  the  hole  for  steel  and 
one  and  five  eighths  the  diameter  of  the  hole  for  iron,  in 
cases  where  it  is  important  to  secxire  the  maximxim  resist- 
ance of  the  joint. 

Art.  94. — Efficiencies. 

The  values  of  the  quantity  which  has  been  temied  the 
*  efficiency  "  of  the  joint,  i.e.,  the  ratio  of  the  resistance  of  a 
given  width  of  joint  over  that  of  an  equal  width  of  solid 
plate,  in  the  preceding  investigations,  are  those  actually 
determined  by  experiments  with  the  joints  themselves. 
They  may,  therefore,  be  relied  upon.  Some  values  which 
have  for  many  years  been  considered  as  standard,  but 
which  in  reality  are  of  a  somewhat  arbitrary  nature,  and 
at  best  belonging  to  a  limited  class  of  joints,  have  been 
disregarded. 

Table  I  gives  the  results  of  Mr.  Kirkaldy's  experiments 
in  reference  to  the  comparative  resistance  of  chain  and 
zigzag  riveting.  The  difference  is  not  great,  but  what 
there  is  is  in  favor  of  the  chain  riveting. 
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Table  I. 

BUTT-JOINTS  WITH  TWO  COVERS--1877. 


No.  of 
Tests. 

Plate 
Thickness. 

Rivet 
Diameter. 

Pitch  of 
Rivets. 

Holes. 

Riveting. 

Efficiency. 

2 

i'«  in. 

|in. 

2\\VL. 

Punched 

Chain 

0.672 

2 

iVin. 

tin. 

3    in. 

Punched 

Zigzag 

0.669 

2 

iin. 

Jin. 

2j  in. 

Drilled 

Chain 

0.662 

2 

Jitu 

Jin. 

3    in. 

DriUed 

Zigzag 

0.633 

Table  II. 

KIRKALDY'S  TESTS— 1872. 


Joint. 


Lap 

Lap 

Lap 

Lap 

Butt,  I  cover. . 
Butt,  I  cover. , 
Butt,  I  cover. . 
Butt,  I  cover. . 
Butt,  2  covers. 
Butt,  2  covers. 
Butt.  2  covers. 
Butt,  2  covers. 


Riveting. 


Single 

Single 

Double 

Double 

Single 

Single 

Double 

Double 

Single 

Single 

Double 

Double 


Holes. 


Rivet 

Diameter  in 
Terms  of  /. 


Punched 

Drilled 

Punched 

Drilled 

Punched 

Drilled 

Punched 

Drilled 

Punched 

Drilled 

Punched 

Drilled 


d  =  2l 
d  =  2/ 
d  =  2< 
d^2t 
d^2t 
d^2t 
d^2t 
d^2i 

d^iit 
d^iit 


Pitch  in 
Terms  of  d. 


P-3d 
P'Ad 
P-Ahd 
P-4d 

P-id 

p-2\d 

P-A\d 

P~4d 

P~3id 

P-3d 

P-h\d 

P-A\d 


Efficiency. 


0.55 
0.62 
0.69 
0.75 
0.55 
0.62 
0.69 
0.75 
0.57 
0.67 
0.72 
0.79 


Table  II  gives  the  results  of  the  same  experimenter  on 
the  relative  value  of  punched  and  drilled  work. 

The  drilled  work  is  seen  to  give  decidedly  the  greatest 
efficiency  in  every  case. 

The  joints  to  which  Tables  I  and  II  belong  were  of 
wrought  iron. 

Experiments  by  Mr.  Kirkaldy  during  1881  show  that 
well-designed  double-riveted  steel  butt-joints  with  two 
covers  may  be  expected  to  give  efficiencies  varying  from 
0.65  to  0.75, 
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The  tests  of  full-size  wrought-iron  and  steel-riveted 
joints  exhibited  in  Art.  93  show,  as  a  rule,  that  thin  plates 
give  materially  higher  efficiencies  than  thick  plates.  Al- 
though there  are  irregularities,  single-riveted  lap-joints  may 
yield  efficiencies  running  from  50  to  74  per  cent,  for  }-inch 
plates,  but  dropping  to  50  to  54  per  cent,  for  f-inch  plates 
and  materially  .ower  for  ^-inch  plates.  On  the  whole, 
the  double-riveted  lap-joints  show  somewhat  higher  effi- 
ciencies than  the  single-riveted,  but  not  quite  the  same 
relative  differences  between  }-inch  and  f-inch  plates,  the 
values  being  fotmd  more  generally  between  about  60  and 
80  per  cent. 

The  single-riveted  butt-joints  of  Table  II,  Art.  93, 
give  efficiencies  ranging  from  about  52  to  72  per  cent. 

Some  unusually  high  efficiencies  are  fotmd  in  Table  III 
of  the  same  article  for  butt-joints,  i.e.,  about  78  to  90  per 
cent.  Those  high  values  are  due  to  the  special  design  of 
the  joints,  and  they  cannot  ordinarily  be  attained  in  prac- 
tice, but  they  show  that  well-considered  designs  will  yield 
greatly  increased  efficiencies. 

In  general,  efficiencies  running  from  65  to  70  per  cent, 
may  be  considered  excellent  for  the  usual  conditions  of 
practice. 

Art.  95. — ^Rivctcd-truss  Joints. 

The  circumstances  in  which  riveted  joints  are  used  in 
truss  work  render  permissible  many  special  forms  which 
can  find  no  place  in  boiler-riveting.  If  joints  are  found 
under  the  same  circumstances,  as  far  as  the  transference 
of  stress  is  concerned,  precisely  the  same  forms  would  be 
used,  except  that  calking  is,  of  course,  only  required  in 
boiler  work. 

Fig.  I  shows  a  common  form  of  chord  construction  in 
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riveted-truss    work,   with    the    relative    proportions    ex- 
aggerated. 


-/:2l 


o^Wj^n^^n^^o"-  ^o^^n^(^ 
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Fig.  I. 

The  lower  portion  of  the  figure  shows 
a  section  of  the  chord  in  which  the  cover- 
or  splice-plate  is  shaded.  The  joint  is 
supposed  to  be  in  tension. 

In  this  form  of  joint  the  splice-plate 
material  is  reduced  to  a  minimum.  These 
are,  in  reality,  two  lap-joints  CD  and  DE 
with  the  two  plates  C  and  £  to  be  spliced. 
In  each  lap-joint  there  should  be  sufficient 
rivets  determined  by  the  methods  of  Art.  91.  The  splice- 
plate  AB  should  be  long  enough  to  give  the  requisite  plate 
AC  to  the  left  of  C,  with  the  same  length  from  5  to  a  point 
vertically  over  E. 

In  most  cases  one  or  two  plates  only  shotdd  be  spliced 
at  the  same  point. 

The  joint  in  the  vertical  plate  should  be  formed  as  at 
FG\  i.e.,  it  should  be  a  double-cover  butt-joint.  The 
principles  already  established  in  a  preceding  section,  in 
regard  to  the  thickness  of  covers  and  diameter  of  rivets, 
should  be  observed  here. 

The  two  or  more  full  rows  of  rivets  on  either  side  of  the 
joint  may  as  well  be  chain-riveted  with  a  pitch  of  3  J  to  4 
diameters.     Other  rivets  should  then  be  staggered  in  tmtil 
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the  group  of  rivet  centres  on  each  side  is  brought  to  a  point, 
as  shown  in  the  upper  part  of  Fig.  i.  In  this  manner  the 
available  section  of  a  width  of  plate  equal  to  that  of  the 
cover  becomes  approximately  equal  to  the  total,  less  the 
material  from  one  rivet-hole.  Hence  the  efficiency  of  the 
joint  becomes  correspondingly  increased. 

If  the  joint  is  in  compression  the  preceding  observa- 
tions hold  without  change,  except  that  all  covers  should 
have  the  same  thickness  as  the  plates  covered. 

Even  if  the  joints  C\  Dy  E,  and  //  are  of  planed  edges, 
.  little  or  no  reliance  should  be  placed  upon  their  bearing  on 
each  other,  since  the  operation  of  riveting  will  draw  them 
apart  more  or  less,  however  well  the  work  may  be  done. 
Melted  zinc  or,  in  the  case  of  very  wide  chords,  four  longi- 
tudinal rows  of  rivets  should  be  used  in  such  joints  as  are 
exemplified  by  Fig.  i. 

Unless  great  caution  is  observed  and  excellence  of  design 
secured,  there  will  frequently  be  excessive  bending  in  the 
riveted  joints  of  truss  work,  on  accotmt  of  the  great  variety 
of  connections  required. 

Diagofial  Joints. 

It  has  been  proposed  to  form  riveted  joints  the  edges 
of  whose  plates  are  neither  perpendicular  nor  parallel  to 
the  stress  transferred.  In  this  manner  a  greater  number 
of  rivets  and  a  greater  section  of  metal  will  resist  the  stress 
exerted  in  the  body  of  the  plate. 

Mr.  Kirkaldy  made  some  tests  on  such  lap-joints,  single- 
riveted,  with  2 -inch  plates,  the  joints  of  which  lay  at  45' 
with  the  applied  force,  with  the  following  results: 

Entire  plate 100 

Square  joint 59-4 

Diagonal  joint 87.2 


o 
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The  diagonal  joints  are  thus  seen  to  give  by  far  the  best 
restalts.     They  are,  however,  much  the  most  expensive  also. 

Riveted  Joints  in  Angles. 

It  has  been  found  by  tests  of  full-size  angles  that  if  a 
riveted  joint  be  fornied  by  riveting  one  leg  only,  the  idti- 
mate  tensile  resistance  per  square  inch  of  the  net  angle 
section  may  be  but  75  per  cent,  of  the  idtimate  tensile 
resistance  of  test  specimens  cut  from  the  same  angle.  On 
the  other  hand,  if  both  legs  are  riveted  the  ultimate  tensile 
resistance  per  square  inch  of  the  net  section  may  easily 
be  90  per  cent,  of  the  idtimate  resistance  of  test  specimens 
cut  from  the  same  angle.  These  results  show  that  both 
legs  of  angles  should  always  be  riveted  at  joints. 

Friction  of  Riveted  Joints. 

There  are  not  lacking  experiments  to  show  that  the 
friction  between  the  plates  of  a  riveted  joint  is  very  great. 
This,  however,  cannot  be  relied  upon  to  give  additional 
resistance  to  the  joint,  since  a  sensible  relative  movement 
of  the  plates  takes  place  in  advance  of  its  greatest  resistance 
and  essentially  destroys  the  friction. 

The  experiments  of  Edwin  Clarke,  Harkort  and  Lavelley 
show  that  this  friction  may  range  from  8330  to  22,400  lbs. 
per  square  inch  of  rivet  section. 

The  specimens  were  prepared  with  one  slotted  plate, 
so  that  friction  was  the  only  resistance  to  the  parting  of 
the  plates. 

Hand  and  Machine  Riveting. 

Pneumatic,  steam,  and  hydraulic  riveting-machines 
have  been  brought  to  such  a  degree  of  perfection  that 
machine  work  is  now  always  preferred  to  hand  riveting. 
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The  resistances  of  joints  will  vary  to  some  extent  w-ith 
the  method  of  riveting.  Usually,  however,  the  variation 
will  not  be*  greater  than  may  be  fotmd  for  the  same  kind 
of  riveting  in  different  places  and  xmder  different  circum« 
stances. 

As  a  rule,  machine  riveting  is  much  more  reliable  than 
hand,  in  that  the  hole  is  better  filled  and  the  rivet  more 
quickly  headed,  in  consequence  of  the  great  excess  of  pres- 
sure exerted.  There  is  thus  much  less  liability  of  loose 
rivets. 

Most  of  the  preceding  experimental  results  were  ob- 
tained from  machine  work. 

Art.  96.— Welded  Joints. 

At  the  present  time  the  process  of  welding  can,  with 
proper  care  and  material,  be  made  to  give  excellent  results. 

Scarf -welds  give  much  better  results  than  lap-welds,  on 
account  of  the  bending  to  which  the  latter  are  subjected. 

Mr.  Kirtley  (Institute  of  Mechanical  Engineers  of  Great 
Britain)  made  some  experiments  with  small  strips,  7.5 
inches  long  and  j\  inch  thick,  cut  across  welded  joints. 
These  strips  were  taken  out  of  boilers  whose  longitudinal 
joints  had  been  welded.  Twenty-three  experiments  with 
strips  varying  from  one  to  one  and  a  half  inches  wide  gave 
the  following  results  per  square  inch  of  plate  section: 

Welded,  Solid  Plate. 

Greatest 53i3io  lbs.  57,790  lbs. 

Mean 46,140   '*  52,860   " 

Least 36,960    "  46,370    " 

The  preceding  results  are  for  wrought  iron.  The  ordi- 
nary welding  processes  cannot  be  applied  satisfactorily 
to  structural  steel.  Welding  may,  however,  be  success- 
fully done  in  steel  by  electric  processes,  but  tmder  such 
special  conditions  as  usually  not  to  be  available  for 
structural  purposes. 
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Art.  97. — Pin  Connections. 

A  pin  connection  consists  of  two  sets  of  eye-bars  or  links, 
through  the  heads  at  one  end  of  each  of  which  a  single  pin 
passes.  Fig.  i  shows  a  pin  connection;  A,  A,  B,  B,  are 
eye-bars  or  links,  and  P  is  the  pin. 


Fig.  I. 


The  head  of  the  eye-bar  (one  is  shown  in  elevation  in 
Fig.  2)  requires  the  greatest  care  in  its  formation.  It  is 
imperfect  tmless  it  be  so  proportioned  that  when  the  eye-bar 
is  tested  to  failure,  fracture  will  be  as  likely  to  take  place 
in  the  body  of  the  bar  as  in  the  head ;  in  other  words,  tmless 
its  efficiency  is  tmity. 


Fig.  2. 


In  Fig.  2  the  head  of  the  eye-bar,  or  link,  is  supposed 
to  be  of  the  same  thickness  as  that  of  the  body  of  the  bar 
whose  width  is  w. 
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If  /  is  the  thickness  of  the  bar,  so  that  wt  is  the  area  of 
its  normal  section,  then  /  is  almost  invariably  included 
between  the  limits  of  \w  and  \w.  In  fact  these  extreme 
values  are  each  too  extreme  for  the  full  resistance  of  the 
bar,  although  they  are  sometimes  used.  These  ratios,  as 
well  as  the  diameter  of  the  pin  in  terms  of  il\  can  only  be 
determined  by  experiments  on  full-size  bars.  A  large 
ntmiber  of  such  experiments  have  been  made  both  in  this 
country  and  in  Great  Britain,  and  while  the  resistance  of 
the  bar  as  a  whole  depends  to  a  considerable  extent  on  the 
mode  of  mantifacttire  or  formation  of  the  head,  it  has  been 
found  that  for  the  best  proportioned  head  t  should  range 
from  \w  to  \w,  and  the  diameter,  d,  of  the  pin  from  o.75ze; 
tow. 

It  is  extremely  difficult  to  reach  more  than  a  general 
idea  of  the  condition  of  stress  in  an  eye-bar  head,  although 
an  approximate  mathematical  treatment  of  the  question 
may  be  found  in  the  "Trans.  Am.  Soc.  of  Civ.  Engrs.," 
Vol.  VI,  1877,  in  which  the  results  agree  essentially  with 
those  of  experiment. 

Before  taking  a  general  view  of  the  stresses  which  may 
arise  in  an  eye-bar  head,  it  must  be  premised  that  a  differ- 
ence of  -^"  to  tJtt"  between  the  diameter  of  the  pin  and 
that  of  the  pin-hole  is  exceptionally  good  practice.  Before 
the  eye-bar  s  strained,  therefore,  there  is  a  line  of  contact 
only  between  the  pin  and  eye-bar  head,  but,  on  accoimt 
of  the  elasticity  of  the  material,  this  line  changes  to  a  sur- 
face when  the  bar  is  under  stress,  and  increases  with  the 
degree  of  stress  to  which  the  bar  is  subjected.  The  line 
and  surface  of  contact  is,  of  course,  in  the  vicinity  of  Q, 
Fig.  2,  i.e.,  on  that  side  of  the  pin  toward  the  nearest  end 
of  the  bar.  The  consequence  of  this  is  that,  when  the  bar 
is  strained,  the  portion  about  QB,  Fig.  2,  is  subject  to 
direct  compression  and  extension;    that  about  RL,  NE, 
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and  GS  to  direct  tension  and  bending,  while  in  the  vicinity 
of  T  there  is  a  point  of  contraflexure,  and  the  stress  in  the 
direction  of  the  circumference  changes  from  compression 
to  tension  as  E  is  approached  from  Q. 

As  a  result  of  many  of  the  exper  ments  which  have  been 
made,  the  following  mode  of  proportioning  the  head  has 
heretofore  been  very  extensively  used :  Let  r  represent  the 
radius  of  the  pin,  while  reference  is  made  to  Fig.  2.  Then 
take  EN  ==o.66w.  The  cwrve  DRBK  is  a  semicircle  with 
a  radius  equal  to  r  +  o.66z£;,  with  a  centre,  A,  so  taken  on 
the  centre  line  of  the  bar  that  QB=o,Stw,  GF  is  a  portion 
of  the  same  curve,  with  A^  as  the  centre  {AC  =AC)\  GH 
is  any  curve  with  a  long  radius  joining  GF  gradually  with 
the  body  of  the  bar.  HG  should  be  very  gradual  in  order 
that  there  may  be  a  large  amount  of  metal  in  the  vicinity 
of  CG,  for  there  the  metal  is  subjected  to  flexure  as  well 
as  direct  tension.  FD  is  a  straight  line  parallel  to  the 
centre  line  of  the  bar. 

As  the  preceding  rule  gives  a  head  whose  outline  causes 
a  more  expensive  die  than  a  simple  circle,  at  the  present 
day  eye-bar  heads  are  usually  formed  as  shown  in  Fig.  3. 


Fig.  3. 

ABD  is  a  semicircle  with  a  radius  equal  to  r  +  o.8z£;  to- 
r-\-o.()w,  and  whose  centre,  C,  is  the  centre  of  the  pin-hole. 
The  portions  FA  and  HD  are  formed  as  before. 


730  CONNECTIONS.  [Ch.  XIII. 

There  should  be  no  weld  across  the  bar  in  the  vicinity 
of  FH.  Consequently  heads  are  usually  formed  by  placing 
jjroper  sized  pieces  upon  the  upset  ends  of  the  piam  bars, 
and  then,  after  insertion  in  a  heating  furnace,  forcing  the 
head  to  the  desired  shape  in  a  die  luider  hydraulic  or  steam 
pressure. 

'Ihe  intensity  of  this  pressure  will  affect,  to  a  consider- 
able extent,  the  permissible  dimensions  of  the  head.  The 
greater  the  pressure,  the  better  will  be  the  results. 

Ihe  unfinished  head  is  sometimes  rolled  on  the  bar,  as 
by  the  Kloman  process. 

Ihe  thickness  of  the  head  is  sometimes  made  greater 
than  that  of  the  body  of  the  bar.  If  the  head  is  circular, 
as  in  Fig.  3,  the  section  of  metal  on  each  side  of  the  pin 
(through  AC  or  CD)  should  be  not  far  from  eight  tenths 
that  in  the  body  of  the  bar. 

This  thickening  of  the  eye-bar  head  is  an  excellent  thing 
for  the  bar,  but  subjects  the  pin  to  a  great  increase  of  bend- 
ing, and  hence  requires  increased  pin  diameter. 

In  pin  connections  the  pin  is  subjected  to  very  heavy 
bending.* 

If  M  is  the  bending  moment  to  which  the  pin  is  sub- 
jected, K  the  greatest  intensity  of  bending  stress  developed, 
and  A  the  area  of  the  normal  section  of  the  pin,  eq.  (4)  of 
Art.  69  gives 

M=A'-g   =0.1  A'd' (nearly),  .     .     .     .     (i) 


or 

Values  of  AT,   for  circular  sections,   may  be  found  in 
Art.  6g. 

*  For  a  detailed  treatment  of  this  subject  the  author's  "Bridge  and  Roof 
Trusses  "  may  he  consulted. 


CHAPTER  XIV. 
PLATE  GIRDERS. 

Art.  98. — The  Design  of  a  Plate  Girder. 

A  PLATE  girder  is  a  flanged  girder  or  beam  built  usually 
of  plates  and  angles,  the  flanges  being  secured  to  the  web 
by  the  proper  number  of  rivets  suitably  distributed.  The 
flanges,  unlike  those  of  rolled  beams,  are  usually  of  vary- 
ing sectional  area,  although  occasionally  either  flange  may 
l^e  of  uniform  section  throughout  when  formed  of  two 
angles,  or  two  angles  and  a  cover-plate.  Fig.  i  is  a  general 
view  of  a  plate  girder,  while  Figs.  2,  3,  4,  5,  and  6  show 
some  of  the  general  features  of  design. 

The  total  length  of  a  plate  girder  is  materially  more 
than  the  length  of  clear  span  over  which  the  girder  is  de- 
signed to  carry  load.  Blocks  or  pedestals  of  masonry  or 
TTietal,  as  the  case  may  be,  support  the  ends  of  the  girders 
and  rest  on  the  masonry  or  other  supporting  masses  or 
members  carrying  the  girder  and  its  load.  The  distance 
between  the  centres  of  these  blocks  or  pedestals  is  called 
the  effective  span  of  the  girder,  as  it  is  the  span  length 
which  must  be  used  in  computing  bending  moments, 
shears,  or  reactions.  Plate  girders  must  evidently  be 
•somewhat  longer  than  the  effective  span.  In  Fig.  2  the 
relations  of  the  various  parts  at  the  end  of  the  plate  girder 
are  shown  in  detail.     The  girder  illustrated  in  Fig.  i  has 
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an  effective  span  of  80  ft.  with  the  centre  of  the  pedestal 
block  15  inches  from  the  face  of  the  masonry  abutment 
and  6.5  inches  from  the  extreme  end  of  the  girder.  The 
effective  depth  of  the  girder  is  the  vertical  distance  or 
depth  between  the  centres  of  gravity  of  the  two  flanges. 
When  the  girder  has  cover-plates  this  effective  depth  may 
be  greater  than  the  depth  of  web  plate  at  the  centre  of 
span  and  less  than  that  at  the  ends,  even  when  the  web 
plate  is  of  uniform  depth.  It  is  always  customary,  how- 
ever, to  take  the  effective  depth  of  a  plate  girder  with 
uniform  depth  of  web  as  constant.  Frequently  that  depth 
is  taken  equal  to  the  depth  of  the  web  plate;  or,  again,  it 
may  be  taken  equal  to  the  depth  between  the  centres  of 
gravity  of  the  flanges  at  mid-span  without  sensible  error. 
In  case  the  web  plate  is  not  of  uniform  depth  the  effective 
depth  might  still  be  taken  as  the  depth  of  web  plate  at 
the  various  sections  of  the  girder,  or  it  may  be  taken  as  the 
depth  between  centres  of  gravity  of  the  flanges  at  the  same 
sections. 

The  plate  girder  shown  in  Pig.  i  and  to  be  assumed  for 
the  purposes  of  design  has  a  clear  span  of  77  ft.  6  ins.,  an 
effective  span  of  80  ft.,  and  a  length  over  all  of  81  ft.  i  in. 
The  differences  between  the  effective  span  and  the  clear 
span  and  total  length  are  obviously  dependent  upon  the 
length  of  span.  For  short  spans  those  differences  are 
relatively  small,  and  relatively  large  for  long  spans.  The 
depth  of  web  plate  will  be  taken  as  7  ft.,  and  it  will  be 
found  later  that  at  and  in  the  vicinity  of  the  centre  of  span 
three  cover-plates  will  be  needed..  The  girder  will  be' 
assumed  to  be  of  mild  structural  steel  and  will  be  sup- 
posed to  carry  a  single-track  railroad  moving  load  with 
the  concentrations  and  spacings  shown  in  Table  I,  p.  69. 

The  dead  load  or  own  weight  of  the  girder  and  track 
will  depend  somewhat  upon  whether  the  girder  is  of  the 
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•through  or  deck  type.  The  only  difference  in  computa- 
tion arising  in  those  two  types  is  due  to  the  fact  that  if  the 
girders  are  of  the  deck  class  (i.e.,  carrying  the  moving  load 
directly  on  their  upper  flanges)  the  rivets  connecting  the 
upper  flanges  with  the  webs  must  be  assumed  to  carry  the 
wheel  concentrations  in  addition  to  their  other  duties,  as 
will  be  shown  in  the  following  computations.  The  total 
dead  load  or  own  weight  will  be  taken  as  1400  lbs.  per  linear 
foot.  Inasmuch  as  there  are  two  girders,  each  will,  carry 
one  half  of  the  moving  load  and  one  half  of  the  dead  load 
or  own  -weight.  It  should  be  observed  that  the  effective 
length  of  span  being  80  ft.,  the  two  locomotives  at  the  head 
of  the  train  load  will  more  than  cover  the  span,  so  that  the 
tmiform  train  load  will  not  appear  in  the  computations. 

Bending  Moments. 

The  first  computations  necessary  are  those  required 
to  determine  the  bending  moments,  and  from  them  the 
flange  stresses  at  different  points  of  the  span.  Those  points 
may  be  taken  at  6,  8,  or  10  ft.  apart  as  may  be  desired  for 
the  purposes  of  design;  the  closer  together  the  sections  are 
taken  the  greater  will  be  the  degree  of  accuracy  attained. 
In  the  present  instance  it  will  suffice  to  take  those  sections 
10  ft.  apart  as  shown  at  BO,  CW,  DL,  and  FA"  in  Fig.  i, 
the  latter  section  being  at  the  centre  of  the  span.  After 
the  bending  moments  are  obtained,  the  flange  stresses  at 
once  result  by  dividing  the  former  by  the  effective  depth. 

As  each  girder  will  carry  700  lbs.  of  dead  load  per  linear 
foot,  and  as  the  effective  span  is  80  ft.,  the  expression  for 
the  dead-load  bending  moment  in  foot-potmds  at  any 
point  will  be  as  follows : 

M  =  ^(8oa;-^») (i) 
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The  application  of  eq.  (i)  to  the  sections  of  the  girder  lo, 
20,  30,  and  40  ft.  from  the  ends  will  give  the  following 
expressions  for  the  bending  moments  in  foot-potmds; 

X,  Moment. 

10  ft 245,000  ft.-lbs. 

20    ** 420,000       " 

30    " 525.000       " 

40    ** 560,000       " 

The  moving-load  bending  moments  are  next  to  be  found 
by  using  the  concentrations  shown  on  p.  69.  For  this 
purpose  the  criterion  for  the  maximum  bending  moment, 
eq-  (5)»  Art.  16,  must  be  applied  at  the  assumed  sections  in 
which  /'  (equal  to  x  in  the  above  dead-load  computations) 
has  the  values  10,  20,  30,  and  40  ft.  The  application  of 
that  criterion  to  the  section  BO,  Fig.  i,  10  ft.  from  the  end 
of  the  span  shows  that  W^,  or  the  first  driving-wheel,  must 
rest  at  the  section  in  question  for  the  maximtun  bending 
moment,  the  loads  \\\  to  \\\^  inclusive  resting  on  the  span. 
By  the  aid  of  Table  I,  p.  69,  the  ^maximum  bending 
moment  takes -the  form 

M  =  J(7, 668,000  -h  212,000  X 4)  —  80,000  =984,500  ft.-lbs. 

The  application  of  the  same  criterion  to  the  section 
CW  of  Fig.  I  shows  that  maximum  bending  moments  will 
be  found  by  placing  either  W^  or  W^  at  the  section  in  ques- 
tion.  The  greatest  of  those  two  moments  is  to  be  found 
by  placing  IV,  on  the  second  driving-wheel  at  the  section. 
By  the  aid  of  the  same  table  as  before,  that  bending  mo- 
ment takes  the  value 
M  =  K6, 708,000  + 192,000  X 4)  —  230,000  =  1,639,000  ft.-lbs. 

Similarly  the  criterion  equation  is  satisfied  by  placing 
either  W^  or  W^  at  the  section  DL,  Fig.  i,  30  ft.  from  the 
end  of  the  effective  span,  but  the  greatest  moment  results 
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from  placing  W^  at  the  section  in  question  with  eleven 
wheel  loads  on  the  span.     That  moment  has  the  value 

M  =1(5,848,000  + 172,000  X 4)  —480,000  =  1,971,000  ft.-lbs. 

By  proceeding  in  the  same  manner  it  will  be  fotmd  that 
there  are  several  positions  of  the  loading  satisfying  the 
criterion  for  the  centre  section  FK  of  the  span,  but  that 
the  greatest  moment  of  all  will  be  foimd  by  placing  W^^  at 
the  centre  of  the  span,  which  requires  that  W^  to  W^^ 
inclusive  rest  on  the  girder.  The  resulting  value  of  M, 
found  in  the  same  manner  as  before,  will  be  M  =  2, 160,500 
ft.-lbs. 

In  designing  plate  girders  it  is  customary  in  the  best 
practice  to  recognize  the  effect  of  shock  due  to  inevitable 
inequalities  of  track,  lack  of  vertical  balance  of  driving- 
wheels  and  other  agencies  acting  imder  high  speeds  of 
fast  trains,  by  adding  to  the  stresses  produced  by  the 
moving  load  certain  percentages  depending  usually  upon 
the  length  of  span.  In  the  present  instance  60  per  cent, 
for  shock  will  be  added  to  the  bending  moments  found  for 
the  moving  load  in  the  preceding  computations. 

The  total  greatest  bending  moments  therefore  due  to 
dead  load,  moving  load,  and  shock  are  f oimd  by  taking  the 
stuns  of  the  various  computed  moments  for  the  different 
sections  as  follows: 


/'- 

10  Feet. 

20  Feet. 

30  Feet. 

40  Feet. 

Dead 

Ft.-lbs. 
245,000 

984,500 

590,700 

Ft.-lbs. 
420,000 

1,639,000 

983,400 

Ft.-lbs. 
525,000 

1,971,000 

1,182,600 

Ft.-lbs. 
560,000 

2,160,500 

1,296,300 

Moving    ,  ,    ,  t   .  r   r  T    t  -    - 

Shock. 

Total 

1,820,200 

3,042,400 

3,678,600 

4,016,800 
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The  greatest  permitted  or  working  tenfeile  stress  to  be 
used  in  the  tension  flanges  of  these  girders  is  14,000  lbs.  per 
square  inch  of  net  section.  The  effective  depth  at  the  centre 
of  the  girder  will  be  somewhat  gre^iter  than  the  actual 
depth  of  the  web,  and  it  will  be  assumed  at  7.1  ft.  It  will 
further  be  assumed  in  this  case,  as  is  frequently  done  in 
practice,  that  the  web  of  the  girder  takes  shear  only,  its 
resistance  to  bending  being  neglected.  The  total  bending 
resistance  of  the  girder  therefore  will  be  due  to  the  flanges 
only.  This  assumption  involves  a  small  error  on  the  side 
of  safety. 

It  should  be  stated  at  this  point  that  the  bending  re- 
sistance of  a  plate  girder  is  sometimes  computed  by  the 
general  formula  involving  the  moment  of  inertia  of  section, 

KI 
M  =  -,  y  d  being  the  distance  from  the  centre  of  gravity  of 

section,  i.e.,  usually  the  mid-depth,  to  the  extreme  fibre, 
while  K  is  the  greatest  permitted  intensity  of  stress  in  that 
extreme  fibre. 


Flange  Stresses  and  Sectional  Areas  of  Flanges. 

If  each  of  the  preceding  bending  moments  be  divided 
by  the  effective  depth  7.1  ft.,  the  results  will  be  the  maxi- 
mum flange  stresses  at  the  different  sections  considered. 
Again,  if  those  flange  stresses  each  be  divided  by  14,000 
the  quotients  will  be  the  net  sectional  areas  in  square  inches 
at  the  sections  considered.      Those  results  ^411  be  as  follows: 


V" 

10  Feet. 

ao  Pect. 

30  Feet. 

40  Feet. 

Flange  stresses 

Net  sections. 

256,370^^8. 

18.3  sq.  ins. 

428,500  lbs. 
30. 6  sq.  ins. 

518,110  lbs. 
37  sq.  ins. 

565,800  lbs. 
40.8  sq.  ins. 
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These  net  sections  must  be  made  up  of  cover-plates  and 
angles  in  the  manner  shown  in  section  in  Fig.  3.  Before 
making  the  actual  design,  the  arrangement  of  rivets  con- 
necting the  flange  angles  with  the  web  plate  is  not  pre- 
cisely determinable.  In  the  present  instances  a  large  steel 
angle  with  legs  6  ins.  long  must  be  used,  and  it  is  practically 
certain  that  two  lines  of  rivets  in  each  leg  should  be  em- 
ployed. It  does  not  follow  that  two  rivet-holes  should 
be  taken  out  of  each  leg  to  find  the  net  section  of  these 
angles,  since  by  staggering  the  rivet-holes  a  less  amotmt  of 
material  may  be  wasted.  In  the  case  of  staggered  rivet- 
holes  there  are  not  sufficient  experiments  on  record  to 
determine  the  degree  of  staggering  of  two  lines  of  rivets 
to  make  it  proper  to  deduct  one  hole  only  for  the  net  sec- 
tion. With  the  riveting  scheme  used  in  this  plp,te  girder 
it  is  entirely  feasible  so  to  arrange  the  four  rows  that  the 
net  section  will  properly  be  obtained  by  deducting  three 
rivet-holes  from  each  angle,  and  that  procedure  will  be 
followed. 

The  sizes  of  rivets  will  obviously  vary  to  some  extent, 
but  f-  and  |-inch  rivets  are  commonly  used  in  practice, 
those  diameters  belonging  to  the  cold  rivet  as  delivered  at 
the  shop.  The  increased  diameter  caused  by  driving  the 
rivet  is  not  recognized  in  rivet  computations.  In  this 
instance  the  rivets  will  be  assumed  to  be  |  inch  in  diameter, 
i.e.,  before  being  driven.  The  reamed  hole  for  the  rivet 
in  the  angle  must,  however,  be  taken  \  inch  larger  than  the 
diameter  of  the  rivet.  These  holes  must  therefore  be  taken 
as  I  inch  in  diameter,  since  |-inch  rivtts  are  to  be  used. 

The  selection  of  the  angles  to  be  used  is  to  some  extent 
a  matter  of  judgment.  As  this  girder  is  a  large  one,  two 
6X6Xi-in.  angles,  weighing  33.1  lbs.  per  linear  foot,  will 
be  selected  for  each  flange.  The  gross  area  of  section  of 
each  of  these  angles  is  9.73  sq.  ins.,  as  will  be  found  by 
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referring  to  the  Cambria  Steel  Company's  tables  at  the 
end  of  this  book.  In  view  of  what  has  been  stated  in  the 
preceding  paragraphs,  the  metal  taken  out  of  each  6  x6-in. 
angle  is  3  X  .875  =  2.63  sq.  ins.  Hence  the  total  net  section 
of  the  two  angles  will  be 

Net  section  =  2  X  (9.73  —  2.63)  -» 14.2  sq.  ins. 

This  net  sectional  area  of  the  two  angles  runs  throughout 
the  entire  length  of  the  tension  flange.  By  referring  back 
to  the  total  net  sectional  areas  required  it  will  be  seen  that 
there  must  be  made  up  4.1  sq.  ins  10  ft.  from  the  end;  16.4 
sq.  ins.  20  ft.  from  the  end;  22.8  sq.  ins.  30  ft.  from  the 
end;  and  26.6  sq.  ins.  at  the  centre  of  the  span,  in  excess 
of  the  net  areas  of  section  of  the  two  angles. 

These  additional  areas  can  be  supplied  by  resorting  to 
cover-plates.  The  selection  of  these  cover-plates  so  as  best 
to  make  up  the  areas  required  is  largely  a  matter  of  judg- 
ment. There  are,  however,  some  general  considerations 
always  to  be  observed.  No  cover-plate  should  be  used 
thicker  than  the  one  imdemeath  it,  and  as  a  rule  the 
width  of  cover-plates  should  be  but  little  if  any  less  than 
the  width  of  the  two  flange  angles  and  the  web  plate  be- 
tween them,  but  the  cover-plate  may  have  a  somewhat 
greater  width  than  that  of  the  two  angles  and  web  plates 
between.  In  the  present  instance  the  cover-plates  certainly 
should  not  be  less  than  12  ins.  in  width  and  they  will  be 
taken  14  inches  wide.  As  there  will  be  four  lines  of  stag- 
gered rivets  the  net  width  of  plate  will  be  taken  as  1 2  ins. 

The  first  cover-plate,  i.e.,  that  lying  immediately  on 
the  angles,  must  evidently  begin  where  the  net  section  of 
the  two  angles  is  just  enough  to  afford  the  total  net  flange 
section  needed  at  that  point.  The  second  cover-plate 
must  similarly  begin  where  the  net  section  of  the  two 
angles  added  to  that  of  the  first  cover-plate  is  just  equal 
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to  the  total  flange  section  reqtiired;  and  so  on  with  all  the 
cover-plates.  It  is  to  be  remembered,  however,  that  in 
the  end  of  a  cover-plate  begun  just  at  the  section  where  its 
area  is  required,  the  rivets  might  not  transfer  to  it  pre- 
cisely at  that  point  the  stress  which  it  ought  to  carry. 
Hence  it  is  customary  to  make  a  cover-plate  from  a  foot 
to  18  inches  longer  at  each  end  than  the  length  required  by 
computation.  Bearing  all  these  considerations  in  mind 
it  will  be  foimd  that  the  following  series  of  cover-plates 
will  fulfil  all  the  requirements  of  computation  and  of  all 
the  practical  considerations  which  have  been  set   forth: 

One  top  cover-plate  14  ins.  XH  ^^f  39  ft.  long. 

One  14-in.  Xj-in.  plate  imder  the  above,  56  ft.  long. 

One  14-in.  Xf-in.  thick  cover-plate  immediately  on  the 
flange  angles,  68  ft.  long. 

By  referring  to  Fig.  i  the  disposition  of  these  cover- 
plates  will  be  entirely  clear.  It  will  be  fotmd  that  the  net 
section  is  ample  to  meet  the  demands  of  the  flange  stresses 
at  all  points  wthout  wasteftdness  of  metal.  Obviously 
at  the  ends  of  the  flanges  there  will  be  some  excess  of  net 
section  in  the  angles,  just  as  there  will  also  be  found  some 
excess  of  section  at  and  near  the  end  of  each  cover-plate, 
but  those  conditions  are  inevitable.  In  designing  and 
arranging  the  cover-plates  of  a  plate  girder,  care  should 
be  taken  to  use  plates  neither  too  thick  nor  too  thin.  It 
is  seldom  necessary  to  use  a  plate  as  thick  as  one  inch 
and  no  plate  less  than  J  inch  thick  should  be  used  for  a 
railroad  plate  girder. 

The  length  of  cover-plate  has  been  determined  by  direct 
reference  to  computations  for  the  flange  stresses,  but  there 
are  other  methods  by  which  those  lengths  can  be  com- 
puted and  two  such  methods  will  be  given  in  the  next 
article.  There  is  little  if  any  gain  in  using  such  methods, 
but  it  may  be  desirable  occasionally  to  employ  them. 
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Rivets  between  Web  and  Flanges  and  End  Stiff eners. 

Stresses  are  given  to  the  flanges  of  a  plate  girder  through 
the  rivets  which  bind  the  flange  angles  to  the  web  plate. 
It  is  necessary  therefore  to  have  a  sufficient  number  of 
rivets  through  the  legs  of  the  flange  angles  lying  against 
the  web  plate  to  carry  to  the  flange  metal  those  flange 
stresses  which  have  been  computed.  Each  of  these  rivets 
will  obviously  be  in  double  shear,  but  the  bearing  capacity 
of  the  rivet  can  be  determined  only  after  the  thickness  of 
the  web  plate  is  known,  and  it  will  next  be  necessary 
to  ascertain  that  thickness.  It  is  frequently  assumed  that 
the  web  plate  is  to  carry  transverse  shear  only,  and  that 
assumption  is  made  in  this  case.  The  working  intensity  of 
shear  in  a  steel  web  plate  where  proper  allowance  has  been 
made  for  shock  may  safely  be  taken  at  7000  lbs.  per  sq.  in., 
and  it  is  sometimes  taken  as  high  as  10,000  lbs.  per  sq.  in. 
The  maximum  transverse  shear  will  be  at  the  end  of  the 
span,  i.e.,  it  will  be  the  maximum  reaction.  In  the  present 
instance  it  will  exist  when  the  first  driving-wheel  (wheel  2) 
is  at  one  end  or,  strictly  speaking,  at  an  indefinitely  short 
distance  from  one  end.  Assimiing  that  position  of  the 
moving  load,  therefore,  the  reaction  will  have  the  value, 


70  48  32 

16.5 


J?^ac^iaw  =  20  +  ^X3X20  +  1^X4X13 +  1^X10  + 


o     X  4  X  20  =  1 24,200  lbs. 
00 

The  reaction  due  to  dead  load  will  be  700  X  80  =  56,000 

lbs.     After  adding  60  per  cent,  to  the  moving-load  shear 

to  provide  for  shock  the  total  end  shear  will  be 

End  shear  =  1 24,700  +  74,820  +  56,000  =  255,520  lbs. 

Hence 

^      .     ,        .      ,  255,520 

Required  sectional  area=—- =  30.5sq.  ms. 
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The  rivets  through  the  end  stiffeners  will  take  away- 
some  of  the  metal  of  the  web  plate,  possibly  as  much  aS 
25  per  cent,  of  the  section.  The  gross  sectional  area  of 
the  web  plate  must  therefore  be  36.5  +  12.2  =48.7  sq.  ins* 
The  sectional  area  of  a  web  plate  84XTV  ins.  is  47.25  sq.  ins. 
Hence  a  -^-m,  web  p  ate  will  be  assumed. 

In  determining  the  number  of  rivets  required  to  give  the 
flange  stresses  to  the  flanges  it  must  be  observed  that  each 
rivet  which  passes  through  the  vertical  legs  of  the  flange 
angles  and  the  web  plate  is  subjected  to  double  shear  at 
the  two  surfaces  of  the  latter,  while  it  bears  against  the 
iV-in.  web  plate.  The  double  shearing  value  of  one  f-in. 
rivet  at  9000  lbs.  per  sq.  in.  is  10,820  lbs.,  whereas  the 
bearing  value  of  each  |-in.  rivet  against  a  ^m,  plate, 
at  18,000  lbs.  per  sq.  in.,  is  8860  potmds.  Hence  the  bear- 
ing value  of  the  rivet  against  the  web  plate,  being  but  little 
more  than  three  quarters  of  its  double  shearing  value,  will 
necessarily  govern  the  number  of  rivets  needed  to  secure 
each  flange  to  the  web-plate.  If  the  flange  stress  at  each 
lo-foot  point  be  divided  by  8860,  the  number  of  rivets 
required  in  each   lo-foot  section  will  at  once  be  shown. 

Hence 

256,370 
Rivets  in  first    10  ft.  of  flange  =  "o-oT —  =  30. 

"        "second"    "    "      "      ,428.500-256,370^^^ 

0,000 

"       "    third    "    "    "      "      =5i8j^i|-4^«i5£l  =  ,o. 
"       "fourth   "    "    "  .   "      ,565.800-518,110^^ 

0,000 

The  numbers  of  rivets  foimd  above  are  the  least  which 
must  be  employed  in  securing  the  vertical  legs  of  the  flange 
angles  to  the  web  plate  in  each  lo-foot  section.  As  a 
matter  of  fact,  the  actual  number  needed  is  considerably 
larger  for  the  reason  t^t  the  pitch  of  rivets  must  not  exceed 
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6  ins.  in  a  single  row,  or  about  9  ins.  in  either  one  of  double 
lines,  in  order  that  the  different  parts  of  the  girder  may  be 
sectu^  to  each  other  with  sufficient  rigidity  or  stiffness. 
At  and  near  the  ends  of  the  flanges  the  rivets  must  be  pitched 
closer  together  than  in  the  intermediate  portions  so  as  to 
give  the  ends  of  the  girder  sufficient  solidity,  and  for  the 
further  reason  that  the  flange  stresses  increase  much  more 
rapidly  in  that  portion  of  the  flange  than  in  other  portions. 

In  the  present  instance,  as  shown  in  Fig.  2,  there  will 
be  two  lines  of  staggered  rivets  in  the  vertical  legs  of  the 
flange  angles.  For  a  distance  of  3  ft.  7  ins.  from  the  centre 
of  the  end  stiff ener  the  pitch  in  each  line  will  be  4  ins,,  and 
6  ins.  throughout  the  remainder  of  the  flanges.  It  will  be 
f  otmd  that  this  arrangement  will  nearly  double  the  ntunber 
of  rivets  required  in  the  first  10  ft.  of  the  flange  angle,  and 
more  than  double  the  niunber  required  in  the  other  lo-foot 
sections,  but  the  arrangement  is  no  more  abtmdant  in  rivets 
than  is  required  for  the  best  results.  Obviously,  the  shorter 
the  sections  are  taken  in  making  the  preceding  computa- 
tions the  closer  will  the  variation  in  the  number  of  rivets 
correspond  to  the  variation  of  flange  stresses. 

When  the  moving  load  rests  directly  upon  the  upper 
flanges  of  the  plate  girder,  as  in  the  case  of  most  deck- 
girders,  the  rivets  through  the  vertical  legs  of  the  flange 
angles  and  the  web  plate  carry  the  driving-wheel  concen- 
trations as  well  as  the  flange  stresses,  the  latter  acting  in 
a  horizontal  direction,  while  the  former  are  vertical.  It  is 
uncertain  in  such  a  case  over  what  length  of  flange  a  single 
driving-wheel  concentration  is  distributed,  but  it  is  reason- 
able to  asstune  that  the  distribution  is  essentially  uniform 
over  a  distance  not  less  than  2  feet.  If  that  distance  be 
chosen  the  amotmt  of  flange  stress  near  the  ends  of  the 
girder  given  to  the  flange  within  that  same  distance  may 
be  taken  as  one  fifth  of  256,370,  or  about  51,000  pounds. 
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The  greatest  driving-wheel  concentration  in  this  case  is 
20,000  potinds.  The  rivets  in  a  length  of  2  ft.  therefore 
would  carry  the  resultant  force,  V  (5 1,000) ^  +  (20,000)* 
=  SSiOOO  pounds.  Hence  the  number  of  rivets  required 
would  be  55,000 -h  8860  =  6  (nearly).  In  the  double  row 
of  rivets  in  each  of  which  the  pitch  is  6  ins.  there  would  be 
8  rivets  within  a  distance  of  2  ft. ;  hence  that  number  is 
more  than  enough  for  the  worst  cast  of  driving-wheel  con- 
centration combined  with  the  direct  chord  stress.  In 
some  cases  it  is  essential  that  this  effect  of  the  wheel  con- 
centration be  recognized.* 

Rivets  in  Cover-plates. 

The  number  of  rivets  required  in  the  cover-plates  must 
next  be  determined.  Obviously  the  rivets  at  and  near 
the  end  of  a  cover-plate  must  be  sufficient  to  give  to 
the  latter  the  total  stress  which  it  is  designed  to  carry. 
The  general  arrangement  of  these  rivets  will  be  as  shown  in 
Fig.  5.  There  are  four  rows  of  staggered  rivets,  the  pitch 
in  each  being  6  ins.  for  the  first  18  ins.  of  the  cover-plate 
and  9  ins.  adjacent  to  that  end  portion  of  18  ins.  With 
these  rivet  pitches  it  is  reasonable  to  assume  that  the  net 
sections  of  the  cover-plate  will  be  foimd  by  deducting  the 
metal  taken  out  of  2  rivet-holes  only.  The  net  width 
of  the  14-in.  cover-plate  will  therefore  be  12  ins.  Con- 
sequently the  total  stress  carried  by  each  J-in.  cover-plate 
will  be  12X1X14,000  =  126,000  lbs.  In  this  detail  each 
nvet  will  be  subjected  to  single  shear  and  that  single  shear 
value  is  5410  lbs.,  much  less  than  the  bearing  value  against 
the  f-in.  -plate.  The  total  number  of  rivets  required  for 
the  f-in.  cover-plates  will  then  be  126,000-5-5410  =  23 
rivets.     By  referring  to  Fig.   5  it  will  be  seen  that  this 

♦Another  methodfor  finding  pitch  of  rivets  will  be  found  in  Appen- 
dix II. 
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number  is  much  more  than  afforded  by  the  arrangement 
shown.  It  is  not  feasible,  however,  for  the  requisite  stiff- 
ness and  solidity  of  the  flanges  of  the  girder  to  make  rivet 
pitches  greater  than  those  shown.  Each  J -in.  cover- 
plate  will  obviously  have  the  same  arrangement  of  rivets 
at  and  near  the  ends  as  well  as  throughout  other  portions 
of  their  lengths.  Precisely  the  same  arrangement  will  also 
be  used  for  the  H-in.  top  cover-plate.  The  single  shear 
value  of  each  rivet  will  remain  as  before.  As  the  bearing 
value  at  18,000  lbs.  per  sq.  in.  of  a  J-in.  rivet  against  a  H-in. 
plate  is  about  10,800  lbs.,  it  will  be  at  once  seen  that  the 
single  shear  value  will  give  the  number  of  rivets  req-jired. 
Hence  the  arrangement  of  rivets  shown  in  Fig.  5  will  be 
taken  for  each  of  the  three  cover-plates. 

Compression  Flanges  or  Chords. 

The  design  of  the  tension  flange  being  completed,  in- 
cluding all  its  details  except  such  splice-joints  as  may  be 
needed,  the  compression  flange  might  be  designed  in  pre- 
cisely the  same  manner,  except  that  gross  sections  would 
be  considered  instead  of  net  sections,  since  all  rivet-holes 
are  filled  with  the  driven  rivets.  The  unit  working  in- 
tensity of  compressive  stress  would  be  somewhat  less  than 
the  tensile  intensity  already  used.  Hence  it  is  usually 
customary,  although  not  the  invariable  practice,  first  to 
design  the  tension  flange  completely  and  then  make  the 
gross  section  of  the  compression  flange  precisely  the  same. 
Indeed  not  only  the  gross  section  of  the  compression  flange 
is  frequently  made  identical  with  the  tension  flange,  but 
the  dimensions  also  of  its  various  component  parts.  The 
only  exception  from  this  procedure  arises  from  the  fact  that 
it  is  advisable  to  carry  the  cover-plate  immediately  adja- 
cent to  the  flange  angles  in  the  compression  flange  through-  , 
out  its  entire  length.     In  this  manner  the  angles  near  the 
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•ends  of  the  girder  are  bound  more  solidly  together  and  the 
flange  as  a  whole  in  that  vicinity  is  in  better  condition 
to  resist  compression.  These  observations  acquire  added 
significance  in  those  cases  where  the  ties  of  the  railroad 
track  rest  directly  upon  the  upper  flange  of  the  girder. 
The  inevitable  deflection  of  the  ties  tends  to  bend  down- 
ward the  horizontal  leg  of  one  flange  angle  in  each  girder; 
and  this  tendency  is  effectively  resisted  if  those  angles 
carry  a  cover-plate  throughout  their  entire  length.  It  is 
better  practice,  therefore,  to  make  the  first  cover-plate 
extend  the  whole  length  of  the  compression  chord,  and 
that  is  done  in  this  case,  as  shown  in  Fig.  i.  A  little  metal 
might  be  saved  by  reproportioning  the  angles  and  cover- 
plates  of  this  compression  chord  retaining  the  gross  sec- 
tions as  already  foimd,  but  the  gain  would  be  slight  and 
the  cross-sections  of  both  angles  and  cover-plates  will  be 
made  the  same  in  both  flanges. 

For  the  f)urpose  of  a  neater  finish  the  lowest  cover- 
plate  on  the  top  flange  is  reduced  to  a  half -inch  thickness 
18  ins.  from  the  end  stiff eners,  and  curved  so  as  to  run 
down  over  the  latter  to  the  bottom  of  the  girder  as  shown 
in  Fig.  I  and  Fig.  2. 

End  Stiff  eners. 

The  end  stiffeners  shown  in  Fig.  2  immediately  over 
the  pedestal  at  the  end  of  the  effective  span  must  be  con- 
sidered as  taking  the  reaction  of  the  girder  and  its  load. 
The  lower  ends  of  the  end  stiffeners  resting  closely  against 
the  lower  flange  angles  sustain  the  entire  reaction.  That 
reaction,  however,  is  gradually  given  to  the  web  of  the 
girder  in  passing  to  the  upper  ends  of  the  stiffeners  through 
the  rivets  securing  the  latter  to  the  web  plate.  The  num- 
ber of  rivets  required,  therefore,  in  an  end  stiffener  must 
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be  sufficient  to  convey  the  entire  reaction  to  the  web  plate 
in  the  manner  indicated.  It  has  already  been  shown  that 
the  maximum  reaction  at  the  end  of  the  girder,  including 
60  per  cent,  for  shock,  is  255,520  lbs.  It  is  clear  from  what 
has  been  stated  that  the  cross-section  of  the  end  stiffener 
must  be  sufficient  to  sustain  the  compression  produced 
by  the  reaction  somewhat  as  in  a  short  column,  but  ob- 
viously with  little  tendency  to  flexure.  It  is  reasonable, 
therefore,  to  assimie  under  the  circumstances  outlined 
that  compression  in  the  end  stiffeners  may  reach  10,000 
lbs.  per  sq.  in.  as  the  greatest  permissible  working  stress. 
The  sectional  area  required  for  the  end  stiflf eners  will  there- 
fore be 

255.520  H- 10,000  -  25 . 6  sq.  in. 

Four  6X4Xii  steel  angles  will  give  an  aggregate  area 
of  25.6  sq.  ins.,  which  happens  to  be  precisely  equal  to 
the  area  required;  hence  each  end  stiffener  will  be  taken 
as  composed  of  a  pair  of  these  steel  angles,  the  6-inch  legs 
of  which  must  be  placed  against  a  1 2  X  J-inch  filler,  as  shown 
in  Fig.  2.  The  1 2  X  J-inch  filler  on  each  side  of  the  web  plate 
is  required  in  order  that  the  end  stiffeners  may  be  used 
without  bending,  since  the  thickness  of  the  lower  flange 
angles  is  also  |  inch.  The  upper  ends  of  these  angles  will 
be  bent  or  cut  to  form  the  curved  end  of  the  girder  as  shown 
in  Figs.  I  and  2,  the  upper  flange  angle  closing  against  the 
12  X  J-inch  filler.  The  half -inch  end  cover  makes  a  finish 
for  the  end  of  the  girder  and  turns  over  the  upper  ends 
of  the  stiffeners  so  as  to  run  horizontally  about  18  inches 
before  abutting  against  the  J-inch  cover-plate. 

The  rivets  piercing  the  end  stiffeners  will  evidently  be 
in  double  shear  on  the  two  sides  of  the  web  plate  in  which 
each  rivet  has  the  value  of  10,800  lbs.  The  bearing  value, 
however,  of  each  |-inch  rivet  on  the  ^V-inch  web  is  8860 
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lbs.  The  number  of  rivets  required,  therefore,  must  be 
determined  by  dividing  255,520  by  8860,  and  that  division 
gives  29  rivets  as  the  number  required.  This  would  give 
less  than  15  rivets  to  each  pair  of  stiffening  angles,  a  far 
less  number  than  is  required  to  make  a  satisfactory  joint 
between  the  end  stiffeners  and  the  web  plate.  The  end 
stiffeners  take  the  immediate  effect  of  all  the  hammering 
at  the  end  of  the  span  produced  by  heavy  and  rapidly 
moving  loads,  and  they  are  required  to  be  held  to  the  plate 
by  a  riveted  joint  especially  rigid  and  strong.  Each  6-in. 
leg,  therefore,  of  the  stiffening  angles  will  have  two  lines 
of  staggered  rivets,  the  pitch  in  each  line  being  6  in.  As 
the  depth  of  the  girder  is  7  ft.  this  arrangement  will  call 
for  a  total  of  about  60  rivets  passing  through  the  end  stiff- 
eners, and  it  is  none  too  many  for  the  purpose.  Fig.  2 
shows  this  arrangement  of  rivets.  The  ends  of  the  end 
stiffeners,  and  indeed  of  all  the  stiffeners,  should  be  machine 
finished  or  faced  to  fit  exactly  the  fillets  of  the  flange  angles 
in  the  chords  or  flanges. 

Intermediate  Stiffeners, 

The  dimensions  and  the  location  of  the  intermediate 
stiffeners,  one  of  which  is  shown  in  Fig.  2,  are  chiefly 
matters  of  judgment.  It  has  been  shown  in  considering 
the  internal  stresses  of  a  beam  or  girder  that  in  directions 
at  right  angles  to  each  other,  and  at  45  degrees  with  the 
neutral  axis,  two  stresses  of  tension  and  compression  exist, 
and  hence  that  those  compressive  stresses  tend  to  buckle 
the  web  plate  of  a  plate  girder  in  directions  at  45  degrees 
with  the  neutral  axis.  In  order  to  pre  vent,  most  effectively 
this  tendency  to  buckle  the  web  plate,  the  intermediate 
stiffeners  should  be  placed  on  that  plate  also  at  45  degrees 
with  the  neutral  axis.     That  procedure,  however,  involves 
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some  inconvenience  in  construction  and  ample  stiffening 
can  be  secured  by  placing  the  intermediate  stiffeners  at 
right  angles  to  the  neutral  axis  or,  in  the  ordinary  position 
of  girders,  in  a  vertical  direction ;  hence  that  arrangement 
is  always  followed  in  plate-girder  construction.  It  is  usual 
to  place  these  intermediate  stiffeners  at  distances  apart  of 
once  to  once  and  a  half  the  depth  of  the  girder.  In  large 
girders  like  that  under  discussion,  .it  is  probably  best  to 
make  these  intermediate  stiffeners,  especially  when  near 
the  ends,  not  farther  apart  than  the  depth  of  the  girder. 
Inasmuch  as  the  transverse  shear  increases  towards  the  ends 
of  girder  and  is  relatively  small  at  the  centre  of  the  span, 
the  stiffeners  might  be  placed  farther  apart  as  the  centre 
of  span  is  approached,  and  that  is  sometimes  done.  Indeed 
they  are  frequently  omitted  altogether  at  the  centre  of 
span.  In  the  present  instance  there  will  be  four  inter- 
mediate stiffeners  in  each  half  of  the  girder  placed  7  feet 
apart,  as  shown  in  Fig.  i,  and  there  will  be  no  intermediate 
stiff ener  in  the  central  24  feet  of  girder.  These  inter- 
mediate stiffeners  are  frequently  bent  to  fit  the  flange 
angles  and  web  plates  and  that  procedure  is  a  good  one 
for  small  girders.  For  large  girders  it  is  preferable  to  use 
a  filling  plate,  as  shown  in  Fig.  2.  The  cross-section  of 
the  intermediate  stiffener  angles  is  a  matter  of  judgment, 
and  in  this  case  they  will  be  taken  as  4  in.  X  4  in.  X  ^  in. 
steel  angles,  each  with  one  line  of  rivets  pitched  6  in.  apart; 
also  as  shown  in  Fig.  2. 

There  will  be  a  4XI  inch  filler,  making  it  unnecessary 
to  bend  the  stiffening  angles  to  fit  the  flanges  and  web. 
As  has  already  been  stated  the  ends  of  the  intermediate 
stiffeners  should  be  machine  faced  to  fit  the  fillets  and 
horizontal  legs  of  the  flange  angles.  It  is  obvious  that  the 
filling  plates  under  the  stiffening  angles  add  materially  to 
the  effectiveness  of  the  stiffeners. 


Art.  98.]  THE  DESIGN  OF  A  PLATE  GIRDER.  757 

Web'plate  Joint. 
It  is  impossible  to  secure  single  plates  large  enough  for 
the  webs  of  large  plate  girders,  and  it  therefore  becomes 
necessary  to  make  joints  or  splices  in  the  web-plate,  and 
such  a  joint  is  shown  in  Fig.  4.  It  is  feasible  to  secure  steel 
web  plates  84  in.  wide  and  A  in.  thick  more  than  30  ft.  long, 
but  that  will  not  be  necessary  in  this  case.  The  joint  in  the 
web  plate  will  be  taken  at  the  fourth  intermediate  stiffener 
from  the  end  of  the  span,  which  will  make  a  plate  about 
29  ft.  long  for  each  end  portion  of  the  girder  and  about 
24  ft.  long  for  the  central  portion.  The  chief  function  of 
the  splicing  of  the  web  plate  is  to  resist  shear,  although  it 
will  clearly  act  to  some  material  extent  in  resisting  flexure. 
In  no  case  should  the  splice  have  less  than  two  rows  of 
rivets  on  each  side  of  the  plate-joint,  and  in  a  large  girder 
like  that  under  consideration  there  should  be  three.  The 
thickness  of  the  splice-plate  should  also  be  substantially 
more  than  one  half  the  thickness  of  the  web  plate.  In 
the  present  instance  the  web  plate  is  VV  ii^ch  thick  and  the 
splice-plates  will  be  taken  j\  inch  thick.  There  will  be 
three  rows  of  staggered  rivets  on  each  side  of  the  plate-joint, 
with  rivets  pitched  6  in.  apart.  It  is  frequently  advis- 
able to  place  the  joint  at  one  of  the  intermediate  stiffeners, 
as  has  been  done  in  this  case.  One  row  of  the  splice-rivets 
will  therefore  be  identical  with  the  row  of  rivets  through 
the  intermediate  stiffener  angle  and  filling  plate.  In  this 
case  the  latter,  i.e.,  the  filling  plate,  will  be  4  in.  XiVin. 
The  entire  arrangement- of  the  web-joint  with  the  rivets 
distributed  as  indicated  is  shown  in  Fig.  4. 

Joints  in  Flanges  or  Chords. 
Although  it  is  usually  practicable  to  secure  flange  angles 
80  ft.  long,  as  an  illustration  a  splice  will  be  made  at  some 
intermediate  point.     This  point  might  be  taken  at  the 
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centre  of  span  and  it  would  have  the  advantage  of  making 
the  angle-bars  of  the  same  length,  but  that  is  not  important. 
The  maximum  sectional  area  is  required  at  the  centre 
of  span,  and  if  the  splice-joint  be  placed  9  feet  from  the  centre 
there  will  be  the  material  advantage  of  extra  sectional  area 
where  it  is  needed  for  the  splice.  The  greatest  length  of 
angle  will  then  be  but  50  ft.,  the  length  of  the  other 
jMeces  being  32  ft.  Similarly,  the  longest  cover-plates  run 
throughout  the  entire  length  of  the  girder,  and  although 
they  can  be  secured  in  one  length  the  method  of  splicing 
them  will  be  shown.  It  will  usually  be  advisable  to  place 
the  angle  and  cover-plate  splices  at  different  points,  but 
as  there  is  excess  of  sectional  area  needed  at  the  point  taken 
in  this  case,  and  as  there  is  but  one  cover-plate  to  be  spliced, 
one  joint  will  be  made  to  answer  for  both  flange  angles 
and  cover.  Both  chords  have  the  same  splice-joint,  but 
those  joints  will  be  placed  on  opposite  sides  of  the  centre 
of  span.  The  net  section  of  one  of  the  flange  angles  has 
been  seen  to  be  7.1  sq.  ins.  or  14.2  sq.  ins.  for  the  two.  At 
i4,odo  lbs.  per  sq.  in.  the  total  stress  carried  by  the  tension 
flange  angles  will  be  198,800  lbs.  The  rivets  used  at  the 
splice  will  be  in  double  shear,  each  having  a  value  of  10,800 
lbs.  As  this  double-shear  value  is  much  less  than  the 
bearing  value  of  one  rivet  upon  the  two  thicknesses  of 
J-m.  angle  leg,  the  double-shear  value  will  control  the 
number  of  rivets  required.  The  latter  number  is  equal 
to  198,800^-10,800  =  19.  The  splicing  of  each  }-in.  angle 
will  be  done  by  a  single  piece  of  6x6  angle  i  inch  thick 
with  its  comer  fitted  to  the  fillet  of  the  flange  angle,  thus 
giving  a  net  section  a  little  larger  than  that  of  the  flange 
angle  itself.  The  arrangement  of  the  rivets  will  be  as 
shown  in  Fig.  6,  in  which  it  is  seen  that  there  are  5  rivets 
in  each  staggered  row,  making  20  on  either  side  of  the  joint, 
a  little  more  than  fulfilling  the  requirements  of  the  case. 
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The  Splicing  of  the  longest  f-in.  cover-plate  is  done  by 
the  joint-plate  on  the  outside  of  the  flange.  The  net 
section  of  the  J-in.  cover-plate  is  i2X|=9  sq.  ins.  Hence 
9X14,000  =  126,000  lbs.  is  the  amount  of  stress  which  it 
carries.  The  single-shear  value  of  one  rivet  is  5410  lbs., 
and  as  that  is  less  than  its  bearing  value  against  the  f-in. 
plate,  the  number  of  rivets  required  will  be  126,000-7-5410 
=  23  rivets.  In  order  to  give  a  little  excess  of  section  the 
splice-plate  will  be  taken  J  in.  thick  and  there  will  be 
placed  six  rivets  in  each  staggered  row  on  either  side  of 
the  cover-joint.  As  the  rivet  pitch  is  6  ins.  the  total 
length  of  splice-plate  will  be  about  48  ins.  The  position 
and  arrangement  of  this  splice-plate  and  its  rivets  is  ftilly 
shown  in  Fig.  6. 

Other  tension  joints  at  other  points  in  the  girder  or  in 
any  girder  may  be  formed  in  precisely  the  same  manner, 
whether  it  is  designed  to  splice  the  flange  angles  or  the 
cover-plates.  Inasmuch  as  there  is  some  extra  section  at 
the  point  taken  for  this  joint  it  would  be  sufficient  to  make 
the  splice-plate  but  J  in.  thick.  A  little  greater  thickness 
has  been  taken,  however,  in  order  to  illustrate  the  general 
principle  of  procedure  that  a  joint  should  have  a  little 
greater  section  of  metal  and  show  a  little  calculated  excess 
of  resistance  over  that  of  the  main  section  of  the  flange 
of  the  member  spliced. 

By  placing  a  flange-joint  at  the  end  of  a  cover-plate, 
the  extension  of  that  plate  may  be  used  for  the  splice,  thus 
avoiding  a  separate  splice-  or  joint-plate. 

It  will  be  supposed  that  the  corresponding  splice  in  the 
compression  flange  is  made  precisely  the  same  as  in  the 
tension  flange,  although  the  ends  of  the  flange  angles  and 
spliced  cover-plates,  being  machine-finished,  as  they  should 
be,  may  abut.  The  process  of  riveting  may  draw  the 
abutting  ends  apart  to  a  slight  degree  and  thus  render  it 
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advisable  to  make  the  resisting  capacity  of  the  rivets  of 
the  joint  the  same  as  in  the  tension  flange. 

General  Considerations. 

The  girder  proper  with  its  flanges,  web,  and  stiffeners 
has  been  designed  in  this  article  without  indicating  the 
manner  of  connecting  such  lateral  or  cross  bracing  as 
would  be  required  in  the  complete  design  of  a  railroad 
plate-girder  span.  The  design  of  such  bracing  would  be 
supplementary  to  the  actual  design  6i  the  girder  as  made, 
and  it  is  the  purpose  here  to  illustrate  only  those  principles 
belonging  to  the  design  of  tjie  girder  proper.  The  design 
of  the  bracing  and  the  details  of  its  connection  with  the 
girder  belong  rather  to  bridge  construction  than  to  the 
subject  treated. 

It  is  to  be  remembered  that  large  plate  girders  are  not 
always  built  complete  in  the  shop,  although  girders  80  ft. 
in  length  are  frequently  and  perhaps  usually  so  completed 
at  the  present  time.  When  it  is  necessary  to  build  them 
in  portions  and  rivet  the  portions  together  in  the  field, 
the  general  principles  governing  the  construction  of  the 
necessary  field-joints  are  precisely  the  same  as  those  illus- 
trated in  this  article.  They  are  simply  adjusted  or  adapted 
to  the  exigencies  of  each  particular  case. 

It  is  sometimes  required  in  specifications  that  there 
shall  be  sufficient  rivets  in  the  web  plate  along  a  length 
of  flange  adjacent  to  the  end  of  the  span  and  equal  to  the 
depth  of  girder  to  take  the  entire  eild  shear  as  flange  stress. 
That  end  shear  has  been  seen  to  be  255,520  pounds.  The 
bearing  value  of  a  |-in.  rivet  on  a  re-in.  web  plate  is  8860 
pounds.  Hence  the  number  of  rivets  required  is.  255,520  -^ 
8860  =  29.  As  actually  designed,  the  first  7  feet  of  flange 
has  about  33  rivets  in  the  vertical  legs  of  the  flange  angles. 
This  requirement  therefore  is  more  than  fulfilled. 
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The  bill  of  material  and  estimated  weight  of  a  single 
girder  as  designed  is  as  follows,  the  bill  being  written  as 
if  the  ends  of  the  girder  were  square : 

Two  6X6XJ  in.  angles,  33.1  lbs.  per  lin.  ft.  (upper 

flange),  79  ft.  long 158X  33-1   -  5.230 lbs. 

Two  6X6Xi  in.  angles,  33.1  lbs.  per  lin.  ft.  (lower 

flange),  8i  ft.  long 162X  33- «   -  5.362  " 

One  i4Xi  in.  cover-plate,  76  ft.  long 76X  35-7   -  2,713" 

One  14 Xi  in.  cover-plate,  68  ft.  long 68X   35-7   -  2,428  *• 

Two  14X}  in.  cover  plates.  56  ft.  long 112X   357   -  3,998  " 

Two  i4X%  in.  cover-plates,  39  ft.  long 78X   32.72-  2,552  " 

One  84X?i6  in.  web  plate,  81  ft.  long 81 X  160.65-13,013  " 

Eight6X4X%in.  angles  (end  stiflfeners),  7  ft.  long..  56X  21.8  —  1,221  '• 

Four  1 2X  J  in.  end  fillers,  7  ft.  long 28X   35-7   —   1,000" 

Sixteen  4X4X  J  in.  angles  (intermediate  stififeners), 

7  ft.  long 112X   12.8  «   1,444" 

Twelve  4Xi  in.  fillers,  6  ft.  long -. 72X    11. 9   —      857**' 

Four4Xji6in.  fillers,  6  ft.  long 24X     595-       '44" 

Four  i8XJi6 in.  splice-plates,  6  ft.  long 24X   26.78-      643" 

Four  6X6X  i  in.  angles  (splices),  5.5  ft.  long 22X   37       -      814  " 

Two  14X  \  in.  cover  splice-plates,  6  ft.  long 1 2X  41 . 65  —      500  ' ' 

Two  1 4X  Jin.  end  covers,  9.5  ft.  long 19X  23.8  —      452" 

2800  rivets —  1,680  •* 

Total -44,051  '• 

The  weight  of  girder  per  linear  foot  of  span  will  there- 
fore be  44,051  ■^  80  =  551  lbs.  The  assumed  weight  of 
700  lbs.  per  linear  foot  is  a  little  scant  for  a  half-track 
weight  taken  at  200  lbs.  per  linear  foot,  as  the  latter  would 
have  to  be  added  to  the  weight  of  the  steel.  The  revision, 
however,  would  not  add  materially  to  the  weight  of  the 
girder. 

Art.  99. — ^Length  of  Cover-plates. 

There  are  various  methods  of  determining  the  lengths 
of  cover-plates  of  plate  girders  involving  simple  compu- 
tations only,  which  are  well  illustrated  by  the  following 
procedtires: 
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The  first  of  these  procedures  is  based  on  the  assump- 
tion that  the  depth  of  the  girder  is  uniform  and  that  the 
bending  moment  throughout  the  length  of  girder  varies 
as  the  ordinate  of  a  parabola  as  in  the  case  of  uniform 
loading.     The  following  notation  is  required: 

/=  effective  length  of  span  either  in  feet  or  inches; 
L= length  of  cover-plate  required  in  the  same  vmit  as  /; 
A  —total  net  flange  area; 
a  =  net  cover-plate  area  required. 

Since  the  flange  and  cover-plate  areas  vary .  directly 
as  the  flange  stresses,  and  as  the  latter  vary  as  the  ordi- 
nates  of  a  parabola  when  the  depth  of  girder  is  constant, 
the  following  equation  will  result: 

P  "A' 
or 

L-'^l (0 

Eq.  (i)  will  give  the  length  of  the  cover-plate  whose 
area  of  section  is  a.  Any  convenient  unit  may  be  taken 
for  a  and  A ,  but  the  square  inch  is  ordinarily  employed. 

If  there  are  several  cover-plates,  a  is  to  be  taken  suc- 
cessively the  area  of  the  first,  second,  third,  etc.,  cover- 
plates  in  summation,  i.e.,  it  will  first  be  taken  as  the  net 
sectional  area  of  the  top  cover,  then  as  the  net  sectional 
area  of  the  top  cover  added  to  that  of  the  cover-plate 
below  it,  and  so  on. 

The  second  method  is  the  following,  and  is  applicable 
to  the  case  of  a  girder  with  varying  depth,  the  notation 
being  as  follows: 
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Let  ^E;=  uniform  load  per  linear  foot,   or  **  equivalent 

uniform  load"  f)er  linear  foot; 
d  and  d'  represent  the  effective  depths  of  girder  in 

feet  at  the  centre  of  span  and  at  the  end  of 

the  cover-plate  respectively; 
>l  — a=a'=area   of  flange   section   at   the   end   of 

cover-plate ; 
r=  permissible  flange  stress  per  square  inch; 

the  bending  moment  at  the  end  of  the  cover-plate  will 
then  be 

M^w^-jl-j  ^AdT-w-^^d'a'T.     .     .     (2) 

By  solving  the  second  and  third  members  of  the  pre- 
ceding equation  there  will  result 

It  must  be  remembered  that  the  application  of  either 
of  the  two  preceding  methods  will  give  the  net  length  of 
the  cover-plate.  There  ntust  be  added  12  to  18  ins.  at 
each  end  with  rivets  closely  pitched  so  that  the  cover- 
plate  may  certainly  take  its  stress  at  the  points  where  its 
-effectiveness  should  begin. 


CHAPTER  XV. 

ROPES  AND  CHAIN  CABLES. 

Art.  100.— Iron,  Steel,  and  Hemp  Cables  or  Ropes— Wrought-iron 

Chain  Cables. 

The  following  tables  of  resistance  and  other  properties 
of  cables  are  those  published  by  John  A.  Roebling's  Sons  Co. 

It  will  be  observed  that  the  figures  for  hemp  ropes  are 
given  in  comparison  with  either  iron  or  steel  in  each  of 
the  tables. 

In  considering  the  resistance  of  iron  and  steel  cables 
composed  of  wire  twisted  into  strands,  it  is  of  the  highest 
miportance  to  keep  clearly  in  view  the  circumstances  or 
conditions  produced  by  the  manner  of  fabrication,  as  they 
are  peculiar  to  all  classes  of  ropes,  whether  of  hemp  or  wire. 

In  this  class  of  material  the  fibres  or  strands  no  longer 
lie  parallel  to  the  direction  of  the  stress  which  they  carry, 
but  the  process  of  twisting  causes  each  fibre  or  wire  to 
take  a  helical  form,  the  pitch  of  which  is  not  constant  for 
the  different  portions  of  the  rope.  The  consequence  is 
that  if  the  process  of  fabrication  were  absolutely  perfect, 
so  that  each  wire  or  fibre  could  take  its  proper  portion  of 
load,  the  stress  in  that  wire  or  fibre  would  be  its  portion 
of  load  multiplied  by  the  secant  of  its  inclination  to  the 
axis  of  the  rope.  As  a  matter  of  fact,  however,  each  wire 
does  not  take  its  proper  portion  of  load ;  the  imperfections 
unavoidably   incident   to   the   processes   of   manufacture- 
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render  such  a  result  impossible.  Hence  the  increased 
necessity  of  experimental  determination  of  the  ultimate 
resistances  of  metallic  and  hemp  ropes. 

The  same  composite  character  of  these  productions 
renders  anything  like  an  approximately  elastic  character, 
even,  an  essential  impossibility.  It  is  true  that  any  rope 
will  yield  to  a  considerable  extent  while  tmder  stress,  and 
then  return  nearly  to  its  original  condition;  but  this  be- 
havior is  only  apparently  elastic ;  it  is  almost  entirely  due 
to  the  increase  of  helical  pitch  of  the  strands  caused  by 
the  external  loading.  During  this  operation  the  strands 
endeavor  to  place  themselves  more  nearly  parallel  to  the 
direction  of  stress,  and  give  rise  to  a  corresponding  de- 
crease in  diameter.  Since  these  influences  preclude  the 
existence  of  either  coefficient  of  elasticity  or  elastic  limit 
ultimate  resistances  only  will  be  given  in  this  section. 

The  preceding  observations  evidently  do  not  apply  to 
suspension-bridge  cables  which  are  built  up  of  parallel 
wires.  The  operations  leading  to  the  production  of  such 
a  cable  are  of  such  a  refined  and  exact  character  that  the 
total  resistance  of  the  cable  may  be  assumed  without 
essential  error  to  be  the  sum  of  the  resistances  of  all  the 
wires  taken  separately;  the  coefficient  of  elasticity  and 
elastic  limit  may,  and  usually  do,  exist  with  perfect  defini- 
tion. 

The  ultimate  resistance  of  the  Swedish  iron  wire  used 
in  the  standard  hoisting  rope  of  Table  I  may  run  from 
50,000  to  100,000  lbs.  per  sq.  in.,  while  the  cast  (crucible) 
steel  wire  of  the  same  table  may  be  150,000  to  190,000  lbs. . 
per  sq.  in.  The  latter  values  also  apply  to  the  crucible- 
cast  steel  wire  of  Table  II.  The  plough-steel  wire  of 
Table  III  may  have  an  ultimate  resistance  of  190,000  to 
350,000  lbs.  per  sq.  in.  The  ploygh-steel  rope,  therefore, 
is  seen  to  have  much  the  highest  carrying  capacity. 
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Table  I. 

STANDARD  HOISTING  ROPE. 
(Compoeed  of  6  strands  and  a  hemp  centre,  19  wires  to  the  strand.) 

SWBDISH    IRON. 


Trade 

DUmeter 

Approxi- 
mate Cir- 

Weight per 

Approximate 
Breakmg 

Allowable 
Working 

Sizepf 

Number. 

in  Inches. 

cumference 

Foot  m 

Strain  in 

Strain  in 

Drum  or 

in  Inches. 

Pounds. 

Tons  of 
9000  Lbs. 

Tons  of 
aooo  Lbs. 

Sheave  in 
Feet. 



A 

^1 

11.95 

114 

22.8 

16 

— 

3 

7 

9.85 

95 

18.9 

15 

'     ^-"M 

7: 

8.00 

78 

15.60 

13 

•2 

2 

6 

6.30 

62 

12.40 

12 

3 

If 

5i 

4.85 

48 

9.60 

ID 

4 

l| 

5 

4.15 

42 

8.40 

8i 

5 

I 

4f 

3.55 

36 

7.20 

7i 

5i 

X 

4i 

3.00 

31 

6.20 

7 

6 

I 

4, 

2.45 

25 

5.00 

61 

7 

l| 

3i 

2.00 

21 

4.20 

6 

8 

■^. 

3 

1.58 

17 

3.40 

5i 

9 

■  • 

n 

,    1.20 

13 

2.60 

4i 

10 

0.89 

9.7 

1.94 

4 

lOj 

A 

2 

0.62 

6.8 

1.36 

3t 

lOj 

ij 

0.50 

5.5 

1. 10 

A 

loi 

,1 

li 

0.39 

4-4 

0.88 

2l 

loa 

!'• 

0.30 

3.4 

0.68 

2 

106 

A 

I 

0.22 

2.5 

0.50 

Ij 

IOC 

I 

0.15 

1.7 

0  34 

I 

lOd 

i 

f 

0.10 

1.2 

0.24 

} 

CAST  STBBL. 


— 

2} 

8| 

11.95 

228 

45.6 

10 

— 

2 

7 

9.85 

190 

37.9 

9i 

'li 

2 

74 

6i 

8.00 

156 

31.2 

84 

2 

6.30 

124 

24.8 

8 

«f 

5i 

4.85 

96 

19.2 

71 

4 

»t 

5 

4.15 

84 

16.8 

6J 

5 

I' 

4f 

3-55 

72 

14.4 

5} 

5i 

«f 

4i 

3  00 

62 

12.4 

SJ 

6 

I  : 

4 

2.45 

50 

10. 0 

5 

7 

l} 

3i 

2.00 

42 

8.40 

4i 

S 

>     « 

3 

1. 58 

34 

6.80 

4 

9 

I 

2f 

1 .20 

26 

5.20 

3i 

10 

J 

2j 

0.89 

19.4 

3.88 

3 

10} 

f 

2 

0.62 

13.6 

2.72 

i 

lOj 

A 

If 

0.50 

II. 0 

2.20 

1} 

10} 

A 

Ij 

0-39 

8.8 

1.76 

li 

loa 

li 

0.30 

6.8 

1.36 

>i 

10& 

i 

li 

0.22 

5.0 

1.00 

I 

IOC 

tV 

I 

0.15 

3-4 

0.68 

} 

\od 

i 

f 

0. 10 

2.4 

0.48 

J 
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Table  II. 

EXTRA-STRONG  CRUCIBLE  CAST-STEEL  ROPE. 

(Composed  of  6  strands  and  a  hemp  centre,  19  wires  to  the  strand.) 


Approxi- 
mate Cir- 

Approximate 
Breaking 

Allowable 

Minimum 

Trade 

Diameter 

Weight  per 

Working 

Size  of 

Number. 

in  Inches. 

cumference 

Foot  in 

Strain  in 

Strain  in 

Drum  or 

in  Inches. 

Pounds. 

Tons  of 
3000  Lbs. 

Tons  of 
3000  Lbs. 

Sheave  in 
Feet. 



»} 

7* 

n.95 

266 

53 

10 

I 

i\ 

9.85 
8.00 

222 
182 

45 
36.4 

9^ 

8- 

2 

2 

6 

6.30 

144 

28.8 

8 

3 

If 

5J 

4.85 

112 

22.4 

7i 

4 

if 

5, 

4.15 

97 

19.4 

5 

5 

I 

ji 

3-55 

84 

16.8 

5i 

1 

3.00 

72 

14.4 

5 

6 

I 

4 

2.45 

58 

II. 6 

5 

7 

if 

3J 

2.00 

49 

9.80 

4i 

8 

I 

3 

1.58 

39 

7.80 

4 

9 

i 

2f 

1.20 

30 

6.00 

3i 

10 

2I 

0.89 

22 

4.40 

3 

lOj 

A 

2 

0.62 

15.8 

3.16 

"i 

lOj 

1} 

0.50 

12.7 

2.54 

1} 

lOf 

J 

ij 

0.39 

10. 1 

2.02 

li 

loa 

I 

0.30 

7.8 

1.56 

li 

106 

1 

I 

0.22 

5.78 

1.15 

I 

IOC 

I 

0.15 

4.05 

0.81 

) 

lOd 

* 

i 

O.IO 

2.70 

0.54 

J 

(7  wires  to  the  strand.) 


II 

If 

4i 

3-55 

79 

15.8 

8i 

12 

I 

4l 

3.00 

68 

13.6 

8 

13 

I   ' 

4 

2.45 

56 

II. 2 

7- 

14 

I 

3i 

2.00 

46 

9.20 

6 

5 

15 

I 

3 

1.58 

37 

7.40 

16 

i 

2} 

1.20 

28 

5.60 

5 

17 

f 

2f 

0.89 

21 

4.20 

4i 

18 

H 

2i 

0.75 

18.4 

3.68 

4 

19 

t 

2 

0.62 

15. 1 

3.02 

3i 

20 

tV 

If 

0.50 

12.3 

2.46 

3 

21 

i 

1} 

0.39 

9.70 

1.94 

2i 

22 

iv 

0.30 

750 

1.50 

2': 

23 

A 

I 

0.22 

5.58 

I. II 

2 

24 

I 

015 

3.88 

0.77 

•     If 

25 

A 

* 

0.125 

3.22 

0.64 

li 
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Table  III. 

PLOUGH-STEEL  ROPE. 

(Composed  of  6  strands  and  a  hemp  centre,  19  wires  to  the  strand.) 


mate  Cir- 

Breaking 

Allowable 

Minimtun 

Trade 

Diameter 

Weiffht 
per  Foot 

Workinif 

Size  of 

Number. 

in  Inches. 

cumference 

Strain  in 

Strain  in 

Drum  or 

in  inches. 

Tons  of 
jooo  Lbs. 

1  ons  of 
2000  Lbs. 

Sheave  in 
Feet. 

^-. 

2f 

n 

11.95 

305 

61.0 

11 

— 

'A 

9.«5 

254 

50.8 

10 

I 

4 

8.00 

208 

41.6 

9 

2 

2 

6.30 

165 

33  0 

« 

3 

If 

51 

4.85 

128 

.5.6 

7i 

4 

If 

5 

4.15 

III 

22.2 

6 

5 

I'  • 

4i 

3.55 

96 

19.2 

It 

5i 

I 

4l 

3.00 

82 

16.4 

6 

I 

4 

2-45 

67 

134 

5 

7 

l| 

3i 

2.00 

56 

II. 2 

4i 

8 

I 

3 

1.58 

44 

8.80 

4i 

9 

'i 

1.20 

34 

6.80 

3i 

10 

2i 

0.89 

25 

5.00 

3i 

lOj 

2 

0.62 

18 

3.60 

3 

lOj 

*. 

If 

0.50 

14.5 

2.90 

2i 

lOf 

i 

I* 

0.39 

II. 4 

2.28 

2 

loa 

A 

If 

0.30 

8.85 

1.77 

li 

106 

f 

I* 

0.22 

6.55 

I. 31 

I 

IOC 

A 

I 

0.15 

4.50 

0.90 

i 

lOd 

1 

f 

0.10 

3.00 

0.60 

1 

(7  wires  to  the  strand.) 

II 

1} 

4f 

3.55 

91 

18.2 

8* 

12 

1} 

4i 

300 

78 

15.6 

8 

13 

ij 

4 

2.45 

64 

12.8 

7i 

14 

If 

3i 

2.00 

53 

10.6 

6i 

15 

3 

1.58 

42 

8.40 

5* 

16 

* 

2i 

I  .20 

32 

6.40 

5 

17 

f 

2f 

0.89 

24 

4.80 

4 

18 

\h 

2* 

0.75 

21 

4.20 

3i 

19 

t 

2 

0.62 

17 

3  40 

3 

20 

A 

If 

0.50 

14 

2.80 

2f 

21 

i 

^t 

0.39 

II 

2.20 

24 

22 

A 

If 

0.30 

8.55 

1.71 

2 

23 

i 

I* 

0.22 

6.35 

1.27 

l^ 

24     • 

A 

I 

O.X5 

4.35 

0.87 

1 

25 

A 

f 

0.125 

3.65 

0.73 

I 
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All  the  ropes  of  the  Tables  I,  11^  and  III  have  tarred 
hemp  centres,  the  latter  affording  a  cushioning  form  for 
the  surrounding  steel  strands;  at  the  same  time  it  also 
lubricates  the  strands.  If  the  hemp  be  replaced  by  a 
steel  strand  centre  the  resistance  of  the  rope  will  be  in- 
creased 7  to  'o  per  cent.,  but  it  will  be  less  flexible. 

All  the  allowable  working  resistances  in  these  tables 
are  one  fifth  of  the  ultimate  resistances  or  breaking  loads 
of  the  ropes.  For  smaller  drums  than  those  prescribed  in 
the  tables  or  for  relatively  high  speeds,  one  eighth  or  one 
tenth  of  the  ultimate  resistance  is  used  for  the  working 
loads.  The  high  resisting  plough-steel  rope  is  used  where 
it  is  necessary  to  reduce  the  weight  of  the  cable,  as  when 
it  is  so  long  as  to  make  its  own  weight  a  material  element 
of  its  loading. 

The  average  ultimate  resistance  of  the  best  grades  of 
steel  ropes  is  scarcely  more  than  eight  tenths  of  the  aggi'e- 
gate  ultimate  resistance  of  the  wires  of  which  it  is  com- 
posed if  tested  singly. 

Wrought-iron  Chain  Cables. 

It  might  at  first  sight  be  supposed  that  the  pull  which 
the  link  of  a  chain  cable  could  resist  would  be  twice  that 
offered  by  a  bar  of  round  iron  equal  in  cross-section  to  that 
of  one  side  of  the  link.  But  a  weld  exists  at  one  end  of 
the  link  and  a  bend  at  the  other,  each  requiring  at  least 
one  heat  for  the  portion  of  the  link  in  which  it  is  located. 
These  manipulations  produce  a  considerable  decrease  in 
the  resistance  of  the  link. 

The  United  States  Committee  on  '*  Tests  of  Chain 
Cables,"  of  which  Commander  L.  A.  Beardsley  was  chair- 
man, made  many  experiments  on  the  iron  of  which  chain 
cables  are  made,  as  well  as  on  the  finished  cables. 

The  following  conclusions  and  table  are  taken  from  the 
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report  of  that  committee:  ** .  .  .  that  beyond  doubt,  when 
made  of  American  bar  iron,  with  cast-iron  studs,  the 
studded  link  is  inferior  in  strength  to  the  imstudded  one. 


ULTIMATE  RESISTANCE  AND  PROOF  TESTS  OF  CHAIN  CABLES. 


Average 

Average 

Diameter 

Resistance  — 

Diameter 

Resistance  — 

of  Bar. 

163  Per  Cent, 
of  Bar. 

Proof  Test. 

of  Bar. 

163  Per  Cent. 
of  Bar. 

Proof  Test. 

Inches. 

Pounds. 

Pounds. 

Inches. 

Pounds. 

Pounds. 

I 

71.172 

33,840 

l^\ 

162,283 

77,159 

iiV 

79,544 

37.820 

'» 

174.475 

82.956 

It 

88.445 

42,053 

iJI 

187.075 

88.947 

>A 

97,731 

46.468 

200,074 

95,128 

il 

107,440 

51,084 

I    I 

213,475 

101,499 

«A 

"7,577 

55,903 

1* 

227,271 

108,058 

If 

138,129 

60.920 

lit 

241,463 

1x4,806 

i/» 

139,103 

66.138 

3 

256,040 

121.737 

li 

150.485 

71,550 

**That,  when  proper  care  is  exercised  in  the  selection 

of  material,  a  variation  of  five  to  seventeen  per  cent,  of  the 

strongest  may  be  expected   in  the  resistance  of  cables. 

Without  this  care  the  variation  may  rise  to  twenty-five 

'  per  cent. 

**That  with  proper  material  and  construction  the  ulti- 
mate resistance  of  the  chain  may  be  expected  to  vary  from 
155  to  170  per  cent,  of  that  of  the  bar  used  in  making  the 
links,  and  show  an  average  of  about  163  per  cent. 

''That  the  proof  test  of  a  chain  cable  should  be  about 
SO  per  cent,  of  the  ultimate  resistance  of  the  weakest  link." 

The  decrease  of  the  resistance  of  the  studded  below  the 
unstudded  cable  is  probably  due  to  the  fact  that  in  the 
former  the  sides  of  the  link  do  not  remain  parallel  to  each 
other  up  to  failure,  as  they  do  in  the  latter.  The  result 
is  an  increase  of  stress  in  the  studded  link  over  the 
unstudded  in  the  proportion  of  unity  to  the  secant  of  half 
the  inclination  of  the  sides  of  the  former  to  each  other. 
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From  a  great  number  of  tests  of  bars  and  finished  cables, 
the  committee  considered  that  the  average  ultimate  re- 
sistance and  proof  tests  of  chain  cables  made  of  the  bars, 
whose  diameters  are  given,  should  be  such  as  are  shown 
in  the  accompanying  table. 

Manila  and  Hemp  Rope. 

The  results  given  below  were  obtained  in  the  Govt, 
machine  at  Watertown,  Mass.,  and  are  foimd  in  *'  Ex.  Doc. 
No.  35, 49th  Congress,  ist  Session."  **  The  rope  was  secured 
in  the  testing  machine  either  with  a  hitch  made  by  taking 
a  roimd  turn  over  a  4i-inch  pin  held  from  turning  and  then 
making  fast  the  end  to  a  smaller  pin  or  by  passing  the  ends 
over  3i-inch  thimbles  and  securing  to  the  standing  part 
by  means  of  seizing." 


Circum- 
ference, 
inches. 

Fastening. 

Elongation  just 

before  Failure, 

Per  Cent. 

Breaking  Load  in  Pounds. 

Kind. 

Greatest. 

Mean. 

Least. 

Manila 

3i 
3i 
3J 
3i 
3f 
3i 
3l 
3i 
3i 
3i 
3i 
3* 

Hitch 
Seizing 

Hitch 
Seizing 

Hitch 
Seizing 

HUch 
Seizing 

Hitch 
Seizing 

Hitch 
Seizing 

9,600 
10,820 
11,400 
12,150 
12,200 
11,900 

7,950 
12,900 
10,100 
12,480 
10,500 
14,200 

8,620 
10,015 
10,650 
10,810 
11,350 
1 1 ,020 

6,990 
11.350 

8,315 
10,700 

8,535 
12,900 

8,250 
9,050 

i4.6to  18. 1 

14. 1  to  17.2 

10,050 
9.50c 

Hemp 

12.2  to  17.0 

10,550 
9.400 
6,000 
9.850 
6,500 
8,050 

8.3  to  10.9 

8.1  to  13.0 

«« 

8.1  to  1 1. 4 

7,300 
9,350 

The  rope  used  in  these  tests  had  never  been  in  service, 
but  was  ten  years  old,  having  been  made  at  the  Boston 
navy-yard  and  kept  in  store  that  length  of  time  at  the 
Washington  navy-yard.  All  the  manila  rope  had  3  strands, 
but  of  the  hemp  about  half  had  3  strands  and  the  other 
half  4. 


CHAPTER  XVI. 
MISCELLANEOUS  PROBLEMS. 

Art.  loi. — Resistance  of  Flues  to  Collapse. 

If  a  circular  tube  or  flue  be  subjected  to  external  normal 
pressure,  such  as  that  of  steam  or  water,  the  material  of 
which  it  is  made  will  be  subjected  to  compression  around 
the  tube,  in  a  plane  normal  to  its  axis.  If  the  following 
notation  be  adopted, 

/==  length  of  tube; 
{i=  diameter  of  tube; 
/==  thickness  of  wall  of  the  tube; 
p  =  intensity  of  excess  of  external  pressure  over  internal ; 

then  will  any  longitudinal  section  It,  of  one  side  of  the  tube, 

pld 
Ixj  subjected  to  the  pressure        .     But  let  a  unit  only  of 

length  of  tube  be  considered.  This  portion  of  the  tube  is 
approximately  in  the  condition  of  a  column  whose  length 
and  cross-section,  respectively,  are  r.d  and  i. 

The  ultimate  resistance  of  such  a  column  is  (Art.  24) 

As  this  ideal  column  is  of  rectangular  section, 
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and 

P  = 

But  P  = 

-Pd, 

hence 

/>  = 

Et" 

773 


(i) 


is  the  greatest  intensity  of  external  pressure  which  the  tube 
can  carry.  But  the  formulae  of  Art.  24  are  not  strictly 
applicable  to  this  ideal  column.  The  curvature  on  the  one 
hand  and  the  pressure  on  the  other  tend  to  keep  it  in  position 
long  after  it  would  fail  as  a  column  without  lateral  support. 
Hence  p  will  vary  inversely  as  some  power  of  d  much  less  than 
the  third. 

Again,  it  is  clear  that  a  very  long  tube  will  be  much  more 
apt  to  collapse  at  its  middle  portion  than  a  short  one,  as  the 
latter  will  derive  more  support  from  the  end  attachments; 
and  this  result  has  been  established  by  many  experiments. 
Hence  p  must  be  considered  as  some  inverse  function  of  the 
length  /. 

Eq.  (i),  therefore,  can  only  be  taken  as  typical  in  form, 
and  as  showing  in  a  general  way,  only,  how  the  variable 
elements  enter  the  value  of  p.  If  x,  y,  and  z,  therefore,  are 
variable  exponents  to  be  determined  by  experiment,  there 
may  be  written 

P='W' ^'^ 

in  which  c  is  an  empirical  coefficient. 

Sir  Wm.  Fairbaim  (**  Useful  Information  for  Engineers, 
Second  Series")  made  many  experiments  on  wrought-iron 
tubes  with  lap-  and  butt-joints  single  riveted.     He  inferred 
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from  his  tests  that  y  =  z=-i.     Two  diflferent  experiments 
would  then  give 

pld^ct^ (3) 

p'Vd'^cf' (4) 

Hence 

log  {pld)  -=^\ogc^x  log  t, 
\og{p'Vd')^\ogc  +  x\ogt!\ 

in  which  **log*'  means  ''logarithm."     Subtracting  one  of 
these  last  equations  from  the  other,  the  value  of  x  becomes 


\og{pld)^\og{p'Vd')  ^ ^Qg  \plj^) 


^~'        'log<-log<'  "  ^^^^^~'    •     •     ^5; 


As  />,  /,  dy  ty  p\  l\  d\  and  t'  are  known  numerical  quantities 
in  every  pair  of  tests,  x  can  at  once  be  computed  by  eq.  (5) ; 
c  then  immediately  results  from  either  eq.  (3)  or  eq.  (4). 
By  the  application  of  these  equations  to  his  experimental 
data,  Fairbaim  found  for  wrought-iron  tubes: 

fa.19 
/>  =  9»67S.6oo-^, (6) 

in  which  p  is  in  pounds  per  square  inch,  while  t,  /,  and  rfare 
in  inches.  Eq.  (6)  is  only  to  be  applied  to  lenf^ths  between  18 
and  120  inches. 

He  also  found  that  the  following  formula  gave  results 
agreeing  more  nearly  with  those  of  experiment,  though  it  is 
less  simple: 

r  •«              d 
/>  =  9»67S»6oo-^- 0.002- (7) 
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Fairbaim  found  that  by  encircling  the  tubes  with  stiff 
rings  he  increased  their  resistance  to  collapse.  In  cases 
where  such  rings  exist,  it  is  only  necessary  to  take  for  I  the 
distance  between  two  adjacent  ones. 

In  1875  Prof.  Unwin,  who  was  Fairbaim' s  assistant  in 
his  experimental  work,  established  formulae  with  other 
exponents  and  coefficients  (**Proc.  Inst,  of  Civ.  Engrs.," 
Vol.  XLVI).  He  considered  x,  y,  and  z  variable,  and 
foimd  for  tubes  with  a  longitudinal  lap-joint: 

P  =  7i363»ooo^,^^— 6 (8) 

From  one  tube  with  a  longitudinal  butt-joint,  he  deduced : 

/2.21 
/>  =  9,614,6002^:^^^ (9) 

For  five  tubes  with  longitudinal  and  circumferential  joints^ 
he  found: 

/?  =  iS,S47,ooo^o.pjt:76 (10) 

By  using  these  same  experiments  of  Fairbaim,  other 
writers  have  deduced  other  formulae,  which,  however,  are 
of  the  same  general  form  as  those  given  above.  It  is  proba- 
ble that  the  following,  which  was  deduced  by  J.  W.  Nystrom, 
will  give  more  satisfactory  results  than  any  other: 

/?  =  692,800—^ (11) 

At  the  same  time,  it  has  the  great  merit  of  more  simple 
application. 

From  one  experiment  on  an  elliptical  tube,  by  Fairbaim, 
it  would  appear  that  the  formulae  just  given  can  be  approxi- 
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mately  applied  to  such  tubes  by  substituting  for  d  twice 
the  radius  of  curvature  of  the  elliptical  section  at  either 
extremity  of  the  smaller  axis.  If  the  greater  diameter  or 
axis  of  the  ellipse  is  a  and  the  less  6,  then,  for  </,  there  is 


to  be  substituted 


6' 


Art.  I02. — ^Approximate  Treatment  of  Solid  Metallic  Rollers. 

An  approximate  expression  for  the  resistance  of  a  roller 
may  easily  be  written.  The  approximation  may  be  con- 
sidered a  loose  one,  but  it  furnishes  a  basis  for  an  accurate 
empirical  formula. 

The  following  investigation  contains  the  improvements 
by  Prof.  J.  B.  Johnson   and   Prof.   H.  T.  Eddy  on  the 

method  originally  given  by  the 
author. 

The  roller  will  be  assumed 
to  be  composed  of  indefinitely 
thin  vertical  slices  parallel  to 
its  axis.  It  will  also  be  as- 
sumed that  the  layers  or  slices 
act  independently  of  each 
other. 

Let  E'  be  the  coefficient  of 
elasticity  of  the  metal  over  the 
Fig    I  roller. 

Let  E  be  the  coefficient  of  elasticity  of  the  metal  of 
the  roller. 

Let  R  be  the  radius  of  the  roller  and  i?'  the  thickness 
of  the  metal  above  it. 

Let  7£/  =  intensity  of  pressure  at  A  ; 

/>-        "         "        "         **  any  other  point; 
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Let        P=  total  weight  which  the  roller  sustains  per  unit 
of  length. 
X  be  measured  horizontally  from  A  as  the  origin ; 
d^AC; 
e^DC. 


From  Fig.  i : 


BC  =  -gr  I    C'B'  =  -^r- 


/.  d=^AC=AB  +  BC^w{^  +  ^   .     .     .     (i> 


and 


A'C-^A'B'  +  B'C^p{^  +  ^)j.     ...     (2) 
Dividing  eq.  (2)  by  eq.  (i), 

P.A'CI 


But 


P  =  £^'pdx^lJ^lA'Cdx. 


If  the  ctirve  DAH  be  assumed  to  be  a  parabola,  as  may 
be  done  without  essential  error,  there  will  result: 

f^'  A'C'dx  =  ^ed. 
J-  3 

Hence 

^=V (3) 
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e  =  V2Rd  —  rf'  =  \/2Rd,  nearly. 

By  inserting  the  value  of  d  from  eq.  (i)  in  the  value  of 
£,  just  determined,  then  placing  the  result  in  eq.  (3), 

IR~RS 


If  i?  =  i?', 


p-Y-i^^-- (5) 

The  preceding  expressions  are  for  one  unit  of  length. 
If  the  length  of  the  roller  is  /,  its  total  resistance  is 

P'=P/=^/^l2a;'/^(|  +  gj (6) 

p.^±Rl^~J^, (7) 

In  ordinary  bridge  practice  eq.  (7)  is  sufficiently  near 
for  all  cases. 

A  simple  expression  for  conical  rollers  may  be  obtained 
by  using  eqs.  (4)  or  (5). 


Or  if  i?  =  /?', 


S-' 


1^—* ^ 


're-.a-^; 


I    „„5| 


Ni^ 


Fk;    2 


As  shown  in  Fig.  2,  let :;  be  the  distance,  parallel  to  the 
axis,  of  any  section  from  the  apex  of  the  cone;  then  con- 
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sider  a  portion  of  the  conical  roller  whose  length  is  dz.  Let 
/^j  be  the  radius  of  the  base.  The  radius  of  the  section 
iinder  consideration  will  then  be 

and  the  weight  it  will  sustain,  if  R^  =R\ 


Hence 


'""    EE' 

,zdz. 

^'-°^J. 

.^+£' 

(8) 


Eqs.  (6),  (7),  and  (8)  give  ultimate  resistances  if  w  is 
the  ultimate  intensity  of  resistance  for  the  roller. 

It  is  to  be  observed  that  the  main  assumptions  on  which 
the  investigation  is  based  lead  to  an  error  on  the  side  of 
safety. 

If  for  wrought  iron,  it;  =  1-2,000  pounds  per  square  inch, 
and  £  =  £'  =  28,000,000  povmds,  eq.  (5)  gives 

Art.  103.— Resistance  to  Driving  and  Drawing  Spikes. 

Some  very  interesting  experiments  on  driving  and  draw- 
ing rail  spikes  were  made  by  Mr.  A.  M.  Wellington,  C.E., 
and  reported  by  him  in  the  **  R.  R.  Gazette,*'  Dec.  17,  1880. 
He  experimented  with  wood  both  in  the  natural  state  and 
after  it  had  been  treated  by  the  Thilmeny  (sulphate  of 
baryta)  preserving  process. 

'*  The  test-blocks  were  reduced  to  a  uniform  thickness  of 
4.5  inches,  this  thickness  being  just  sufficient  to  give  a  full 
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bearing  surface  to  the  parallel  sides  of  the  spikes  when 
<iriven  to  the  usual  depth,  and  to  allow  the  point  of  the 
spike  to  project  outwards.     It  was  considered  that  the  bev- 

Table  1. 

SPIKES  WERE  STANDARD:    5.5  INCHES  X  A  INCH. 


Kind  of  Wood. 


Beech 

White  oak,  green 

Pin  oak 

White  ash 

White  oak,  well  seasoned. 

Black  aah 

Elm 

Chestnut,  green 

Soft  mapte 

Sycamore 

Hemlock 


Natural  WcKid. 


To  Driving 
spike.  Pounds 


Mean. 

S.oHo 

S.820 
S.3O8 
5.953 
6,433 


J5.3I6J 
i  6,743  f 
»  5.070  t 
)  5.670  » 
3  5.ai6t 
I  5.5»i» 


\  6.433  f 

(  3. 096  I 
1  4,202  s 

)  4.453  i 
M.75»f 
J  3.006  I 
1  3.3Hft  f 
J4.t48|. 
l3.S3«f 
U.i03[ 
I  3.403  f 


4,000 

4.606 
3.691 

3.H43 

3.708 
2,910 


To  Pullin« 
Spike.  Pounds. 


Mean. 


7.170 

5.S60 


4.560 


5.1  38  t 
3.435  \ 


4,281 


J:56«}«.*3« 


3.536  ( 
3.843  \ 

1.006 


3.690 


.188 


Prepared  Wood. 


To  Driving 
Spike,  Pounds. 


Mean. 


6.1171 
4,580  f 


5.353 

4.453 1 

3. 380 J 

4.1 48  l^'-'^*' 


To  PuIUng 
spike.  Pounds. 


Mean. 


(SpKt) 


3.340 

3.028 

3.300 

3.493  J 

4.t48 

4,2oa 


3,290 
4.175 


'•''n».877 


1,968 


elled  point  could  add  very  little  to  the  holding  power  of  the 
spike,  and  it  was  desired  to  press  the  spike  out  again  by 
direct  pressure  after  turning  the  block  over.   .   .   .** 

The  forces  exerted  in  pulling  and  driving  the  spikes 
were  produced  by  a  lever.  A  few  tests  with  a  hydraulic 
press  showed  that  the  friction  of  the  plunger  varied  from 
about  6  to  18  per  cent.  The  experimental  results  are 
given  in  Table  I. 

Some  very  excellent  tests  of  the  holding  power  of  rail- 
road spikes  and  lag-screws  were  made  by  Mr.  A.  J.  Cox,  of 
the  University  of  Iowa,  during  1891,  in  the  engineering 
laboratory  of  that  institution,  the  results  of  which  were 
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Table  II. 

RESISTANCE  OF  RAILROAD  SPIKES  TO  PULLING  OUT  AND 
PRESSING  IN. 


Kind  of  Tie  and  Spike. 


No. 

of 

Tests. 


Greatest  Resistance 
in  Pounds. 


Maxi- 
mum. 


Average. 


Mini- 
mum. 


Average 
Resistance 
in  Pounds 
per  Souare 
Inch  Sur- 
face of  Spiket 


Average 
Resistance 
per  Ounce 

of  Spike. 


Seasoned  White-oak  Tie. 

Common  spike 

Common  spike,  i-in.  bored  hole . 

Common  spike,  redrawn 

Common  spike,  i-in  bored  hole,  * 

redrawn J 

Hill  curved  spike 

Bayonet  spike 

Unseasoned  White  Oak. 

Common  spike 

Common  spikc^  i-in.  bored  hole. 

Hill  curved  spike 

Bayonet  spike 

Unseasoned  White  Cedar. 

Common  spike 

Common  spike,  i-in.  bored  hole. 

Hill  curved  spike 

Bayonet  spike 


7.700 
6,660 


6.S80 
6,850 


6,130 
S.950 
5,680 
6.030 


1.240 

1,460 

1 ,830 

q8o 


5.514 
4.936 

(  5.120* 
I  4,460 
S  4.040* 
\  3.240 
5.843 
6,350 


4,706 
5.807 
S.130 
S.334 


1,140 

1,400 

I.77.S 

955 


3,500 
3.950 


5,290 
5. 600 


4,050 
5. 720 
4,400 
4,030 


1,040 

1,340 

1,720 

930 


643 
575 

520 
378 


548 
716 


133 
x6a 


664 
595 


632 
934 


567 
740 
555 
784 


137 
i6q 
193 
140 


PRESSING  SPIKES  INTO  TIES  UNDER  STEADY   PRESSURE  OF 
TESTING  MACHINE. 


White-oak  Ties. 

Curved  spike,  pressing  in 

Curved  spike,  pulling  out 

Bayonet  spike,  pressing  in 

Bayonet  spike,  pulling  out 

2 
2 
2 
2 

7.430 
6.830 
6.660 
4.400 

7.375 
6,615 
6,5  30 
3.845 

7,320 
6,400 
6,400 
3.290 

•  These  values  are  the  first  resistance  to  drawing  out. 
in  the  same  holes  and  redrawn,  with  the  results  shown, 
t  Wedge  surface  not  considered. 


The  spikes  were  then  redrivcn 


published  in  the  technical  journal  ("The  Transit*')  of  the 
university  for  September,  1891;  they  will  be  found  some- 
what rearranged  in  Tables  II  and  III.  Three  kinds  of 
spikes  were  used,  viz.,  the  conf)mon  spike  (length  5.5  ins., 
0.5625  in.  square,  weight  8.3  oz.),  Hill's  curved  spike  (length 
5.875  ins.,  weight  9.25  oz.),  and  the  bayonet  or  grooved 
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spike  (length  5.5  ins.,  weight  6.8  oz.).     The  timber  of  the 
ties  is  shown  in  the  two  tables.      The  spikes  were  forced 


Table  III. 

RESISTANCE  OF  LAG-SCREWS  TO  PULLING  OUT.* 


Kind  of  Wood. 


Diameter 

Diameter 

Length 

of 

of  Bored 

Screw 

Screw, 

Hole. 

in  Hole. 

Inches. 

Inches. 

Ins. 

% 

% 

4% 

%e 

Ms 

3 

% 

4% 

% 

% 

4 

% 

% 

4 

Maximum 

Average 

Resistance 

in  Pounds. 


Seasoned  white  oak.  . .  . 
Seasoned  white  oak.  . .  . 
Seasoned  white  oak.  . . . 

Yellow- pine  stick 

White  cedar  unseasoned 


8.037 
6.480 
8.7S0 
3,800 
3.40s 


*  The  area  of  Surface  fur  these  lag-screws  used  in  finding  the  resistance  per  square  inch 
was  computed  as  that  of  a  cylinder  whose  diameter  was  equal  to  the  diameter  of  the  screw 
considered.  In  pulling  the  first  lag-screw  of  Table  III.  the  resistance  of  8037  pounds  at 
the  end  of  a  i-inch  movement  decreased  to  4550,  2476.  1475.  and  410  pounds  at  the  ends 
of  movements  of  0.5,  i,  a.  and  a. 75  inches  respectively. 

into  the  wood  by  the  pressure  exerted  by  the  100,000-pouncl 
testing  machine  used  in  the  tests,  and  by  which  they  were 
pulled  out  of  the  ties. 

The  greatest  pulling  resistance  of  any  spike  is  offered 
at  the  very  beginning  of  motion,  and  it  then  rapidly  de- 
creases. A  common  spike  which  resisted  5120  pounds  at 
the  beginning  of  motion  offered  but  3050  pounds  after 
having  moved  a  half-inch,  2,440  pounds  after  i  inch  of  mo- 
tion, 1,300  pounds  after  1.75  inches,  940  pounds  after  2 
inches,  and  440  pounds  after  moving  3  inches;  the  original 
penetration  of  the  spike  was  4.375  inches  in  a  seasoned  white^ 
oak  tie.     Similar  results  were  reached  with  other  timbers. 

When  spikes  were  pressed  into  the  ties  the  timber 
offered  an  increasing  resistance  to  penetration,  but  at  a 
rate  less  rapid  than  that  of  the  decrease  in  pulling  out.  A 
*-inch  penetration  in  a  seasoned  white-oak  tie  gave  a  re- 
sistance to  a  common  spike  of  2,320  pounds  which  increased 
to  3,340  pounds  for  i-inch  penetration,  to  4550  potmds  for 
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2  inches,  to  5580  pounds  for  3.5  inches,  and  to  6555  pounds 
for  4.5  inches. 


Art.  104. — Shearing  Resistance  of  Timber  behind  Bolt  or  Mortise 
,  Holes. 

Col.  T.  T.  S.  Laidley.  U.S.A.,  made  some  tests  during 
1 88 1  at  the  United  States  Arsenal,  Watertown,  Mass.,  on 
the  resistance  offered  by  timber  to  the  shearing  out  of  bolts 
or  keys  when  the  force  is  exerted  parallel  to  the  fibres. 


Fig.  I. 


Fig.  2. 


The  test  specimens  are  shown  in  Figs,  i  and  2.  Wrought- 
iron  bolts  and  square  wrought-iron  keys  were  used.  All 
the  timber  specimens  were  six  inches  wide  and  two  inches 
thick.  The  diameter  of  the  bolts  used  (Fig.  i)  was  one 
inch  for  all  the  specimens.  The  keys  were  i"Xi."s  and 
i".i25Xi".5  as  shown  in  Fig.  2.  In  all  the  latter  speci- 
mens, failure  took  place  in  front  of  the  smaller  key  where 
the  pressure  was  greatest. 

In  many  cases  the  specimen  sheared  and  split  simultane- 
ously in  front  of  the  hole.  By  putting  bolts  through  the 
pieces  in  a  direction  normal  to  the  force  exerted,  so  as  to 
prevent  splitting,  the  resistance  was  found  (in  most  cases) 
to  be  considerably,  though  irregularly,  increased. 

Unless  otherwise  stated,  the  wood  was  thoroughly  sea- 
soned. 

The  accompanying  table  gives  the  results  of  Col.  Laid- 
ley's  tests. 
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Kind  of  W.^xl. 

Spruce  (bolts) 

White  pine  (bolts) 

Yellow  pine  (bolts) 

Yellow  pine  (square  keys) . 
White  pine  (square  keys)  . 
Spruce  (square  keys) 


I  Centrt* 
of  Hole 

!    from 
En.l  of 
Spcxi- 
inon. 


Toul     ' 
Area 

of 

Sht'ahnK 


Ultimati*  ShvarinK  Resistance 
IHT  S<|uarc  Inch,  in  Pounds 


I 


InH. 

2 

8 


U 

2 

4 
6 
8 

i? 

(: 

17 

2 

4 
6 

L7 


Stj.  Ins- 
8 
i6 
:^4   ' 

s   ! 

I6 

24   , 

''        I 
8 
i6 
24 
32 

8 
i6 
24 

28 

8 
iC 
24 

28 

8 
i6 

^4 

28 


399 
359 

275 

202 

457 
6ii 

450 

327 

607 
720 
456 

337 

599 
369 

572 
43« 

550 
412 

332 
236 

410  (Not  thoroughly  seasoned.) 

329  " 

242  (Wet  timber.) 

279 


Art.  105. — Bulging  of  Plates. 

A  plate  offers  resistance  to  **  bulging"  when  it  is  simply 
supported  or  firmly  fixed  around  its  entire  edge  and 
carries  a  single  or  uniformly  distributed  load  acting  normal 
to  its  surface.  The  very  complicated  nature  of  the  stresses 
and  strains  existing  in  a  plate  thus  acted  upon,  together 
with  the  fact  that  its  conditions  just  before  rupture  are 
entirely  different  from  those  accompanying  the  initial 
loading,  give  to  the  problem  a  character  of  unusual  intri- 
cacy, and,  indeed,  preclude  a  solution  possessing  a  degree 
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of  approximation  commonly  obtained  in  questions  relating 
to  the  elasticity  and  resistance  of  materials. 

An  elegant  analysis  of  the  problem,  considered  as  one 
of  pure  elasticity,  may  be  found  in  *'  Die  Theorie  der  Elas- 
ticitat  Fester  Korper,"  by  Clebsch.  It  is,  however,  of  little 
value  in  connection  with  questions  of  ultimate  resistance. 

The  following  roughly  approximate  but  simple  analysis 
may  be  used  to  suggest  the  form  of  an  empirical  formula 
which  can  be  completed  by  the  aid  of  experiments. 

Let  the  length,  breadth,  and  thickness  of  a  rectangular 
xAate  simply  supported  around  its  edges  be  represented  by 
a,  6,  and  t,  respectively,  and  let  it  first  be  loaded  by  a  uni- 
formly distributed  pressure  whose  intensity  (per  unit  of 
ab)  is  w. 

If  the  plate  is  supposed  to  consist  of  two  sets  o{  small 
strips  or  beams  parallel  to  a  and  6,  those  crossing  each 
other  at  the  centre  must  have  the  same  deflection  at  middle. 
If,  further,  the  uniform  load  w  be  supposed  to  be  so  divided 
into  two  parts,  w^  and  u/,  that  they  would  cause  two  rec- 
tangular beams  whose  spans  are  a  and  b  to  have  the  same 
centre  deflection,  the  following  equation  (see  eq.  (26)  of 
Art.  22)  must  obtain: 

SWfl^  _  ^ii/b^ 

Then,  since  zi/  +  w^=  w\  there  must  result : 

a*iv  ,  b*w 

w  =  —r-   ,4     and     w,  =  -.  -  r.. 

The  bending  moments  at  the  centres  of  such  beams 
would  be  (eq.  (27),  Art.  22,  and  eq.  (10),  Art.  9  ) : 

w,a'     2KJ  ^      u/b'     2/C7 
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Since  the  beams  are  rectangular  in  section,  /  = — . 

12 


Hence 


K,-^^-     and     /.-.Sf. 


According  to  these  hypothetical  conditions  the  greatest 
intensity  of  stress  at  the  centre  of  the  plate  will  have  the 
value 


Hence 


For  square  plates,  a -6. 
Hence 

K — gp-     and     ^  =  0.6150-^-^.     ...     (3) 

If  the  edges  are  fixed,  the  greatest  bending  will  occur 
along  those  lines;  and  for  K^  and  K'  then  are  to  be  put  §/Cj 
and  3/C'. 

Hence 

Since  the  greatest  bending  occurs  along  the  edges,  these 
are  the  expressions  for  the  greatest  intensities  of  stress.  If 
a6'  is  greater  than  a'6,  then  is  K^  greater  than  AT';  and 
vice  versa. 

In  the  first  case  the  expression  for  t  is 


2J     _^ 

^(a*4-b*)K. 


t  =  o.7o7afe^V(a^  +  6i)r, <S> 
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Butif /C'>/Cj,  or  c»6>a6», 

/  W 

^  =  °-7°7«'N(^M:6^' (6) 

If  the  plate  is  square, 

K  =  -^     and      i  =  -^^ (7) 

If  a  plate  is  loaded  with  a  single  weight  P,  it  may  be 
supposed  to  be  divided  in  the  same  manner  as  w;  so  that 

P.  +  P'^P.  • 

The  equation  of  middle  deflections  for  ends  simply  sup- 
ported then  becomes 

P,a^  ^  P'b' 
48EI~4SEr 
Hence 

P^  =     a  .   La        and        P,  =-^ TV. 

Proceeding  in  precisely  the  same  manner  as  before, 

^  =  '-^^^(^»TP)^^''+^      ....     (8) 
and 

/     ahP        , \» 

If  the  plate  is  square, 

^-o-7S7r      and     ^-=0.87'^^-.  .     .    .     (10) 
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//  tlic  edges  arc  fixed  in  position^  the  hypothetical  beams 
are  fixe<l  at  each  end  and  loaded  at  the  centre,  and  the 
^^reatest  bending  moments  (at  centre  and  ends  alike)  are 
thereby  reduced  to  one  half  their  preceding  values,  or, 
what  is  the  same  thing,  2/*  is  t(^  take  the  place  of  /*  in  eqs. 
(8),  (9),  and  (10). 

Hence 

abP 


^'=o-53^2(3r;^jVa*  +  fe' (11) 

If  the  plate  is  square, 

aP         ,  lap 

A  =037572      and      /=o.6i3-^-^,.     .     .     (13) 

These  etjuations  are  of  Httle  value  as  they  stand,  except 
:us  indicating  a  form  of  formula  to  which  empirical  coefficients 
are  to  be  fitted.  The  hypothetical  division  of  the  plate  into 
small  beams  is  very  far  indeed  from  being  correct.  In  the 
empirical  determinations  which  follow,  therefore,  K  will 
not  be  the  greatest  intensity  of  stress  in  the  plate,  but  a 
coefticient  or  quantity  partly  analytical  and  partly  experi- 
mental. 

-  Circular    plates    have    not    been    considered,    because 
sqtiare  ones  furnish  the  requisite  type  of  formula. 

Experiments  have  thus  far  been  made  on  square  and 
circular  plates  only;  hence  oblong  rectangular  plates  will 
not  again  be  noticed. 

Kirkaldy's  experiments  on  Fagersta  steel  plates  and 
Fairbaim's  on  wrought-iron  ones  would  seem  to  indicate 
that  the  thickness  t  varies  about  as  (w)"^^  or  (P)"*-';  but  the 
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variation  in  diameter  or  side  of  square  was  not  sufficient  to 
establish  any  relation  between  t  and  a,  while  other  elements 
remain  the  same.  Regarding,  therefore,  K  as  an  empirical 
quantity  which  may  have  different  values  for  square  and  cir- 
cular plates,  eqs.  (3),  (7),  (10),  and  (13)  may  be  written 
as  follows: 

if  =  ^-,-«;'*    and      <  =  0.61 50;^.      .     .     (14) 


a 


t 


Ar  =  — ,a/'*     and      ^"O-Sa-^-     •     •     •     (^5) 
if«&..6     and     f=o.87^    ..-  .     .    .     (16) 

4^  V  A 


xa  \/aP''-^ 

K^l^^-     and      f  =  o.6z3-:^7^.  .     •     <«?) 

Kirkaldy  made  twenty  experiments  with  mild  Fagersta 
steel  circular  plates,  12  inches  in  diameter.  He  forced 
these  through  an  aperture  10  inches  in  diameter  by  the 
pressure  of  a  very  blunt  point.  The  edge  of  the  aperture 
on  which  the  plate  rested  was  rounded;  hence  the  initial 
diameter  of  aperture  was  somewhat  more  than  10  inches. 
Eqs.  (16)  are  the  ones  to  be  used  in  connection  with  these 
experiments. 

From  the  first  member  of  that  equation,  K  was  com- 
puted-for  a  number  of  different  experiments  by  substitut- 
ing the  numerical  values  of  P,  t,  and  a.  In  this  manner 
the  following  values  were  found  to  give  good  results: 

For  unannealed  mild  Fagersta  steel  circular  plates: 

K  =  6, 760,000,000. 
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Hence 

/=  0.000,01  o,6\/aP*** (18) 

For  annealed  mild  Fagersta  steel  circular  plates: 

K  =  5,710,000,000. 
Hence 

/  =0.000,01 1, 52\/aP°*  •     .     .     .     (19) 
Eq.  (16)  gives 


\o,&7\/a/ 


Table  I  contains  the  results  of  computation  by  this 
formula  and  those  obtained  in  the  tests.  On  account  of  the 
rounded  edge  of  the  supporting  ring,  K  was  so  taken  that 
P,  as  computed,  is  a  little  larger  than  its  experimental 
value.  None  of  these  plates  was  cracked,  but  they  were 
bulged  at  the  centre  from  3.00  to  3.45  inches. 

In  **  Engineering'*  for  Sept.  28,  1877,  Robert  Wilson 
describes  four  experiments  on  unstayed  flat  boiler  heads 
subjected  to  hydraulic  pressure.  These  flat  circular  plates 
were  riveted  to  angles  encircling  the  body  of  the  boiler. 
The  edges  of  the  plates  were  thus  fixed,  and  eqs.  (15)  are 
therefore  to  be  used.  Proceeding  in  precisely  the  same 
manner  as  before,  the  following  values  were  established: 

For  wroughUiron  flat  boiler  heads  with  fixed  edges: 

A' =  11,000,000. 
Hence 
'  •  •  /  =  0.000,01  saw*** (20) 

w  was  taken  in  poimds  per  square  inch;  it  has  the  value 


i^- 


t'  / 
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Table  I. 

CIRCULAR  PLATES  SIMPLY  SUPPORTED. 
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Unannealed. 

Annealed. 

P,  in  Pounds. 

■     P  in  Pounds. 

t,  in  Inches. 

/,  in  Inches. 

Experimental. 

By  Formula. 

Experimental. 

By  Ponnula. 

215,690 

119,420     . 

198,000 

196,530 

162,740 

166,000 

154,330 

148,690 

104,850 

115,860 

95,600 

103,780 

71,800 

69,800 

59,430 

62,520 

35,400 

29,350 

25,430 

26,290 

Each  "experimental"  result  is  a  mean  of  two. 

The  results  of  the  experiments,  and  of  this  formula,  are: 


Diameter 
Inches. 

34.5    ■ 

34.5   .. 

26.25. 

28.25. 


Inch. 


I 
I 
I 


r-w,  in  Pounds  per  Sqxiare  Inch.-N 
Experimental.  By  Ponnula. 

280 


371. 
300 


349 
211 
296 
270 


The  agreement,  in  this  case,  is  not  satisfactory.  It  is 
probably  due  to  the  lack  of  a  proper  exponent  of  a.  These 
plates  were  fractured  along  the  lines  of  rivet-holes  in  the 
edges. 

Two  means  of  four  experiments  by  Fairbaim  remain  to 
be  considered.  His  plates  were  square  ones  of  wrought  iron 
firmly  fixed  to  a  square  frame  12  inches  by  12  inches  in  the 
aperture.  The  force  was  applied  by  a  blunt  point  at  the 
centre,  consequently  eqs.  (17)  are  to  be  used. 

By  precisely  the  same  method  already  used  the  follow- 
ing results  were  established: 
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For  wroughUiron  1 2'inch  square  plates,  with  edges  firmly 
fixed: 

AT  =  390,000,000; 

t  =  0.000,03 1  VaP®* (21) 

The  expression  for  the  indenting  force  is 


-HI)" 


The  experiments  and  computations  are: 


Diameter.  /.  r- ; P.in  Pounds.-— -^ 

Inches.  Inch.  ExpenmenUl.  By  Fonnula. 

12 \ 16,780 16,350 

12 i 37,720 38.890 

The  plates  gave  way  at  the  centre,  under  the  blunt  point. 

Some  experiments  by  Kirkaldy,  in  1875,  on  wrought-iron 
circular  plates  simply  supported  around  the  edge,  show  that 
for  12-inch  plates  forced  through  a  lo-inch  aperture  with 
rounded  edge,  there  may  be  safely  taken: 

/  =  0.000,0 1 3\/aP*** (22) 

In  all  the  preceding  formulae,  a  and  t  are  to  be  taken  in 
inches,  w  in  pounds  per  square  inch,  and  P  in  pounds. 

The  investigations  can  only  be  considered  provisional. 
Although  they  give,  as  a  whole,  tolerably  satisfactory  results, 
the  range  of  the  experiments  is  far  too  small  for  the  estab- 
lishment of  thoroughly  reliable  formulae.  Experiments  on 
which  a  proper  exponent  of  a  can  be  based  are  yet  wholly 
lacking,  and  as  the  only  resort,  that  found  in  the  rough 
analysis  has  been  retained. 

Art.  106. — Special  Cases  of  Flexure. 

There  are  a  few  cases  of  flexure  which,  while  not  fre- 
quently found  in  engineering  experience,  are  of  some  prac- 


^^ 
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tical  importance,  and  are  occasionally  required.  The  two 
or  three  which  follow  involve  the  integration  of  some  linear 
differential  equations  that  are  treated  in  all  the  advanced 
works  on  the  integral  calculus ;  consequently  the  operations 
of  integration  will  not  be  given  here,  but  the  general  inte- 
grals will  be  assumed. 

Flexure  by  Oblique  Forces. 

In  Fig.  I  let  OX  represent  a  beam  acted  upon  by  the 
oblique  forces  P,  which 
make  angles  a  with  the 
axis  of  .Y.  The  origin  0 
is  supposed  to  be  taken 
anywhere  on  the  axis  of 
the  beam.    If  right-hand  ^'''' '• 

moments  are  positive,  and  left-hand  negative,  the  compo- 
nent P  sin  a  will  have  the  negative  moment  -P  sin  a.r 
about  O.  The  lever-arm  of  P  cos  a,  if  the  deflection  w  is 
positive,  is  +w,  and  its  moment  Pcosa.w  is  positive. 
Hence  the  resultant  moment  of  any  force,  P,  in  reference 
to  the  origin  O  is 

El'-i-^^—Psma.x  +  P cosa.w,  .     .     .     (i) 

If  a  is  greater  than  90®,  cos  a  is  negative,  so  that  if 

Pcosa          ,     --         Psina.x 
A='±—^j-    and     F= ^^— , 

the  two  cases  may  be  expressed  by  the  equation 

^.+^«'-^ <»> 
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If  a^i-V-A,  and  fc=-\/-.4,  the  general  integral 
of  eq.  (2)  is 

-  =6-^'  +  C  V'  +  ^2i,fVc-^''dx—~l^J \  e-'-dx,     (3) 


w  ^ 


in  which  C  and  C  are  arbitrary  constants  to  be  determined 
by  the  special  conditions  of  any  given  problem,  and 
(.'  =  2.71828. 

When  a  is  less  than  90°  and 


\P  cos  a      ,  I 


Pcos  a 


EI     '     ^  \      £/     ' 

^<A-  (3)  becomes 

w^Ce^-\-ae^'\-xtiina\      ....     (4) 

C  and  C  yet  remain  to  be  determined  by  the  particular  cir- 
cumstances of  a  given  case. 

The  conditions  on  which  the  determination  of  these  con- 
stants rests  are  expressed  by  giving  known  values  to  w  and 

,-  for  values  of  x,  also  known. 
ax 

If  a  is  greater  than  90°, 

\P  cos  a      . \P  cos  a       

«  =  \— gj-.v-i     and     fc=-\ — £/"  .V -I, 

and  eq.   (3)  *  becomes 

^        /Pcosa\*        .,,    .    /Pcosa\       ^  .. 

=  Gcos(       rrr      lt:  +  c'sml — WT — 1^  — tana. a:.     (5) 


W-- 


*  The  symbolical  methcxi  by  which  eq.  (3)  was  established  shows  that  if 
a^-iB-^-VX-iB^  and  h^ -^B-VA'-iB^  the  complete  integral  of  the 

equation  /  j  +  /^  7  -  +  •^^^'  =  V"  is  given  by  eq.  (3). 
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^\s  before,  C  and  C  are  to  be  determined  by  the  cir- 
cumstances of  each  case  to  which  the  equation  is  applied; 
and  the  value  of  cos  a,  it  is  to  be  remembered,  is  to  be 
substituted  with  the  positive  sign. 

Let  a  column  with  one  fixed  and  one  free  end,  and  with 
the  force  P  acting  parallel  to  its  original  axis,  be  considered. 
Since  a  =  180°, 


w 


-Ccos(-^^.:r)-hC' sinf'^-gj.:^).     .     .     (6) 


With  the  origin  of  coordinates  at  the  free  end  w  must 
equal  zero,  for  x-=^o\  hence  C=o. 
The  value  of  w  then  becomes 

w^Csm\^\r^J.xj (7) 

But  if  /  is  the  length  of  the  colimm,   ,    =0  for  ^ =/. 
Hence 

cos 


W^/')- 


or  if  n  is  any  whole  number  from  o  to  infinity, 

il^/^  =  K2»  +  i)»r (9) 


4i 


ip 

If  the  value  of  -y —.  be  taken  from  eq.  (9)  and  inserted 
in  eq.  (8),  there  will  result 


(fu 
dx 
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Eq.  (lo)  shows  that  for  values  of  x  equal  to  i,  3,  5,  7 
.  .  .  times  — — ,  Tr=o-  The  most  dangerous  supposi- 
tion, i.e.,  that  which  requires  the  greatest  value  of  P,  is 
«-o. 

This  value  of  n  in  eq..  (9)  gives 

-f/ (.-> 

The  ultimate  resistance  of  the  column  is  thus  seen  to 
be  independent  of  the  deflection,  as  was  fotmd  for  a  different 
case  in  Art.  24.  The  end  of  the  column,  in  this  case,  which 
carries  the  load  is  free  to  deflect  laterally,  but  in  Art.  24 
both  ends  were  supposed  to  be  fixed  in  a  lateral  direction  in 
reference  to  each  other.  In  the  latter  case  the  resistance  is 
seen  to  be  nine  times  as  great  as  in  the  present. 

Since 


cos 


(%/-7=°'  ^*"Wl/V-^- 


Hence  if  w^  is  the  deflection  of  the  free  end  from  a  vertical 
tangent  to  the  fixed,  eq.  (7)  becomes,  for  of-/, 

In  general,  therefore, 

w^w,sm\^^p-J.xJ (12) 

For  the  same  value  of  x,  therefore,  w  varies  directly  as  w,, 
and  the  relative  deflections  may  be  computed  by  the  equa- 
tion 


w 
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or  in  the  ordinary  case 

—  =sin— , (14) 

Eq.  (i )  was  written  for  one  force  only.  If  any  number  of 
forces  act, 

-E/n-j-  =  i'C  —  P'sin  a  .x  +  P  cos  a  .w), 
and  in  place  of  w  there  is  to  be  put  Iw, 

General  Flexure  by  Continuous  Normal  Load. 

The  most  general  case  of  flexure  by  a  continuous  normal 
load  is  that  in  which  the  intensity  (load  per  unit  of  length  of 
beam)  is  a  variable  quantity.  Let  x  be  an  abscissa  meas- 
ured along  the  original  axis  of  the  beam,  and  let  w  represent 
the  deflection.  Then  the  intensity  of  the  load  may  be 
represented  by  j{x,  w).     It  was  shown  in  Art.  20  that 

'd^^^^^d^^^f'^f^''^'^^    ....     (15) 

The  integration  of  the  equation 

d^w    f{Xy  w) 
~dx'^~Er 

will  depend  upon  the  form  of  the  function  f(x,  w). 

Let  it  be  supposed  that  f(x,  w)  =cx,  c  being  a  constant. 
Then  if  ^,  .4,,  A^,  and  A^  are  constants  of  integration,  there 
will  result 

cx^       Ax^    A,x^     >.         >,  /  ^x 
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Again,  if  f{x,  w)  "cw,  c,  as  before,  being  a  constant, 


(i7> 


lix'^Ei 

For  simplicity  of  notation  let 

then  the  general  integral  of  eq.  (17)  becomes 

W''Ae^  +  Ajs'''^+A^cosax  +  A^^nax.     .     (i8> 

In  eq.  (18)  e  — 2.71828  is  the  base  of  the  Naperian  loga- 
rithms; while  in  both  eqs.  (16)  and  (18)  A,  A^,  A„  and  A^ 
are  arbitrary  constants  to  be  determined  by  the  drcum- 
stances  of  each  individual  case. 


CHAPTER  XVII. 
WORKING  STRESSES  AND  SAFETY  FACTORS. 

Art.  107. — ^Definitions. 

In  all  metallic  and  timber  constructions  the  greatest 
(supposed)  possible  loads  are  determined  from  the  attend- 
ant circumstances  of  the  different  cases,  and  then  the  stresses 
induced  by  these  greatest  loads  are  computed.  These 
stresses  are  called  the  ** working  stresses.'* 

The  ultimate  resistance  of  any  piece  in  a  structure 
divided  by  the  working  stress  gives  a  number  called  the 
"  safety  factor.  *'  Occasionally  the  reciprocal  of  this  number 
is  called  the  safety  factor,  though  but  seldom. 

The  intensity  of  the  ultimate  resistance  of  any  piece  in  a 
structure  divided  by  the  intensity  of  the  working  stress  will 
also  give  the  safety  factor.  This  is  the  more  usual  and 
convenient  form,  since  it  does  not  involve  the  cross-section 
of  the  piece. 

The  values  of  safety  factors  depend  upon  many  circum- 
stances, such  as  kind  and  character  of  material,  kind  of 
stress,  conditions  under  which  material  is  used  and  the 
amount  of  variation  of  stress  in  the  piece  or  the  fatigue  of 
the  material.  The  safety  factor  is  intended  also  to  cover 
both  computed  stresses  and  others  which  are  recognized, 
but  are  not  within  the  reach  of  exact  analysis.  The  latest 
practice  among  American  engineers  will  be  illustrated  in 

799 
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the  following  articles  by  extracts  from  specifications  drawn 
from  some  first-class  sources. 

Art.  io8. — General   Specifications  for  Iron   Railroad   Bridges 
and  Viaduct8|  by  Theodore  Cooper,  C.E.,  1901. 

The  excerpts  given  in  this  article  are  from  the  general 
specifications  of  Mr.  Theodore  Cooper,  C.E.,  consulting 
engineer,  which  have  secured  a  wide  adoption  in  American 
railway  practice. 

2.  Kind  of  Girders. — The  following  kinds  of  girders 
shall  preferably  be  employed; 


Spans  up  to     20  feet 

20  to    75    " 

75  to  120    " 

"      120  to  150    " 

"       over     150    " 


.  .Rolled  beams  or  longitudinal  trough  floorsL 
. . .  Riveted  plate  girders. 
. . .  Riveted  plate  or  lattice  girders. 
. . .  Lattice  or  pin-connected  trusses. 
, .  .Pin-connected  trusses. 


Generally,   ''double-track  through"  bridges  will  have 
but  two  trusses,  to  avoid  spreading  the  tracks  at  bridges. 


Loads. 
23.  All  the  structures  shall  be  proportioned  to  carry 
the  following  loads: 

Dead  Load,— 1st.  The  weight  of  metal  in  the  structure 

and  floor. 

2d.  The  weight  of  rails,  fastenings,  ties,  guards,  foot- 
walk,  and  ballast  when  used;  the  rails  and  fastenings  being 
assumed  at  100  pounds  per  foot  of  track,  timber  at  4^ 
pounds  per  foot  B.  M..  and  ballast  at  100  pounds  per 
cubic  foot.  Minimum  will  be  assumed  at  400  pounds  per 
foot  of  track. 

These  two  items,  taken  together,  shall  constitute  the 
*Mead  load.** 

3d.  Live  Loads. — **  A  live  load''  on  each  track,  supposed 
to  be  movin<^  in  either  direction,  consisting  of  two  "  consoli- 
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dation"  engines,  coupled  and  followed  by  a  train  load, 

distributed  as  shown  on  diagram  E ;    or  a  special 

load  equally  distributed  on  two  pairs  of  driving-wheels, 
spaced  six  feet  centre  to  centre,  of  100,000  pounds  up  to  class 
E40,  and  of  1 20,000  pounds  for  all  classes  above  E40. 

(The  diagram  E40  for  one  rail  is  shown  on  page  69.) 

Note. — ^As  all  the  wheel  loads  in  each  diagram  are  made 
of  the  same  percentages  of  the  driving-wheel  loads,  the 
strains  due  to  the  different  engine  diagrams  will  be  pro- 
portionate to  the  numerical  classes  of  the  engines. 

Any  intermediate  numbers  may  be  selected,  with  the 
understanding  that  this  rule  of  proportion  applies. 

The  maximum  strains  due  to  all  positions  of  either  of 
the  above  "live  loads**  of  the  required  class,  and  of  the 
*'dead  loads,"  shall  be  taken  to  proportion  all  the  parts  of 
the  structure. 


Proportion  of  Parts. 

31.  Tensile  Strain, — All  parts  of  the  structures  shall 
"be  proportioned  in  tension  by  the  following  allowed  unit 
strains : 

For  Medium  Steel. 

Lbs.  per 
Sq.  In.    . 
Floor-beam  hangers  and  other  similar  members  liable  to  sudden 

loading,  net  section 6,00a 

Longitudinal,  lateral,  and  sway  bracing,  for  wind  strains  (§§8,  24, 

25)* 18,000 

Longitudinal,  lateral,  and  sway  bracing,  for  live-load  strains  (§§  27, 

29,  105)* 12,000 

Solid  rolled  beams,  used  as  cross  flqor-beams  and  stringers 10,000 

Bottom  flanges  of  riveted  cross  girders,  net  section 10,000 

Bottom  flanges  of  riveted  longitudinal  plate  girders,  used  as  track- 
stringers,  net  section 1*0,000 

For  Live  For  Dead 
Loads.       Loads 
Bottom  chords,  main  diagonals,  counters,  and  long  verticals    10,000      20,000 

♦  These  articles  refer  to  Cooper's  specifications. 
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For  swing  bridges  and  other  movable  structures  the 
dead-load  unit  strains,  during  motion,  must  not  exceed 
three  fourths  of  the  above  allowed  unit  strains  for  dead  load 
on  stationary  structures. 

The  areas  obtained  by  dividing  the  live-load  strains  by 
the  live-load  tmit  strains  will  be  added  algebraically  to  the 
areas  obtained  by  dividing  the  dead-load  strains  by  the 
dead-load  imit  strains  to  determine  the  required  sectional 
area  of  any  member.     (§47.) 

Soft  Steel, — Soft  steel  may  be  used  in  tension  with  unit 
strains  10  per  cent,  less  than  those  allowed  for  medium 
steel. 

32.  Angles  subject  to  direct  tension  must  be  connected 
by  both  legs,  or  the  section  of  one  leg  only  will  be  consid- 
ered as  effective. 

33.  Net  Section. — In  members  subject  to  tensile  strains 
full  allowance  shall  be  made  for  reduction  of  section  by 
rivet-holes,  screw-threads,  etc.     (§  60.) 

34.  Compressive  Strains. — Compression  members  shall 
be  proportioned  by  the  following  allowed  unit  strains: 

For  Medium  Steel. 
Chord  s^;ments: 

P  -=  10,000 -  45  ^  for  live-load  strains; 

Z 
P  =  20,000  —  90  -  for  dead-load  strains. 

All  posts  of  through  bridges: 

P  »=  8, 500—45  -  for  live-load  strains; 

I 
P  - 1 7 ,000  -  90    for  dead-load  strains. 
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All  posts  of  deck  bridges  and  trestles: 

P  «  9,000 — 40  -  for  live-load  strains ; 

P  =  18,000  —  80  -  for  dead-load  strains. 
r 

End  posts  are  not  to  be  considered  chord  segments. 
Lateral  struts  and  rigid  bracing: 

P  =»  1 3,000  —  60  -  for  wind  strains. 

For  live-load  strains  use  two  thirds  of  the  above. 
(§§27,  29,  105.) 

P  "the  allowed  strain  in  compression  per  square  inch  of 
cross-section,  in  pounds. 

/—the  length  of  compression  member,  in  inches,  c.  to  c. 
of  connections. 

r  '"the  least  radius  of  gyration  of  the  section,  in  inches. 

No  compression  member,  however,  shall  have  a  length 
exceeding  100  times  its  least  radius  of  gyration  for  main 
members,  or  120  times  for  laterals. 

Soft  Steel. — Soft  steel  may  be  used  in  compression  with 
tmit  strains  15  per  cent,  less  than  those  allowed  for 
medium  steel. 

For  swing  bridges  and  other  movable  structures  the 
dead-load  unit  strains  during  motion  must  not  exceed  J  of 
the  above  allowed  unit  strains  for  dead  load  on  stationary 
structures. 

35.  For  long-span  bridges,  when  the  ratio  of  the  length 
and  width  of  span  is  such  that  it  makes  the  top  chords 
acting  as  a  whole  a  longer  column  than  the  segments  of 
the  chord,  the  chord  will  be  proportioned  for  this  greater 
length. 

36.  Alternate  Strains. — ^AU  members  and  their  connec- 
tions subject  to  alternate  strains  of  tension  and  compression 
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shall  be  proportioned  to  resist  each  kind  of  strain.  Both  of 
the  strains  shall,  however,  be  considered  as  increased  by  an 
amount  equal  to  iV  of  the  least  of  the  two  strains,  for  deter- 
mining the  sectional  areas  by  the  above-allowed  unit  strains. 
(§§  3^  34.) 

38.  Rivets,  Bolts,  and  Pins,  —The  rivets  in  all  members, 
other  than  those  of  the  floor  and  lateral  systems,  must  be 
so  spaced  that  the  shearing  strain  per  square  inch  shall  not 
exceed  9000  pounds,  nor  the  pressure  on  the  bearing  surface 
(diameter  X  thickness  of  the  piece)  of  the  rivet-hole  exceed 
15.000  pounds  per  square  inch. 

The  rivets  in  all  members  of  the  floor  system,  including 
all  hanger  connections,  must  be  so  spaced  that  the  shearing 
strains  and  bearing  pressures  shall  not  exceed  80  per  cent, 
of  the  above  limits. 

The  rivets  in  the  lateral  and  sway  bracing  will  be  allowed 
50  per  cent,  increase  upon  the  above  limits  for  lateral  forces 
as  per  §§  24,  25,  but  not  per  §§27,  29. 

In  the  case  of  field  riveting  (and  for  bolts  as  per  §  61) 
the  above-allowed  shearing  strains  and  pressures  shall  be 
reduced  one  third. 

Rivets  and  bolts  must  not  be  used  in  direct  tension. 

39.  Pins  shall  be  proportioned  so  that  the  shearing  strain 
shall  not  exceed  9000  pounds  per  square  inch;  nor  the 
l)ressure  on  the  bearing  surface  of  any  member  (other  than 
forged  eye-bars,  see  §  85)  connected  to  the  pin  be  greater 
per  square  inch  than  15,000  pounds;  nor  the  bending  strain 
exceed  18,000  poimds,  when  the  applied  forces  are  consid- 
ered as  uniformly  distributed  over  the  middle  half  of  the 
bearing  of  each  member. 

40.  Combined  Strains,  —When  any  member  is  subjected 
to  the  action  of  both  axial  and  bending  strains,  as  in  the 
case  of  end  posts  of  through  bridges  (§  37),  or  of  chords 
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carrying  distributed  floor  loads,  it  must  be  proportioned  so 
that  the  greatest  fibre  strain  will  not  exceed  the  allowed 
limits  of  tension  or  compression  on  that  member. 

If  the  fibre  strain  resulting  from  the  weight  only,  of  any 
member,  exceeds  10  per  cent,  of  the  allowed  unit  strain  on 
such  member,  such  excess  must  be  considered  in  propor- 
tioning the  areas. 

41.  Compression  Flanges. — In  beams  and  plate  girders 
the  compression  flanges  shall  be  made  of  same  gross  section 
as  the  tension  flanges. 

42.  Depth  of  Girders, — Riveted  longitudinal  girders 
shall  have,  preferably,  a  depth  not  less  than  i^s  of  the  span. 

Rolled  beams  used  as  longitudinal  girders  shall  have, 
preferably,  a  depth  not  less  than  tV  of  the  span. 

43.  Plate  Girders,  etc. — Plate  girders  shall  be  proportioned 
upon  the  supposition  that  the  bending  or  chord  strains  are 
resisted  entirely  by  the  upper  and  lower  flanges,  and  that 
the  shearing  or  web  strains  are  resisted  entirely  by  the  veb 
plate ;  no  part  of  the  web  plate  shall  be  estimated  as  flange 
area. 

The  distance  between  centres  of  gravity  of  the  flange 
areas  wiU  be  considered  as  the  effective  depth  of  all  girders. 

44.  Web  Plates. — The  webs  of  plate  girders  must  be 
stiffened  at  interv^als,  not  exceeding  the  depth  of  the  girders 
or  a  maximum  of  5  feet,  wherever  the  shearing  strain  per 
square  inch  exceeds  the  strain  allowed  by  the  following 
formula : 

Allowed  shearing  strain  =  10,000— 75//, 

where  //  =  ratio  of  depth  of  w^eb  to  its  thickness;  but  no 
web  plates  shall  be  less  than  three  eighths  of  an  inch  in 
thickness. 

45.  Stiff eners. — All  stiffeners  must  be  capable  of  carry- 
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ing  tlie  maximum   vertical  shear  without  exceeding  the 
allowed  unit  strain, 

P- 10,000-45-. 

Each  stiffener  must  connect  to  the  webs  by  enough  rivets 
to  transfer  the  maximum  shear  to  or  from  the  webs. 

46.  Rolled  Beaffts. — Rolled  beams  shall  be  proportioned 
(§§  3if  41)  by  their  moments  of  inertia. 

Details  op  Construction. 

49.  All  the  connections  and  details  of  the  several  parts 
of  the  structures  shall  be  of  such  strength  that,  upon  test- 
ing, rupture  will  occur  in  the  body  of  the  members  rather 
than  in  any  of  their  details  or  connections. 

50.  Preference  will  be  had  for  such  details  as  shall  be 
most  accessible  for  inspection,  cleaning,  and  painting;  no 
closed  sections  will  be  allowed. 

51.  Riveting. — The  pitch  of  rivets  in  all  classes  of  work 
shall  never  exceed  6  inches,  or  sixteen  times  the  thinnest 
outside  plate,  nor  be  less  than  three  diameters  of  the  rivet. 

52.  The  rivets  used  shall  generally  be  |  and  J  inch  diam- 
eter. 

53.  The  distance  between  the  edge  of  any  piece  and  the 
centre  of  a  rivet-hole  must  never  be  less  than  i^  inches, 
except  for  bars  less  than  2^  inches  wide;  when  practicable 
it  shall  be  at  least  two  diameters  of  the  rivet. 

54.  For  punching,  the  diameter  of  the  die  shall  in  no  case 
exceed  the  diameter  of  the  punch  by  more  than  ^  of  an 
inch,  and  all  holes  must  be  clean  cuts  without  torn  or 
ragged  edges. 

55.  All  rivet-holes  must  be  so  accurately  spaced  and 
jmnched  that  when  the  several  parts  forming  one  member 
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are  assembled  together,  a  rivet  ^\  inch  less  in  diameter 
than  the  hole  can  generally  be  entered,  hot,  into  any  hole, 
without  reaming  or  straining  the  metal  by  ** drifts";  occa- 
sional variations  must  be  corrected  by  reaming. 

♦  ♦♦♦♦♦♦ 

66.  Abutting  Joints, — In  compression  members,  abut- 
ting joints  with  untooled  faces  must  be  fully  spliced,  as  no 
reliance  will  be  placed  on  such  abutting  joints.  The  abut- 
ting ends  must,  however,  be  dressed  straight  and  true,  so 
there  will  be  no  open  joints. 

♦  ♦♦♦«♦♦ 

68.  Stiffeners, — All  web  plates  must  have  stiffeners 
over  bearing  points  and  at  points  of  local  concentrated 
loadings;  such  stiffeners  must  be  fitted  at  their  ends  to 
the  flange  angles,  at  the  bearing  points. 

♦  >|e  ♦  ♦  9|e  4e  4e 

72.  Flange  Plates. — In  girders  with  flange  plates,  at 
least  one  half  of  the  flange  section  shall  be  angles  or  else 
the  largest-sized  angles  must  be  used.  Flange  plates  must 
extend  beyond  their  theoretical  length,  two  rows  of  rivets 
at  each  end. 

9|e  4e  9|c  ♦  ♦  ♦  afe 

74.  Compression  Flanges, — The  compression  flanges  of 
beams  and  girders  shall  be  stayed  against  transverse  crip- 
])ling  when  their  length  is  more  than  sixteen  times  their 
width. 

75.  Width  of  Plates. — The  unsupported  width  (dis- 
tance between  rivets)  of  plates  subject  to  compression  shall 
not  exceed  thirty  times  their  thickness ;  except  cover-plates 
of  top  chords  and  end  posts,  which  will  preferably  be  limited 
to  forty  times  their  thickness;  where  a  greater  relative 
width  is  used  in  chords  and  end  posts,  however,  only  forty 
times  the  thickness  shall  be  considered  as  effective  section. 

76.  The  flange  plates  of  all  girders  must  be. limited  in 


8o8  IVORKING  STRBSSHS  AND  SAFETY  FACTORS.  [Ch.  XVIL 

width  SO  as  not  to  extend  beyond  the  outer  Unes  of  rivets, 
connecting  them  with  the  angles,  more  than  5  inches  or 
more  than  eight  times  the  thickness  of  the  first  plate. 
Where  two  or  more  plates  are  used  on  the  flanges,  they  shall 
either  be  of  equal  thickness  or  shall  decrease  in  thickness 
outward  from  the  angles. 

77.  Where  the  floor  timbers  are  supported  at  their  ends 
on  the  flange  of  one  angle,  such  angle  must  have  wo  rows 
of  rivets  in  its  vertical  leg,  spaced  not  over  4  inches  apart. 

78.  Thickness  of  Metal. — For  main  members  and  their 
connections  no  material  shall  be  used  of  a  less  thickness 
than. I  of  an  inch;  and  for  laterals  and  their  connections, 
no  material  less  than  -f^  of  an  inch  in  thickness;  except 
for  lining  or  filling  vacant  spaces. 

9|e  «  4e  3|e  ♦  ak  afe 

91.  The  pitch  of  rivets  at  the  ends  of  compression  mem- 
bers shall  not  exceed  four  diameters  of  the  rivets  for  a 
length  equal  to  twice  the  width  of  the  member. 

92.  The  open  sides  of  all  compression  members  shall  ho 
stayed  by  batten-plates  at  the  ends  and  diagonal  lattice- 
work at  intermediate  points.  The  batten-plates  must  be 
placed  as  near  the  ends  as  practicable,  and  shall  have  a 
lenjjth  not  less  than  the  greatest  width  of  the  member  or 
one  and  one  half  times  its  least  width.  The  size  and  spac- 
inr;  of  the  lattice  bars  shall  be  duly  proportioned  to  the 
sizo  of  the  member.  They  must  not  be  less  in  width  than 
2  irchcs  for  members  9  inches  or  less  in  width,  nor  2} 
inches  for  members  12  to  9  inches  in  width,  nor  2  J  inches 
for  members  1 5  to  1 2  inches  in  width.  Single  lattice  bars 
shall  have  a  thickness  not  less  than  one  fortieth,  or  double 
lattice  bars  connected  by  a  rivet  at  the  intersection  not 
less  than  one  sixtieth,  of  the  distance  between  the  rivets 
connecting  them  to  the  members.  They  shall  be  inclined 
at  an  angle  not  less  than  60°  to  the  axis  of  the  member 
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for  single  latticing,  nor  less  than  45°  for  double  latticing 
^ith  riveted  intersection  i.  The  pitch  of  the  latticing 
mtist  not  exceed  the  width  of  the  channel  plus  nine  inches. 
93.  Where  necessary,  pin-holes  shall  be  reinforced  by- 
plates,  some  of  which  must  be  of  the  full  width  of  the 
member,  so  the  allowed  pressure  on  the  pins  shall  not  be 
exceeded,  and  so  the  strains  shall  be  properly  distributed 
over  the  full  cross-section  of  the  members.  These  rein- 
forcing plates  must  contain  enough  rivets  to  transfer  their 
proportion  of  the  bearing  pressure,  and  at  least  one  plate 
on  each  side  shall  extend  not  less  than  6  inches  beyond 
the  edge  of  the  batten-plates.     (§  92.) 

3|e  4c  4c  4c  4e  ♦  ♦ 

108.  Friction  Rollers. — All  bridges  over  80  feet  span 
shall  have  hinged  bolsters  on  both  ends,  and  at  one  end 
nests  of  turned  friction  rollers  running  between  planed  sur- 
faces. These  rollers  shall  not  be  less  than  2  J  inches  diame- 
ter for  spans  100  feet  or  less,  and  for  greater  spans  this 
diameter  shall  be  increased  in  proportion  of  i  inch  for  100 
feet  additional. 

Nuts. — ^The  rollers  shall  be  so  proportioned  that  the 
pressure  per  lineal  inch  of  roller  shall  not  exceed  the  product 
of  the  diameter  in  inches  by  300  pounds. 

4c  4e  ♦  ♦  ♦  ♦  a|e 

Quality  of  Material. 

128.  Steel. — All  steel  must  be  made  by  the  open-hearth 
process.  The  phosphorus  must  not  exceed  0.06  of  one 
per  cent,  for  steel  made  by  the  acid  method,  or  0.04  for 
steel  by  the  basic  method. 

129.  The  steel  must  be  uniform  in  character  for  each 
specified  kind.  The  finished  bars,  plates,  and  shapes  must 
be  free  from  cracks  on  the  faces  or  comers,  and  have  a 
clean,  smooth  finish.     No  work  shall  be  put  upon  any  steel 
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at  or  near  the  blue  temperattire  or  between  that  of  boiling 
water  and  of  ignition  of  hard-wood  sawdust. 

130.  The  tensile  strength,  elastic  limit,*  and  ductility- 
shall  be  determined  by  samples  cut  from  the  finished  ma- 
terial after  rolling.  The  samples  to  be  at  least  1 2  inches  long, 
and  to  have  a  uniform  sectional  area  not  less  than  \  square 
inch. 

131.  Material  which  is  to  be  iised  without  annealing  or 
further  treatment  is  to  be  tested  in  the  condition  in  which 
it  comes  from  the  rolls.  When  material  is  to  be  annealed  or 
otherwise  treated  before  use,  the  specimen  representing 
such  material  is  to  be  similarly  treated  before  testing,  for 
tensile  strength. 

The  elongation  shall  be  measured  on  an  original  length 
of  8  inches.  Two  test  pieces  shall  be  taken  from  each  melt  or 
blow  of  finished  material,  one  for  tension  and  one  for  bend- 
ing.   (Art.  147.) 

132.  All  samples  or  full-sized  pieces  must  show  tmiform 
fine-grained  fractures  of  a  blue  steel-gray  color,  entirely 
free  from  fiery  lustre  or  a  blackish  cast. 

133.  Medium  Steel, — Medium  steel  shall  have  an  ultimate 
strength,  when  tested  in  samples  of  the  dimensions  above 
stated,  of  60,000  to  68,000  pounds  per  square  inch,  an  elastic 
limit  of  not  less  than  one  half  of  the  ultimate  strength,  and 
a  minimum  elongation  of  22  per  cent,  in  8  inches.  Steel 
for  pins  may  have  a  minimum  elongation  of  15  per  cent. 

134.  Before  or  after  heating  to  a  low  cherry  red  and 
cooling  in  water  at  82  degrees  Fah.,  this  steel  must  stand 


*  For  the  purpose  of  these  specifications,  the  elastic  limit  will  be  con- 
sidered the  least  strain  producing  a  visible  permanent  elongation  in  a  length 
of  8  inches,  as  shown  by  scribe  marks  of  a  pair  of  finely  pointed  di\'iders. 

If  the  yield -point  or  drop  of  the  beam  can  be  calibrated  for  any  machine 
and  its  speed  to  represent  the  elastic  limit  within  5  per  cent.,  it  may  be  used 
for  general  cases.  Test  reports  must  state  by  which  method  the  elastic  limit 
was  determined. 
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bending  to  a  curve  whose  inner  radius  is  one  and  a  half 
times  the  thickness  of  the  sample,  without  cracking. 

135.  For  all  medium  steel,  f  inch  or  less  in  thickness, 
rivet-holes  ptinched  as  in  ordinary  practice  (§§  52,  53,  54), 
must  stand  drifting  to  a  diameter  one  third  greater  than 
the  original  holes,  without  cracking  either  in  the  periphery 
of  the  holes  or  on  the  external  edges  of  the  piece,  whether 
they  be  sheared  or  rolled. 

136.  Soft  Steel, — Soft  steel  shall  have  an  ultimate 
strength,  on  same  size  samples,  of  54,000  to  62,000  pounds 
per  square  inch,  an  elastic  limit  not  less  than  one  half  the 
ultimate  strength,  and  a  minimum  elongation  of  25  per  cent, 
in  8  inches. 

For  soft  steel  the  above  drifting  test  (§  135)  shall  apply 
to  all  material  to  be  riveted. 

137.  Before  or  after  heating  to  a  light  yellow  heat  and 
quenching  in  cold  water,  this  steel  must  stand  bending  180 
degrees,  to  a  curve  whose  inner  radius  is  equal  to  the  thick- 
ness of  the  sample,  without  sign  of  fracture. 

138.  Rivet  Steel. — Rivet  steel  shall  have  an  ultimate 
strength  of  50,000  to  58,000  poimds  per  square  inch,  an 
elastic  limit  not  less  than  one  half  the  ultimate  strength 
and  an  elongation  of  26  per  cent. 

139.  The  steel  for  rivets  must,  tmder  the  above  bending 
test  (137),  stand  closing  solidly  together  without  sign  of 
fracture. 

140.  Eye-bars, — Eye-bar  material,  ij  inches  and  less 
in  thickness,  shall,  on  test  pieces  cut  from  finished  material, 
fill  the  above  reqtiirements.  For  thicknesses  greater  than 
i\  inches,  there  will  be  allowed  a  reduction  in  the  percentage 
of  elongation  of  i  per  cent,  for  each  J  of  an  inch  increase  of 
thickness,  to  a  minimum  of  20  per  cent.    (Art.  119.) 

141.  Full-size  eye-bars  shall  show  not  less  than  10  per 
cent,  elongation  in  the  body  of  the  bar,  and  an  ultimate 
strength  not  less  than   56,000  poimds  per  square  inch. 
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Should  a  bar  break  in  the  head,  but  develop  lo  per  cent, 
elongation  and  the  ultimate  strength  specified,  it  shall  not 
be  cause  for  rejection,  provided  not  more  than  one  third  of 
the  total  number  of  bars  tested  break  in  the  head. 

142.  Pins  over  7  inches  in  diameter  shall  be  forged. 
Blooms  for  pins  shall  have  at  least  three  tinges  the  sectional 
area  of  the  finished  pins. 

1 43.  A  variation  of  cross-section  or  weight  in  the  finished 
members  of  2^  per  cent,  from  the  specified  size  may  be 
cause  for  rejection. 

Steel  Castings. 

144.  Steel  castings  will  be  used  for  drawbridge  wheels, 
track  segments  and  gearing.    (Art.  i.) 

They  must  be  true  to  form  and  dimensions,  of  a  work- 
manlike finish  and  free  from  injurious  blowholes  and  defects. 
All  castings  must  be  annealed. 

When  tested  in  specimens  of  tmiform  sectional  area  of 
at  least  ^  square  inch  for  a  distance  of  2  inches,  they  must 
show  an  ultimate  strength  of  not  less  than  67,000  pounds 
per  square  inch,  an  elastic  limit  of  one  half  the  ultimate, 
and  an  elongation  in  2  inches  of  not  less  than  10  per  cent. 

The  metal  must  be  uniform  in  character,  free  from  hard 
or  soft  spots,  and  be  capable  of  being  properly  tool  finished. 

Cast  Iron. 

145.  Except  where  cast  steel  or  chilled  iron  is  required, 
all  castings  must  be  of  tough,  gray  iron,  free  from  cold 
shuts  or  injurious  blowholes,  true  to  form  and  thickness, 
and  of  a  workmanlike  finish.  Sample  pieces,  i  inch  square, 
cast  from  the  same  heat  of  metal  in  sand  molds,  shall  be 
capable  of  sustaining,  on  a  clear  span  of  1 2  inches,  a  central 
load  of  2400  pounds,  when  tested  in  the  rough  bar.  A  blow 
from  a  hammer  shall  produce  an  indentation  on  a  rectangu- 
lar edge  of  the  casting  without  flaking  the  metal. 
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Art.  109. — General  Specifications  for  Steel  Railroad  Bridges  of 
the  American  Bridge  Company,  1900. 

The  following  principal  clauses  are  taken  from  the  latest 
issue  of  the  General  Specifications  of  the  American  Bridge 
Company : 

General  Description, 

T.  Material. — All  structures  to  be  wholly  of  rolled  steel 
as  specified  below.  Cast  iron  or  cast  steel  will  be  permitted 
only  in  machinery  of  movable  bridges  and  in  special  cases 
for  shoes  and  bearings. 

2.  Type  of  Bridges. — The  following  types  of  bridges  are 
recommended : 

For  spans  up  to  20  ft. — Rolled  beams  or  longitudinal 
trough  floors. 

For  spans  from  20  to  100  ft. — Plate  girders. 
For  spans  from  100  to  140  ft. — Lattice  girders. 
For  spans  over  140  ft. — Pin-connected  trusses. 

3.  Clearance. — On  straight  line  a  clear  section  shall  be 
provided  to  conform  to  given  requirements.  The  width 
must  be  increased  so  as  to  allow  the  same  minimum  clear- 
ance on  curves  and  on  double  track. 

4.  Spacing  of  Trusses. — The  width  between  centres  of 
trusses  shall  in  no  case  be  less  than  ^  of  the  span  between 
centres  of  end  pins. 

5.  Spacing  of  Deck-plate  Girders. — Deck-plate  girders 
shall  be  spaced  generally  6 J  feet  between  centres. 

6.  Floor  Beams. — All  floor  beams  in  through  bridges 
shall  be  riveted  between  the  posts,  above  or  below  the  pin. 

♦  *  *  ♦  4c  He  4c 

15.  Effect  of  Impact.  -The  effect  of  impact  and  vibration 
shall  be  added  to  the  maximum  strains  resulting  from  the 
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above-mentioned  live  load,  and  is  to  be  determined  by  the 
following  formula, 

\L  +  3oo/ 

where  /  -impact  to  be  added  to  the  live-load  strain; 
5  =  calculated  maximum  live-load  strain; 
L=  length  of  loaded  distance  in  feet  which  prodiices 
the  maximum  strain  in  member. 

i6.  Wind  Pressure. — The  wind  pressure  shall  be  assumed 
acting  in  either  direction  horizontally: 

First.  At  30  pounds  per  square  foot  on  the  exposed 
surface  of  all  trusses  and  the  floor  as  seen  in  elevation,  in 
addition  to  a  train  of  10  feet  average  height,  beginning 
2  feet  6  inches  above  base  of  rail,  moving  across  the  bridge. 

Second, — At  50  pounds  per  square  foot  on  the  exposed 
surface  of  all  trusses  and  the  floor  system.  The  greatest 
result  shall  be  assumed  in  proportioning  the  parts, 

17.  For  determining  the  requisite  anchorage  for  the 
loaded  structure,  the  train  shall  be  assumed  to  weigh  800 
pounds  per  lineal  foot. 

18.  Momentum  of  Train. — For  longitudinal  bracing  of 
trestle  towers  and  similar  structures,  the  momentum  pro- 
duced by  suddenly  stopping  the  train  shall  be  considered ; 
the  coefficient  of  friction  of  wheels  sliding  upon  the  rails 
being  assumed  as  0.2. 

19.  Centrifugal  Force  of  Train. — ^When  the  structure  is 
on  a  ctirve,  the  additional  effects  due  to  the  centrifugal 
force  of  as  many  trains  as  there  are  tracks  shall  be  con- 
sidered and  calculated  by  the  following  formula: 

C=o.o3  WD  for  a  curvature  up  to  5  degrees, 

where  C  =  centrifugal  force  in  pounds; 
IV  =  weight  of  train  in  pounds; 
D  =  degree  of  curvature. 
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The  coefficient  for  centrifugal  force  (0.03)  shall  be  re- 
duced o.ooi  for  every  degree  of  curvature  above  5  degrees. 

Proportion  op  Parts. 

20.  Least  Thickness  of  Material, — For  main  members . 
and  their  connections  no  material  shall  be  used  less  than 
I  of  an  inch  thick,  and  for  laterals  and  their  connections 
not  less  than  3^  of  an  inch  thick  except  for  lining  or  filling 
vacant  spaces. 

21.  Permissible  Tensile  Strains. — ^AU  parts  of  the  struc- 
ture shall  be  so  proportioned  that  the  sum  of  the  maximum 
loads,  together  with  the  impact,  shall  not  cause  the  tensile 
strain  to  exceed — 

On  soft  steel,  15,000  pounds  per  square  inch. 
On  medium  steel,  17,000  potmds  per  square  inch. 

22.  The  same  limiting  tmit  strains  shall  also  be  used 
for  members  strained  by  wind  pressure,  centrifugal  force, 
or  momentum  of  train. 

23.  Net  sections  must  be  used  in  all  cases  in  calculating 
l?nsion  members,  and,  in  deducting  rivet-holes,  they  must 
be  taken  J  of  an  inch  larger  than  the  size  of  the  rivets. 

24.  Pin-connected  riveted  tension  members  shall  have 
a  net  section  through  the  pin-hole  25  per  cent,  in  excess 
of  the  net  section  of  the  body  of  the  member.  The  net 
section  back  of  the  pin-hole  shall  be  at  least  0.75  of  the  net 
section  through  the  pin-hole. 

25.  Permissible  Compressive  Strains. — For  compression 

members,  these  permissible  strains  of  15,000  and  17,000 

poimds  per  square  inch  shall  be  reduced  in  proportion  to 

the  ratio  of  the  length  to  the  least  radius  of  gyration  of  the 

F/xjtion  by  the  following  formulae: 

1 1  000 
For  soft  steel,    p  = --j^ ; 

i3,Soor» 
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^                                 ,                   17,000 
For  medium  steel,    /?= j^i       ; 

ii,ooor^ 

where  />«  permissible  working  strain   per  square  inch    in 
compression ; 
Z=- length  of  piece  in  inches,  centre  to  centre  of  con- 
,  nection ; 

r  =  least  radius  of  gyration  of  the  section  in  inches. 

26.  No  compression  member,  however,  shall  have  a 
length  exceeding  100  times  its  least  radius  of  gyration, 
excepting  those  for  wind  bracing,  which  may  have  a  length 
not  exceeding  1 20  times  the  least  radius  of  gyration. 

27.  The  least  width  of  posts  in  pin-connected  bridges 
shall  be  limited  to  10  inches. 

28.  Alternate  Strains.  —Members  subject  to  alternate 
strains  of  tension  and  compression  in  immediate  succession 
(as  counter  stresses  in  web  members  or  chords  in  continuous 
trusses)  shall  be  so  proportioned  that  the  total  sectional 
area  is  equal  to  the  sum  of  areas  required  for  each  strain. 

29.  Combined  Strains.  -In  case  the  maximum  strains 
due  to  wind  and  centrifugal  force,  added  to  the  maximum 
strains  due  to  vertical  loading  (including  impact),  shall 
exceed  the  following  limits: 

On  soft  steel,  19,000  pounds  per  square  inch. 

On  medium  steel  21,000  pounds  per  square  inch,  prop- 
erly reduced  for  compression,  addition  must  be  made  to 
such  sections  until  these  limits  are  not  exceeded. 

The  permissible  strains  for  the  connections  shaU  be 
increased  proportionately. 

30.  Should  the  strains  be  reversed  in  any  possible  case, 
proper  provision  must  be  made  for  such  strains  in  the 
opposite  dmvtion. 
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31.  Transverse  Loading  of  Tension  or  Compression  Mem- 
bers,— When  the  floor  system  rests  directly  on  the  top  or 
bottom  chord,  the  latter  must  be  so  proportioned  that  the 
algebraic  sum  of  the  strains  per  square  inch  on  the  outer 
fibre,  resulting  from  the  direct  compression  or  tension, 
and  three  fourths  of  the  maximum  bending  moment  (the 
chord  being  considered  as  a  beam  of  one  panel  length,  sup- 
ported at  the  ends),  shall  not  exceed  the  before-mentioned 
limiting  strains  in  tension  or  compression,  the  proper  amotint 
of  impact  being  added  to  each  kind  of  loading. 

32.  The  bending  moment  at  panel  points  shall  be  as- 
sumed equal  to  that  in  the  centre,  but  in  opposite  direction. 

33.  All  other  members  which  are  subject  to  direct  strain 
in  addition  to  bending  moment  are  to  be  similarly  calcu- 
lated. 

34.  Sliearing  and  Bearing  Strains. — The  shearing  strain 
on  rivets,  bolts,  or  pins,  per  square  inch  of  section,  shall  not 
exceed  11,000  pounds  for  soft  steel,  and  12,000,  pounds  for 
medium  steel;  and  the  pressure  upon  the  bearing  surface 
of  the  projected  semi-intrados  (diameter  X  thickness)  of  the 
rivet-,  bolt-,  or  pin-hole,  shall  not  exceed  22,000  pounds  per 
square  inch  for  soft  steel  and  24,000  poimds  for  medium 
steel. 

35.  In  field-riveting  the  number  of  rivets  thus  found 
shall  be  increased  25  per  cent,  if  driven  by  hand,  but  10  per 
cent,  if  driven  by  power. 

36.  Bending  Strains  on  Pins. — ^The  bending  strain  on  the 
extreme  fibre  of  pins  shall  not  exceed  22,000  pounds  per 
square  inch  for  soft  steel,  and  25,000  per  square  inch  for 
medium  steel,  when  centres  of  bearings  of  the  strained 
members  are  taken  as  the  points  of  application  of  the  strains. 

37.  Plate  Girders. — Girders  shall  be  proportioned  on  the 
assumption  that  \  of  the  gross  area  of  the  web  is  available 
as  flange  area.    The  compressed  flange  shall  have  the  same 
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sectional  area  as  the  tension  flange;  but  the  unsupported 
length  of  flange  shall  not  exceed  i6  times  its  width. 

38.  In  calculating  shearing  strains  and  bearing  strains 
on  web  rivets  of  plate  girders,  the  whole  of  the  shear  action 
on  the  side  next  the  abutment  is  to  be  considered  as  being 
transferred  into  the  flange  angles  in  a  distance  equal  to  the 
depth  of  the  girder. 

39.  The  shearing  strain  in  web  plates  shall  not  exceed 
9,000  pounds  per  square  inch  for  soft  steel,  and  10,000 
pounds  per  square  inch  for  medium  steel;  but  no  web 
plate  shall  be  less  than  J  of  an  inch  in  thickness. 

40.  The  web  shall  have  stiffeners  riveted  on  both  sides, 
with  a  close  bearing  against  upper  and  lower  flange  angles 
at  the  ends  and  inner  edges  of  bearing  plates,  and  at  all 
points  of  local  and  concentrated  loads,  and  also,  when  the 
thickness  of  the  web  is  less  than  ^^  of  the  imsupported 
distance  between  flange  angles,  at  points  throughout  the 
length  of  the  girder,  generally  not  farther  apart  than  the 
depth  of  the  full  web  plate,  with  a  maximum  limit  of  5  feet. 

41.  Provision  for  Future  Increase  of  Live  Load. — Wher- 
ever the  live-  and  dead-load  strains  are  of  opposite  char- 
acter, only  70  per  cent,  of  the  dead-load  strain  shall  be  con- 
sidered as  effective  in  counteracting  the  live-load  strain. 

4e  ♦  afe  Xe  *  >l:  Xt 

53.  Bolsters  and  Expansion  Rollers. — All  bridges  exceed- 
ing^ ^o  feet  in  length  shall  have  hinge  bolsters  on  both  ends 
an  at  one  end  nests  of  turned  friction  rollers,  running  be- 
twp^n  planed  surfaces.  Rollers  will  not  be  less  than  4  inches 
in  «^iameter;  and  the  pressure  per  lineal  inch  of  roller,  in- 
cluding impact,  shall  not  exceed  1200  \/~d  for  steel  rollers 
between  steel  surfaces  (rf  =  diameter  of  roller  in  inches). 

54.  Friction  Plates. — For  bridges  less  than  80  feet  in 
length  one  end  shall  be  free  to  move  upon  planed  surfaces. 

55.  Bed-plates. — Bed -plates  shall  be  so  proportioned  that 
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the  presstire  upon  masonry   (including  impact)  will  not 
exceed  400  povmds  per  square  inch. 

56.  Rivets. — The  pitch  of  rivets,  in  the  direction  of  the 
strain,  shall  never  exceed  6  inches,  nor  16  times  the  thick- 
ness of  the  thinnest  outside  plate  connected,  and  not  more 
than  40  times  that  thickness  at  right  angles  to  the  strain. 

57.  At  the  ends  of  compression  members  the  pitch  shall 
not  exceed  four  diameters  of  the  rivet,  for  a  length  equal 
to  twice  the  width  of  the  member. 

58.  The  distance  from  the  edge  of  any  piece  to  the 
centre  of  a  rivet-hole  must  not  be  less  than  i^  times  the 
diameter  of  the  rivet,  nor  exceed  8  times  the  thickness  of 
the  plate ;  and  the  distance  between  centres  of  rivet-holes 
shall  not  be  less  than  3  diameters  of  the  rivet. 

59.  Splices, — All  joints  in  riveted  work,  whether  in  ten- 
sion or  compression  members,  must  be  fully  spliced.  The 
sections  of  compression  chords  shall  be  connected  at  the 
abutting  ends  by  splices  sufficient  to  hold  them  truly  in 
position. 

60.  Tie-plates. — All  segments  of  compression  members 
connected  by  latticing  only,  shall  have  tie-plates  placed  as 
near  the  end  as  practicable.  They  shall  have  a  length  of 
not  less  than  the  greatest  depth  or  width  of  the  member, 
and  a  thickness  not  less  than  jV  of  the  distance  between 
the  rivets  connecting  them  to  the  compressed  members. 

61.  Lacing, — Single  lattice  bars  shall  have  a  thickness 
of  not  less  than  i^,  and  double  bars  connected  by  a  rivet 
at  the  intersection  of  not  less  than  -jV  of  the  distance 
between  the  rivets  connecting  them  to  the  member;  and 
their  width  shall  be : 

For  15-inch  channels,  or  built  sections  with  3*- )  ^1  ,•  t,  ei  -  u  •  x  \ 
and  4-inch  angles. *   P*  '"''^^^  ^^"'"''^  "''^^^^ 

For  1 2- and  lo-inch  channels,  or  built  sections  with  )  ^^  ,•  ^i,«„  /i  ;«  u  -:  *  \ 
3-inchangles ^  2i  inches  (J -inch  n  vets). 

For  9-  and  8-inch  channels,  or  built  sections  with  (     .     u  „  ,»  .     .     •     *  \ 
2i-inch  angles |  2  inches  ({-inch  nvets). 
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62.  PtJi'plates. — ^iUl  pin-holes  shall  be  re-enforced  by 
additional  material  when  necessary,  so  as  not  to  exceed  the 
allowed  pressure  on  the  pins.  These  re-en£orcing  plates 
must  contain  enough  rivets  to  transfer  the  proportion  of 
pressure  which  comes  upon  them,  and  at  least  one  plate  on 
each  side  shall  extend  not  less  than  6  inches  beyond  the 
edge  of  the  tie-plate. 

63.  Web  Splices,  —Web  plates  of  girders  must  be  spliced 
at  all  joints  by  a  plate  on  each  side  of  the  web  not  less  than 
2  of  an  inch  thick,  capable  of  transmitting  the  full  strain 
through  splice-rivets. 

64.  Flange  Plates. — The  flange  plates  of  all  girders  must 
be  limited  in  width  so  as  not  to  extend  beyond  the  outer 
lines  of  rivets  connecting  them  with  the  angles,  more  than 
five  inches  or  more  than  eight  times  the  thickness  of  the 
first  plate.  Where  two  or  more  plates  are  used  on  the 
flanges  they  shall  either  be  of  equal  thickness  or  shall  de^ 
crease  in  thickness  outward  from  the  angles. 

Worknianship. 

65.  Riveted  Work. — All  riveted  work  shall  be  punched 
accurately  with  holes  tV  oi  an  inch  larger  than  the  size 
of  the  rivet,  and  when  the  pieces  forming  one  built  member 
are  put  together  the  holes  must  be  truly  opposite;  no 
drifting  to  distort  the  metal  will  be  allowed;  if  the  hole 
must  be  enlarged  to  admit  the  rivet,  it  must  be  reamed. 

66.  All  holes  for  field  rivets,  excepting  those  in  con- 
nections for  lateral  and  sway  bracing,  shall  be  accurately 
drilled  to  an  iron  templet  or  reamed  while  the  connecting 
parts  are  temporarily  put  together. 

67.  Planing  and  Reaming. — In  medium  steel  over  f  of 
an  inch  thick  all  sheared  edges  shall  be  planed,  and  all 
holes  shall  be  drilled  or  reamed  to  a  diameter  of  J  of  an 
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inch  larger  than  the  punched  holes,  so  as  to  remove  all 
the  sheared  surface  of  the  metal. 

♦  ♦♦♦♦♦♦ 

78.  All  eye-bars  shall  be  annealed. 

♦  ♦  )»  4c  ♦  ♦  ♦ 

81.  Pin-holes  shall  be  bored  truly  parallel  with  one  an- 
other and  at  right  angles  to  the  axis  of  the  member  unless 
otherwise  shown  in  drawings ;  and  in  pieces  not  adjustable 
for  length  no  variation  of  more  than  ^^  of  an  inch  for  every  20 
feet  will  be  allowed  in  the  length  between  centres  of  pin-holes. 

82.  Bars  which  are  to  be  placed  side  by  side  in  the  struc- 
ture shall  be  bored  at  the  same  temperature,  and  shall  be 
of  such  equal  length  that,  upon  being  piled  on  each  other, 
the  pins  shall  pass  through  the  holes  at  both  ends  at  the 
same  time  without  driving. 

83.  All  pins  shall  be  accurately  turned  to  a  gauge,  and 
shall  be  straight  and  smooth. 

84.  The  clearance  between  pin  and  pin-hole  shall  be  i^y  of 
an  inch  for  all  lateral  pins ;  and  for  truss  pins  the  clearance 
shall  be  ^\  of  an  inch  for  pins  3^  inches  in  diameter,  which 
amount  shall  be  gradually  increased  to  -^  of  an  inch  for 
pins  6  inches  in  diameter  and  over. 

85.  All  pins  shall  be  supplied  with  steel  pilot  nuts,  for 
use  during  erection. 

86.  All  workmanship  shall  be  first-class  in  every  particu- 
lar. 

Steel, 

87.  Process  of  Manufacture. — ^All  steel  must  be  made  by 
the  open-hearth  process,  and  if  by  acid  process,  shall  con- 
tain not  more  than  .08  per  cent,  of  phosphorus,  and  if  by 
basic  process,  not  more  than  .05  per  cent,  of  phosphorus, 
and  must  be  uniform  in  character  for  each  specified  kind. 

88.  Finish. — ^The  finished  bars,  plates,  and  shapes  must 
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be  free  from  injurious  seams,  flaws,  or  cracks,  and  have  a 
clean,  smooth  finish. 

89.  Test  Pieces, — The  tensile  strength,  limit  of  elasticity, 
antl  ductility,  shall  be  determined  from  a  standard  test- 
piece,  cut  from  the  finished  material,  of  at  least  i  square 
inch  section.  All  broken  samples  must  show  a  silky  frac- 
ture of  uniform  color. 

90.  Annealed  Test- pieces. — Material  which  is  to  be  used 
without  annealing  or  further  treatment  is  to  be  tested  in  the 
condition  in  which  it  comes  from  the  rolls.  When  material 
is  to  be  annealed  or  otherwise  treated  before  use  the  speci- 
men representing  such  material  is  to  be  similarly  treated 
before  testing. 

91.  Marking. — Every  finished  piece  of  steel  shall  be 
stamped  with  the  blow  number  identifying  the  melt. 

92.  Physical  Properties.  —Steel  shall  be  of  three  grades: 
Rivet,  Soft,  and  Medium. 

93.  Rivet  Steel. —  Rivet  steel  shall  have:  Ultimate 
strength,  48,000  to  58,000  pounds  per  square  inch.  Elastic 
limit,  not  less  than  one  half  the  ultimate  strength.  Elonga- 
tion, 26  per  cent.  Bending  test,  180  degrees  flat  on  itself, 
without  fracture  on  outside  of  bent  portion. 

94.  Soft  Steel.  —Soft  steel  shall  have :  Ultimate  strength, 
52.000  to  62,000  pounds  per  square  inch.  Elastic  limit,  not 
less  than  one  half  the  ultimate  strength.  Elongation,  25 
per  cent.  Bending  test,  180  degrees  flat  on  itself,  without 
fracture  on  outside  of  bent  portion. 

95.  Medium  Steel. — Medium  steel  shall  have:  Ultimate 
strength,  60,000  to  70,000  pounds  per  square  inch.  Elastic 
limit,  not  less  than  one  half  the  ultimate  strength.  Elonga- 
tion, 22  per  cent.  Bending  test,  180  degrees  to  a  diameter 
equal  to  thickness  of  piece  tested,  without  fracture  on 
outside  of  bent  portion. 

96.  Full-size  Test  of   Steel  Eye-bars, — Full-size  test  of 
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Steel  eye-bars  shall  be  required  to  show  not  less  than 
10  per  cent,  elongation  in  the  body  of  the  bar,  and  tensile 
strength  not  more  than  5000  pounds  below  the  minimum 
tensile  strength  required  in  specimen  tests  of  the  grade  of 
steel  from  which  they  are  rolled.  The  bars  will  be  required 
to  break  in  the  body,  but  should  a  bar  break  in  the  head, 
but  develop  10  per  cent,  elongation  and  the  ultimate 
strength  specified,  it  shall  not  be  cause  for  rejection,  pro- 
vided not  more  than  one  third  of  the  total  number  of  bars 
tested  break  in  the  head ;  otherwise  the  entire  lot  will  be 
rejected. 

97.  Pin-steel. —Pins  made  of  either  of  the  above-men- 
tioned grades  of  steel  shall,  on  specimen  test  pieces  cut  from 
finished  material,  fill  the  requirements  of  the  grade  of  steel 
from  which  they  are  rolled,  excepting  the  elongation,  which 
shall  be  decreased  5  per  cent,  from  that  specified. 

98.  Drifting. — Punched  rivet-holes;  pitched  two  diam- 
eters from  a  sheared  edge,  must  stand  drifting  until  the 
diameter  is  one  third  larger  than  the  original  hole,  without 
cracking  the  metal. 

99.  Slabs  for  Plates. — The  slabs  for  rolling  plates  shall 
be  hammered  or  rolled  from  ingots  of  at  least  twice  their 
cross-section. 

100.  Pins. — Pins  up  to  7  inches  diameter  shall  be 
rolled. 

10 1.  Pins  exceeding  7  inches  diameter  shall  be  forged 
under  a  steel  hammer  striking  a  blow  of  at  least  5  tons. 
The  blooms  to  be  used  for  this  purpose  shall  have  at  least 
three  times  the  sectional  area  of  the  finished  pins. 

102.  Variation  in  Weight. — A  variation  in  cross-section 
or  weight  of  rolled  material  of  more  than  2^  per  cent,  from 
that  specified  may  be  cause  for  rejection. 

103.  Steel  Castings. — Steel  castings  shall  be  made  of 
open-hearth   steel  containing    from  tVit  to  yVir  per  cent. 
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carbon  and  not  over  iJo  per  cent,  of  phosphorus,  and  shall 
be  practically  free  from  blow-holes. 

104.  Cast  Iron. — Except  where  chilled  iron  is  specified, 
all  castings  shall  be  of  tough,  gray  iron,  free  from  injurious 
cold-shuts  or  blow-holes,  true  to  pattern,  and  of  workman- 
like finish.  Test  bars  one  inch  square,  loaded  in  middle 
between  supports  12  inches  apart,  shall  bear  2500  pounds 
or  over,  and  deflect  0.15  of  an  inch  before  rupture. 

Art.  no. — Standard  Specificatioiis    for  Steel    Bridges  of  the 
Pennsylvania  Railroad  Company. 

♦  ♦♦«♦♦« 

Section  III. — Determination  op  Sections. 

13.  Strain-sheet, — The  calculation  of  stresses  produced 
by  the  above-mentioned  live  and  dead  loads  will  determine 
the  following  values  for  each  member: 

M  =  maximum  calculated  stress  in  member  (compression 
or  tension); 

m  =  (i)  minimum  calculated  stress  in  members  subjected 
to  one  kind  of  stress  only  (all  compression  or  all 
tension),  or  (2)  maximum  calculated  stress  of  lesser 
kind,  in  members  subjected  to  reversal  of  stress. 

Note— Minimum  stress  is  understood  to  mean  the  absolute  minimum; 
I.e..  in  a  main  diagonal  or  post  of  a  single  span  m  equals  the  calculated 
dead-load  stress  minus  the  maximum  calculated  counter-stress  due  to  hve 
load. 

M 

14.  Stress-increment  due  to  Impact,  etc. — The  maximum 
calculated  stress  (Af)  in  each  member  shall  be  multi- 
plied by  the  coefficient  (i  +fe),  and  the  resultant  quantity, 
M(i  +fe),  shall  be  regarded  as  the  equivalent  static  stress  in 
the  member.  (For  the  value  of  k  see  Tables  B  and  C,  page  83  6. ) 
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15.  Permissible  Tensile  Unit  Stress. — ^All  members  shall 
be  so  proportioned  that  the  stress  Af  (i  +^)  shall  not  cause 
the  tensile  tmit  stress  to  exceed  15,000  potmds,  nor  the 
compressive  tmit  stress  to  exceed  15,000  pounds  properly 
reduced  in  accordance  with  Clause  16. 

16.  Permissible  Compressive  Unit  Stress. — For  compres- 
sion members  the  unit  stress  of  15,000  pounds  per  square 
inch  shall  be  reduced  in  proportion  to  the  ratio  of  the  length 
to  the  least  radius  of  gyration  of  the  section,  by  the  follow- 
ing formula : 

15,000 


iSfSoor- 

where  /?=  permissible  working  stress  per  square  inch  in 
compression ; 
/= length   of  piece  in  inches  between  centres  of 

connections; 
r= least  radius  of  gyration  of  section  in  inches. 

17.  Section  of  Hip-verticals  and  Hangers. — The  net 
section  of  the  long  hip-verticals  of  through  bridges  shall 
be  25  per  cent,  in  excess  of  the  above  requirements  (see 
Clause  No.  15),  all  details  of  these  members  being  correspond- 
ingly strengthened.  Short  floor-beam  hangers  will  be  re- 
quired to  have  50  per  cent,  excess  of  strength. 

18.  Unit  Stresses  for  Wind  Bracing. — The  same  limiting 
unit  stresses  shall  also  be  used  for  members  strained  by 
wind  pressure  or  momentum  of  moving  train,  the  stress- 
increment  being  neglected  in  these  cases. 

19.  Treatment  of  Stress  due  to  Centrifugal  Force. — ^The 
stress  due  to  centrifugal  force  shall  be  regarded  as  live 
load,  and,  when  necessary,  additions  shall  be  made  to  the 
sections  of  truss  chords  or  girder  flanges  until  the  unit 
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Stress  (Uk\s  not  exceed  17,000  jxmnds  in  tension  nor  17,000 
pounds,   properly  reduced,   compression. 

In  lateral  bracing  the  stress  due  to  centrifugal  force 
shall  be  increased  50  per  cent,  and  the  unit  stresses  provided 
for  in  Clause  18  shall  be  used. 

In  the  case  of  deck  stnictures,  when  the  curvature 
exceeds  six  degrees,  the  lower  lateral  bracing  shall  be  de- 
signed to  carry  half  the  stress  due  to  centrifugal  force,  and 
properly  designed  sway  bracing  shall  be  introduced  to 
transfer  the  stress  from  the  upper  to  the  lower  system. 

20.  Limiting    Value    of    -. — No    compression    member 

shall  have  a  length  exceeding  100  times  its  least  radius  of 
gyration,  excepting  wind  bracing,  in  which  the  length  may 
be  120  times  the  least  radius  of  gyration. 

21.  Increase  of  Section  required  by  Wind  Stress,  etc.— 
In  case  the  maximum  stresses  in  chords  of  bridges  or  posts 
of  trestle  towers  due  to  wind  and  momentum  of  train,  added 
to  the  maximum  stresses  from  vertical  loading  and  centrifu- 
gal force,  properly  increased,  shall  exceed  19,000  pounds 
per  square  inch  ('properly  reduced  for  buckling  in  the  case 
of  compression  members),  additions  must  be  made  to  the 
sections  until  this  limit  is  not  exceeded. 

3|c  3|c  3|c  3|c  a|e  4c  ♦ 

25.  Stability  under  Increased  Live-loads. — To  insure  the 
stability  of  bridges  under  increased  live  loads,  a  live  load 
shall  be  assumed  100  per  cent,  greater  than  that  previously 
provided  for  in  this  specification.  If  the  resultant  stress, 
M(i  -\-k),  produces  a  stress  per  square  inch  in  any  member 
more  than  twice  the  permissible  unit  stress  pre\"iously 
specified,  additions  must  be  made  to  the  sections  until  that 
limit  is  not  exceeded.  Counters,  having  in  no  case  less  than 
one  and  one-half  square  inches  of  section,  must  be  prondccl 
where  required  by  the  increased  live  load;  and  in  case  of 
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reversal  of  stress  the  member  must  be  properly  designed 
to  resist  such. reversal. 

26.  Bending  Moment  in  Pins  and  Bolts, — Pins  and  bolts 
are  to  be  so  proportioned  that  the  maximum  stress  in  the 
extreme  fibres  due  to  bending  moment  shall  not  exceed 
22,000  pounds  per  square  inch  for  soft  steel  nor  25,000 
pounds  per  square  inch  for  pin-steel,  the  centres  of  bearings 
of  the  members  connected  by  the  pin  or  bolt  being  taken  as 
points  of  application  of  bending  strains. 

27.  Bearing  Pressures,  Pins,  and  Rivets, — ^The  bearing 
pressure  of  pins,  bolts,  or  rivets  upon  the  projected  semi- 
intrados  (diameter  X thickness)  of  the  hole  shall  not 
exceed  26,000  pounds  per  square  inch  for  rivets  nor  22,000 
pounds  per  square  inch  for  pins  and  bolts. 

28.  Shear  in  Rivets,  Pins,  and  Bolts, — The  shearing 
stress  per  square  inch  of  section  on  rivets,  bolts,  or  pins  shall 
not  exceed  11,000  pounds  for  soft  steel  nor  12,000  pounds 
for  pin-steel. 

29.  Net  Sections.  Tension  Members.  —  Net  sections 
must  be  used  in  all  cases  in  proportioning  tension  members, 
and  in  deducting  rivet-holes  they  shall  be  taken  one  eighth 
of  an  inch  larger  in  diameter  than  the  nominal  size  of  the 
rivets. 

30.  Field-riveted  Connections. — In  the  field-riveted  con- 
nections of  track-stringers  and  floor-beams  the  number  of 
rivets  determined  by  the  foregoing  rules  must  be  increased 
33i  P^r  cent,  in  all  cases.  In  all  other  field-riveted  joints 
a  25  per  cent,  excess  of  rivets  will  be  required  if  hand-driven 
and  a  10  per  cent,  excess  if  satisfactory  power  rivets  arc 
used. 

31.  Value  of  Countersunk  Rivets. — Rivets  with  counter- 
sunk heads  shall  be  assumed  to  have  three  fourths  the  value 
of  corresponding  rivets  with  full  heads. 
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32.  Riveted  Tension  Members  and  Section  at  Pin-kolcs.— 
Riveted  tension  members  shall  have  a  section  through  the 
pin-hole  25  per  cent,  in  excess  of  the  net  section  of  the 
body  of  the  member.  The  section  back  of  the  pin-hole 
shall  be  at  least  75  per  cent,  of  the  section  through  the  pin- 
hole. 

33.  Same  Gross  Section  in  Both  Flanges  of  Plate  Girders, — 
No  allowance  shall  in  general  be  made  for  the  web  as  resist- 
ing any  of  the  bending  moment  in  plate  girders.  The  com- 
pression flange  shall  have  the  same  gross  sectional  area  as 
the  tension  flange.  The  tmsupported  length  of  the  com- 
pression flange  shall  not  exceed  twelve  times  its  width. 

34.  Shear  in  Web  Rivets,  Plate  Girders. — In  calculating 
the  shearing  stresses  and  bearing  stresses  in  the  web  rivets 
of  plate  girders,  the  whole  of  the  shear,  with  its  proper 
increment,  acting  on  the  side  of  the  panel  next  the  abut- 
ment is  to  be  considered  as  transferred  into  the  flange  angles 
in  a  distance  equal  to  the  depth  of  the  girder. 

35.  Extra  Rivets,  Top  Flanges  of  Plate  Girders, — In 
the  case  of  the  rivets  connecting  the  upper  flange  angles 
with  the  web  in  deck  girders  carrying  the  floor  directly  on 
the  top  flanges,  allowance  must  be  made  for  the  concentrated 
load  of  a  i2i-ton  driver,  which  shall  be  considered  as  dis- 
tributed over  three  ties. 

36.  Thickness  of  Web  Plates. — The  thickness  of  web 
plates  shall  be  such  that  the  maximum  calculated  shear, 
with  its  proper  increment,  shall  not  cause  the  shearing 
stress  per  square  inch  of  net  section  of  the  web  to  exceed 
13,000  pounds;  but  no  web  plate  shall  be  less  than  three 
eighths  of  an  inch  in  thickness. 

37.  Rolled  Beams  and  Channels  as  Girders. — Rolled 
beams  and  channels  subjected  to  bending  stresses  shall  be 
so  proportioned  that  the  stress  per  square  inch  in  the  outer 
fibres,  deduced  from  the  calculated  bending  moment  (with 


Art.  1 1  O.J  STANDARD  SPECIFICATIONS  FOR  STEEL  BRIDGES.    829 

its  proper  increment)  and  the  moment  of  inertia  of  the  sec- 
tion, shall  not  be  more  than  14,000  pounds.  The  unsup- 
ported length  of  the  top  flanges  of  such  beams  and  channels 
shall  in  no  case  be  greater  than  twelve  times  the  flange 
width. 

38.  Minimum  Sections. — For  main  members  and  their 
connections  no  material  shall  be  used  of  less  thickness  than 
three  eighths  of  an  inch ;  and  for  laterals  and  their  connec- 
tions no  materials  shall  be  used  of  less  thickness  than  five 
sixteenths  of  an  inch.  Material  of  less  thickness  will  be 
permitted  only  for  lining  or  filling  vacant  spaces. 

No  material  used  in  compression  shall  have  an  unsup- 
ported width  of  more  than  fifty  times  its  thickness. 

No  lateral  or  sway  rod  shall  be  used  having  less  than 
one  square  inch  of  section. 

4c  ♦  ♦  ♦  3|c  ♦  ♦ 

47.  Expansion  Rollers. — All  bridges  80  feet  or  more  in 
length  shall  have  at  one  end  nests  of  turned  friction  rollers 
running  between  planed  surfaces.  Rollers  shall  not  be 
less  than  3  inches  in  diameter,  and  the  pressure  per  lineal 
inch  of  roller,  including  the  proper  increment,  shall  not 
exceed  i200\/d  (rf  =  diameter  of  rollers  in  inches). 

a|e  *  4e  4e  ♦  ♦  ♦ 

48.  Sliding  Bearings. — Bridges  less  than  80  feet  in 
length  shall  be  free  to  move  at  one  end  on  planed  surfaces. 

4c  ♦  4c  :fe  :ie  :ie  a|e 

50.  Assumed  Temperature  Variation. — Provision  shall  be 
made  for  a  free  expansion  and  contraction  of  the  completed 
structure  corresponding  to  a  variation  of  temperattu"e  of 
150  degrees  Fahrenheit. 

51.  Pressure  on  Masonry. — Bed-plates  shall  be  so  pro- 
portioned that  the  pressure  upon  masonry,  including  the 
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proper  increment,  shall  not  exceed  400  pounds  per  square 
inch. 

4e  ♦  «  4t  ♦  4t  ♦ 

55.  Web  Splices,  Plate  Girders, — Web  plates  of  girders 
must  be  spliced  at  all  joints  with  a  plate  on  each  side  of  the 
web  capable  of  transmitting  the  full  shearing  stress  through 
the  splice-rivets. 

56.  Rivet  Spacing,  Compression  Mentbers. — In  members 
subject  to  compression,  rivets  shall  be  so  spaced  that  they 
shall  not  be  farther  apart  in  the  direction  of  the  stress  than 
sixteen  times  the  thickness  of  the  thinnest  external  plate 
connected,  and  not  more  than  fifty  times  that  thickness  at 
right  angles  to  the  direction  of  stress. 

57.  Rivet  Pitch  at  Ends  of  Compression  Mentbers. — ^.\t 
the  ends  of  compression  members  the  pitch  shall  not  exceed 
four  diameters  of  the  rivet,  for  a  distance  equal  to  twice 
the  greatest  width  of  the  member. 

58.  Splices. — All  joints  of  riveted  work,  whether  in  ten- 
sion or  compression  members,  must  be  fully  spliced. 

59.  Limiting  Pitch  of  Rivets,  Distance  from  Edge  of  Plate, 
etc, — The  distance  from  the  edge  of  any  piece  to  the  centre 
of  a  rivet-hole  must  not  be  less  than  one  and  one  half  times 
the  diameter  of  the  rivet,  nor  exceed  eight  times  the  thick- 
ness of  the  plate;  the  distance  between  centres  of  rivet- 
holes  shall  not  be  less  than  three  diameters  of  the  rivet. 

60.  Tie-plates. — All  segments  of  compression  members 
connected  by  lacing  only  shall  have  tie-plates  placed  as  near 
the  ends  as  practicable.  The  tie-plates  shall  have  a  length 
not  less  than  the  greatest  width  of  the  member,  and  a  thick- 
ness not  less  than  one  fortieth  of  the  distance  between  the 
lines  of  connecting  rivets,  measured  at  right  angles  to  the 
length  of  the  member. 

61.  Lattice  Bars, — Single  lattice  bars  shall  have  a  thick- 
ness of  not  less  than  one  fortieth  and  double  bars  connected 
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by  a  rivet  at  the  intersection  of  not  less  than  one  sixtieth  of 
the  distance  between  the  rivets  connecting  them  to  the 
member;  and  their  width  shall  be: 

For  15-inch  channels,  or  built  sections  with  3i- )  ^j  inches  (}-inch  rivets). 

or  4-inch  angles ) 

For  12-  and  lo-inch  channels,  or  built  sections  I    ^  inches  (i -inch  rivets). 

with  3  inch  angles. S 

For  9-  and  8-inch  channels,  or  built  sections  with  {  ^  inches  (f -inch  rivets). 

2)-inch  angles ) 

The  distance  between  connections  of  the  lattice  bars 
shall  not  exceed  eight  times  the  least  width  of  the  seg- 
ments connected. 

62.  Pin-plates.— AW  pin-holes  shall  be  reinforced  with 
additional  material  when  necessary,  so  that  the  permissible 
pressure  on  pins  shall  not  be  exceeded.  These  reinforcing 
plates  must  contain  enough  rivets  to  transfer  the  proportion 
of  pressure  which  comes  upon  them  in  accordance  with  the 
previously  stated  rules  for  proportioning  rivets. 

63.  Wide  Girder-flanges  requiring  Four  Rows  of  Rivets. — 
Flanges  of  plate  girders  running  over  14  inches  in  width, 
or  projecting  more  than  3  inches  beyond  the  edge  of  flange 
angles,  shall  have  at  least  four  lines  of  rivets. 

64.  Length  of  Cover-plates.  Plate  Girders. — In  all  plate 
girders  having  cover-plates  at  least  one  plate  on  each 
flange  shall  extend  from  end  to  end  of  the  same,  and,  in 
general,  cover-plates  shall  be  made  of  such  lengths  as  to 
allow  of  at  least  two  rows  of  rivets  of  the  regular  pitch  being 
placed  at  each  end  of  the  plate,  in  addition  to  those  theo- 
retically required. 

65.  Web-stiffeners.  Plate  Girders, — The  webs  of  plate 
girders  shall  have  stiffeners  riveted  on  both  sides,  with  a 
close  bearing  against  upper  and  lower  flange  angles,  at  the 
ends  and  inner  edges  of  bearing-plates,  and  at  all  points  of 
local  and  concentrated  loads ;  and  also  when  the  thickness 
of  wxb  is  less  than  one  sixtieth  of  the  unsupported  distance 
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between  flange  angles,  at  points  throughout  the  length  of 
the  girder,  generally  not  farther  apart  than  the  depth  of  the 
full  web  plate,  with  a  maximum  limit  of  5  feet. 

PART   SECOND.— MATERIALS  AND  WORK- 
MANSHIP. 

Section  I. — Materials. 
A.  Rolled  Steel 

1.  Character  of  Rolled  Steel, — In  general,  soft  steel  will 
be  used  in  all  parts  of  the  work.  For  pins,  lateral  bolts, 
and  expansion  rollers,  however,  medium  steel  will  be  used. 
iWl  steel  must  be  made  by  the  open-hearth  process,  and 
may  be  either  basic  or  acid,  at  the  discretion  of  the  chief 
engineer. 

2.  Phosphorus  Limit,  Acid  Open-hearth  Steel, — If  made 
in  an  acid  furnace,  the  maximum  allowable  amount  of 
phosphorus  in  the  finished  product  shall  be  six  hundredths 
of  one  per  cent 

3.  Phosphorus  Limit,  Basic  Open-hearth  Steel, — If  made 
in  a  basic  furnace,  the  maximum  allowable  amoimt  of 
phosphorus  in  the  finished  product  shall  be  four  hun- 
dredths of  one  per  cent. 

4.  Surface  Requirements, — The  finished  product  shall  be 
perfect  in  all  parts  and  free  from  irregularities  and  surface 
imperfections  of  all  kinds.  All  steel  must  be  free  from  pip- 
ing. 

5.  Permissible  Excess  of  Weight. — No  difference  of  more 
than  2\  per  cent,  from  the  section  shown  on  the  plans  will 
be  permitted,  except  in  the  case  of  extra-wide  plates. 

6.  Marking  Finished  Pieces.  —Every  finished  plate,  bar. 
or  angle  shall  be  plainly  stamped  on  one  side,  near  the 
middle,  with  a  number  identifying  the  melt.  Steel  for  pins 
shall  have  the  melt  numbers  stamped  on  the  end.     Rivet- 


Art.  no,]  ST/1NDARD  SPEClFIC/iTIOhJS  FOR  STEEL  BRIDGES.     833 

steel,  and  small  pieces  not  forming  part  of  the  calculated 
section  of  members,  may  be  shipped  in  bundles  wired  to- 
gether, with  the  melt  number  on  a  metal  tag  attached. 

B.   Cast  Steel. 

7.  Cast  Steel,  General. — Cast  steel  shall  be  made  in  an 
open-hearth  furnace,  and  shall  fulfil  the  following  require- 
ments : 

(a)  Annealing  of  Steel  Castings. — ^AU  steel  castings  shall 
be  annealed. 

(6)  Tests  of  Steel  Castings. — Every  steel  casting  shall  be 
made  with  a  coupon  for  testing,  which  coupons  shall  be  cut 
off  after  annealing,  and  the  test  shall  be  made  from  a  |-inch 
round  cut  from  the  coupon.  The  test  piece  shall  show  an 
ultimate  strength  of  at  least  65,000  pounds,  an  elastic  limit 
of  not  less  than  33,000  pounds,  an  elongation  of  at  least 
15  per  cent,  in  two  inches,  and  a  reduction  of  area  of  20  per 
cent,  at  the  point  of  fracture. 

(c)  Somtdness  of  Steel  Castings. — When  the  bearing  sur- 
face of  any  steel  casting  is  finished  there  shall  be  no  blow- 
holes visible  exceeding  one  inch  in  either  dimension,  nor 
exceeding  one  half  a  square  inch  in  area.  The  length  of 
blow-holes  cut  by  any  straight  line  laid  in  any  direction 
shall  never  exceed  one  inch  in  any  one  foot. 
« 

C.  General   Tests. 

8.  Sample  Bar. — A  sample  bar  not  more  than  2  inches 
wide,  and  having  a  sectional  area  of  not  less  than  ^  square 
inch,  shall  be  cut  from  the  finished  product  of  every  melt. 
When  taken  from  metal  more  than  two  inches  thick  the 
sample  may  be  a  turned,  round  bar.  The  laboratory  tests 
shall  be  made  on  this  sample  bar  in  its  natural  state,  with- 
out annealing. 
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9.  Varieties  of  Material  to  be  Tested. — When  a  melt  is 
rolled  into  several  varieties  of  material,  each  variety  shall 
be  separately  tested.  A  variety  shall  consist  of  one  of  the 
following  shapes:  Sheared  Plates,  Universal  Mill  Plates, 
Beams,  Angles,  Channels,  Z  Bars,  Flats,  Roimds,  Pin-steel, 
Eye-bar  Steel. 

10.  Measured  Length  of  8  inches  for  Elongation  Test. — 
In  the  laboratory  tests,  measurements  to  determine  elonga- 
tion shall  be  made  on  an  original  length  of  eight  inches. 

11.  Bending  Test. — A  piece  of  each  sample  bar  shall  be 
bent  cold  180®,  and  closed  up  against  itself.  In  the  case  of 
"pin-steel"  the  test  shall  be  considered  satisfactory  if  no 
crack  nor  flaw  appear  on  the  outside  of  the  bent  portion 
until  the  diameter  of  the  circle  around  which  the  specimen 
is  bent  has  become  less  than  the  thickness  of  the  sample 
bar.  Samples  of  *'soft  steel"  will  be  further  required  to 
close  up  on  themselves  without  developing  any  crack  or 
flaw  on  the  outside  of  the  bent  portion  before  the  test  shall 
be  considered  satisfactory. 

12.  Drifting  Test. — The  ductility  of  the  metal  must  be 
such  that  a  ptmched  hole  seven  eighths  inch  in  diameter, 
the  centre  of  which  is  not  more  than  one  and  one-half  inches 
from  the  sheared  or  rolled  edge  of  the  pieoe,  may  be  enlarged 
by  drifting  to  a  diameter  50  per  cent,  greater  than  the  origi- 
nal hole  without  cracking  the  specimen  at  any  point. 

13.  Ultimate  Strength,  Elastic  Limit,  etc. — ^The  sample 
bar  shall  be  tested  in  a  lever  machine,  and  shall  fulfil  the 
following  requirements: 


Pin  steel . . 
Soft  steel . 
Rivet-steel 


UltimAtc  Strength. 


62,000   to  70,000  lbs. 
52,000  to  62,000  " 
48,000  to  56,000  " 


Elastic 
Limit. 


33,000  lbs, 
28,000  " 
28,000  " 


Blongation. 


17  per  cent. 
25    "      " 
28    "      " 


Redtxction  of 
Axea. 


40  per  cent. 

50  "   •« 
56  "   •• 
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14.  Fracture. — ^The  entire  fracture  shall  be  silky. 

15.  Minimum  Limits. — The  requirements  for  Elastic 
Limit,  Elongation,  and  Reduction  of  Area  are  minima,  and 
no  steel  will  be  accepted  which  fails  to  meet  these  require- 
ments, except  as  provided  in  Clause  16. 

16.  Duplicate  Tests,  when  Allowed. — Duplicate  tests 
may  be  made  when  the  sample  tested  fulfils  five  of  the  six 
requirements.  If  the  second  test  and  also  the  average  of 
both  tests  meet  all  the  requirements,  the  melt  may  be  ac- 
cepted. 

17.  Chemical  Analyses.^ — ^Analyses  shall  be  made  show- 
ing the  amount  of  phosphorus,  carbon,  sulphur,  silicon,  and 
manganese  whenever  required,  the  drillings  for  these  analy- 
ses being  taken  directly  from  the  finished  material.  • 

D.  Full-sized  Eye-bar  Tests. 

18.  Selection  of  Eye-bars  for  Test. — ^The  ey^-bars  re- 
quired for  f uU-sized  tests  and  those  required  for  the  struc- 
ture shall  be  made  at  one  time.  The  test  bars  shall  be 
selected  by  the  inspector  and  must  be  fair  average  speci- 
mens of  those  which  would  be  classed  as  good  bars,  accepta- 
ble for  the  work.  No  bar  tliat  is  known  to  be  defective  in 
any  way  shall  be  selected  for  testing.  *     * 

19.  Elastic  Limit  and  Ultimate  Strength  of  Test  Bars. — 
The  test  bars  shall  show  an  elastic  limit  of  not  less,  than 
27,000  pounds  and  an  ultimate  strength  of  not  less  than 
48,000  pounds  per  square  inch  of  section. 

20.  Elongation  of  Test  Bars. — The  test  bars  will  be  re- 
quired to  develop  an  average  stretch  of  16  per  cent,  and  a 
minimum  stretch  of  14  per  cent,  before  breaking,  the 
elongation  to  be  measured  on  a  gauged  length  of  10  feet, 
including  the  fracture. 

21.  Minimum  Limit  of  Elongation. — ^The  specified  elon- 
gations are  minima,  and  a  failure  in  these  requirements  will 


836  lyORK/NG  STRESSES  AND  SMhETY  FACTORS.  [Ch.  XVll. 


Table  B. 
COEFFICIENTS  OF  STRESS-INCREMENTa 

Case  i. — StnsiM  of  one  kind  only — all  compression  or  all 
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Table  C. 

COEFFICIENTS  OF  STRESS-INCREMENTS. 

Casb  3. — Strcssc8  subject  to  reversal. 
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be  sufficient  cause  for  condemning  the  bars  represented  by 
the  test. 

22.  Location  of  Fractures. — In  general  bars  will  be 
required  to  break  in  the  body.  When  a  bar  breaks  in  the 
head,  but  develops  14  per  cent,  elongation  before  breaking, 
a  second  bar  shall  be  selected  from  the  same  lot.  If  this 
bar  breaks  in  the  body  and  the  average  elongation  of  the 
two  bars  is  not  less  than  16  per  cent.,  the  bars  of  this  lot 
may  be  accepted. 

23.  Condemnation  if  Bars  Break  in  Head. — If  more 
than  one  third  of  all  the  bars  tested  break  in  the  head,  this 
shall  be  deemed  sufficient  cause  for  the  rejection  of  the  entire 
lot  of  eye-bars. 

Art.  III. — Specifications  for  the  Steel  Cables,  Suspenders,  etc., 
of  the  New  East  River  Bridge  at  New  York  City. 


Wira. 

57.  Ultimate  Strength  and  Elongation, — The  wire  ter 
the  cables  and  for  the  suspenders  and  ties  must  have  an 
ultimate  strength  of  200,000  pounds  or  more  to  the  square 
inch,  and  must  have  an  elongation  under  test  of  at  least 
2*  per  cent,  in  five  feet  of  observed  length  and  of  at  least 
5  per  cent,  in  eight  inches  of  observed  length. 

58.  Bending  Test. — It  must  be  capable  of  being  coiled 
cold  around  a  rod  of  its  own  diameter  without  cracking. 

59.  Size. — All  wire  will  be  bright  and,  for  the  cables,  it 
will  be  of  size  No.  6,  Roebling  wire  gauge,  not  straightened 
by  machine,  but  drawn  absolutely  straight  and  free  from 
any  tendency  to  coil  when  unrolled  from  the  drums. 

60.  Lengths  of  Wire  and  Size  of  Drums, — It  shall  be 
made  in  lengths  of  not  less  than  4000  feet  and  shipped  to 
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the  site  on  .drums  of  such  diameters  as  not  to  cause  any 
tendency  to  coil. 

♦  '  61.  Splices.  -All  the  Wires  of  each  cable  strand  will  be 
spliced  ^o  as  to  form  one  continuous  Wire.  The  splices  must 
be  made' so  as  to  have  a  Strength  of;  at  least  95  per  cent,  of 
the  strength  of  the  wire.  The  splice  which  will  accomplish 
this  result  with  the  least  increase  in  size  above  that  of  the 
•Mare  will  be  approved  by  the  engineer.  The  right  and  left 
sleeve-nut  splice,  shown  on  the  drawings  and  used  for  the 
cables  of  the  New  York  and  Brooklyn  Bridge,  is  the  only  one 
known  to  the  engineer  which  will  give  the  required  strength. 
^  62.  Distribution  of  Splices.  —The  lengths  of  the  wires 
must  be  arr^inged  so  that  the  splices  will  be  uniformly  dis- 
tributed throughout  the  cables. 

Steel  for  Wire. 

24.  Furnace. — All  steel  for  wire  shall  be  made  in  an 
open-hearth  furnace  lined  with  silica. 

25.  No  Scrap  Alloived. — This  steel  shall  be  made  en- 
tirely from  pig  iron,  without  the  admixture  of  scrap  of  any 
.kind  or  form  and  without  the  use  of  any  other  stock. 

26.  Quality  of  Pig. — No  portion  of  the  pig  iron  used  shall 
contain  more  than  .06  of  i  per  cent,  of  phosphorus  nor  more 
than  .05  of  I  per  cent,  of  sulphur. 

27.  Iron  Ore. — The  use  of  iron  ore  for  the  reduction  of 
carbon  in  the  furnace  charge  will  be  allowed  according  to 
usual  and  good  practice. 

28.  Recarhonization. — The  recarbonization  of  steel  and 
the  addition  of  manganese  shall  be  accomplished  by  the 
•use  of  ferro-manganese  or  spiegeleisen  only,  and  shall  be 
performed  carefully  in  a  manner  most  likely  to  give  good 
results. 

'.    29.  Decarhonization.—T)\vnr\^  the  reduction  of  the  steel 


Art.  112.]   SPECIFICATIONS  FOR  CAST-IRON  PIPE,  ETC.  839 

in  the  open-hearth  furnace  it  shall  not  be  decarbonized  below 
.10  of  I  per  cent. 

30.  Chemical  Limits. — The  finished  steel  shall  not  con- 
tain to  exceed  the  following  limits  of  the  elements  named : 

Phosphorus 04  of  one  per  cent. 

Sulphur 03  of  one  per  cent. 

Manganese 50  of  one  per  cent. 

Silicon 10  of  one  per  cent. 

Copper 02  of  one  per  cent. 

31.  Size  of  Ingots, — The  finished  steel  shall  be  made  into 
bottom-cast  ingots,  not  larger  than  16  inches  square  in  great- 
est cross-section,  weighing  not  more  than  5000  pounds 
each,  and  cast  in  groups  of  not  less  than  six  ingots  to  each 
group. 

♦  *  ♦  %  %  ♦  4e 


Art.  112. — Standard  Specifications  for  Cast-iron  Pipe  and  Special 
Castings,  New  England  Water-works  Association,  1902. 

Allowable  Percentage  of  Variation  in  Weight, 

Sec.  7.  No  pipe  shall  be  accepted  the  weight  of  which 
shall  be  less  than  the  standard  weight  by  more  than  5  per 
cent,  for  pipes  16  inches  or  less  in  diameter,  and  4  per  cent, 
for  pipes  more  than  16  inches  in  diameter;  and  no  excess 
above  the  standard  weight  of  more  than  the  given  per- 
centages for  the  several  sizes  shall  be  paid  for.  The  total 
weight  to  be  paid  for  shall  not  exceed  for  each  size  and 
class  of  pipe  received  the  sum  of  the  standard  weights  of  the 
same  number  of  pieces  of  the  given  size  and  class  by  more 
than  2  per  cent. 

Quality  of  Iron, 

Sec.  8.  All  pipes  and  special  castings  shall  be  made  of 
cast  iron  of  good  quality,  and  of  such  character  as  shall 
make  the  metal  of  the  castings  strong,  tough,  and  of  even 
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grain,  and  soft  enough  to  satisfactorily  admit  of  drilling 
and  cutting.  The  metal  shall  be  made  without  any 
admixture  of  cinder  iron  or  other  inferior  metal,  and  shall 
be  remelted  in  a  cupola  or  air  furnace. 

Tests  of  Material. 

Sec.  9.  Specimen  bars  of  the  metal  used,  each  being  26 
inches  long  by  2  inches  wide  and  i  inch  thick,  shall  be  made 
without  charge  as  often  as  the  engineer  may  direct,  and  in 
default  of  definite  instructions  the  contractor  shall  make 
and  test  at  least  one  bar  from  each  heat  or  run  of  metal. 
The  bars,  when  placed  flatwise  upon  supports  24  inches 
apart  and  loaded  in  the  centre,  shall  for  pipes  1 2  inches  or 
less  in  diameter  support  a  load  of  1900  pounds  and  show  a 
deflection  of  not  less  than  .30  of  an  inch  before  breaking, 
and  for  pipes  of  sizes  larger  than  1 2  inches  shall  support  a 
load  of  2000  pounds  and  show  a  deflection  of  not  less  than 
.32  of  an  inch.  The  contractor  shall  have  the  right  to  make 
and  break  three  bars  from  each  heat  or  run  of  metal,  and 
the  test  shall  be  based  upon  the  average  results  of  the  three 
bars.  Should  the  dimensions  of  the  bars  diflfer  from  those 
above  given,  a  proper  allowance  therefor  shall  be  made  in 
the  results  of  the  tests. 

Casting  of  Pipes. 

Sec.  10.  The  straight  pipes  shall  be  cast  in  dry  sand 
moulds  in  a  vertical  position.  Pipes  16  inches  or  less  in 
diameter  shall  be  cast  with  the  hub  end  up  or  down  as 
specified  in  the  proposal.  Pipes  18  inches  or  more  in  diam- 
eter shall  be  cast  with  the  hub-end  down. 

The  pipes  shall  not  be  stripped  or  taken  from  the  pit 
while  showing  color  of  heat,  but  shall  be  left  in  the  flasks 
for  a  sufficient  length  of  time  to  prevent  unusual  contraction 
by  subsequent  exposure. 
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Quality  of  Castings. 

Sec.  II.  The  pipes  and  special  castings  shall  be  smooth, 
free  from  scales,  lumps,  blisters,  sand-holes,  and  defects  of 
every  nature  which,  in  the  opinion  of  the  engineer,  unfit 
them  for  the  use  for  which  they  are  intended.  No  plugging 
or  filling  will  be  allowed. 

Cleaning  and  Inspection. 

Sec.  12.  All  pipes  and  special  castings  shall  be  thoroughly 
cleaned  and  subjected  to  a  careful  hammer  inspection.  No 
casting  shall  be  coated  unless  entirely  clean  and  free  from 
rust,  and  approved  in  these  respects  by  the  engineer  before 
being  dipped. 

Coating. 

Sec.  13.  Every  pipe  and  special  casting  shall  be  coated 
inside  and  out  with  coal-tar  pitch  varnish.  The  varnish 
shall  be  made  from  coal-tar.  To  this  material  sufficient  oil 
shall  be  added  to  make  a  smooth  coating,  tough  and  tena- 
cious when  cold,  and  not  brittle,  nor  with  any  tendency 
to  scale  off. 

Each  casting  shall  be  heated  to  a  temperature  of  300° 
Fahrenheit  immediately  before  it  is  dipped,  and  shall  pos- 
sess not  less  than  this  temperature  at  the  time  it  is  put  in 
the  vat.  The  ovens  in  which  the  pipes  are  heiited  shall  be 
so  arranged  that  all  portions  of  the  pipe  shall  be  heated  \jo 
an  even  temperature.  Each  casting  shall  remain  in  the 
bath  at  least  five  minutes. 

The  varnish  shall  be  heated  to  a  temperature  of  300° 
Fahrenheit  (or  less,  if  the  engineer  shall  so  order),  and  shall 
be  maintained  at  this  temperature  during  the  time  the 
casting  is  immersed. 

Fresh  pitch  and  oil  shall  be  added  when  necessary  to 
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keep  the  mixture  at  the  proper  consistency,  and  the  vat 
shall  be  emptied  of  its  contents  and  refilled  with  fresh  pitch 
when  deemed  necessary  by  the  engineer.  After  being 
coated,  the  pipes  shall  be  carefully  drained  of  the  sur- 
plus varnish.  Any  pipe  or  special  casting  that  is  to  be 
recoated  shall  first  be  thoroughly  scraped  and  cleaned. 


Hydrostatic  Test. 

Sec.  14.  When  the  coating  has  become  hard,  the  straight 
pipes  shall  be  subjected  to  a  proof  by  hydrostatic  pressure, 
and,  if  required  by  the  engineer,  they  shall  also  be  subjected 
to  a  hammer  test  under  this  pressure. 

The  pressure  to  which  the  dififerent  sizes  and  classes  of 
pipes  shall  be  subjected  are  as  follows: 


ao-inch  Diameter 

and  Larger, 

Pounds  per 

Square  Inch. 


Less  than  to-inch 

Diameter, 

Pounds  per 

Square  Inch. 


Class  A  pipe 

Class  B  pipe 

Class  C  pipe 

Class  D  pipe 

Classes  E  to  K  pipe,  inclusive 


300 

300 
300 
300 

350 


CHAPTER  XVIII. 
THE   FATIGUE  OF   METALS. 

Art.  113. — Woehler*s  Law. 

In  all  the  preceding  pages,  that  force  or  stress  which, 
"by  a  single  or  gradual  application,  will  cause  the  failure  or 
rupture  of  a  piece  of  material  has  been  called  its  "ultimate 
resistance/*  It  has  long  been  known,  however,  that  a  stress 
less  than  the  ultimate  resistance  tnay  cause  rupture  if  its 
application  be  repeated  (without  shock)  a  sufficient  ntmiber 
of  times.  Preceding  1859  no  experiments  had  been  made 
foi  the  purpose  of  establishing  any  law  connecting  the  num- 
ber of  applications  with  the  stress  requisite  for  rupture,  or 
with  the  variation  between  the  greatest  and  least  values  of 
the  applied  stress. 

During  the  interval  between  1859  and  1870,  A.  Wohler, 
under  the  auspices  of  the  Prussian  Government,  undertook 
the  execution  of  some  experiments,  at  the  completion  of 
which  he  had  established  the  following  law: 

Rupture  may  be  caused  not  only  by  a  force  which  exceeds 
the  ultimate  resistance,  but  by  the  repeated  action  of  forces 
alternately  rising  and  fallinf^  between  certain  limits,  the  greater 
of  whicn  is  less  than  the  ultimate  resistance;  the  number  of 
repetitions  requisite  for  rupture  being  an  inverse  function 
both  of  this  variation  of  the  applied  force  and  its  upper  limit. 

This  phenomenon  of  the  decrease  in  value  of  the  break- 

843 
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ing  load  with  an  increase  of  repetitions  is  known  as  *'  Ae 
fatigue  of  materials,'' 

Although  the  experimental  work  requisite  to  give 
Wohler's  law  complete  quantitative  expression  in  the 
vari(jus  conditions  of  engineering  constructions  can  scarcely 
be  considered  more  than  begun,  yet  enough  has  been  done 
by  Wohler  and  Spangenberg  to  establish  the  fact  of  metallic 
fatigue,  and  a  few  simple  formuke,  provisional  though  they 
may  be.  The  importance  of  the  subject  in  its  relation  to 
the  durability  of  all  iron  and  steel  structures  is  of  such  a 
high  character  that  a  synopsis  of  some  of  the  experimental 
results  of  Wohler  and  Spangenberg  will  be  given  in  the  next 
article. 

^  Art.  X14. — Experimental  Resul's. 

The  experiments  of  Wohler  are  given  in  **  Zeitschrift  fur 
Bauwesen,"  Vols.  X.,  XIII.,  XVI.,  and  XX.,  and  those  of 
Spangenberg  may  be  consulted  in  **  Fatigue  of  Metals/' 
translated  from  the  German  of  Prof.  Ludwig  Spangenberg, 
1876. 

These  results  show  in  a  very  marked  manner  the  effect 
of  repeated  vibrations  on  the  intensity  of  stress  required 
to  produce  rupture. 

Spangenberg  states  that  **  the  experiments  show  that  vi- 
brations may  take  place  between  the  following  limits  with 
equal  security  against  rupture  by  tearing  or  crushing: 

'  +  17,600  and— 17,600  lbs.  per  sq.  in. 
Wroujjrht  iron ■   +  ^^,ooo  and—     o 

.  +4^,400  and+  26,400 

f  +3o,Soo  and— 30,800 
Axle  cast  steel -!  +  52,800  and         o 

I  +88,000  and  4- 38.500 

f  +  5.s,ooo  and  o 

I  +77,000  and+ 27,500 
Spnng-steel  not  hardened.  .  -j  ^^^.^  and +  44.000 

I  +90,000  and +  66,000 
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And  for  axle  cast  steel  in  shearing : 

+  24,200  and  —  24,200  lbs.  per  sq.  in. 
-^-4i.Rooand  o       "      "     "     " 
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PHCENIX  IRON  IN  TENSION. 


Pounds  Stress  per   1               Nurnlx'r                   Pounds  Stress  per 
Square  Inch.         i        of  Repetitions.                 Square  Inch, 

Number 
of  Repetitions. 

0  to  52,800         )               «oo  rupture 
0  to  48,400                 106.910  rupture 
0  to  44,000                  340,85,^  rupture 
0  to  39,600                 4o<>,4Hi  rupture 

0  to  39,600 

0  to  35.300 

22,000  to  48.400 

26.400  to  48,400 

480,852  rupture 
10,141,645  rupture 
a.373.4a4  rupture 
4,000,000  not  broken 

WESTPHALIA  IRON  IN  TENSION. 


o  to  52,800 
o  to  48,400 
o  to  48,400 
o  to  44,000 
o  to  44,oao 


4,700  rupture 

83,199  rupture 

33, 2JO  rupture 

136,700  rupture 

1 50.6 JO  rupture 


0  to  30,600 

180,800  rupture 

0  to  39,600 

596,089  rupture 

0  to  30.600 

43.1,572  rupture 

0  to  35.200 

280.121  rupture 

0  to  35,200 

566,344  rupture 

KIRTH  &  SONS'  STEEL  IN  TENSION. 


0  to  66.000 

83.319  rupture 

0  to  55,000 

103,540  rupture 

0  to  60,500 

168,306  rupture 

0  to  53.000 

1 2,aoo,ooo  not  broken 

0  to  55.000 

13 3.9 TO  rupture 

0  to  53,000 

229,230  rupture 

0  to  55.000 

185.680  rupture 

0  to  52.800 

692,543  rupture 

0  to  55.000 

360,235  rupture 

oto  52,800 

1 2,300,000  not  broken 

0  to  55.000 

186,005  rupture 

0  to  50,600 

KRUPPS  AXLE-STEEL  IN  TENSION. 


o  to  88,000 
o  to  77,000 
o  to  66,000 
o  to  60,500 


18,741  rupture 

46,386  rupture 

170,000  rupture 

133,770  rupture 


o  to  55,000 
o  to  52,800 
o  to  50,600 


473.766  ruptun* 
13,600,000  not  broken 
1 2,200.000  not  bn>ken 


PHOSPHOR-BRONZE  (UNWORKED)  IN  TENSION 


o  to  27.500 

O  to   32,000 

o  to  16,500 


147,850  rupture 

408,350  rupture 

2,73».i6i  rupture 


1.548,920  rupture 
2,340,000  rupture 


PHOSPHOR-BRONZE  (WROUGHT)  IN  TENSION. 


o  to  33,000 
o  to  16,500 


s^.ooo  rupture 
2.600,000  not  broken 


o  to  13,750 


1,621.300  rupture 
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COMMON  BRONZE  IN  TENSION. 


o  to  99.000 
o  to  16,500 


4  900  rupture 
6,300  rupture 


5.447.600  rupture 


PHCENIX  IRON  IN  FLEXURE  (ONE  DIRECTION  ONL^^. 


Pounds  Stress  per 
S^iuare  Inch. 

Number 
of  Repetitions. 

Pounds  Stress  per 
Stiuare  Inch. 

Number 
of  Repetitions. 

0  to  60  500 
0  to  5  5 .000 
oto  4Q.SOO 
0  to  44,000 

160,750  rupture 

490,000  rupture 

481.Q75  rupture 

I.. ? 20. 000  rupture 

0  to  30.600 
0  to  35. 900 
0  to  33.000 

4.035.400  rupture 
3.420,000  rupture 
4,820.000  not  broken 

WESTPHALIA  IRON  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  S».»So 
o  to  49.500 
o  to  46.750 


612.065  rupture 
457.220  rupture 
709.543  rupture 


1.403.511  rupture 
3:587. 509  rupture 


HOMOGENEOUS  IRON  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  60.500 
o  to  5  s  .000 
o  to  4Q.500 
o  to  44  000 


160.750  lupture 

420,000  rupture 

481  .Q75  rupture 

1.320,000  rupture 


o  to  30.600 
o  to  35.020 
o  to  3  ).ooo 


4.035.400  rupture 
3,420.000  not  broken 
48. 200,000  not  broken 


FIRTH  &  SONS'  STEEL  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  63,250 
o  to  60.500 
o  to  55.000 


281,856  rupture 

266.556  rupture 

1.470.008  rupture 


o  to  59,250 
o  to  4Q,5oo 
o  to  40.500 


57S.323  rupture 

5. 640.506*  rupture 

13,700.000  not  broken 


♦Accidental. 


KRUPP'S  AXLE-STEEL  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  77  000 

O  to  66.000 
%,  to  60.S00 


104.300  rupture 
317.2/5  rupture 
612,500  rupture 


o  to  5  5 .000 
o  to  55.000 
o  to  40.500 


7  20.400  rupture 

I  400.600  rupture 

43.000.000  not  bmken 
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KRUPP'S  SPRING-STEEL  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


oto  X  10.000 

39,950  rupture 

73,600  to  X  10,000 

19.673.300  not  broken 

0  to    88.000 

11 7,000  rupture 

66,000  to    99.000 

33,600,000  not  broken 

0  to    66,000 

468.200  rupture 

44.000  to    88,000 

35,800.000  not  broken 

0  to    55. 000 

40,600.000  not  broken 

44.000  to    88.000 

38,000.000  not  broken 

oto    49.500 

33,943,000  not  broken 

61,600  to    88.000 

36,000,000  not  broken 

88,000  to  132.000 

35,600,000  not  broken 

37,500  to    7^00 
33.000  to    777>oo 

36,600,000  not  broken 

99,000  to  133,000 

33.478,700  not  broker. 

31,153,000  not  broken 

PHOSPHOR-BRONZE  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


Pounds  Stress  per 
Square  Inch. 

Number 
of  Repetitions. 

Pounds  Stress  per 
Square  Inch. 

Number 
of  Repetitions. 

0  to  32,000 
0  to  19.800 

863,980  rupture 
8,151,811  rupture 

oto  16,500 
0  to  13,300 

5,075,169  rupture 
10,000,000  not  broken 

COMMON  BRONZE  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  33,000 
o  to  19,800 


103,659  rupture 
151,310  rupture 


o  to  16,500 
o  to  13,300 


837,760  rupture 
[0,400,000  not  broken 


PHCENIX  IRON  IN  TORSION  (BOTH  DIRECTIONS). 


—  35.200  to  +35.200 

—  3.^,000  to  +  3*  000 

—  28.600  to  +  28  600 
■  -.  y  VVV    ""  '^•*°°  ^  "*"  26,400 


56.430  rupture 

90.000  rupture 

479,490  rupture 

909,810  rupture 


-34.300  to  +34,200 

■  22.000  to  +  22,000 
- 19,800  to  +  19.800 

■  17,600  to  +  17,600 


3.638.588  rupture 

4  017.992  rupture 

19  186,791  rupture 

133,350,000  not  broken 


ENGLISH  SPINDLE-IRON  IN  TORSION  (BOTH  DIRECTIONS). 


—  37.400  to  +37,40' 

304,400  rupture 

—  30,800  to  +30.80' 

970.100  rupture 

—  37.400  to  +  37.40- 

147  800  rupture 

-28  600  to  +28.60- 

1.142.600  rupture 

—  35.300  to  +  35,20c 

91 1. 100  rupture      • 

-28  600  to  +28,600 

505.0 TO  rupture 

—  35.200  to  +35.200 

403.900  rupture 

—  26.400  to  +  26.400 

3,823,200  rupture 

—  33.000  to  +33.000 

1,064.700  rupture 

—  36.400  to  +  36.400 

6  1 00.000  not  broken 

—  ii  000  to  +33.000 

384,800  rupture 

—  33.000  to  +  33,000 

8,800  000  not  broken 

—  30.800  to  +  30,800 

1,337.700  rupture 

—  22.000  to  +32,000 

4.000.000  not  broken 

KRUPP'S  AXLE-STEEL  IN  TORSION  (BOTH  DIRECTIONS) 


-44.000  to  +44."'^ 

-  30.600  to  +  30  60 

-37,400  to  +37.40' 
-35,200  to  +35,200 

-  .^3.000  to  +  33  000 


< 6 7, 400  rupture 

()2S.8oo  rupture 

4,000.000  not  brokpn 

4.800.000  not  broken 

5.000  000  not  broken 


-  46,200  to  -»-•'»  'O 

•  37,400  to  +.^7,2or 

-  35  200  to  +3S.2or 

-  13,000  to  +  33.000 

-  13.000  to  +33.0QO 


55,100  rupture 

707.5  25  rupture 

I  665.580  rupture 

4.163  375  rupture 

45.050.640  rupture 
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In  Art.  42  will  be  found  some  experiments  by  the  late 
Capt.  Rodman,  U.S.A.,  on  the  fatigue  of  aist  iron,  but 
they  are  sufficient  in  number  and  character  to  show  the 
general  effect  only,  and  give  no  quantitative  results. 

The  specimens  used  in  all  the  preceding  experiments 
were  small. 

I     During    i860,    '61,    and    '62    Sir   \Vm.    Fairbaim  con- 
structed a  built  beam  of  plates  and  angles  with  a  depth  of 
16  inches,  clear  span  of  20  feet,  and  estimated  centre  break- 
ing load  of  26,880  pounds. 

This  V)eiim  was  subjected  to  the  action  of  a  centre  load 
of  6643  pounds,  alternately  applied  and  relieved  eight 
times  per  minute;  596,790  continuous  applications  pro- 
duced no  visible  alterations. 

The  load  was  then  increased  from  one  fourth  to  two 
seventh*  the  breaking  weight,  and  403.2 10  more  applications 
were  made  without  apparent  injury. 

The  load  was  next  increased  to  two  fifths  the  breaking 
weight,  or  to  10,486  pounds;  5175  changes  then  broke  the 
beam  in  the  tension  flange  near  the  centre. 

The  total  number  of  applications  was  thus  1,005,175. 

The  beam  was  then  repaired  and  loaded  with  10,500 
yK>unds  at  centre  158  times,  then  with  8025  pounds  25,900 
times,  and  finally  with  6643  pounds  enough  times  to  make  a 
total  of  3,150,000. 

In  these  experiments  the  load  was  completely  removed 
each  time. 

It  is  thus  seen  that  vibrations  (without  shock)  with  one- 
fourth  the  calculated  breaking  centre  load  produced  no 
apparent  effect  on  the  resistance  of  the  beam,  but  that 
two  fifths  of  that  load  caused  failure  after  a  comparatively 
small  number  of  repetitions. 

It  is  probable  that  the  breaking  centre  load  was  calcu- 


A  ^^-^^'f 
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i 

lated  too  higli,  in  which  case  the  ratios  J  and  |  should  be 
somewhat  increased. 

Art.  115. — ^Formulae  of  Launhardt  and  Weyrauch. 

Let  R  represent  the  intensity  (stress  per  square  unit  of 
section)  of  ultimate  resistance  for  any  material  in  tension, 
compression,  shearing,  torsion,  or  bending;  R  will  cause  rup- 
ture at  a  single,  gradual  application.  But  the  material  may 
also  be  ruptured  if  it  is  subjected  a  sufficient  number  of 
times,  and  alternately,  to  the  intensities  P  and  Q,  Q  being 
less  than  P  and  both  less  than  R,  while  all  are  of  the  same 
kind.  When  Q  =0  let  P  =  VF,  and  let  D=P-Q.  ir  is  called 
the  **  primitive  safe  resistance,"  since  the  bar  returns  to  its 
primitive  unstressed  condition  at  each  application.  In  the 
general  case  P  is  called  the  **  working  ultimate  resistance.*' 

By  the  notation  adopted: 

P  =  Q-\-D (i) 

But  by  Wohler's  law,  P  is  a  ftmction  of  Z),  or 

P-f(D) (2) 

A  sufficient  number  of  experiments  have  not  yet  been 
made  in  order  to  completel)'^  determine  the  form  of  the 
function/  {D). 

It  is  known,  however,  that 

for  Q  =  o,      P  =  D^W; 
andforZ)=o,      P=.Q^R, 

Provisionally,  Launhardt  satisfies  these  two  extreme 
conditions  by  taking 

R-W       R-W 
pJ^^D^^(P~Q) (3) 
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Even  at  these  limits  this  is  not  thoroughly  satisfactory,, 
for  when  D^o,  P=   (/?— 11^),  or  is  indeterminate. 
By  solving  eq.  (3), 

p-^i^^^% w 

But  if  the  least  value  of  the  total  stress  to  which  any 
member  of  a  structure  is  subjected  is  represented  by  min  B, 

and  its  greatest  value  by  max  B,  there  will  result r^  «=  v,- 

^  -^  tnaxB    P 

Hence 

„    ,,V      R-Wmin  B\ 

\  Iv      max  B/  ^' 

which  is  Launhardt's  formula.  In  the  preceding  article 
some  values  of  W  are  shown.  In  applying  eq.  (5)  it  is  only 
necessary  to  take  the  primitive  safe  resistance,  \V,  for  the 
total  number  of  times  which  the  structure  will  be  subjected 
to  loads.  Since  bridges  are  expected  to  possess  an  indefinite 
duration  of  life,  in  such  structures  that  number  should  be 
indefinitely  large. 

Eq.  (5),  it  is  to  be  borne  in  mind,  is  to  be  applied  when 
the  piece  is  alivays  subjected  to  stress  of  one  kind,  or  in  one 
direction  only.  It  agrees  well  w^ith  some  experiments  by 
Wohler  on  Krupp*s  untempered  cast  spring  steel. 

If  the  stress  in  any  piece  varies  from  one  kind  to  another, 
as  from  tension  to  compression,  or  vice  versa,  or  from  one 
direction  to  another,  as  in  torsion  on  each  side  of  a  state  of 
no  stress,  .Weyrauch  has  established  the  following  formula 
by  a  course  of  reasoning  similar  to  that  used  by  Lraunhardt. 

If  the  opposite  stresses,  which  will  cause  rupture  by  a 
certain  number  of  applications,  are  equal  in  intensity,  and 
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if  that  intensity  is  represented  by  S,  then  will  5  be  called 
the  **  vibration  resistance*' ;  this  was  established  by  Wohler 
for  some  cases,  and  some  of  its  values  are  given  in;  the  pre- 
ceding article. 

Let  +  P  and  —  P'  represent  two  intensities  of  opposite 
kinds  or  in  opposite  directions,  of  which  P  is  numerically  the 
greater.    Then  if  J9  =  P  +  P', 

P^D-P'. 

The  two  following  limiting  conditions  will  hold : 

ForP'=o,     P^D^W; 
ForP'=S;    P^S^iD, 

But  by  Wohler's  law  P=^f{D),  and  the  two  limiting 
conditions  just  given  will  be  found  to  be  satisfied  by  the 
provisional  formula 

W—S  W—  S" 

By  the  solution  of  eq.  (6), 

-=-(-^?) "> 

If,  without  regard  to  kind  or  direction,  tnax  B  is  ntrnier- 

ically  the  greatest  total  stress  which  the  piece  has  to  carry, 

while  max  /?'  is  the  greatest  total  stress  of  the  other  kind 

P'     max  /?' 
or  direction,  then  will  -77  =  —  — ^,    Hence  there  will  result 

P     max  B 

the  following,  which  is  the  formula  of  Weyrauch: 

„     ,,,/       W-SmaxB'\ 

\  W     max  B )  ^  ^ 
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Eqs.  (5)  and  (8)  give  values  of  the  intensity  P  which  are 
to  be  used  in  detemiining  the  cross-section  of  pieces  de- 
signed to  carry  given  amounts  of  stress.  If  «  is  the  safety- 
factor  and  F  the  total  stress  to  be  carried,  the  area  of  sec- 
tion desired  vnW  be 

^    -      p     9 
P 

in  which  -    is  the  greatest  working  stress  permitted. 

If  for  wrought  iron  in  tension  11^'  =  30,000  and  i?  = 
So.ooo,  eq.  (5)  gives 


^,  /       2fntnB\ 

"^  \      3  max  Bf 


Hence,,  if  the  total  stress  due  to  fixed  and  moving  loads 
in  the  web  member  of  a  truss  is  max  JB  =  80,000  pounds, 
while  that  due  to  the  fixed  load  alone  is  min  B  =  40,000, 
there  will  result 

_  /a  40,ooo\ 

P  =  30,0001  I  +  - .  b I  ^  40,000. 

^  \      3  80,000/     ^ 

In  such  a  case  the  greatest  permissible  working  stress 
with  a  safety  factor  of  3  would  be  about  13,300  poimds. 
For  steel  in  tension,  if  1^  =  50,000  and  i?  =  75,000, 


„  /      I  mm  B  \ 

P  =  50,0001  I H B ). 

^  '       \      2  max  BJ 


For  wrought  iron  in  torsion,  if  S  =  1 8,000  and  W  =  34,000, 
eq.   (8)  will  give 


=  24,000 


(I  max  /?'\ 
4  max  B  / 
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Other  methods  based  on  Wohler's  experiments  have  been 
deduced  by  MuUer,  Gerber,  and  SchaflFer,  of  which  synopses 
may  be  fotmd  in  Du  Bois'  translation  of  Weyrauch's 
"Structtires  of  Iron  and  Steel/' 


Art.  ii6. — ^Influence  of  Time  on  Strains. 


In  the  section  '* Elevation  of  Ultimate  Resistance  and  Elastic 
Limit,*'  in  Art.  41,  the  effect  of  prolonged  tensile  stress  and 
subsequent  rest  between  the  elastic  limit  and  ultimate  resist- 
ance was  shown  to  be  the  elevation  of  both  those  quantities. 
It  is  a  matter  of  pommon  observation,  however,  that  if  a  piece 
of  wrought  iron  be  subjected  to  a  tensile  stress  nearly  equal 
to  its  ultimate  resistance,  and  held  in  that  condition,  the 
stretch  will  increase  as  the  time  elapses. 

Experiments  are  still  lacking  which  may  show  that  a 
piece  of  metal  can  be  ruptured  by  a  tensile  stress  much 
below  its  ultimate  resistance.  It  may  be  indirectly  inferred, 
however,  from  experiments  on  flexure,  that  such  failure 
may  be  produced,  as  the  following  by  Prof.  Thurston  will 
show. 

A  bar  10  parts  tin  and  90  parts  copper^  i  X  i  X22  inches 
and  supported  at  each  end,  sustained  about  65  per  cent,  of 
its  breaking  load  at  the  centre  for  five  minutes.  During 
that  time  its  deflection  increased  0.021  inch.  The  same 
bar  sustained  1485  pounds  at  centre  for  13  minutes  and 
then  failed. 

A  second  bar  of  the  same  size,  but  90  parts  tin  and  10 
parts  copper,  was  loaded  at  the  centre  with  160  pounds, 
causing  a  deflection  of  1.294  inches.  After  10  minutes  the 
deflection  had  increased  0.025  inch ;  after  one  day,  i.oo  inch; 
after  two  days,  2.00  inches ;  and  after  three  days,  3.00  inches, 
when  the  bar  failed  under  the  load  of  t6o  pounds. 

Another  bar  of  the  same  size  showed  remarkable  results ; 
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it*  was  composed  of  90  parts  zinc  and  10  parts  copper.  It 
gave  the  same  general  increiise  of  deflection  with  time,  but 
eventually  broke  under  a  centre  load  which  ran  down  from 
1233  to  911  pounds,  after  holding  the  latter  about  three 
minutes. 

A  bar  of  the  same  size  and  96  parts  copper  with  4  parts 
tiu,  after  it  had  carried  70Q  pounds  at  centre  for  sixty  min- 
utes was  loaded  with  ipoo  pounds,  with  the  following 
results : 

After.                                                 f  Deflection. 

o  minute 3 . 1 18  inches. 

5  minutes 3 .  540  ^    ** 

*  15  minutes .   3.660      " 

•  45  minutes 4 .  102       " 

75  minutes 7  634      " 

Broke  under  1000  pounds. 

•  A  wrought-iron  bar  of  the  same  size  gave,  under  a  centre 
ioid  of  1600  pounds: 

<  After.  Deflection. 

o  minute o . 489  inch. 

3  minutes 0.632 

6  minutes o. 650     " 

16  minutes 0.660     " 

344  minutes 0.660      " 

It  subsequently  carried  2589  pounds  unth  a  deflection  of 
4.67  inches. 

During  1875  and  1876  Prof.  Thurston  made  a  number  of 
other  similar  experiments  with  the  same  general  results. 

Metals  like  tin  and  many  of  its  tiUoys  showed  an  increas- 
ing rate  of  deflection  and  final  failure,  far  below  the  so-called 
*' ultimate  Resistance.''  The  wrought-iron  bars,  however, 
showed  a  decreasing  increment  of  deflection,  which  finally 
became  zero,  leaving  the  deflection  constant. 

Whether  there  may  be  a  point  for  every  metal,  beyond 
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which,  with  a  given  load,  the  increment  of  deflection  may 
retain  its  value  or  go  on  increasing  until  failure,  and  below 
which  this  increment  decreases  as  the  time  elapses,  and 
finally  becomes  zero,  is  yet  imdetermined,  but  seems  proba- 
ble. 

It  does  not  follow,  therefore,  that  the  principle  enunci- 
ated in  the  section  named  at  the  beginning  of  this  article 
is  to  be  taken  without  qualification.  If  **rest'*  tmder 
stress,  too  near  the  ultimate  resistance,  be  sufficiently  pro- 
longed, it  has  been  seen  that  it  is  possible  that  failure  may 
take  place. 

In  verifying  some  experimental  results  by  Herman 
Haupt,  determined  over  forty  years  ago.  Prof.  Thurston 
tested  three  seasoned  pine  beams  about  i\  inches  square 
and  40  inches  length  of  span,  and  found  that  60  per  cent, 
of  the  ordinarj*^  ** breaking  load"  caused  failure  at  the  end 
of  8,  12,  and  15  months.  In  these  cases  the  deflection  slowly 
and  steadily  increased  during  the  periods  named. 

Two  other  sets  of  three  pine  be^ms  each  broke  imder  80 
and  95  per  cent,  of  the  usual  "breaking  load,**  after  much 
shorter  intervals  of  time. 

In  all  these  instances  it  is  evident  that  the  molecules 
under  the  greatest  stress  **  flow  *'  over  each  other  to  a  greater 
or  less  extent.  In  the  cases  of  decreasing  increments  of 
strain,  the  new  positions  afford  capacity  of  increased  resist- 
ance ;  in  the  others,  those  movements  are  so  great  that  the 
distances  between  some  of  the  molecules  exceed  the  reach 
of  molecular  action,  and  failure  follows. 

In  many  cases  strained  portions  of  material  recover  par- 
tially or  wholly  from  permanent  set.  In  such  cases  a  por- 
tion of  the  material  has  been  subjected  to  intensities  of 
stress  high  enough  to  produce  true  "flow"  of  the  molecules, 
while  the  remaining  portion  has  not.  The  internal  elastic 
stresses  in  the  latter  portion,  after  the  removal  of  the  exter- 
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nal  forces,  produce  in  time  a  reverse  flow  in  consequence  of 
the  elastic  endeavor  to  resiune  the  original  shape. 

It  is  altogether  probable  that  the  phenomena  of  fatigue 
and  flow  of  metals  are  very  intimately  associated.  Some 
of  the  prominent  characteristics  of  the  latter  will  be  given^ 
in  the  next  chapter. 


CHAPTER  XIX. 
THE  FLOW  OF  SOUDS. 

Art.  117. — General  Statements. 

Although  there  is  no  reason  tq  suppose  that  true  solids^ 
may  not  retain  a  definite  shape  for  an  indefinite  length  of 
time  if  subjected  to  no  external  force  other  than  gravity,* 
many  phenomena  resulting  both  from  direct  experiment  for 
the  purpose,  and  incidentally  from  other  experiments  involv- 
ing the  application  of  external  stress  of  considerable  inten- 
sity, show  that  a  proper  intensity  of  internal  stress  (in 
many  cases  comparatively  low)  will  cause  the  molecules  of  a 
solid  to  flow  at  ordinary  temperatures  like  those  of  a  liquid. 
And  this  flow,  moreover,  is  entirely  different  from,  and  inde- 
pendent of,  the  elastic  properties  of  the  material;  for  it 
arises  from  a  permanent  and  considerable  relative  displace- 
ment of  the  molecules.  Nor  is  it  to  be  confounded  with 
that  internal  "friction"  which,  if  an  elastic  body  is  sub- 
jected to  oscillations,  causes  the  amplitudes  to  gradually 
decrease  and  finally  disappear,  even  in  vacuo.  This  latter 
motion  is  typically  elastic  and  the  retarding  cause  may  be 
considered  a  kind  of  elastic  friction. 

It  is  evident  that  if  a  mass  of  material  be  enclosed  on  all 
its  faces,  or  outer  surfaces,  but  one  or  a  portion  of  one,  and 
if  external  pressure  be  brought  to  bear  on  those  faces,  the 
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material  will  be  ff)rce(l  to  move  to  and  through  tlie  free  sur- 
face; in  other  words,  the  fcnc  of  the  material  Ik'HI  take  place 
in  the  direction  of  least  resistance. 

The  theor>'  of  the  flow  of  solids 
to  be  given  is  that  develope<l  by 
Mons.  H.  Tresai  in  his  "MOmoire 
sur  TEcoulement  des  C'oq^s  Bo- 
lides/' 1805.  He  made  a  large 
number  of  cxix?riments  on  hard 
and  soft  metals,  ceramic  pastes, 
sand,  and  shot. 

These  different  materials  all 
manifested  the  same  characteris- 
tics of  flow,  which  are  well  shown 
in  Fig.  2.  ABCD,  Fig.  1,  is  sup- 
posed to  be  a  cylindrical  mass  of 
lead  with  circular  horizontal  sec- 
tion, confined  in  a  circular  cylin- 
der, ;U.V,  closed  at  one  end  with 
the  exception  of  the  orifice  (). 

This  cylinder  is  supported  on 
the  base  /W,*  while  the  face  AB 
of  the  lead  receives  external  pres- 
sure from  a  close-fitting  piston. 
When  the  pressure  is  sufficiently 
increased,  the  face  AB  in  Fig,  i 
sinks  to  AB  in  Fig.  2,  while  the 
column  hklfK,  in  the  latter  figure, 
I  is  forced  to  flow  through  the  ori- 
^^-^  fice  0. 

In  Tresca's  experiments  with 
lead,  the  diameter  AB  was  about  3.9  inches;  the  diameter 
UK  of  the  orifice,  from  0.75  in.  to  1.5  ins.,  while  the  length 
of  the  column  or  jet  hK  varied  from  0.4  in.  to  about  24  ins. 
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The  total  pressure  on  the  face  .45  varied  from  119,000  to 
198,000  pounds.  The  initial  thickness  AD  varied  from  0.24 
inch  to  2.4  inches. 

Some  experiments  exhibiting  in  a  remarkably  clear  man- 
ner the  flow  of  metals  in- cold  punching  were  made  by  David 
Townsend  in  1878,  and  the  results  were  given  by  him  in  the 
*' Journal  of  the  Franklin  Institute''  for  March  of  that  year. 
If  the  dotted  rectangle  ABFG,  Fig.  3,  shows  the  original 
outline  of  the  middle  section  of  a  nut  before  punching,  he 
found  that  the  final  outline  of  the  same  section  would  be 
represented  by  the  full  lines.  The  top  and  bottom  faces 
were  dex)ressed  by  the  punching,  as  shown ;  the  upper  width 
AB  remained  about  the  same,  but  the  lower,  GF,  was  in- 
creased to  CD.  Although  the  depth  of  the  nut,  ACy  was  1.75 
inches,  the  length  of  the  core  punched  out  was  only  1.063 
inches.  The  density  of  this  core  was  then  examined  and 
found  to  be  the  same  as  that  of  the  original  nut.  Hence  a 
]X)rtion  of  the  core  equal  in  length  to  1.75  —  1.063=0.687 
inch  was  forced,  or  flowed,  back  into  the  body  of  the  nut. 
Subsequent  experiments  showed  that  this  flow  did  not  take 
place  at  the  immediate  upper  surface  AB,  nor  very  much 
in  the  lower  half  of  the  nut,  but  that  it  was  chiefly  confined 
to  a  zone  equal  in  depth  to  about  half  that  of  the  nut,  the 
upper  surface  of  which  lies  a  very  short  distance  below  the 
upper  face  of  the  nut.  The  location  of  this  zone  is  shown  by 
the  lines  HK  and  MX  in  Fig.  3.  , 

Tresca's  experiments  on  punching  showed  essentially  the     j 
same  result. -^  J 

Art.  118.— Tresca's  Hypotheses. 

The  central  cylinder  FGKH,  Fig.  i  of  Art.  1 1 7,  was  called 
by  Tresca  the  **  primitive  central  cylinder."  As  the  metal 
flows,  this  cylinder  will  be  drawn  out  into  the  volume  of 
revolution,   whose  axis  is  that  of  the  orifice   and   whose 
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meridian  section  is  FGkKIJh,  Fig.  2,  the  diameter  FG  being 
gradually  decreased. 

It  was  found  by  experiment  that  if  the  original  mass  -4C, 
Fig.  I,  was  composed  of  horizontal  layers  of  uniform  thick- 
ness, the  reduced  mass  in  Fig.  2  was  also  composed  of  the 
same  number  of  layers  of  uniform  thickness,  except  in  the 
immediate  vicinity  of  the  central  cylinder. 

Tresca  then  assumed  these  three  hypotheses: 
I**. — Tlie  density  of  the  material  refnains  the  same  whether 
in  the  cylinder  or  in  the  jet;  in  other  words,  the  volume  of  the 
material  in  the  jet  and  in  the  cylinder  remains  constant. 

Let  R  =  radius  of  the  cylinder; 
i?j=  radius  of  the  orifice; 
y  '=  variable  length  of  the  jet  (i.e.,  h}J)\ 
D  =  original  depth  of  material  {BC^AD,  Fig.  i) 

in  the  cylinder; 
d  =  variable  depth  of  material  {BC=^AD,  Fig.  2) 
in  the  cylinder; 

then  by  the  hypothesis  just  stated 

R^d^R^D-R.^y (i) 

2**. — The  rate  of  compression  along  any  and  all  lines  paral- 
lel to  the  axis  of  the  primitive  central  cylinder,  and  taken  outside 
of  that  limit,  is  constant. 

If,  then,  the  material  lying  outside  of  the  central  cylinder 
be  divided  into  horizontal  layers  of  equal  thickness,  a  ver>^ 
small  decrease  in  the  variable  depth  equal  to  d  (a)  will  cause 
the  same  amount  of  material  to  move  or  flow  from  each  of 
these  layers  into  the  space  originally  occupied  by  the  central 
cylinder,  thus  causing  a  portion  of  the  material  pre\aously 
resting  over  the  orifice  to  flow  through  the  latter.  If  d{d) 
is  the  indefinitely  small  change  of  depth,  and  dR^  the  in- 
definitely small  change  in  the  radius  of  the  cylindrical  por- 
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tion  resting  over  the  orifice,  then  the  equality  of  volumes 
expressing  this  hypothesis  is  the  following: 

7r(i?»  -  /?j^) .  did)  =  2nR^d .  dR^, 


or 


d{d)      2R,dR, 
d       R'^R^' ^^^ 

3°. — The  rate  of  decrease  of  the  radius  of  the  primitive  cen- 
tral cylinder  is  constant  throughout  its  length  at  any  given  in- 
stant  during  flaiu. 

Let  r  be  any  radius  less  than  R^,  then  if  the  latter  is  de- 
creased by  the  very  small  amoimt  dR^,  the  former  will  be 
shortened  by  the  amount  dr\  and  by  the  last  hypothesis 
there  must  result 


dR,     dr 
2| 


/?,       r  •    •  • ^^^ 


This  is  a  perfectly  general  equation,  in  which  r  may  or 
may  not  be  the  variable  value  of  the  radius  of  that  portion 
of  the  primitive  central  cylinder  remaining  above  the  orifice 
at  any  instant  during  flow. 

These  are  the  three  hypotheses  on  w^hich  Tresca  based 
his  theor}"  of  the  flow  of  solids.  It  is  thus  seen  to  be  put 
upon  a  purely  geometrical  basis,  entirely  independent  of  the 
elastic  or  other  properties  of  the  material. 

Art.^iiQ. — The  Variable    Meridian    Section    of   the   Primitive 
Central  Cylinder. 

The  meridian  curve  haH,  or  hhK,  Fig.  2  of  Art.  117, 
may  now  easily  be  determined. 

Eq.  (i)  of  Art.  118  may  take  the  first  of  the  following 
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forms,  while  its  differential,  considering  d  and  y  variable, 
may  take  the  second : 


Dividing  the  second  by  the  first, 

rf(d)  ^      dy       ^  2R,dR^ 
d  k^  ^    R-'-R*- 

y-R^^ 

The  last  member  of  this  equation  is  simply  eq.  (2)  of 
Art.  118;  and  if  the  value  of  dR^,  in  eq.  (3)  of  the  same 
article,  be  inserted  in  the  third  member  of  this  equation, 
there  will  result 

_  ^^i'_  ^^^      dy 

y-R^^ 

Integrating  between  the  limits  of  r  and  R^,  and  remem- 
bering that  r  will  be  restricted  to  the  representation  of  the 
radius  of  that  portion  of  the  primitive  central  cylinder 
which  remains,  at  any  instant,  over  the  orifice,  by  taking 
y=o  for  r  =  R^, 

W--R-'  ^"^  R,  =^^^  \j<r^i' 

*'log''  indicates  a  Napierian  logarithm. 
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Passing  from  logarithms  to  the  quantities  themselves, 
and  reducing, 

^'wL-{^)^\\ '■' 

This  is  the  desired  equation  of  the  line,  in  which  r  is 
measured  normal  to  the  axis  of  the  cylinder  or  jet,  while  y 
is  measured  along  that  axis  from  the  extremity  of  the  jet. 
When  the  material  is  wholly  expelled, 

y  =  ^D,  and  r  =  o. 

Eq.  (2)  is  applicable  to  the  jet  only.  For  the  line  hF  or 
Gk,  resort  will  be  had  to  the  equation 

d    ~R'^R^^  f  • 

Again  integrating  between  the  limits  d  and  D,  or  r  and 
i?j,  and  reducing. 


/d\   »w 


(2) 


This  value  of  r  is  the  radius  of  that  portion  of  the  primi- 
tive central  cylinder  which  remains  over  the  orifice  when  D 
is  reduced  to  d. 

Art.  120. — Positions  in  the  Jet  of  Horizontal  Sections  of  the 
Primitive  Central  Cylinder. 

That  portion  of  the  primitive  central  cylinder  below  a6, 
in  Fig.  I  of  Art.  117,  will  be  changed  to  abKH  in  Fig.  2  of 
the  same  article. 
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If,  in  the  latter  Fig.,  y'  is  the  distance  from  HK  to  ab, 
measured  along  the  axis,  then  the  volume  of  HKab  will 
have  the  value 

/    rr^dy. 

If  d'  is  the  distance  aF^hG,  in  Fig.  i,  the  equality  of 
volumes  will  give 

r'r'dy^R,\D^d'). 
Eq.  (i)  of  Art.  102  gives 

R» 

•••"-iD-Q^" « 

If  N  IS  the  number  of  horizontal  layers  required  to  com- 
\tose  the  total  thickness  Z?,  and  n  the  number  in  the  depth  rf', 


rf'_w 
D    N' 


Hence 


■^?L'"''v)'J^ 


y=wA  '-  V     p (») 
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Tresca  computed  values  of  y'  for  some  of  his  experiments 
and  compared  the  restdts  with  actual  measurements.  The 
agreement,  though  not  exact,  was  very  satisfactory.  Within 
limits  not  extreme,  the  longer  the  jet  the  more  satisfactory 
was  the  agreement. 

Art.  121. — Final  Radius  of  a  Horizontal  Section  of  the  Primitiye 
Central  Cylinder. 

Let  it  be  required  to  determine  what  radius  the  section 
situated  at  the  distance  d'  from  the  upper  surface  of  the 
primitive  central  cylinder  will  possess  in  the  jet. 

It  will  only  be  necessary  to  put  for  y  in  eq.  (i)  of  Art. 
119  the  value  of  y'  taken  from  eq.  (i)  of  Art.  120.  This 
operation  gives 


iW'ik 


Hence 


/d'\     ^ 

^'^{d)         (^) 

If  /?j  is  small,  as  compared  with  /?,  there  will  result  ap- 
proximately 


-<9 


(2) 


Art.  122. — Path  of  Any  Molecule. 

The  hypotheses  on  which  the  theory  of  flow  is  based 
enable  the  h5rpothetical  path  of  any  molecule  to  be  easily 
established. 
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In  consequence  of  the  nature  of  the  motion  there  will  he 
three  portions  of  the  path,  each  of  which  will  be  represented 
by  its  characteristic  equation,  as  follows: 

First,  let  the  molecule  lie  outside  of  the  primitive  central 
cylinder. 

Let  /?'  and  H  be  the  original  co-ordinates  of  the  mole- 
cule considered,  measured  normal  to  and  along  the  axis  of 
the  cylinder,  respectively,  from  the  centre  of  the  orifice  HK 
(Fig.  I,  Art.  1 17)  as  an  origin,  while  r  and  h  are  the  variable 
co-ordinates. 

The  first  hypothesis,  by  which  the  density  remains  con« 
stant,  then  gives  the  following  equation: 

or 

hR^-hr^'(R^-R'^)H (i) 

This  is  the  equation  to  the  path  of  the  molecule,  in 
which  r  must  always  exceed  R^. 

As  this  equation  is  of  the  third  degree,  the  curve  cannot 
be  one  of  the  conic  sections. 

Second,  let  the  molecule  move  in  the  space  originally  occu- 
pied by  the  central  cylinder. 

While  h  and  r  now  vary,  the  volume  nr^D—h)  must 
remain  constant.     When  r^R^  let  fe=/tj.     Hence 

r\D-h)=^R,\D^h,) (2) 

But  if  fe=/tj  and  r  =  R^  in  eq.  (i), 

Placing  this  value  in  eq.  (2). 

r\D^h)^R,^(D^H^^^^.     •    .    .     (3) 
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Third,  let  the  molecule  move  in  the  jet. 

After  the  molecule  passes  the  orifice,  its  path  will  evi- 
dently be  a  straight  line  parallel  to  the  axis  of  the  jet.  Its 
distance  r j  from  that  axis  will  be  found  by  putting  /( »o  in 
eq.  (3).    Hence 

^=^i^i-5-;^iZ^2J (4) 


APPENDIX  I. 

ELEMENTS  OF  THEORY  OF  ELASTICITY  IN 
AMORPHOUS  SOLID  BODIES. 


CHAPTER  I. 

GENERAL  EQUATIONS. 

Art  z. — Expressions  for  Tangential  and  Direct  Stresses  in  Terms 
of  the  Rates  of  Strains  at  Any  Point  of  a  Homogeneous  Body. 

Let  any  portion  of  material  perfectly  homogeneous  be 
subjected  to  any  state  of  stress  whatever.  At  any  point  as 
O,  Fig.  I,  let  there  be  assumed  any  three  reqtangular  co- 
ordinate planes;  then  consider  any  small  rectangular  par- 
allelopiped  whose  faces  are  parallel  to  those  planes.  Finally- 
let  the  stresses  on  the  three  faces  nearest  the  origin  be  re- 
solved into  components  normal  and  parallel  to  their  planes 
of  action,  whose  directions  are  parallel  to  the  co-ordinate 
axis. 

The  intensities  of  these  tangential  and  normal  compo- 
nents will  be  represented  in  the  usual  manner,  i.e.,  p,^,  signi- 
fies a  tangential  intensity  on  a  plane  normal  to  the  axis  of 
X  (plane  ZV),  whose  direction  is  parallel  to  the  axis  of 
Y,  while  p,x  signifies  the  intensity  of  a  normal  stress  on 
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a  plane  normal  to  the  axis  of  X  (plane  ZY)  and  in  the 
direction  of  the  axis  of  X.  Two  unlike  subscripts,  there- 
fore, indicate  a  tangential  stress,  while  two  of  the  same  kind 
signify  a  normal  stress. 


Fig.  I. 

From  eq.  (3)  on  page  5  and  eq/(7)  on  page  12  there  is 
at  once  deduced 


5  = 


2(1 +r) 


<f>-^G<t> (i) 


Now  when  the  material  is  subjected  to  stress  the  lines 
bounding  the  faces  of  the  parallelopiped  will  no  longer  be 
at  right  angles  to  each  other.  It  has  already  been  shown 
in  Art.  2  that  the  angular  changes  of  the  lines  from  right 
angles  are  the  characteristic  shearing  strains,  which,  multi- 
plied by  Gs  give  the  shearing  intensities. 

Let  <l>^  be  the  change  of  angle  of  the  boundary  lines 
parallel  to  X  and  Y, 

Let  ^j  be  the  change  of  angle  of  the  boundary  lines 
parallel  to  Y  and  Z. 

Let  ^,,  be  the  change  of  angle  of  the  boundary  line 
parallel  to  Z  and  X. 
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Eq.  (i)  will  then  give  the  following  three  equations: 

E      ^ 
^'•'^  277+7)**' (2) 

E      , 

^"="7(7T7)*« (4) 

In  Fig.  I  let  the  rectangle  agfh  represent  the  right  pro- 
jection of  the  indefinitely  small  parallelopiped  dx  dy  dz.  If 
w,  V,  and  w  are  the  strains  parallel  to  the  axis  of  x,  y,  and  z  of 

the  original  point  h,  the  rates  of  variation  of  strain  j,  -r-,  -i- 
^        ^  .  dx'  dy  dz  • 

etc.,  may  be  considered  constant  throughout  this  parallelo- 
piped; consequently  the  rectangular  faces  will  change  to 
oblique  parallelograms.  The  oblique  parallelogram  dhck^ 
whose  diagonals  may  or  may  not  coincide  with  those  of  ag/fe, 
therefore,  may  represent  the  strained  condition  of  the  latter 
figure. 

Then,  by  Art.  2,  the  difference  petween  dhc  and  the  right 
angle  at  h  will  represent  the  strain  0^.     But,  from  Fig.  i,  ^ 
has  the  following  value : 

^i=dhe  +  bhc (5) 

But  the  limiting  values  of  the  angles  in  the  second  mem- 
ber  are  coincident  with  their  tangents ;  hence 

de      be 
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But,  again,  de  is  the  distortion  parallel  to  OX  found  by 
moving  parallel  to  OY  mily;  hence  it  is  a  partial  differential 
of  w,  or  it  has  the  value 

^^^^^y ^7) 

In  precisely  the  same  manner  6c  is  the  partial  differential 
•of  V  in  respect  to  x,  or 

dx 

By  the  aid  of  these  considerations,  eq.  (6)  takes  the  form 

du     dv 
'f'^-dy+d^ •       W 

If  A'Y  be  changed  to  YZ,  and  then  to  ZX,  there  may  be 
at  once  written  by  the  aid  of  eq.  (8) 

dv     dw 
'I'^'d^  +  dy (9) 

dw    du  .     . 

"^^^d^  +  dz ("> 

Eqs.  (2),  (3),  and  (4)  now  take  the  following  form: 

^/dii    dv\  ,    ^ 

^^y-^id-y+di)'    •     .     •     •     •     (") 

^/dv     dw\  ^     ^ 

p--^{d^+d^)' (") 

^/dw     du\  ,     ^ 

P"=%x^d^) (^3) 
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The  direct  stresses  are  next  to  be  given  in  tenns  of  the 
displacements  u,  v,  and  w.  Again,  let  the  rectangular  par- 
allelopiped  dx  dy  dz  be  considered.  Eq.  (i),  on  page  3, 
shows  that  the  strain  per  unit  of  length  is  found  by  dividing 
the  intensity  of  stress  by  the  coefficient  of  elasticity,  1/  a  sin- 
gle stress  only  exists.  But  in  the  present  instance,  any  state 
of  stress  whatever  is  supposed.  Consequently  the  strain 
caused  by  p^^,  for  example,  acting  alone  must  be  combined 
with  the  lateral  strains  induced  by  pyy  and  />,..  Denoting 
the  actual  rates  of  strain  along  the  axes  of  .Y,  V' ,  and  Z  by 
/j,  /,,  and  /,,  therefore,  the  following  equations  may  be  at  once 
vnitten  by  the  aid  of  the  principles  given  on  pages  9  and  10 : 

^'-h+(P>y+P.:)^'^     ....     (14) 
^-K^^P.APJ^^     ....     (IS) 

Eliminating  between  these  three  equations, 

P^-Uj^  +  T^M'^^'^i]'^    .   .    (17) 

But  if  u,  V,  and  w  are  the  actual  strains  at  the  point  where 
these  stresses  exist,  the  rates  of  strain  /,,  /„  and  /,  will  evi- 


Art.   I.]  STRESSES  IN  TERMS  OF  STRAINS.  873 

dently  be  equal  to  ^- ,  ^,  and ^,  respectively.  The  volume 
of  the  parallelopiped  will  be  changed  by  those  strains  to 

dx{i  +l,)dy(i  +l,)dz{i  +/,)  ^dx  dy  dz{i  +/^  +  /,-|./,) 

if  powers  of  /j,  /,.  and  /,  above  the  first  be  omitted.  The 
quantity  (/i  +  Zj  +  ^a)  is,  then,  the  rate  of  variation  of  volume, 
or  the  amount  of  variation  of  volume  for  a  cubic  unit.  If 
there  be  put 

^    du     dv     dw  ^     r-         ^ 

0—^~+-j:.  +  :tz^    and    G^ 


'dx  '  dy'^dz'     ^^  2(1 +r)' 

eqs.  (17),  (18),  and  (19)  will  take  the  forms 

2Gr  ^       Jlu  ,    . 

/?_  = 5  +  2GT-;       .     .     .     •     (20) 

^**     i  —  2r  dx'  ^     ^ 

2Gr  ^       jdv  ,     . 

Pyy  =  T^r^^^%'^      ....     (21) 

p^^^^^e^2G^^ (.2) 

The  form  in  which  eqs.  (14),  (15),  and  (16)  are  written 
shows  that  if  p^^,  pyy,  or  p^^  is  positive,  the  stress  is  tension, 
and  compression  if  it  is  negative.  Consequently  a  positive 
value  for  any  of  the  intensities  in  eqs.  (20),  (21),  or  (22)  will 
indicate  a  tensile  stress,  while  a  negative  value  will  show 
the  stress  to  be  compressive. 

The  eqs.  (14)  to  (19),  together  with  the  elimination  in- 
volved, also  show  that  the  coefficients  of  elasticity  for  ten- 
sion and  compression  have  been  taken  equal  to  each  other, 
and  that  the  ratio  r  is  the  same  for  tensile  and  compressive 
strains. 
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Further,  in  eqs.  (ii),  (12),  and  (13),  it  has  been  assximed 
that  G  is  the  same  for  all  planes. 

Hence  eqs.  (11,)  (12),  (13),  (20),  (21),  and  (22)  apply 
only  to  bodies  perfectly  homogeneous  in  all  directions. 

It  is  tf)  he  observed  that  the  co-ordinate  axes  have  been 
taken  perfectly  arbitrarily. 

Art.  2. — General  Equations  of  Internal  Motion  and  Eqnilibriunu 

In  establishing  the  general  equations  of  motion  and  equi- 
Hbrium,  the  principles  of  dynamics  and  statics  are  to  be 
applied  to  the  forces  which  act  uj^on  the  parallelopiped  repre- 
sented in  Fig.  I ,  the  edges  of  which  are  dx,  dy,  and  dz.  The 
notation  to  be  used  for  the  intensities  of  the  stresses  acting 
on  the  different  faces  will  be  the  same  as  that  used  in  the 
preceding  article. 

I^t  the  stresses  which  act  on  the  faces  nearest  the  origin 
be  considered  negative,  while  those  which  act  on  the  other 
three  faces  are  taken  as  positive. 

The  stresses  which  act  in  the  direction  of  the  axis  of  X 
are  the  following: 

On  the  face  normal  to  A",  nearest  to      0,  —  p,,  dy  dz ; 

••       "   ••  farthest  from  O,  (/?,,  + -^JcWdi; 
*•    dy  dx  nearest  to  O,  — /?,^  dy  dx\ 

"     **    '*    farthest  from  oAp^^^^-^^-^dz^dydx; 

"     dz  dx  nearest  to  O,  —py^  dz  dx ; 

farthest  from         0,  (/?,.,+  ^-j^dyjdzdx. 


(4  tt        n 
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,^1 


dy| 


dx 


dy 


-^ 


do; 


The  difEerential  coefficients  of  the  intensities  are  the  rates 
of  variation  of  those  intensities  for  each  unit  of  the  variable, 
which,  multiplied  by  the 
differentials  of  the  varia- 
bles, give  the  amounts  of 
variation  for  the  different 
edges  of  the  parallelopiped. 

Let  A'o  be  the  external 
force  acting  in  the  direc- 
tion of  X  on  a  unit  of  vol- 
ume at  the  point  consid- 
ered ;  then  X^  dx  dy  dz  will 
be  the  amount  of  external 
force  acting  on  the  paral- 
lelopiped. 

These  constitute  all  the  forces  acting  on  the  parallelo- 
piped in  the  direction  of  the  axis  of  X,  and  their  sum,  if  un- 

d^u 
l:)alanced,  must  be  equal  to  ni-rj^dx  dy  dz ;  in  which  m  is  the 

mass  or  inertia  of  a  unit  of  volume,  and  dt  the  differential 
of  the  time.  Forming  such  an  equation,  therefore,  and  drop- 
ping the  common  factor  dx  dy  dz,  there  will  result 


Fig.  I. 


dp..,dp,dp^  dhi 

^-~^~dy"^~dz   +^0=^:77^. 


(I) 


dx    '    dy    '    dz    '  '^'~"'dt 
Changing  x  to  y,y  to  0,  and  z  to  x,  eq.  (i)  will  become 


%+t-'+%+^-'- 


Again,  in  eq.  (i),  changing  x  to  z,  z  to  y,  and  y  to  x, 

dx^  dy  +  dz  +^»    "^dp-       •     • 


(3) 
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The  line  of  action  of  the  resultant  of  all  the  forces  which 
act  on  the  indefinitely  small  parallelopiped,  at  its  limit, 
passes  through  its  centre  of  gravity,  consequently  it  is  sub- 
jected to  the  action  of  no  unbalanced  moment.  The  parallela- 
piped,  therefore,  can  have  no  rotation  about  an  axis  passing 
through  its  centre  of  gravity,  whether  it  be  in  motion  or 
equilibrium.  Hence,  let  an  axis  passing  through  its  centre 
of  gravity  and  parallel  to  the  axis  of  X,  be  considered.  The 
only  stresses,  which,  from  their  direction  can  possibly  have 
moments  about  that  axis,  are  those  with  the  subscripts  (ys), 
(zy),  (yy),  or  (zz).  But  those  with  the  last  two  subscripts 
act  directly  through  the  centre  of  the  parallelopiped,  conse- 
quently their  moments  are  zero.    The  stresses  -K^'dy.dxdz 

dp 
and  ~~y—  dz.dxdy  are  two  of  six  forces  whose  resultant  is 

directly  opposed  to  the  resultant  of  those  three  forces  which 
represent  the  increase  of  the  intensities  of  the  normal,  or 
direct,  stresses  on  three  of  the  faces  of  the  parallelopiped ; 
these,  therefore,  have  no  moments  about  the  assumed  axis. 
The  only  stresses  remaining  are  those  whose  intensities  are 
pty  and  pys.  The  restiltant  moment,  which  must  be  equal 
to  zero,  then,  has  the  following  value: 

py^xdz.dy  +  pg^xdy.dz=^o\       ...     (4) 

.'•     Pyz=-Pzy (S) 

Hence  the  two  intensities  are  equal  to  each  otlter. 

The  negative  sign  in  eq.  (5)  simply  indicates  that  their 
moments  have  opposite  signs  or  directions;  consequently, 
that  the  shears  themselves,  on  adjacent  faces,  act  toward 
or  from  the  edge  between  those  faces.  In  eqs.  (i),  (2),  and 
(3),  the  tangential  stresses,  or  shears,  are  all  to  be  affected 
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by  the  same  sign,  since  direct,  or  normal,  stresses  only  can 
have  different  signs. 

The  eq.  (5)  is  perfectly  general,  hence  there  may  be 
written : 

Px^  =/»>,.  and />„=/>„ (6) 

Adopting  the  notation  of  Lam^,  there  may  be  written: 

P.,-^'v    Pyy=^\<    P..=N,; 
Pzy^'^i'    Px.^Ty     p^y^T^; 

by  which  eqs.  (i),  (2),  and  (3)  take  the  following  forms: 

dT.    dN,    dT,     ,,         d^ 

^  +  V  +  ^  +  ^-=^^'      ...     (8) 

dT^     dT,  ,  dN,      „         d*w 

The  equations  (ii),  (12),  (13),  (20),  (21),  and  (22)  of  the 
preceding  article  are  really  kinematical  in  nature ;  in  order 
that  the  principles  of  dynamics  may  hold,  they  niust  satisfy 
eqs.  (7),  (8),  and  (9).  As  the  latter  stand,  by  themselves, 
they  are  applicable  to  rigid  bodies  as  well  as  elastic  ones; 
but  when  the  values  of  A^  and  T,  in  terms  of  the  strains  w,  v, 
and  w,  have  been  inserted,  they  are  restricted,  in  their  use, 
to  elastic  bodies  only.  With  those  values  so  inserted,  they 
form  the  equations  on  which  are  based  the  mathematical 
theory  of  sound  and  light  vibrations,  as  well  as  those  of 
elastic  rods,  membranes,  etc.  In  general,  they  are  the  equa- 
tions of  motion  which  the  different  parts  of  the  body  can 
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have  in  reference  to  each  other,  in  consequence  of  the  elastic 

nature  of  the  material  of  which  the  body  is  composed. 

If  all  parts  of  the  body  are  in  equilibrium  under  the 

action  of  the  internal  stresses,  the  rates  of  variation  of  the 

(Pu    (Pv        ^  d^w       .„         ,     . 
strains  -t.t»  "^t  ^^d  -^,  will  each  be    equal  to  zero. 

Hence,  eqs.  (7),  (8),  and  (9)  will  take  the  forms 
dN,    dT,     dT,     ^ 

dT,     dN,    dT,      ^ 

dT,  ^  dT.dN.      _  ,     ^ 

■57+-5>r'^V+^«'=^ ("> 

These  are  the  general  equations  of  equilibrium.  As  they 
stand,  they  apply  to  a  rigid  body.  For  an  elastic  body,  the 
values  of  N  and  T  from  the  preceding  article,  in  terms  of  the 
strains  «,  v,  and  w,  must  satisfy  these  equations. 

The  eqs.  (10),  (11),  and  (12)  express  the  three  conditions 
of  equilibrium  that  the  sums  of  the  forces  acting  on  the 
small  parallelepiped,  taken  in  three  rectangular  co-ordinate 
directions,  must  each  be  equal  to  zero.  Tlie  other  three  con- 
ditions, indicating  that  the  three  component  moments  about 
the  same  co-ordinate  axes  must  each  be  equal  to  zero,  are 
fulfilled  by  eqs.  (5)  and  (6).  The  latter  conditions  really 
eliminate  three  of  the  nine  unknown  stresses.  The  remaining 
six  consequently  appear  in  both  the  equations  of  motion 
and  equilibrium. 

The  equations  (7)  to  (i  2),  inclusive,  belong  to  the  interior 
of  the  body.  At  the  exterior  surface,  only  a  portion  of  the 
small  parallelopiped  will  exist,  and  that  portion  will  be  a 
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tetrahedron,  the  base  of  which  forms  a  part  of  the  exterior 
surface  of  the  body,  and  is  acted  upon  by  external  forces. 

Let  —  be  the  area  of  the  base  of  this  tetrahedron,  and  let 
2 

/>,  q,  and  r  be  the  angles  which  a  normal  to  it  forms  with 

the  three  axes  of  X,  Y,  Z,  respectively.    Then  will 

da  cos  p  ^dy  dz,  da  cos  q  =dz  dx,  and  da  cos  r  ^dx  dy.   , 

Let  P  be  the  known  intensity  of  the  external  force  acting 
on  da,  and  let  n,  7,  and  p  be  the  angles  which  its  direction 
makes  with  the  co-ordinate  axes.    Then  there  will  result: 

Xo=Pda.cos7r,  Y^^P  da. cos  Xy  and  Z^^P da. cos  p. 

The  origin  is  now  supposed  to  be  so  taken  that  the  apex  of 
the  tetrahedron  is  located  between  it  and  the  base;  hence 
that  part  of  the  parallelopiped  in  which  acted  the  stresses 
involving  the  derivatives,  or  difler^tial  coefficients,  is 
wanting ;  consequently  those  stresses  are  also  wanting. 

The  sums  of  the  forces,  then,  which  act  on  the  tetra^ 
hedron,  in  the  co-ordinate  directions,  are  the  following: 

—  (iVj  dy  dz  +  T^  dz  dx  +  T^  dy  dx)-{'Pda  cos  n-o; 

—  (r,  dz  dy  +  A/",  dz  dx+T^  dy  dx)  +  Pda  cos  7  =  0; 

—  (r,  dzdy  +  T^  dz  dx+N^  dy  dx)  +  Pda  cos  p  =0. 

Substituting  from  above, 

N^cos  p+ T^cosq  +  T^cosf'^PcosTu;    .     .     (13) 

T^cosp  +  N^cosq  +  T^cosr^P cos  x'f    .     .     (14) 
r, cos/? +  7^  cos 9  + A/', cos r=P cos  ^.     .     .     (15) 

These  equations  must  always  be  satisfied  at  the  exterior 
surface  of  the  body;  and  since  the  external  forces  must 
always  be  known,  in  order  that  a  problem  may  be  determi- 
nate, they  will  serve  to  determine  constants  which  arise 
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from  the  integration  of  the  general  equations  of  motion  and 
eqtiilibrium. 

Art.  3. — Equations  of  Motion  and   Equilibrium  in  Semi-polar 

Co-ordinates. 

For  many  purposes  it  is  convenient  to  have  the  condi- 
tions of  motion  and  equilibrium  expressed  in  either  semi- 
polar  or  polar  co-ordinates ;  the  first  form  of  such  expression 
will  be  given  in  this  article. 

The  general  analytical  method  of  transformation  of  co- 
ordinates may  be  applied  to  the  equations  of  the  preceding 
article,  but  the  direct  treatment  of  an  indefinitely  small 
portion  of  the  material,  limited  by  co-ordinate  surfaces,  pos- 
sesses many  advantages.     In  Fig.   i  are  shown  both  the 


Fig.  I. 


v 


small  portion  of  material  and  the  co-ordinates,  semi-polar 
as  well  as  rectangular.  The  angle  made  by  a  plane  normal 
to  ZY,  and  containing  OX,  with  the  plane  XY  is  repre- 
sented by  0 ;  the  distance  of  any  point  from  OX,  measured 
parallel  to  ZY,  is  called  r;  the  third  co-ordinate,  normal  to 
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r  and  ^,  is  the  co-ordinate  x,  as  before.  It  is  important  to 
observe  that  the  co-ordinates  x,  r,  and  ^,  at  any  point,  are 
rectangular. 

The  indefinitely  small  portion  of  material  to  be  con- 
sidered will,  as  shown  in  Fig.  i ,  be  limited  by  the  edges  dx,  dr^ 
and  r  d^.  The  faces  dx  dr  are  inclined  to  each  other  at  the 
angle  d<f>. 

The  intensities  of  the  normal  stresses  in  the  directions  of 
A"  and  r  will  be  indicated  by  N^  and  R,  respectively.  The 
remainder  of  the  notation  will  be  of  the  same  general  char- 
acter as  that  in  the  preceding  article;  i.e.,  T„  will  represent 
a  shear  on  the  face  dr.rd(f>  in  the  direction  of  r,  while  N^  is 
a  normal  stress,  in  the  direction  of  <j>,  on  the  face  dx  dr. 

The  strains  or  displacements,  in  the  directions  of  x,  r,  and 

</},  will  be  represented  by  u,  p,  and  w;  consequently  the 

unbalanced  forces  in  those  directions,  per  unit  of  mass, 

will  be 

d^u         d^p          ,        d^w  ,  ^ 

*Wj^»     Wj^2-,    and    m-^ (i) 

Those  forces  acting  on  the  faces  A/,  /e,  and  he,  will  be 
considered  negative ;  those  acting  on  the  other  faces,  posi- 
tive. 

Forces  Acting  in  the  Direction  of  r. 

—  R.rd<f>dx,  and 

+  Rrd^dx-{-i-  /-dr  =  r-y-dr  +  R dr\d4> dx. 

—  T^rdr  dx,  and 

+  T^rdr  dx  -h  -^J^d<f> .  dr  dx. 

—  Ty^r-^d^  dr,  and 

/IT 

+  Txr  .rd<j}dr  +  ~j~'^dx .  r  defy  dr. 
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On  the  face  dr  dx,  nearest  to  ZOX,  there  acts  the  normal 
stress  ( N^r dx  +  "ji^d^ .drdx)^ iW  Now  A^'  has  a  com- 
ponent  acting  parallel  to  the  face  fe  and  toward  OX,  equal  to 
N'  sin  {d<f>)  =^N'^—'=N'd<j>,     But  the  second  term  of  this 

product  will  hold  (rf^)',  hence  it  will  disappear,  at  the  limit, 
in  the  first  derivative  of  N'd4>  /.  N'd<l>==N^<l>dr  dx. 
Since  this  force  must  be  taken  as  acting  toward  OX,  it 
acts  with  the  normal  forces  on  hf,  and,  consequently,  must 
be  given  the  negative  sign. 

If  /?o  is  the  external  force  acting  on  a  unit  of  volume, 
another  force  (external)  acting  along  r  will  he  R^.rd<f>dr  d.w 

The  stun  of  all  these  forces  will  be  equal  to 

dV 
m,rd<i>drdx  .-j-^. 

Forces  Acting  in  the  Direction  of  ^. 

—  N^r  dx,  and 

+  N^r  dx  +  -^r-d(l> .  dr  dx. 

—  Tr^ .  r  d(f>  dx,  and 

+  Tr^.rd<}>dx+(^-^^dr^^^ 

—  Tx^.rd(f>dr,  and 

+  T^^ .rd4>dr  +  --w~dx . r  d4>  dr. 

As  in  the  case  of  A^^,  in  connection  with  the  forces  along 
r,  so  the  force  T^r  dr  dx  has  a  component  along  ^  (normal 
to  fe)  equal  to  T^rdrdx.  sin  (d(f>)  =T^rd<])  dr  dx.  It  will 
have  a  positive  sign,  because  it  acts  from  OX. 

The  external  force  is  iP^.r  d<f>  dr  dx. 
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l^orces  Acting  in  the  Direction  of  x. 
^N^.rd<l>dr,  and 
^Njd<f>ar  +  '-r-^dx.r  a<f>ar. 
^Trx'dxr d<l>,  and 
+  Tr,.dxrd<l>  +  (^^^^dr 
^T^gdxdr,  and 
+  T^rdxdr  +  —T~d'4i.dxdr. 

The  external  force  is  A'o .  r  d<f)'dx  dr. 

Putting  each  of  these  three  sums  equal  to  the  proper 
rates  of  variation  of  momentum,  and  dropping  the  common 
iactoT  r  d<l>dxdr: 

^r+  dr  +rd<l>.^  r  +^«-^5^'    •     V^) 

dT^     dR       dT,r     R-N,,  d^p^ 

-d^-^W    ^Td^^.      r        +^o-tn;^,    .     (3) 

dx   ^   dr   ^  rd<i>^         r        +^'-'''dt''    '     ^^^ 

These  are  the  general  equations  of  motion  (vibration)  in 
terms  of  semi-polar  co-ordinates ;  if  the  second  members  are 
made  equal  to  zero,  they  become  equations  of  equilibrium. 
Eqs.  (2),  (3),  and  (4),  are  not  dependent  upon  the  nature  of 
the  body. 

Since  .r,  r,  and  (f>  are  rectangular,  it  at  once  follows  that 

Trx  =  T„,  Tr^  =  T^ry  and  r,^  =  T^x'       .     .     (S) 
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In  order  that  cqs.  (2),  (3),  and  (4)  may  be  restricted  to 
elastic  bodies,  it  is  necessaty  to  express  the  six  intensities 
of  stresses  invoked,  in  terms  of  the  rates  of  variation  of  the 
strains  in  the  rectangular  co-ordinate  directions  of  x,  r.  and 
^.  Since  these  co-ordinates  are  rectangular,  the  eqs.  (11), 
(12),  (13),  (20),  (21),  and  (22)  of  Article  i,  may  be  made 
applicable  to  the  present  case  by  some  very  simple  changes 
dependent  upon  the  nature  of  semi-polar  co-ordinates. 

For  the  present  purpose  the  strains  in  the  co-ordinate 
directions  of  x,  y,  and  z  will  be  represented  by  m',  v\  and 
«/.  Since  the  axis  of  x  remains  the  same  in  the  two  systems, 
evidently 

du'    du 
dx  ~'dx' 

From  Fig.  i  it  is  clear  that  the  axis  of  y  corresponds 
exactly  to  the  co-ordinate  direction  r;  hence 

dv'  ^dp 
dy  "dr' 

From  the  same  Fig.  it  is  seen  that  the  axis  of  z  corre- 
sponds to  ^,  or  r<f).  Bu  the  total  differential,  rfu/,  must  be 
considered  as  made  up  of  two  parts;  consequently  the  rate 

of  variation  -,-  will  consist  of  two  parts  also.    If  there  is  no 

distortion  in  the  direction  of  r,  or  if  the  distance  of  a  mole- 
cule from  the  origin  remains  the  same,  one  part  will  be 

■yr—rz  =  -J  , .    If,  however,  a  unit's  length  of  material  be  re- 

d{r^)     rd^  ^ 

moved  from  the  distance  f  to  r-f  /o  from  the  centre  0,  Fig-  i, 
while  4>  remains  constant,  its  length  will  be  changed  from 

I  to  i.fi-l-'  |,  in  wnich  p  may  be  implicitly  positive  or 
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negative.    Consequently  there  will  result 

dvJ  _  dw     p 
^''rdii>    r' 

For  the  reason  already  given,  there  follow 

du'    du         -     di/  ^dp 
dy^dr  dx^dx 

In  Fig.  2  let  dc  be  the  side  of  a  distorted  small  porticMi 

of  the  material,  the  original  position    ^,  ^ 

of  which  was  d'e,  Od  is  the  distance  ^''*---,.,,^^^^^^      ^  T 

r  from  the  origin,  ad=dr  and  ac=  *    ^1^— — a* 

dw,    while   dd' =w.      The  angular  ^s;;;^iir 

change  m  position  ^^  "^  ^s  -^=  ,    ;  Fig.  2. 

ab     w  , 
but  an  amount  equal  ^  r;j  =  ~  ^s  due  to  the  movement  of 

r,  and  is  not  a  movement  of  dc  relatively  to  the  material 

immediately  adjacent  to  d. 

Hence 

du/     dw    w       ^        di/      dp 
also     :7— =- 


dy     dr      r'  dz      rd<j>* 

There  only  remain  the  following  two,  which  may  be  at 
once  written 

dw^  _dw  du'  ^  du 

dx  "dx  dz  ^rd^' 

The  rate  of  variation  of  volume  takes  the  following  form 
in  terms  of  the  new  co-ordinates: 

d«'     dv^    dw'  ^du    dp      dw     p 
^^d^^'d^'^liz^dx^d^^VT^'^i-     •     •     ^^^ 
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Accenting  the  intensities  which  belong  to  the  rectan- 
gular system  x,  y,  z,  the  eqs.  (ii),  (12),  (13),  (20),  (21),  and 
(22),  of  Art.  I,  take  the  following  form: 


r,^T'~a(^.^r <.o> 

^-n'-<^.,^-^); (.0 

^-^.'-K^-^)- ("> 

If  these  values  are  introduced  in  eqs.  (2),  (3),  and  (4), 
those  equations  will  be  restricted  in  application  to  bodies 
<rf  homogeneous  elasticity  only. 

The  notation  r  is  used  to  indicate  that  the  r  involved  is 
the  ratio  of  lateral  to  direct  strain,  and  that  it  has  no  rela- 
tion whatever  to  the  co-ordinate  r.   ' 

The  limiting  equations  of  condition,  (13),  (14),  and  (15) 
of  Art.  2,  remain  the  same,  except  for  the  changes  of  nota- 
tion, shown  in  eqs.  (7)  to  (12),  for  thie  intensities  N  and  T. 


Art.  4.J 


EQUATIONS  IN  POL/tR   CO-ORDINATES. 
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Art.  4.— Equations  of  Motion  and  Equilibrium  in  Polar 
Co-ordinates. 

The  relation,  in  space,  existing  between  the  polar  and 
rectangular  systems  of  co-ordinates  is  shown  in  Fig.  i.  The 
angle  <f>  is  measured  in  the  plane  ZY  and  from  that  oi  XY\ 


-while  iff  is  measured  normal  to  ZF  in  a  plane  which  contains 
OX,  The  analytical  relation  existing  between  the  two  sys- 
tems is,  then,  the  following  :i 

:r  =r  sin  ^',     y^r  cos  4*  cos  ^,     and     z^r  cos  0  sin  6, 

The  indefinitely  small  portion  of  material  to  be  considered 
is  ah  ed.  It  is  limited  by  the  co-ordinate  planes  located  by 
<f>  and  0,  and  concentric  spherical  surfaces  with  radii  r  and 
r + dr.  The  directions  r,  ^,  and  <p,  at  any  point,  are  rectangu- 
lar;  hence  the  sums  of  the  forces  acting  on  the  small  portion 
of  the  material,  taken  in  these  directions,  must  be  found  and 
put  equal  to 


m 


dt' '     ^df' 


and 


a  CO 
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in  which  expressions,  p,  ry,  and  o)  represent  the  strains  in  the 
direction  of  r,  ^,  and  ^  respectively. 

Those  forces  which  act  on  the  faces  ah,  bd,  and  cd  will  be 
considered  negative,  and  those  which  act  on  the  other  faces 
positive. 

The  notation  will  remain  the  same  as  in  the  preceding 
articles,  except  that  the  three  normal  stresses  will  be  indi- 
cated by  Nrt  iV^,  and  N^. 

Forces  Acting  Along  r. 
^Nr,rd<pr cos  (pd<f>. 

+Nr.r* cos  (pdilfd<l> 

+  (^r^^^"  r'^^-^ydr+srNrdr)  cos  ipdipd4,, 

—  T^.rd<[fdr. 

+  T^ .rd(lfdr  +  -~j^d4> -r  dip  dr. 

—  r^.r  cos  (pd<f>dr. 
+  r^.r  cos  (/fd<f>dr 

^^d(T ^cos  4')^^  =  cos  ^^rf^-r^sin  4'd^)rd<l>dr. 

^N^.r  d<[f  dr. smaOc=^  ^N^,r  dfpdr, COS  <lfd4>,  on  face  ^^. 

—  iV^.r  cos  <pd<l>  dr. sin  aOb'^  —iV^.r  cos  <p  d<j>dr,d(p, 

on  face  be. 

Forces  Acting  Along  ^. 

—  r^^.rcos  (/fd^rdip, 

+  Tr4.r^  cos  ip  d<f>d<Jf 

+  i^^^^f^dr  -  r^^dr  +  2r  T,^  rfr)  cos  ^  d^  d^. 
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^N4>.rd(pdr. 

dN 
+  N^.r  dtp  dr+-^d<l>  r  dip  dr. 

—  jT^^.f  cos  (pd<t>dr. 
+  r^^cos  ip.rd4>dr 

+  T^rdilf  dr. cos  (p  d<i>,^  on  face  ce. 

-T^rdil^drUmakc^^-^^^^  4>d<t>,. 

on  face  ce, 

Tlie  lines  afe  and  ck  are  drawn  normal  to  Oc  and  Oa. 

Forc;^5  Acting  Along  (p. 
^Tr^.rcos  (pd(f>.rd<p. 
+  r^r*cos  (lfd<j>d<lf 

+  (^^^^dr  =r»  ^V+  2f  r,^rfr)  cos  ^  d^d4>. 
-T^^.rdipdr. 
+  T4.^rd(pdr  +  -j^d(f>.rdilfdr. 

—  N^.r  cos  (pd(f>dr. 
+N^.r  cos  <pd<j>dr 

^/d^l^os^ 

+  T^.r  cos  <pd<f>dr.d(p,  on  face  be. 

+  N^. r  dip  dr. sin  akc-=  +  N^  r  dip  dr. sin  (p  d(j>,  on  face  ce. 
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The  volume  of  the  indefinitely  small  iKjrtion  of  the 
material  is  (omitting  second  iK)wcrs  of  indefinitely  small 
quantities) 

rcos  if'f  J<l>.rd(lf.dr  =^  J\\ 

and  its  mass  is  m  multiplied  by  this  small  volume.  The 
latter  may  be  made  a  common  factor  in  each  of  the  three 
sums  to  be  taken. 

The  external  forces  acting  in  the  directions  R,  4>,  and  ^ 
will  l.)e  represented  by 

RJV,     9JV,     and     W,JV, 
respectively. 

Taking  each  of  the  thret  sums,  already  mentioned,  and 
ilropping  the  common  factor  jV,  there  will  result 

ilN^         dT^         dT^  ^  2A>-.V^~AV-7^tan  v^ 

dr  ^r  cos  (p. d^     rd^  r 

+i?o=Wi-,  ;     (i) 

dr       rcoS({f.d(f>     rdip 

2 r,^  +  7^  -  T^^  tan  ^ -  r ^^  tan  ^  J'^, 

-h  -  -  ■  +  Vo=w^,     12; 

^Tr^  ^       dT^^         dN^ 
dr      rcos  0d0     r dip 

2  7,,..  +  r,v  -  N^  tan  v^  +  N^  tan  y^  d^w 

+ +  W^^m  j^  j-.     (3; 

Since  r,  j>,  and  ^  are  rectangular  at  any  point, 
T^r  =  Tr<p,     Tr^-^T^,     and     T^^=-T^. 
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Hence 

2Tr4^  +  T^r  -  tan  ilf{T^^  +  T^)     jTr^  -  2  tan  ^ .  T^^ 

r  r 

r  r  ' 

These  relations  somewhat  simplify  the  first  members  of 
eqs.  (2)  and  (3). 

Eqs.  (i),  (2),  and  (3)  are  entirely  independent  of  the 
nature  of  the  material ;  also,  they  apply  to  the  case  of  equi- 
librium, if  the  second  members  are  made  equal  to  zero. 

The  rectangular  rates  of  strain,  at  any  point,  in  terms 
of  r,  <f>,  and  <p  are  next  to  be  found.  As  in  the  preceding 
article,  the  rates  of  strain  in  the  rectangular  directions  of 
r,  <f),  and  ^  will  be  indicated  by 

dv'   duf   du'   dv'  du' 
Sy'  dl'  ~d~^'  ^»  5/'  ^^• 

Remembering  the  reasoning  in  connection  with  the  value 

of  -j-y  in  the  preceding  article,  and  attentively  considering 

Fig.  I,  there  may  at  once  be  written, 

dvi'      doj      p 
dP^rJiji'^  r 

In  Fig.  I,  if  ac  =  1  and  ab  =  w,  while  ak^r  cot .  0  (ak  is 
perpendicular  to  aO),  the  difference  in  length  between  ac 
and  bit  will  be 

CO  cj  tan  ^ 

r  cot  v^ "  r       ' 

This  expression  is  negative  because  a  decrease  in  length  takes 
place  in  consequence  of  a  movement  in  the  positive  direction 
of  r<!f. 
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dti'     doj     (o 
ay'     dr     r 


Again,  a  consideration  of  Fig.  i,  and  the  reasoning  con- 
nected with  the  equation  above,  will  give 

du/  drj  p     (otanip 

dz'  "*rcos^rf^     r  r 

Without  explanation  there  may  at  once  be  written : 

dv^  jip 
dy~dr' 

Fig.  I  of  this,  and  Fig.  2  of  the  preceding  article,  give 

dv'  ^  dp 
dx^^rd^' 

These  are  to  be  used  in  the  expression  for  T^.     Precisely 
the  same  figures  and  method  give 

dv'  dp  du/     drj     1) 

dz'  "  r  cos  ^  (i^  dy'  ^  dr     r ' 

which  are  to  be  used  in  finding  T^r* 

The  expression  for  -r-r  will  be  composed  of  the  sum  of 

two  parts.  In  Fig.  2,  aft  is  the  original  position  of  r  d4\  and 
after  the  strain  1^  exists  it  takes  the  position  ec.  Consequently 
ac  (equal  and  parallel  to  bd  and  perpen- 
dicular to  ak)  represents  the  strain  r^. 
while  ed  represents  dri.  Since,  also,  jc  is 
perpendicular  to  ck,  the  strains  of  the  kind 
1?  change  the  right  angle  fck  to  the  angle 
fce\  or  the  angle  eck  is  equal  to 

dw'         ,      ,  ,      ed     ca 
—  ^ecd+dck^j^^-^ 

rdip     rcotv^' 
In  Fig.  2,  the  points  a,  6,  and  k  are 
identical  with  the  points  similarly  lettered  in  Fig.  i.    The 
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expression  for  ,-^  may  be  at  once  written  from  Fig.  i.  There 
may,  then,  finally  be  written, 

du/      drj       71  tan  ^  du'  _       dw 

doc'  ~'rd(/f  r  d^     rcos(pd<f>' 

These  equations  will  give  the  expression  for  T^. 
The  value  of 

f._du'     dv'    du/ 

^^d^'^dy'^W 

■now  takes  the  following  form: 

^^d^^rQosipd<i>^Vd~ilf^T  r      •     •     '     ^^^ 

The  last  two  terms  are  characteristic  of  the  spherical 
co-ordinates. 

The  eqs.  (20),  (21),  (22),  (11),  (i2)/and  (13),  of  Art. 
I,  take  the  forms 

*  =  S*-4^ (5) 

2GX  ^       ^(       di)  p     (otaxi  <b\  ,  , 

N^^ i.^  +  2(7( ,-7:7+- ']\     .     (6) 

^     \-t2X  \rcosipd<l)     r  ^      / 

"'■=7^/-<^;-:)^ <rt 

T»-o(^,+^^.+i^^:  ....    (8) 

^^        \rail'     r  cos  (/fd<f>  ^      / 

_        ^Jd(o     (o      dp\ 
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If  these  values  are  inserted  in  eqs.  (i),  (2),  and  (3),  the 
restilting  equations  will  be  applicable  to  isotropic  material 
only. 

As  in  the  preceding  article,  X  is  used  to  express  the  ratio 
between  direct  and  lateral  strains,  and  has  no  relation  what- 
ever to  the  co-ordinate  r . 

It  is  interesting  and  important  to  observe  that  the  equa- 
tions of  motion  and  equilibrium  for  elastic  bodies  are  only 
special  cases  of  equations  which  are  entirely  independent  of 
the  nature  of  the  material,  of  equations,  in  fact,  which 
express  the  most  general  conditions  of  motion  or  equilibritun. 


CHAPTER  II. 

THICK,   HOLLOW  CYLINDERS  AND   SPHERES,  AND 
TORSION. 


Art.  5.— Thick,  Hollow  Cylinders. 

In  Fig.  I  is  represented  a  section,  taken  normal  to  its 
axis,  of  a  circular  cylinder  whose  walls  are  of  the  appreciable 
thickness  t.  Let  p  and  /?j  represent  the  interior  and  exterior 
intensities  of  pressures,  respectively.  The  material  vnll  not 
be  stressed  with  tmiform  intensity  throughout  the  thickness  t. 
Yet  if  that  thickness,  comparatively 
speaking,  is  small,  the  variation  will 
also  be  small;  or,  in  other  words, 
the  intensity  of  stress  throughout 
the  thickness  t  may  be  considered 
constant.  This  approximate  case 
will  first  be  considered. 

The  interior  intensity  p  will  be 
considered  greater  than  the  exterior 
/?p  consequently  the  tendency  will 
be  toward  rupture  along  a  diametral  plane.  If,  at  the  same 
time,  the  ends. of  tlie  cylinder  are  taken  as  closed,  as  will  be 
done,  a  tendency  to  rupture  through  the  section  shown  in  the 
■figure  will  exist. 

The  force  tending  to  produce  rupture  of  the  latter  kind 
will  be 

F^nipr'^-^p.r,') (i> 
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Fig.  I. 
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If  A'j  represents  the  intensity  of  stress  developed  by  this 
force, 

'^'     jr(r,'-r")        r,»-r» ^^' 

If  the  exterior  pressure  is  zero,  and  if  /  is  nearly  eqtial  to 

'2     ' 

^^'     2(r.-r')      2/ ^3; 

In  this  same  approximate  case,  the  tendency  to  split  the 
cylinder  along  a  diametral  plane,  for  unit  of  length,  will  lie 

F'=pr'-p,r,. 
If  N'  is  the  intensity  of  stress  developed  by  F*, 

^,,.E.e^.r.. (,, 

iV  is  thus  seen  to  be  ttince  as  great  as  N^  when  p^  =0.  If, 
therefore,  the  material  has  the  same  ultimate  resistance  in 
1>oth  directions  the  cylinder  will  fail  longitudinally  when  the 
interior  intensity  is  only  half  great  enough  to  produce  trans- 
verse rupture,  the  thickness  being  assumed  to  be  very  small  aftd 
the  exterior  pressure  zero. 

N^  and  N'  are  tensile  stresses,  because  the  interior  pres- 
sure was  assumed  to  be  large  compared  with  the  exterior.  If 
the  opposite  assumption  were  made,  they  would  be  found  to 
be  compression,  while  the  general  forms  would  remain  ex- 
actly'' the  same. 
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The  preceding  formulas  are  tcx)  loosely  approximate  for 
many  cases.  The  exact  treatment  reqxiires  the  use  of  the 
general  equations  of  equilibrium,  and  the  fonns  which  they 
take  in  Art.  3  are  particularly  convenient.  As  in  that  article, 
the  axis  of  x  will  be  taken  as  the  axis  of  the  cylinder. 

Since  all  external  pressure  is  uniform  in  intensity  and 
normal  in  direction,  no  shearing  stresses  will  exist  in  the 
material  of  the  cylinder.  This  condition  is  expressed  in  the 
notation  of  Art.  3  by  putting 

T^x  ==  Trx  =  •/ f ^  =  o. 

Again  the  cylinder  will  be  considered  closed  at  the  ends, 
and  the  force  F,  eq.  (i),  will  be  assumed  to  develop  a  stress 
of  uniform  intensity  throughout  the  transverse  section 
shown  in  Fig.  i.  This  condition,  in  fact,  is  involved  in  that 
of  making  all  the  tangential  stresses  equal  to  zero. 

Since  this  case  is  that  of  equilibrium,  the  equations  (2), 
(3),  and  (4)  of  Art.  3  take  the  following  form,  after  neglect- 
ing Xp,  i?o.  and  0q\ 

■5^"=^' (5) 

^+"nr~"^' (^> 

Trf^-^^ <7) 

These  equations  are  next  to  be  expressed  in  terms  of  the 
-strains  «,  /t),  and  w. 

In  consequence  of  the  manner  of  application  of  the  exter- 
nal forces,  all  movements  of  indefinitely  small  portions  of 
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the  material  will  be  along  the  radii  and  axis  of  the  cylinder. 
Hence 

u  will  be  independent  of  r  and  ^ ; 

a        a  a  a     1       n         „. 

P  9  Xy 

The  rate  of  change,  therefore,  of  voltmie  will  be  (eq.  (6> 
of  Art.  3) 

du    dp    p 


As  p  is  independent  of  x,  -j-  "^T^il  hence  if  the  value  of 

Nj  be  taken  from  eq.  (7)  of  Art.  3  and  put  in  eq.  (3)  of  this 
article, 

dN,      2Gt  d^u         dhi 


d'u 
.'.   J— a  =  o     and     u*^ax  +  a\ 


But  the  transverse  section  in  which  the  origin  is  located 
may  be  considered  fixed.  Consequently  if  ^=0,  tt=o  and 
thus  a'  =0.   The  expression  for  u  is  then  u  =ax. 

The  ratio  ii->^  is  the  /  of  eq.  (i),  on  page  3,  while  the 
p  of  the  same  equation  is  simply  N^  of  eq.  (2),  given  above. 
Hence 


Art.  5.]  THICK,  HOLLOW  CYLINDERS.  899, 

Again,   eq.  (8)  of  Art.  3,  in  connection  with  eqs.  (8) 
and  (6)  of  this,  gives 

i  —  2t\dr*    rdr    r*/         \ar'  '^rdr    r'/ 


,    d*p     dp     p     d*p 
"  dr*'^rdr    r*    dr* 


d^\ 


r 
+  -dr 


dp     p 

.•.  j^+-=^,  or 
dr     r, 

rdp  +  pdr^d(pr)  ^crdr. 

cr*     ,  cr    b  ,     ^ 

.'.  ^=—  +  6,  or   p^j  +  -p.     ...     (10) 

This  value  of  p  in  eqs.  (8)  and  (9)  of  Art.  3  will  give 

At  the  interior  surface  R  must  be  equal  to  the  internal 
pressure,  and  at  the  exterior  surface  to  the  external  pressure. 
Or  since  negative  signs  indicate  compression, 

Ifr^/ /?  =  ~/7. 

If  f  =  r, R=^-Pv 

Either  of  these  equations  is  the  simple  result  of  applying 
^s.  (13),  (14),  and  (15)  to  the  present  case,  for  which 

cos  p  =cos  f  =cos  t:  =cos  /o  =  0, 
cos g =cos  ;if  =  I,  and  P^—por—p^. 
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'    Applying  eq.  (ii)  to  the  two  surfaces, 

^AV(a  +  c)     c      b) 

.,(r(a  +  <r)     c      bi 
-A  =  ^oj^— f^---,(.      .     .     .     (14) 

Subtracting  (14)  from  (13), 

.  Inserting  this  value  in  eq.  (13), 

'.  The  general  expressions  of  R  and  iV^,  freed  from  the 
arbitrary  constants  of  integration,  can  now  be  easily  written 
by  inserting  these  last  two  values  in  eqs.  (11)  and  (12).  By 
njaking  the  insertions  there  will  result 


r,  .  f  , 


The  stress  N^  is  a  tension  directed  around  the  cylinder, 
and  has  been  called  '*  hoop  tension."  Eq.  (16)  shows  that  the 
hoop  tension  will  be  greatest  at  the  interior  of  the  cylinder. 
An  expression  for  the  thickness,  t,  of  the  annulus  in  terms  of 
the  greatest  hoop  tension  (which  will  be  called  h)  can  easily 
be  obtained  from  eq.  (16). 
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If  r  -f*  in  that  equation, 

.  ^   /   h+p  y 

•  •    /       \2p,-p  +  hJ  ' 

Eq.  (17)  will  enable  the  thickness  to  be  so  determined 
that  the  hoop  tension  shall  not  exceed  any  assigned  limit  h. 
If  />j  is  so  small  in  comparison  with  p  that  it  may  be  neg- 
lected, t  will  become 

HC-^H ^-' 

If  p^  is  greater  than  /?,  A^^  becomes  compression,  but 
the  equations  are  in  no  manner  changed. 

The  values  of  the  constants  b  and  c  may  easily  be  foimd 
from  the  two  equations  immediately  preceding  eq.  (15). 

It  is  interesting  to  notice  that  the  rate  of  change  of  vol- 
ume, 0,  is  equal  to  (a  +  c)  and  therefore  constant  for  all 
points. 

Art.  6.— Torsion  in  Equilibriiinu 

The  formulas  to  be  deduced  in  this  article  are  those  first 
given  by  Saint-Venant,  but,  with  one  or  two  exceptions, 
established  in  a  different  manner. 

It  will  in  all  cases,  except  that  of  the  final  result  for  a 
rectangular  cross-section,  be  convenient  to  use  those  equa- 
tions of  Art.  3  wliich  are  given  in  terms  of  semi-polar  co- 
ordinates. 
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Let  Fig.  1  represent  a  cylindrical  piece  of  material,  with 
any  cross-section,  fixed  in  the  plane  ZY,  and  let  the  origin  of 

co-ordirtates  be  taken  at  O.  Let 
it  be  twsted  also  by  a  couple 

P,ab^Pl, 

the  plane  of  which  is  parallel  to 
ZY.  The  material  will  thus  be 
subjected  to  no  bending,  but  to 
pure  torsion. 

The  axis  of  the  piece  is  sup- 
posed to  be  parallel  to  the  axis 
of  X  as  well  as  the  axis  of  the 
couple.  Normal  sections  of  the 
piece,  originally  parallel  to  ZOK, 
^'^•'  *•  will  not  remain  plane  after  tor- 

sion takes  place.  But  the  tendency  to  twist  any  elementary 
portion  of  the  piece  about  an  axis  passing  through  its  centre 
and  parallel  to  the  axis  of  X  will  be  very  small  compared 
with  the  tendency  to  twist  it  about  either  the  axis  of  r  or  ^; 
consequently  the  first  will  be  neglected.  In  the  notation 
of  Art.  3,  this  condition  is  equivalent  to  making  r^=o. 

As  the  piece  is  acted  upon  by  a  couple  only,  all  normal 
stresses  will  be  zero. 

Eqs.  (7),  (8),  (9),  and  (11)  of  Art.  3  then  become 


1  —  2V  ar      ' 


iGr 


^-^/+4^^?)=o; 


(i) 
(«) 

(3) 


'•*-<r.V'^-^")-° <- 
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After  introducing  the  values  of  Trx  and  7^,  from  eqs. 
(lo)  and  (12)  of  Art.  3,  in  eqs.  (2),  (3),  and  (4)  of  the  same 
article,  at  the  same  time  making  the  external  forces  and 
second  members  of  those  equations  equal  to  zero,  and  bear- 
ing in  mind  the  conditions  given  above,  there  will  result 

dTrx  ,  dT^^x     Trx 
dr  "^  rd<l>^  r 

/d^u      d^p         d^w         d^u        du       dp\ 
~^\dr^^drdx'^rd<l>dx'^rH<t>^^rdr'^rdx)'^'    ^5) 

J  d'u      d'p\ 


dx 


dT\ 
dx 


Also  by  eq.  (6)  of  Art.  3, 

gju     dp     chv      p  _     _     (8) 

dx    dr     rd<l>    r  ^  ^ 

The  cylindrical  piece  of  material  is  supposed  to  be  of 
•such  length  that  the  portion  to  which  these  equations  apply 
is  not  affected  by  the  manner  of  application  of  the  couple. 
This  portion  is,  therefore,  twisted  uniformly  from  end  to 
end;  consequently  the  strain  u  will  not  vary  with  any 
change  in  x.     Hence 

du 

Tx'-^"" (9) 

Eq.  (i)  then  shows  that  ^  =  o.  This  was  to  be  antici- 
pated, since  a  pure  shear  cannot  change  the  volume  or 
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density.     Because  0  =  o,  eqs.  (2)  and  (3)  at  once  give 

dp     dw     p 

-j-=— rT  +  -=o (10) 

dr    rd<l>     r 

As  the  torsion  is  uniform  throughout  the  portion  con- 
sidered, 

dp  dp 

di'^'^TTx <"> 

Eq.  (11),  in  connection  with  eq.  (10),  gives 

d^w  f     . 

,     i.-o (12) 

rdxd<f> 

Eqs.  (11)  and  (12),  in  connection  with  eq.  (10),  reduce 
eq.  (5)  to  the  following  form : 

d(r-) 
d^u      d^u     du  d^u        \dr) 

f^d^^'^d?^7dr''^d^^+''~di^'  •  •  ^'^^ 


Both  terms  of  the  second  member  of  eq.  (6)  reduce  t'> 
zero  by  eqs.  (9)  and  (11),  and  give  no  new  condition.  The 
second  term  of  the  second  member  of  eq.  (7)  is  zero  by 
eq.  (g) ;  the  remaining  term  therefore  gives 

d^w 

-^-2-0,   .......     (14) 

As  the  stress  is  all  shearing,  p  will  not  vary  with  ^. 
Hence 
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Eqs.  (10),  (11),  and  (15)  show  that  p^o,  and  reduce 
eq.  (4)  to 

dw    w 

57-7=^ (^6) 

Eq.  (10)  now  becomes  ;^=o,  and  shows  that  w  does 

not  contain  ^;  while  eq.  (14)  shows  that  w  does  not  con- 
tain x'  or  any  higher  power  of  x.  The  strain  w,  in  connec- 
tion with  these  conditions,  is  to  be  so  determined  as  to  sat- 
isfy eq.  (16). 

If  a  is  a  constant,  the  following  form  fulfils  all  condi- 
tions : 

w=^arx (ijr) 

Eq.  (17)  shows  that  the  strain  w,  in  the  direction  of  <^, 
i.e.,  the  angular  strain  at  any  point,  varies  directly  as  the  dis- 
tance from  the  axis  of  X,  and  as  the  distance  from  the  origin 
measured  along  that  axis.  This  is  a  direct  consequence  of 
making  r^^  =  o. 

The  quantity  a  is  exndently  the  angle  of  torsion,  or  the 
angle  through  which  one  end  of  a  unit  of  fibre,  situated  at 
unit's  distance  from  the  axis,  is  twisted ;  for  if 

r  =  x  =  i,     w  =  a. 

An  equation  of  condition  relative  to  the  exterior  surface 
of  the  twisted  piece  yet  remains  to  be  determined ;  and  that 
is  to  be  based  on  the  supposition  that  no  external  force  what- 
ever acts  on  the  outer  surface  of  the  piece.  In  eqs.  (13), 
(14),  and  (15)  of  Art.  2,  consequently,  P-=o.  The  conditions 
of  the  problem  also  make  all  the  stresses  except 

r,  =  Trr    and     7,  =  T^^ 
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equal  to  zero,  while  the  cylindrical  character  of  the  piece 
makes 

p  =  9o®;    /.  cos/>«=o. 

If  cos  t  be  written  for  cos  r, 

cos  t^svnq. 

Eq.  (13),  just  cited,  then  gives 

Txr  cos  q+T^^  sin  q^o (18) 

But  since  p^o  and  w  =  arx, 


and 


r«.=G^ (19) 


^•*-Kr4V"^) ^*"^ 


Eq.  (18)  now  becomes 

du 
-^ =  -tang--^-^,       .     .     .     (21) 

in  which  r©  is  the  value  of  r  for  the  p)erimeter  of  any  normal 
section. 

Eqs.  (13)  and  (21)  are  all  that  are  necessary  and  all  that 
exist  for  the  determination  of  the  strain  w.  Eq.  (13)  must 
be  fulfilled  at  all  points  in  the  interior  of  the  twisted  piece, 
while  eq.  (21)  must  at  the  same  time  hold  true  at  all  points 
of  the  exterior  surface. 
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After  u  is  determined,  Txr  and  T^r^  at  once  result  from 
eqs.  (19)  and  (20).  The  resisting  moment  of  torsion  then 
becomes 

M^ffT^^r^d<t>.dr^Gff^.rdrd4>  +  GaIp.    (22) 

In  this  equation  Ip  =  /  /  ^*  .rd<pdr\s  the  polar  moment  of 

inertia  of  the  normal  section  of  the  piece  about  the  axis  of 
Xy  and  the  double  integral  is  to  be  extended  over  the  whole 
section. 

According  to  the  old  or  conmion  theory  of  torsion 

M^Galp. 

The  third  member  of  eq.  (22)  shows,  however,  that  such  an 
expression  is  not  correct  unless  u  is  equal  to  zero;  i.e.,  unless 
all  normal  sections  remain  plane  while  the  piece  is  subjected 
to  torsion.  It  will  be  seen  that  this  is  true  for  a  circular  sec- 
tion only. 

It  ma^''  sometimes  be  convenient  to  put  eq.  (22)  in  the 
following  form: 

M^GJ  J  rdr.'j-A^'\'GaIp^GJ  u.rdr  +  Galp.    (23) 
In  this  equation  u  is  to  be  considered  as 


/4^^' 


while  the  remaining  integration  in  r  is  to  be  so  made  that 
the  whole  section  shall  be  covered. 
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It  is  very  important  to  observe  that  the  equations  of 
condition  for  the  determination  of  m,  and  consequently  the 
general  values  of  T„  and  F^^,  are  wholly  independent  of  any 
considerations  regarding  the  position  of  the  axis  of  torsion, 
or  the  axis  of  X.  It  follows  from  this  that  Uie  resistance  oj 
pure  torsion  is  precisely  the  same  wherever  may  be  Ute  axis 
about  which  the  piece  is  twisted.  It  is  to  be  borne  in  mind, 
however,  that  if  the  axis  of  the  twisting  is  not  the  axis  of 
the  cylindrical  piece  the  latter  will  be  subjected  to  combined 
bending  and  torsion,  the  bending  being  produced  by  a  force 
sufficient  to  cause  the  piece  to  take  the  helical  position  ne- 
cessitated by  the  torsion.  The  cylin- 
drical axis  is  the  straight  line  locus  of 
the  centres  of  gravity  of  all  the  nor- 
mal sections. 

If,  as  in  Fig.  2,  there  are  n  cylin- 
ders whose  centres  c  are  all  at  the 
same  distance  Cc^l  from  the  centre 
C  of  ti^asting  or  motion,  and  if  Af  is 
Pjq  2  ^^'^  total  moment  of  torsion  of  the 

system,  while  m  is  the  moment  of 
torsion  of  each  cylinder  about  its  own  axis  or  centre  c,  then 
will  M  ^nm,  and  each  cylinder  will  be  subject  to  a  bending 
moment  whose  amount  can  be  determined  from  the  con- 
dition that  the  diameter  of  each  piece  lying  along  Cc  before 
torsion  must  pass  through  C  after,  and  during,  torsion  also. 
Since  Txr  and  r,^  act  at  right  angles  to  each  other,  the 
resultant  intensity  of  shear  at  any  point  in  an  originally 
normal  section  of  the  twisted  piece  will  be 

r  =  \/7VT7V (24) 

According  to  the  ordinary  methods  of  the  calculus,  the 
co-ordinates  of  the  point  at  which  T  has  its  greatest  value 
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must  satisfy  the  equations 

dT    dT 

d<^'V'     dr'N""^     \dil>dr)      d<l>''dr'—''' 

After  the  solution  of  eqs.  (25)  it  will  usually  be  neces- 
sary only  to  inspect  the  resulting  value  of  7,  in  order  to  de- 
termine whether  it  is  a  maximum  or  minimum,  without 
applying  the  tests  which  follow  those  equations. 

Equations  of  Condition  in  Rectangular  Co-ordinates. 

In  the  case  of  a  rectangular  normal  section,  the  analysis 
is  somewhat  simplified  by  taking  some  of  the  quantities 
used  in  terms  of  rectangular  co-ordinates. 

In  the  notation  of  Art.  2  all  stresses  will  be  zero  except 
7,  and  7,.  Hence  eqs.  (10),  (11),  and  (12)  of  that  article 
reduce  to 


dy 

ciz 

=  0; 

dT, 

dx  ' 

=  0; 

dT, 
dx 

=  0. 

The  strains  in  the  directions  of  re,  y,  and  z  are,  respec- 
tively, f/,  V,  and  w.  Introducing  the  values  of  T,  and  7\ 
in  the  equations  above,  in  terms  of  these  strains,  from 
eqs.  (11)  and  (13)  of  Art.  i,  and  then  doing  the  same  in 
reference  to  the  conditions. 


9>o  TORSION  IN  EQUIUBRIUM.  [Ch.  II. 

the  following  equations  will  result: 

d*u    d*u 

^7+5?=°' <''^ 

dv    dw  ,    , 

5i+^=° <^7) 

The  operations  by  which  these  results  are  reached  are 
identical  with  those  used  above  in  connection  with  semi- 
polar  co-ordinates,  and  need  not  be  repeated. 

Eq.  (27)  is  satisfied  by  taking 

V  =     axz ; 

u;  =  —  axy ; 

in  which  a  is  the  angle  of  torsion,  as  before. 
Eqs.  (11)  and  (13)  of  Art.  5  then  give 

The  element  of  a  normal  section  is  dz  dy.  Hence  the 
moment  of  torsion  is 

M~ffiT^-T^)dydz; 
.'.  Af=Gff(^jy-^y)dydz+GaIy,     .    (30) 

.*.  M  =Gf  (zu  dz-yu  dy)  +GaI, (31) 

Ip=ff{e'+y')dyds 
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is  the  polar  moment  of  inertia  of  any  section  about  the 
axis  of  X. 

The  integrals  are  to  be  extended  over  the  whole  section ; 
hence,  in  eq.  (31),  zu  dz  is  to  be  taken  as 


and  yti  dy  as 


zdz,  I        ^T-dy 
J -yo   dy  -^ 

.     f'^'du. 


in  which  expressions  y©  and  z^  are  general  co-ordinates  of 
the  perimeter  of  the  normal  section. 

Eq.  (26)  is  identical  with  eq.  (13),  and  can  be  derived 
from  it,  through  a  change  in  the  independent  variables,  by 
the  aid  of  the  relations 

j5=rcos0    and    y^rsm4>- 


Solutions  of  Eqs,  (13)  and  (21). 

It  has  been  shown  that  the  function  w,  which  represents 
the  strain  parallel  to  the  axis  of  the  piece,  must  satisfy 
cq-  (13)  [or  ^q-  (26)]  for  all  points  of  any  normal  section, 
and  eq.  (21)  (or  a  corresponding  one  in  rectangular  co- 
ordinates) at  all  points  of  the  perimeter ;  and  those  two  are 
the  only  conditions  to  be  satisfied. 

It  is  shown  by  the  ordinary  operations  of  the  calculus 
that  an  indefinite  number  of  functions  «,  of  r  and  0,  will 
satisfy  eq.  (13) ;  and,  of  these,  that  some  are  algebraic  and 
some  transcendental. 

It  is  further  shown  that  the  various  fimctions  u  which 
satisfy  both  eqs.  (13)  and  (21)  differ  only  by  constants. 
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If  w  is  first  supposed  to  be  algebraic  in  character,  and  if 
Cj,  c,,  c„  etc..  represent  constant  coefficients,  the  following 
general  function  will  satisfy  eq.  (13): 


fi  — a 


j     c^r  sin  0  +  ^/'  sin  2^  +  c/*  sin  3^+  •  •  • )    / 
\  H-c'/cos  0  +  ^'/'cos  2<^  +  cV*cos  3^+  . .  . )     •^^• 


and  the  following  equation,  which  is  supposed  to  belong  t  ^ 
the  i^erimeter  of  a  normal  section  only,  will  be  found  t.> 
satisfy  eq.  (21) : 

— +  ^/  cos  0  +  c,r'  cos  20  +  c,r*  cos  3^+  .  .  . 
—  c'/sin  ^-c'/'sin  2^-c'5r'sin  3^—  .  .  .  «r.     {^1^) 

C  is  a  constant  which  changes  only  with  the  form  of 
section. 

If  J-  and      ,7  be  found  from  eq.  (32),  while  — 4-:  be 
dr  rd4>  ^   ^^  '^  ^0^0 

taken  from  eq.  (33),  and  if  these  quantities  be  then  intro- 
duced in  eq.  (21),  it  will  be  found  that  that  equation  is 
satisfied. 

The  only  fonn  of  transcendental  function  needed, 
among  those  to  which  the  ititegration  of  eq.  (13)  or  eq.  (26) 
leads,  will  be  given  in  connection  with  the  consideration  of 
pieces  with  rectangular  section,  where  it  will  be  used. 

Elliptical  Section  about  its  Centre. 

Let  a  cylindrical  piece  of  material  with  elliptical  normal 
section  be  taken,  and  let  a  be  the  semi-major  and  b  the 
semi-minor  axis,  while  the  angle  ^  is  measured  from  a 
with  the  centre  of  the  ellipse  as  the  origin  of  coordinates, 
since  the  cylinder  will  be  twisted  about  its  own  axis.    The 
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polar  equation  of  the  elliptical  perimeter  may  take  the 
following  shape: 

By  a  comparison  of  eqs.  (33)  and  (34),  it  is  seen  that 
c^  =    /  %  .  i9\     and.    C  = 


and  that  all  the  other  constants  are  zero.     Hence  eq.  (32) 
^ives 

The  quantity  represented  by  /  is  evident. 
By  eqs.  (19)  and  (20) 

T^^(^<^^2^2^^^^4>y (36) 

T^<^^Ga(-r^,r cos  2<l>  +  ry  .     .     .     (37) 

Since    ^'  ^       ^dA,  A  being  the  area  of  the  ellipse,  or 

Tzab,  the  second  member  of  eq.  (22),  by  the  aid  of  eq.  (37), 
may  take  the  form 

M  =  GaJ  d<l>J^    (a^  TP^'  cos  2  0  +  r'jdr ; 


914  TORSION  IN  EQUIUBRIUM.  [Ch.  IL 

Then  using  eq,  (34), 

If  Ip  is  the  polar  moment  of  inertia  of  the  ellipse  (i.e., 
about  an  axis  normal  to  its  plane  and  passing  through  its 
centre),  so  that 

ffa6(a»+fr'). 


then 


^-^«^;^, (39) 


Using  /  in  the  manner  shown  in  eq.  (35),  the  resultant 
shear  at  any  point  becomes,  by  eq.  (24), 


T^Gar\/P  +  2f  cos  2^  +  1. 
dT 

gives 

sin  20  =0,     or     ^  =  90®    or    o®. 

Since  /  is  negative,  T  will  evidently  take  its  maximum 
when  (f)  has  such  a  value  that  2/  cos  2  0  is  positive,  or  <f> 
must  be  90®. 

Hence  the  greatest  intensity  of  shear  will  be  found  some- 
where along  the  minor  axis.  But  the  preceding  expression 
shows  that  T  varies  directly  as  the  distance  from  the  centre. 
Hence  the  greatest  intensity  of  sJiear  is  found  at  the  extremities 
of  the  minor  axis. 
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Making  ^  =90°  and  r  =6  in  the  value  of  T, 

2a*b 


T^T„=(;ab(i-f)=Ga 


a»  +  6'- 


9'S 


(40) 


Taking  Ga  from  eq.  (40)  and  inserting  it  in  eq.  (38), 

b ^41) 

rtab* 


M^Tjf^.Tj-^, 


in  which 


/.= 


or  the  moment  of  inertia  of  the  section  about  the  major  axis. 

Equilateral  Triangle  about  its  Centre  of  Gravity. 

This  case  is  that  of  a  cylindrical  piece  whose  normal  cross- 
section  is  an  equilateral  triangle,  and  the  torsion  will  be  sup- 
posed about  an  axis  passing  through  b^ 
the  centres  of  gravity  of  the  different 
normal  sections.  The  cross-section  is 
represented  in  Fig.  3,  G  being  the  h- 
centre  of  gravity  as  well  as  the  origin 
of  co-ordinates. 

Let  GH  =  ^GD  =  a.   Then  from  the   ^  ^ 
Icnown  properties  of  such  a  triangle, 


Fig.  3. 


FD^DB^BF=^2a\/i. 


'  r  T^r^    '  .  ,  2a -r  cos  4> 

Hence  the  equation  for  DB  is;rsm  0 ;= — -  =0. 

V3 


Hence  the  equation  for  BF  is; 


r  cos  0  +  a  =  o. 


TT           t_            ^-      r      i-r^  •         •     ,     2a  — rcos<A 
Hence  the  equation  for  FD  is ;  r  sm  0  + j=^ — -  =  o . 

V3 
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Taking  the  prcxluct  of  these  three  equations  and  reduc* 
ing,  there  will  result  for  the  equation  to  the  perimeter 

2-6^cos30-y (42) 

Comparing  this  eqtiation  with  eq.  (33), 

c.  =  — T~    and    0= — • 
'        6a  3 


Hence 


r»sin30  ,     ^ 

"==-"— 6a («> 


2a 


And  by  eqs.  (19)  and  (20) 

'  sin  1  A% 

....  (44) 

Eq.  (22)  then  gives 

=  Ga(lp--a*V3J  =0.6  Gulp  =  1.8  Caa'-v/J;  .     {46) 
since  Ip  -  polar  moment  of  inertia  =  sa'-s/J. 
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By  eq.  (24) 

^    n     \  2    ^* cos  30    -r*  ,    . 


4a- 


dT 


.'.^=0    gives    sin  30  =0, 

or 

0=0*^,  6o^  I20^  180^,  240^  300^  or  360^ 

The  values  o®,  120®,  240*^,  and  360®  make 

cos  30= +1; 

hence,  for  a  given  value  of  r,  these  make  T  a  minimum.  The 
values  60°,  180°,  and  300®  make, 

cos  30= -I ; 

hence,  for  a  given  value  of  r,  these  make  T  a  maximum. 
Putting  cos  30  =  -  I  in  eq.  (47), 

T^Ga(r^-''^ (48) 

This  value  will  be  the  greatest  possible  when  r  is  the 
greatest.  But  0  =60®,  180®,  and  300°  correspond  to  the  nor- 
mal a  dropped  on  each  of  the  three  sides  of  the  triangle 
from  G.  Hence  r  =  a,  in  eq.  (48),  gives  the  greatest  intensity 
of  shear  T^,  or 

Tn.'-\G<^<^ (49) 
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Or  the  greatest  intensity  of  shear  exists  at  the  middle  point 
of  each  side.  Those  points  are  the  nearest  of  all,  in  the 
perimeter,  to  the  axis  of  torsion. 

The  value  of  Ga,  from  eq.  (49),  inserted  in  eq.  (46). 
gives 

M-o.4^r^=^^ (50) 

in  which  /  =  side  of  section  =  aax/j. 


Rectangular  Section  about  an  Axis  passing  through  its 
Centre  of  Gravity. 

In  this  case  it  will  be  necessary  to  consider  one  of  the 
transcendental  forms  to  which  the  integration  of  eq.  (13) 
[or  (26)1  leads;  for  if  the  polar  equation  to  the  perimeter  be 
formed,  as  was  done  in  the  preceding  case,  it  will  be  found 
to  contain  r*,  to  which  no  term  in  eq.  (33)  corresponds. 

If  e  is  the  base  of  the  Napierian  system  of  logarithms 
(numerically  e  =  2.71828,  nearly)  and  A  any  constant  what- 
ever, it  is  known  that  the  general  integral  of  the  partial 
differential  eq.  (13)  may  be  expressed  as  follows: 

'^  u-.4^''^««^^'''«"* (51) 

when  »*  +  w'*=o;  for 

d^u      dhi        du       - ,   _       ,,^  ^    ^   .  ^ 

But  the  second  member  of  this  equation  is  evidently 
equal  to  zero  if 


(n'  +  n")=o     or     «'=>/-«'. 
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These  relations  make  it  necessary  that  neither  n  or  nf  shall 
be  imaginary. 

It  will  hereafter  be  convenient  to  use  the  following  no- 
tation for  hyperbolic  sines,  cosines,  and  tangents : 


sih  ^  = ;     coh  t  «= ;     and  tah  ^=  - 


e^  +  e-^ 


By  the  use  of  Euler's  exponential  formula,  as  is  well 
known,  and  remembering  that  w"  =  — n*,  eq.  (51)  may  be 
put  in  the  following  form : 

u  =  J^''^^*  [A^  sin  {nr  sin  4>)  +A\^  cos  (»r  sin  <f>)], 

in  which  the  sign  of  summation  is  to  be  extended  to  all  pos- 
sible values  of  A„  and  A\.  At  the  centre  of  any  section  for 
which  r  is  zero,  u  must  be  zero  also,  for  the  axis  of  the  piece 
is 'not  shortened.  This  condition  requires  that  A\^o\  11 
then  becomes 

^^j^rcos^  .4^  sin  (nr  sin  4>), 

The  subsequent  analysis  will  be  simplified  by  introduc- 
ing the  form  of  the  hyperbolic  sine,  and  this  may  be  done 
by  adding  and  subtracting  the  same  quantity  to  that  al- 
ready under  the  sign  of  summation,  in  such  a  manner  that 

u  =  2[A  ^  sin  {nr  sin  ^) .  sih  {nr  cos  4>) 

+  ii4  ,  sin  {nr  sin  0)  ^-"'' <=°» *].     (52) 

Now  if  the  product 

sin  {nr  sin  0)  e^^^^* 
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he  developed  in  a  series  and  multiplied  by  A  „  one  term  will 
consist  of  the  quantity 

—  r*  sin  0  cos  ^ 

multiplied  by  a  constant,  and  if 

2A^  sin  {nr  sin  <{>)  e"^^^^ 

be  replaced  by  simply, 

—  ar^  sin  ^  cos  ^, 

all  the  conditions  of  the  problem  will  be  found  to  be  satis- 
fied.  This  is  equivalent  to  putting 

—  ar^  sin  </>  cos  ^ 

for  a  general  function  of  r  sin  <f>  and  r  cos  </>-  This  change  will 
give  the  following  form  to  «,  first  used  by  Saint- Venant: 

u  « I A  ^  sin  (nr  sin  ^) .  sih  (nr  cos  <f>)  —  ar*  sin  ^  cos  <f>.    (53) 

Fig.  4  represents  the  cross-section  with  C  as  the  origin  of 
co-ordinates  and  axis.     The  angle  ^  is  measured  positively 


.-£4^ 1 N 


Fig.  4. 
from  CN  toward  CH.  At  the  points  N,  H,  K,  and  L,  in  the 
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equation  to  the  perimeter,  dr^  will  be  zero.    Hence  at  those 
points,  by  eq.  (21), 


-j-^ZiA^  sin  {nr  sin  4>)  ,n  cos  ^.coh  («r  cos  4) 

+i4„.«  sin  ^.cos  {nr  sin  ^) .sih  {nr  cos  ^)] 
—  2ar  sin  ^  cos  ^  =  0. 

At  the  points  under  consideration  <j>  has  the  values  o®, 

90^  180°,  270°,  and  360*^.   At  the  points  A^  and  iv,  ^  =0°  or 

180°;  hence  sin  ^  =  0,  and  both  terms  of  the  second  mem- 

du 
ber  of  T-  reduce  to  zero,  whatever  may  be  the  value  of  w. 

But  at  H  and  L,  0  =  90®  and  270**;  hence  sin  0  =  + 1  or  —  i 
and  cos  0=o. 

In  order,  then,  that  -j-  =  o  at  H  and  L,  these  must  obtain : 

cos  wr  =cos  ( —  nr)  =0. 
If  HL^c  and  KN  =  b,  then 


nc 
cos      =  cos 
2 


(-t)-° (M) 


If  the  signification  of  n  be  now  somewhat  changed  so  as 
to  represent  all  possible  whole  numbers  between  o  and  00  ^ 
eq.  (54)  will  be  satisfied  by  writing 


2n—  I 

n 
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for  n  in  that  equation,     liq.  (53;  will  then  become 

f   .         .       /  2//  —  1  \       .,      /  2/i  --  I  \ 

k  =  2.4  „  Sin  I  r.r  sni  0  J .  sih  I  r.r  cos  ^  j 

—  a/ *  sin  </jc(»s<^i (55) 

The  quantity  .1^  yet  remains  to  be  determined  by  the 
aid  of  eci.  (21),  which  expresses  the  condition  existing  at 
the.  |)erimeter  of  any  section. 

Xo\v,  for  the  portion  HN  of  the  ])erimeter,     . 

r  cos  0=-» 
2 

and       !*,  will  be  the  taneent  of  (-6),  or 


Hence  eq.  (21)  becomes 


dr 

du     "    =^a"*' (56) 

-\-ar 


rd<l> 

or 

(iM  du 

ar  sin  ^  ^  ^  cos  ^  —   -^-r  sm  0. 

Substituting  from  eq.  (55),  then  making 

r  cos  <p  =  -, 
^     2 

*,         2M-I  ,/2»-I     ,\       .       /2n—  I  .         \ 

rsm0  =  -r.4„.    ^^^   r.coh^-  ^^    TTftj.smf^--    -;rfsin^). 


Art.  6.]  TORSION  IN  EQUILIBRIUM.  9^3 

If  r  sin  <^  be  represented  by  the  rectangular  co-ordinate 
y,  and  another  quantity  by  H,  the  above  equation  may  be 
written 

j;  =  H.  sin  ^  +  //,  sin  3-^  +  H,  sin  512: 
•^        *         c         ^  c  ■  c 

..  /2n-i    \ 

+    .  .  .    -//^sin  y—-~  n\y+   .  .  . 

If  both  sides  of  this  equation  be  multiplied  by 

sin  y^   ^Ttyj.dy, 

and  if  the  integral    then  be    taken  between   the  limits  o 
and     ,  it  is  known  from  the  integral  calculus  that  all  terms 

2 

except  the  w'*  will  disappear,  and  that 
Completing  these  simple  integrations, 


Hence 


/I    = 


(2n-  i)  Vc  ■  (2W-  i)r.'      , 
^  coh 


er^- 
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If  this  value  of  i4  .  be  put  in  eq.  (55),  and  if  rectangular 
co-ordinates 

y=rsin0    and    2=fcos^ 
be  introduced,  that  equation  will  become 


w  «  —  azy  + 


(-i)'*-»sin  (^^^;ry).sih(^-r2f) 
W  '  (2n-i)*coh(^^r6J 

This  value  of  u  placed  in  eq.  (31)  will  enable  the  moment 
of  torsion  to  be  at  once  written. 

The  limits  H-y©  and  —  y©  are  +-  and  — ,  and  the  limits 

+z^  and  —2?o  are  +-  and  — -.     Hence 
2  2 


.+i 


^      /^\8^  2  sih  ( KZ] 

h     \n/  b    J              Nt      u  /2W-1   ,\ 
(2W— i)"coh  ( ;r6] 


J 


— (3,  for  brevity; 


+  i 


=  a6c 


2 


=i?. 
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For  the  next  integration 


925 


.-^^ 


/.  ^Q^'^ 


\z  ==  abc 


12 


2bc  .  2W— I   ,  4c-         .,  /2n— I   ,\ 

y  V  ,      7 r~ .  con no—  -f — r^-jSin  I no  I 

l2yc%\2n-'\)n 2c (^n—iyn^      \    2c        ) 


I        Rydy  = 


abc 


12        W     t     X       .  ,,        ,     /2W--I     ,\ 

(2W— i)"coh  ( nbj 


Thus  the  integrations  indicated  in  eq.    (31)  are  com- 
pleted.    Hence 

M  ^G^fQz  dz  +  fRy  dy  +  alpl . 
Remembering  that 


(58) 


But  it  is  known  that 


2         7C* 


7  C2n—  1I*     1 .2.3   2*' 
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Hence  eq.  (58)  becomes 


(59> 


Since 


(I  —  tah  7t     I  —  tah  3;:     i  —  tah  5?r  \ 


tah  ;r     tah  331     tah  «^;r 


and  since 


64 
^-0.209137, 


and  remembering  that 

eq-  (59)  becomes 

Af  =Crafcc'|    -~o.2ioo83r- 


+  o.209X37rl ; +  .         +...        .(60) 


)] 


Eq.  (60)  gives  the  value  of  the  moment  of  torsion  of  a 
rectangular  bar  of  material. 
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If  z  had  been  taken  parallel  to  6,  and  y  parallel  to  c,  a 
moment  of  equal  value  would  have  been  found,  which  can 
be  at  once  written  from  eq.  (60)  by  writing  b  for  c  and  c  for  b. 

That  moment  will  be 


D 


M  -=  GacbH    -  -  o.  2 1 0083  - 


Ji-tah^     i-tah^ 

b{  26  ,  26  I    ■       /^    . 

+  0.209137 -\^—--^ -h ^sT-  -+■••/     |.       (61) 


)] 


Eq..  (60)  should  be  used  when  b  is  greater  than  c,  and  eq. 
(61)  wh^n  c  is  greater  than  6,  because  the  series  in  the  paren- 
theses are  then  very  rapidly  converging,  and  not  diverging. 
It  will  never  be  necessary  to  take  more  than  three  or  four 
terms  and  one,  only,  will  ordinarily  be  sufficient.  The  follow- 
ing are  the  values  of 

for  a  few  values  of  n : 

( I  —  tah  — j  =0.083  •  0-00373  •  0.000162  :  0.000007; 

n=    I      :        2       :        3         :         4 

Square  Section, 
If  c=6  either  eq.  (60)  or  eq.  (61)  gives 

M=G^a6*    -  —  0.2101 +0.209(1  — tah- j    ; 

.'.  M  =0.1406  gab^=ga      '     ,  ,        .     .     (62) 
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in  which  .4  is  the  area  ( »6^  and  Ip  is  the  polar  moment  of 
inertia  (  =.  j. 

Rectangle  in  which  6  =  2(r. 
If  6  =  2C,  eq.  (6o)  gives 


M 


^Ga,2C*( — 0.105+0.1046  (i  — tah^)); 


A 


4 


.',  M^o.4S7Gocc'^Ga—j-,     .     .     .     (63) 

42  Ip 


in  which  A  is  the  area  ( =  2c')  and  Ip  =  polar  moment  of  in^ 
ertia 

^bc'  +  b'c^Sc' 
12  6  ' 

Rectangle  in  which  6  —  4^. 
If  6  =  4c,  eq.  (60)  then  gives 


M 


=  6'aftc'(-  — 0.0525]  ^1,123  Gac^; 


A^ 

•.  M  =Ga j-f         (64) 

40.2  Ip  ^  ^^ 

in  which  A  -area  =  4^'  and  /^  =  polar  moment  of  inertia 

he*  4- '» V     I  jr^ 
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If  6  is  greater  than  2c,  it  will  be  sufficiently  near  for  all 
ordinary  purposes  to  write 

fccrV              c\ 
M=6a— |^i--o.63^j (65) 


Greatest  Intensity  of  Shear. 

There  yet  remains  to  be  determined  the  greatest  inten- 
sity of  shear  at  any  point  in  a  section,  and  in  searching  for 
this  quantity  it  will  be  convenient  to  use  eqs.  (28)  and  (29). 

It  will  also  be  well  to  observe  that  by  changing  z  to  y, 
y  to  — 2,  c  to  6,  and  6  to  c,  in  eq.  (57),  there  may  be  at  once 
written 

.    /2M—  I     \     .,  /2W— I      \ 

u=azyM)  .ab^2: ^^-^ ^-    -^.(66) 

(2W— i)'coh  (  —  jr^^l 

This  amoimts  to  turning  the  co-ordinate  axes  90^. 
Since  the  resultant  shear  at  any  point  is 


it  will  be  necessary  to  seek  the  maximum  of 

The  two  following  equations  will  then  give  the  points 
<iesired : 
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(67) 


\G^)      (du         \d^u     /du         \(  d^u         \ 
di-'\Ty-^'^)d^^^^^ 


(Tl\ 

IgV      /du        \(  d^u        \      /du         \d^u 


d\ 

"dz 


It  is  tuinecessary  to  reproduce  the  complete  substitu- 
tions in  these  two  equations,  but  such  operations  show  that 
the  points  of  maximum  values  of  T  are  at  the  middle  points  of 
the  sides  of  the  rectangular  sections,  omitting  the  e\'ident  fact 
that  r  =  o  at  the  centre.  It  will  also  be  found  that  ttie  great- 
est intensity  of  shear  will  exist  at  tlte  middle  points  of  the 
greater  sides. 

This  result  may  be  reached  independent  of  any  analjrtical 
test,  by  bearing  in  mind  that  an  elongated  ellipse  closely 
approximates  a  rectangular  section,  and  it  has  already  been 
shown  that  the  greatest  intensity  in  an  elliptical  section  is 
found  at  the  extremities  of  the  smaller  axis. 

By  the  aid  of  eqs.  (28),  (29),  (57),  and  (66),  it  will  alsa 
be  found  that  T,  =0  at  the  extremities  of  the  diameter  c. 
and  r,  =0  at  the  extremities  of  the  diameter  b.  The  maxi-^ 
mum  value  of  T  will  then  be 

r.  =  -r,--r;(g.-«j.)_.   .   .   .   (69) 


e 


By  the  use  of  eq.  (57) 

du 

di 


—  ay  = 


Art.  6.]  TORSION  IN  EQUILIBRIUM.  93' 

Putting  2-0  and  y  =  —  in  this  equation,  there  will  result 


T=Gacri--J rl-     <7°) 


n-'^ — - — x"! 


If  b  is  greater  than  c  the  series  appearing  in  this  equation 
is  very  rapidly  convergent,  and  it  will  never  be  necessary  to 
use  more  than  two  or  three  terms  if  the  section  is  square,  and 
if  6  is  four  or  five  times  c  there  may  be  written 

T^^Gac (71) 


Square  Section. 

Making  6  -c  in  eq.  (70),  and  making  w  =  i,  2,  and  3  (i.e., 
taking  three  terms  of  the  series),  there  will  result 

T 
T^^o.titGac]     .'.  Ga  =  i.48 — -. 

c 


Inserting  this  value  in  eq.  (62), 


in  which 


M-o.2ife»r^='''^     " (72; 


^         ^M        M 
:.  r^=o.8ya-5-p (73) 


/— —    and    a=-— -. 
12  22 
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Rectangular  Section;  b  =  2C. 

Making  fc  =  2c  in  eq.  (70),  and  making  n  =  i,  only,  there 
will  result 

T 
T^  =  0.93  Gac\    .'.  Ga^  1.08^*. 


c 


Inserting  this  value  in  eq.  (63), 


in  which 


IT 
M  -0.49  c^T^  =  1.47--^ (74) 

M         M 
.'.  r^=o.68ja-2^-„      ....     (75) 


,     be*    C         ^  c 

12      6  2 


Rectangular  Section;  6=4r. 
Making  6  =  4c  in  eq.  (70),  and  making  n  « i,  only, 

T 

7^=0.997  Gac\     .',  Ga  =  1.003—^. 

c 

Inserting  this  value  in  eq.  (64), 

M  =  i.i26f»7„  =  i.69^,      .     .    .     (76) 

..  r^-=o-6ya=o.9pr (77) 


in  which 


^    be*    c*         ^  c 

i= — =—     and     0=-. 
12      3  2 
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Circular  Section  about  its  Centre, 

The  torsion  of  a  circtdar  cylinder  furnishes  the  simplest 
example  of  all. 

If  r^  is  the  radius  of  the  circular  section,  the  polar  equa- 
tion of  that  section  is 

r  ^ 

—  =C  (constant). 

Comparing  this  equation  with  eq.  (33),  it  is  seen  that 


-c^^c^^  ...      ==0. 


By  eq.  (32)  this  gives  w  =0.     Hence  all  sections  remain 
plane  during  torsion. 

Eqs.  (19)  and  (20)  then  give 

T^'^o    and     T^-^Gar (78) 

Eq.  (23)  gives  for  the  moment  of  torsion 

M  =GaIp, (79) 


or 


M  =  o.5  ;rroVGa=— 2>~a;  •     •     •     •     (80) 

±7Z  I  J, 


47r-ip 
in  which  equation  A  is  the  area  of  the  section  and 


^0 


^^"     2     • 
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The  greatest  intensity  of  shear  in  the  section  will  be  ob- 
tained by  making  r  =^ro  in  eq.  (78),  or 

T 
l\^Ciar^\    .'.  6"a=-~^ (81) 


Eq.  (80)  then  becomes 

iU=o.5;rro*r^  =  2^ (82} 

.•.  r^-o.64^,-o.5^ro, (83) 

ia  which  /  =  — ^• 

4 

It  is  thus  seen  that  the  circular  section  is  the  only  one 
treated  which  remains  plane  during  torsion. 


General  Observations. 

The  preceding  examples  will  sufficiently  exemplify  the 
method  to  be  followed  in  any  case.  Some  general  conclu- 
sions, however,  may  be  drawn  from  a  consideration  of 
eq.  f33)- 

If  the  perimeter  is  symmetrical  about  the  line  from 
which  4>  is  measured,  then  r  must  be  the  same  for  +  A  and 
—  ^;  hence 

^i    =^2    =^3    =    .   .   .      =0. 

If  the  perimeter  is  symmetrical  about  a  line  at  right 
angles  to  the  zero  position  of  r,  then  r  must  be  the  same  for 

(/>  =  90^  +  <}>'    and    90®  -  4/ ; 
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hence 

^2  =  ^8  ~  ^6  •   •   •  *™  ^2     ~  ^4    ~  ^6    ~    •   •   •      **  O. 

In  connection  with  the  first  of  these  sets  of  results, 
eq.  (32)  shows  that  every  axis  of  symmetry  of  sections  repre- 
sented by  eq.  (33)  will  not  be  moved  from  its  original  position 
by  torsion. 

If  the  section  has  two  axes  of  symmetry  passing  through 
the  origin  of  co-ordinates,  then  will  all  the  above  constants 
be  zero,  and  its  equation  will  become 


J  -f-Cjr*  cos  2^  +  cy  cos  4<l>  +  c^r^  cos  60  +  ...      ^K. 


Art.  7. — Torsional  Oscillations  of  Circular  Cylinders. 

Two  cases  of  torsional  oscillations  will  be  considered, 
in  the  first  of  which  the  cylindrical  body  twisted  is  sup- 
posed to  be  the  only  one  in  motion.  In  the  second  case, 
however,  the  mass  of  the  twisted  body  will  be  neglected, 
and  the  motion  of  a  hea\'y  body,  attached  to  its  free  end, 
will  be  considered.  In  both  cases  the  section  of  the  cylin- 
•der  will  be  considered  circular. 

Since  these  cases  are  those  of  motion,  the  internal 
stresses  are  not,  in  general,  in  equilibrium;  hence  equations 
of  motion  must  be  used,  and  those  of  Art.  3  are  most  con- 
venient. Of  these  last,  the  investigations  of  the  preceding 
article  show  that  eq.  (4)  is  the  only  one  which  gives  any 
•conditions  of  motion  in  the  problem  tmder  consideration. 

Putting  the  value  of 

dw 
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in  eq.  (4)  of  Art.  3,  that  equation  may  take  the  form 

dhv     G  d^w  dhv     ,jdhv 

For  brevity,  b*  is  written  for  ~. 

fft 

That  dimension  of  the  cross-section  of  the  body  which 
lies  in  the  direction  of  the  radius  will  be  assumed  so  small 
that  w  may  be  considered  a  function  of  x  and  /  only.  The 
results  will  then  apply  to  small  solid  cylinders  and  all  hollow- 
ones  with  thin  walls. 

The  general  integral  of  eq.  (i),  on  the  assumption  just 
made,  is  (Booles*  "Differential  Equations/*  Chap.  X\', 
Ex.  i) 

w^f{x  +  bt)+F(x-bi), 

in  which  /  and  F  signify  any  arbitrary  functions  wJiatevn 
Now  it  is  evident  that  all  oscillations  are  of  a  periodic  char- 
acter, i.e.,  at  the  end  of  certain  equal  intervals  of  time,  .\ 
will  have  the  same  value.  Hence  since  /  and  F  are  arbitrary 
fomis,  and  since  circular  functions  are  periodic,  there  may 
be  written 

w^A^\sm  {a^x^-a,]bt)+s\n  {a^x  —  ajbt)\ 

-  B„  i  cos  (a  „a;  +  a  Jbt)  -  cos  {a^x-a  J)t)  \ ,     (2) 

in  which  a,,  -4^,  and  B„  are  coefficients  to  be  determined. 

Substituting  for  the  sines  and  cosines  of  sums  and  differ- 
ences of  angles, 

ze;  =  2  sin  a^^x{A  ^  cos  a  Jbt  +  B^  sin  aj>t),   .     .     (3) 

Let  the  origin  of  co-ordinates  be  taken  at  the  fixed  end 
of  the  piece,  w  must  then  be  equal  to  zero,  as  is  shown  by 
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eq.  (3).  But  there  may  be  other  points  at  which  w  is  always 
equal  to  zero,  whatever  value  the  time  /  may  have.  These 
points,  called  nodes,  are  found  by  putting  t£;  =  o,  or 

sin  ocx  =  o. (4) 

This  equation  is  satisfied  by  taking 

n      2n      ^K  nn 

and  x^a\  in  which  a  is  the  length  of  the  piece. 
Hence  at  the  distances 

a    a  a 

^'  ?  3'  •  •  *  '  w 

front  the  -fixed  end  of  the  piece,  there  will  exist  sections  which 
are  never  distorted  or  moved  from  their  positions  of  rest.  These 
are  called  nodes,  and  one  is  assumed  at  the  free  end,  although 
such  an  assumption  is  not  necessary,  since  a  is  really  the 
distance  from  the  fixed  end  to  the  farthest  node  and  not 
necessarily  to  the  free  end. 

If,  as  is  permissible,  An  and  B^  be  written  for  twice 
those  quantities,  the  general  value  of  w  now  becomes 

.     ^^/  >.  7:bf      ^     .     7rbi\ 

w  =  sm  — (  A.  cos  —  +  B.  sm  —  I 

,     2Tzxl  ^  inht      _     .     2Tzhi\ 

+  sm  —   .4,  cos +  B^  sm I 

a  \    ^  a         *  a  J 

.     nrzx/  ^  mzbt     _      .    «r6A  ,  ^ 

+  sm f^ncos  — — +5msm -— 1.   .     .     (s) 
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The  coefficients  A  and  B  are  to  be  determined  by  the 
ordinary  procedure  for  such  cases.     Let 

be  the  expression  for  the  initial  or  known  strain  at  any  point, 
for  which  the  time  /  is  zero.  Then  if  An  is  any  one  of  the 
coefficients  A, 

^-=^X"^^''^^"~?'^* ^^^ 

The  velocity  at  any  point,  or  at  any  time,  will  be  given 
by 

dw  ,   nxf  ^      .    jtht     „  nht\nh  ^  ^ 

~r:=— Sm — ly^,  sm B.  COS — ) — .   .      .      (7) 

at  a  \    *         a         *         a  J  a  ^'^ 

In  the  initial  condition,  when  the  time  is  zero,  or  ^=0, 
it  has  the  given,  or  known,  value 

Then,  as  before. 

Thus  the  most  general  value  of  w  is  completely  deter- 
mined. 

The  intensity  of  shear  at  any  place  or  time  is  given  by 


ax 


-^v  being  taken  from  eq.  (5). 
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The  second  case  to  be  treated  is  that  of  the  torsion  pen- 
dulum, in  which  the  mass  of  the  t\\4sted  body  is  so  incon- 
siderable in  comparison  with  that  of  the  heavy  body,  or 
bob,  attached  to  its  free  end  that  it  may  be  neglected. 

I^t  M  represent  the  mass  of  the  pendulum  bob,  and  k 
its  radius  of  gyration  in  reference  to  the  axis  about  which  it  is 
to  vibrate,  then  will  Mfe'  be  its  moment  of  inertia  about  the 
same  axis. 

The  unbalanced  moment  of  torsion,  with  the  angle  of 
torsion  a,  is,  by  eq.  (9)  of  Art.  6, 

Galp. 

The  elementary  quantity  of  work  performed  by  this 
tuibalanced  couple,  if  ^  is  the  general  expression  for  the 
angular  velocity  of  the  \'ibrating  body,  is 

Galp.^dt. 

This  quantity  of  energy  is  equal  in  amotmt  but  opposite 
in  sign  to  the  indefinitely  small  variation  of  actual  energy 
in  the  bob ;  hence 

But  if  a  is  the  length  of  the  piece  twisted, 
djaa)  d\aa) 


.:    ((^^..,.-M,'^'P>. 
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Multiplying  this  equation  by  2rf(aa),  and  for  brevity 
putting 

then  integrating  and  dropping  the  common  factor  a\ 

When  a  =  a,,  the  value  of  the  angle  of  torsion  at  the 
extremity  of  an  oscillation,  the  bob  will  come  to  rest  and 

-jT  will  be  aero.     Hence 


and 


da  iH   ., 

.-.     sm-'-^  =  t'^~  +  (C'=o).       ...     (9) 

C  «"0  because  a  and  t  can  be  put  equal  to  zero  together. 
At  the  opposite  extremities  of  a  complete  oscillation  a 
will  have  the  values 

(  +  «,)     and     (-tti). 
Putting  these  values  in  the  expression 
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and  taking  the  difference  between  the  results  thus  obtained, 
the  following  interval  of  time  for  a  complete  oscillation  will 
be  found: 


\K  jirx/v  ^* 


The  time  required  for  an  oscillation  is  thus  seen  to  vary 
directly  as  tlie  square  root  of  the  moment  of  inertia  of  the  bob 
and  the  length  of  the  piece,  ajtd  inversely  as  the  square  root  of 
tlie  coefficient  of  elasticity  for  shearing  and  the  polar  mojnent 
of  inertia  of  the  normal  section  of  the  piece  twisted. 

The  number  of  complete  oscillations  per  second  is  -.    if 

this  number  is  the  observed  quantity,  the  following  equa- 
tion will  give  G: 


Hr-^- 


The  formulas  for  this  case  should  only  be  used  when  the 
mass  of  the  cylindrical  piece  twisted  is  exceedingly  small  in 
comparison  with  .1/. 

Art.  8. — Thick,  Hollow  Spheres. 

In  order  to  investigate  the  conditions  of  equilibrium  of 
stress  at  any  point  within  the  material  which  forms  a  thick 
hollow  sphere,  it  will  be  most  convenient  to  use  the  equa- 
tions of  Art.  4.  As  in  the  case  of  a  thick  hollow  cylinder, 
the  interior  and  exterior  surfaces  of  the  sphere  are  stipposed 
to  be  subjected  to  fluid  pressure. 

Let  r'  and  r^  be  the  interior  and  exterior  radii,  respec- 
tively. 

Let  —p  and  —p^  be  the  interior  and  exterior  intensities, 
respectively. 
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Since  each  surface  is  subjected  to  normal  pressure  of  uni- 
form intensity  no  tangential  internal  stress  can  exists  but 
normal  stresses  in  three  rectangular  co-ordinate  directions 
may  and  do  exist.   Consequently,  in  the  notation  of  Art.  4, 

With  a  given  value  of  r,  also,  a  uniform  state  of  stress 
will  exist.  Neitlter  N^  nor  N^  can,  then,  vary  with  <f>  or  tp. 
By  the  aid  of  these  considerations,  and  after  omitting  7?,^, 
♦o»  *^o»  and  the  second  members,  the  eqs.  (i),  (2),  and  (3) 
of  Art.  4  reduce  to 

-dir+ T — -^'^    ....    (I) 

-N^  +  N^=o (2) 

By  eq.  (2) 

Eq.  (i)  then  becomes 

-dV^'—^-^ (3) 

On  accotint  of  the  existing  condition  of  stress  which  has 
just  been  indicated  it  at  once  results  that 

^  =  w  =  o, 

and  that  jO  is  a  function  of  r  only. 

Eqs.  (4)  to  (10)  of  Art.  4  then  reduce  to 


^'=7^^+4;^ (5) 

^^=^*=r^/+<-  ....  (6) 
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After  substitution  of  these  quantities,  eq.  (3)  becomes 


or 

d'p 


One  integration  gives 

^'+^°— »■ (7) 

Hence  0,  the  rate  of  variation  of  volume,  is  a  constant 
quantity.    Eq.  (7)  may  take  the  form 

rdp  +  2pdr  =  crdr. 

As  it  stands,  this  equation  is  not  integrable,  but,  by  in- 
specting its  form,  it  is  seen  that  r  is  an  integrating  factor. 
Multiplying  both  sides  of  the  equation,  then,  by  r, 

r^ dp+  2rp dr  ^d(r^p)  ^cr^dr\ 

.\r^p  =  c-+b;     .-.  /7=^+-,.      ...     (8) 

Substituting  from  eqs.  (7)  and  (8)  in  eq.  (5), 

..       2GT        2(7r    4bG  ,  , 

It  is  obvious  what  .4  represents. 
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When  r'  and  r^  are  put  for  r,  Nr  becomes  —p  and  —p^. 
Hence 


and 


A        4Wr 

,4-^-3  ^^p 


^"yr^-  Pv 


These  equations  express  the  conditions  involved  in  eqs. 

(13),  (14),  and  (15)  of  Art.  2. 
The  last  equations  give 


VI 


<Px-p)ry 


These  quantities  make  it  possible  to  express  A^^  and  A^ 
independently  of  the  constants  of  integration,  c  and  fr,  for 
those  intensities  become 

Thus  it  is  seen  that  A^^  -=  N^  has  its  greatest  value  for 
the  interior  surface;  that  intensity  will  be  called  h. 

It  is  now  required  to  find  r,  —  r'  —  Hn  terms  of  h,  p,  and  p^. 
If  r  =1^  in  eq.  (ii), 

2/»(f'»-r,»)=3P,^»-/>('2r'»  +  r,»). 
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Dividing  this  equation  by  r"  and  solving, 


.'  r,    r    t    ""s^^k-p  +  ip,    "^^      •     •     ^'^^ 

If  the  intensities  p  and  /?|  are  given  for  any  case,  eq.  (12) 
will  give  such  a  thickness  that  the  greatest  tension  h  (sup- 
posing p^  considerably  less  than  p)  shall  not  exceed  any 
assigned  value.  If  the  external  pressure  is  very  small  com- 
pared with  the  internal,  p^  may  be  omitted. 

The  values  of  .4  and  46^6  allow  the  expressions  for  c  and 
l>  to  be  at  once  written. 

If  pi  is  greater  than  />,  nothing  is  changed  except  that 
N^  =iV^  becomes  negative,  or  compression. 


CHAPTER  III. 

THE  ENERGY  OF  ELASTICITY. 

Xrt.  9. — Work  Expended  in  Producing  Strains. 

The  general  expressions,  in  rectangular  co-ordinates,  for 
the  unbalanced  forces  which  act  in  the  three  co-ordinate 
directions  upon  any  indefinitely  small  parallelepiped  of 
material  subjected  to  any  state  of  stress  whatever  are  given 
by  multiplying  each  of  eqs.  (7),  (8),  and  (9)  of  Art.  2  by 
{dx  dydz).  If  an  indefinitely  small  change  in  the  state  of 
stress  takes  place,  that  indefinitely  small  parallelepiped  will 
suffer  a  displacement  whose  rectangular  components  are  J». 
di\  dw\  and  the  amount  of  work  performed  in  moving  it  will 
be  found  by  multiplying  each  of  the  three  unbalanced  forces, 
determined  as  above,  by  each  of  the  three  small  strains  be- 
longing to  the  same  direction  with  the  force  (as  in  Art.  2 
u,  7^  and  w  are  strains  in  the  directions  of  x,  y,  and  z).  This 
differential  quantity  of  work,  integrated  throughout  the 
extent  of  the  body,  will  give  the  elementary  quantity  of 
work  required  for  the  small  deformation  and  motion  of 
the  whole  body. 

The  resulting  equations  form  the  foundation  of  investi- 
gations in  elastic  vibrations  and  resilience;  they  also  furnish 
the  means  of  reaching  some  general  conclusions  in  reference 
to  suddenly  applied  loads.  . 

Let  d\V  represent  the  elementary  quantity  of  work  re- 

946 
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quired  for  the  motion  only,  then  the  operations  which  hav^ 
just  been  indicated  will  give  the  following  expression: 

J 1 1  Lw^*  ^^  ^y  ^^  '^'dy  ^^  ^y  ^^  ^  Hz  ^^  ^ydyd^ 

+ 1  "^"  "^  dy  dz  -\--T-^dx  ay  dz  +-7^  dx  dy  dzjdv 

+  y^dx  dy  dz-\'--y-^  dx  dy  dz  +  —~dx  dy  dzjdw 

+  (Xo  du+Yo  dv  +  Z^  dw)  dx  dy  dz] 

^^^^yni^ii-^  ^-dv  -^  +  dm-^^  (i) 

This  equation,  however,  can  be  put  in  a  much  simpler 
form  and  caused  to  take  a  shape  which  will  show  at  a  glance 
the  true  character  of  each  part ;  dx,  dy,  and  dz  are  differen- 
tials of  independent  variables,  hence  they  are  arbitrary  and 
independent.*  Integrating  by  parts,  therefore, 

\\\'^-^dx.dydz.du 

^\\{N,'  du'  -  AV  du")  dy  dz  -  \\\n,  d(^)  dx  dy  dz ; 

in  which  the  prtnies  indicate  the  values  of  N^  and  u  at  one 
point  of  the  exterior  surface  of  the  body,  and  the  seconds 
those  values  for  another  point  of  the  exterior  surface,  these 
points  being  taken  at  opposite  extremities  of  a  bar  of  the 
material  whose  normal  section  is  (dy  dz)  and  which  extends 
entirely  through  the  body  in  the  direction  of  x.  Maintaining 
the  same  notation  and  proceeding, 


\\\ 


-j-^ dy  .dx  dz .  du 


^\\{T,'  du'-T^'  du")  dxdz-\\\  T^i[p^  dydxdz; 
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J  J  J  ~-j^dz .  dx  dy .  dit 

=-- jj(7V  du'  -  7V'  du')  dx  dy-'^W  T^(^^)dsdxdy. 

But  by  referring  to  the  equations  which  immediately 
precede  (13),  (14),  and  (15)  of  Art.  2  it  will  be  seen  that  the 
sum  of  these  three  double  integrals  will  represent  the  amount 
of  work  performed  on  tlie  hddy  by  the  external  forces  acting  in 
the  direction  of  the  axis  of  x.  Precisely  the  same  general  re- 
sults are  obtained  for  the  directions  of  y  and  z  by  treating 
in  )the  same  manner  the  remaining  derivatives  of  the  internal 
intensities  in  eq  (i).  The  preceding  operations  are  typical; 
therefore  they  need  not  be  repeated. 

Again,  by  reference  to  the  notation  and  demonstrations 
of  Art.  I, 

<t)-^''-  <t)-^'-  fJ)-"^ 


Finally 


d^w 
df' 


-^A-di)  ■ 


Introducing   these  reductions  and  quantities,    eq.    fi) 
becomes 
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P' da' {cos  n'  du' -{-cos  x'  dv'  -\-cos  p'  dw) 

-  [P"da"  (cos  n"  du"  + cos  x"  dz/'  +  cos  p"  dvJ') 

-  \^\^^ {N,dl,  +  N,dl,  +  N^l,  +  T^i>,  +  T,d4>,  +  T^<t>,)dx dy dz 
+  {{Ux4u+Y4v'\'Zrflw)  dx  dy  dz 

Eq.  (2)  shows  clearly  the  distribution  of  the  different 
portions  of  work  expended.  The  first  two  (single)  integrals 
evidently  represent  the  total  amount  of  work  performed  by 
forces  acting  on  the  exterior  surface  of  the  body ;  it  will  be 
indicated  by  dW^,  If  the  forces  P'  and  P"  are  of  the  same 
kind  (i.e.,  both  pulls  or  both  pushes),  the  algebraic  sum  of 
any  two  terms  of  these  integrals  will  be  a  numerical  sum  if 
they  involve  cosines  of  the  same  letter  but  of  opposite 
signs. 

The  correct  application  of  eq.  (2)  depends  largely  upon 
the  proper  observance  of  the  signs  which  should  affect 
P\  P",  and  the  cosines. 

The  first  triple  integral  in  the  first  member  of  eq.  (2),  in 
which  each  intensity  of  stress  is  multiplied  by  the  differential 
of  its  characteristic  strain,  and  which  will  be  indicated  by  dW^, 
is  evidently  the  amount  of  work  required  for  the  small  dis- 
tortion alone  of  the  body.  The  quantity  within  the  paren- 
theses is  called  the  potential  energy  of  the  elasticity  of  a  cubic 
unit  of  material,  since,  if  it  be  multiplied  by  {dx  dy  dz),  the 
product  will  express  the  amount  of  work  that  small  portion  of 
material  can^perform  in  returning  to  its  original  condition. 

This  potential  energy  for  a  cubic  unit  is  easily  integrated 
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by  the  aid  of  eqs.  (ii),  (12),  (13),  (17),  (18),  and  (19)  of 
Art.  I.  Making  the  substitutions  from  those  equations  and 
integrating, 

\  2  )     i-2r  2  \  2  )' 

H  is  the  potential  energy  of  a  cubic  unit  of  material  for  a 
change  of  state  extending  from  the  limit  o  to  the  strains 
/|.  /,.  etc. 

The  last  triple  integral  in  the  first  member  of  eq.  (2) 
expresses  the  work  done  by  external  forces  which  take  hold 
of  the  mass  of  the  body.  Let  it  be  represented  by  d\V\, 
This  triple  integral  added  to  the  first  two  single  integrals, 
which  belong  to  the  surface  of  the  body,  will  give  the  total 
work  done  by  external  forces. 

The  second  member  of  the  equation  is  the  small  varia- 
tion of  actual  energy,  which  usually  exists  in  consequence 
of  vibrations. 

Let  V  be  the  resultant  velocity  of  the  parallelepiped , 
then  will 

,,,  :'"-'-">--:''Kr)'H^)'H^']- 

.  By  transferring  d]\\,  the  first  two  members  of  eq.  (2) 
rnay  take  the  form 

d\\\:\-d\V,=dW,-^{\lmV  dV  dxdydz] 

.'•  W.^-W.-W.  +  ^^^^mV  dV  dxdydc,       .     (3) 

Or.  the   total  external   tuork    performed   is  equal  to  the  work 
done  in  distorttnt^  the  body  added  to  the  change  of  actual  energy. 
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This  result  expresses  the  law  of  the  conservation  of 
energy  for  the  elastic  bodies  considered. 

If  the  external  work  is  nothing,  the  first  member  of 
^q-  (3)  is  zero.  The  actual  energy  will  then  exist  in  conse- 
quence of  a  state  of  vibration.  Let  its  variable  value  be 
represented  by  U,     Since  dx,  dy,  and  dz  are  arbitrary, 


U  =  111  m~dx  dy  dz  -  C\ 


C  representing  a  constant  of  integration.     Under  the  cir- 
cumstances assumed,  then, 

W,  +  U^C (4) 

Hence,  the  total  energy  of  the  vibrating  body  (i.e.,  the  sum  of 
the  actual  and  potential)  will  be  constant. 


Art.  10. — Resilience. 

The  term  resilience  is  applied  to  the  quantity  of  work 
which  is  required  to  be  expended  in  order  to  produce  a 
given  state  of  strain  in  a  body.  The  analytical  expression 
for  this  amount  of  work  is  obtained  directly  from  eq.  (2) 
of  the  preceding  article. 

Let  the  simple  case  of  a  single  straight  bar  be  considered, 
and  let  all  the  external  forces  act  parallel  to  the  axis  of  the 
bar  while  they  take  hold  of  the  end  surfaces,  which  are 
normal  sections.  These  external  forces  will  be  considered 
equal  to  the  internal  stresses  developed;  consequently  no 
vibrations  will  exist.  The  action  of  the  external  forces 
-Yo,  Fo*  and  Zo  will  also  be  omitted. 

Now,  if  the  axis  of  x  be  taken  parallel  to  the  axis  of  the 
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bar,  and  if  that  end  of  the  bar  to  which  P"  is  applied  be 
fixed,  there  will  result  from  the  preceding  conditions 

cos  t:'  =cos  tt"  =  1, 
cos  x'  =cos  p'  -=cos  x"  -cos  /)"  -=dH"  =*o, 

Eq.  (2)  will  then  become 

{p'dadu'  ^UlN.dl.dxdydz.      .     .     .     (i) 

But  if  the  intensity  P'  is  tuiiform  and  A  the  area  of  nor- 
mal section,  eq.  (i)  becomes 

P'Adu'^AN,x,dl,, (2) 

in  which  x^  is  the  length  of  the  bar. 
From  eq.  (i)  on  page  3, 


Nr- 

'El,; 

hence 

jp'A  du'  = 

Resilieftce  = 

Jo 

'-Ax.E-* 
•    2 

The  quantity 

Eh* 

~  E 

(3) 


is  called  the  *'  Modulus  of  Resilience.''  This  tenn  is  usually 
applied  when  N^  is  the  greatest  intensity  allowed  in  the  bar. 
If  one  end  of  a  bar  placed  in  a  vertical  position  is  fixed, 
while  a  falling  body  whose  weight  is  w  acts  upon  the  other 
end,  the  height  of  fall  may  be  sufficient  to  produce  rupture. 
Let  h  be  the  height  of  fall  required  and  N^=p  the  ultimate 


Art.  II.]         SUDDENLY  APPUED  EXTERNAL  FORCES.  95^ 

resistance  of  the  material  of  the  bar.     In  order  that  rupture 
may  take  place, 

Eq.  (4)  shows  that  the  height  of  fall  varies  directly  as  the 
length  of  the  piece.  It  is  virtually  asstimed,  however,  that 
the  extension  or  compression  is  imiform  throughout  the 
length  of  the  bar  to  the  instant  of  rupture.  This  in  real- 
ity is  not  true,  and  h  will  not  vary  as  rapidly  as  x^.  The 
principle  established  in  eq.  (4)  is  equally  true  for  torsion 
and  bending. 

Art.  II. — Suddenly  Applied  External  Forces  or  Loads. 

A  very  important  deduction  can  be  reached  by  an  atten- 
tive consideration  of  eq.  (2)  of  Art.  9,  if  it  be  asstimed  that 
the  external  forces  P'  and  P"  are  simple  and  direct  functions 
of  the  external  strains  «,  v,  and  w.  In  such  a  case  the  fol- 
lowing relations  will  hold,  in  which  a,  6,  and  c  are  constants: 

P'  cos  x'  -  aw' ;       P'  cos  x'  ^  ^ '»       ^'  ^^^  ff^ciif\ 
P"  cos  iz"  =  an" ;    P"  cos  z"  =  ^" ;    P"  c^s  p"  =  en/'. 

Consequently  the  external  work  performed,  omitting 
Xo,  Yo.  and  Zo,  in  changing  the  body  from  a  state  of  no 
stress  to  that  indicated  by  the  strains  tt',  V,  W,  tt",  V'',  W", 
will  be 
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in  which  e(juati(ms  the  integrals  are  to  be  made  to  cover  the 
whole  extent  of  the  surface. 

If,  instead  of  being  variable,  the  iorces  P'  and  P"  are 
constant  and  equal  to  the  final  values  of  the  i)receding  case 
(i.e..  equal  to  all',  bV\  tW,  all",  etc.),  the  external  work 
pertormed  in  bringing  the  body  to  the  final  state  U',  V\  etc., 
will  be 

[d]\\^[da'  (aU''  +  6v"  +  cW") 

-[da"  (aU"'  +  6r"»  +  cW"*)-  2W\ 

This  last  case  is  that  of  ** suddenly*'  applied  external 
forces  or  loads,  while  the  former  is  that  of  gradual  applica- 
tion, in  which  the  external  forces,  at  each  instant,  are  equal 
to  the  internal  resistances.  In  the  case  of  sudden  application 
it  is  seen  that  the  amount  of  work  expended  is  twice  as  great 
as  in  the  other  case ;  consequently  when  the  body  arrives  at 
the  state  of  strain  indicated  by  U',  V,  etc.,  tiiere  remains  to 
be  expefidcd  just  as  much  work  as  has  already  been  performed, 
and  at  the  instant  in  question  it  exists  in  tlie  body  in  the 
shape  of  actual  efiergy. 

But  if  an  amount  of  energy  equal  to  W  will  produce 
the  strains  U',  V\  etc.,  and  if,  while  the  force  acts  which 
performed  the  work,  an  additional  amount  of  energy  equal 
to  W  be  expended  on  the  body,  additional  strains  equal  to 
U',  V\  etc.,  will  be  produced  in  the  body. 

When  the  body  comes  to  rest,  therefore,  the  external 
strains  will  be  2U'.  2t>',  2W',  etc.  There  is  then  no  actual 
energy,  all  is  potential. 

Since  the  external  strains  are  2II',  2t>',  etc.,  the  external 
work  which  has  been  performed  up  to  this  instant  will  be 
found  by  putting  those  quantities  in  the  place  of  U',  p',  etc., 
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in  the  expression  for  W\  above.    That  expression  will  then 
become  4W. 

For  gradually  applied  loads  eq.  (2)  of  Art.  9  becomes 
simply 


W'^{{{Hdxdydz] 


in  which  H  is  the  potential  energy  per  cubic  vinit  for  the 
state  of  strain  corresponding  to  tt',  V',  W,  etc.  But  if  the 
loads  be  suddenly  applied,  in  accordance  with  what  has 
been  given,  eq.  (2)  of  Art.  9  becomes 


4W'={{{4Hdxdydz. 


Now  the  expression  for  //,  given  in  Art.  9,  shows  that 
multiplying  H  by  4  is  the  same  thing  as  doubling  the  strains: 

^i»  ^2»  ^8»  ^1'  ^j»  ai^d  <t>y 

But  by  doubling  the  strains  the  intensities  of  stresses  are 
doubled.  Hence,  if  the  same  loads  are  first  applied  gradimlly 
and  then  suddenly,  the  strains  and  stresses  in  the  latter  case 
will  be  doiible  those  in  the  former.  This  is  a  very  important 
principle  in  engineering  practice,  for  it  covers  all  cases  of 
tension,  compression,  torsion,  and  bending.  It  also  finds 
many  important  extensions  in  special  cases  of  such  struc- 
tures as  iron  and  steel  bridges,  particularly  suspension 
bridges.  For  the  considerations  involved  in  this  article 
show  that  in  all  cases  of  sudden  application  of  loads  actual 
energy  will  be  stored  and  restored  during  different  intervals 
of  time,  and  consequently  that  vibrations  will  be  initiated. 
Eq.  (2)  of  Art.  9  furnishes  a  most  convenient  and  elegant 
point  of  departure  for  investigations  in  such  special  cases, 
as  will  be  exemplified  in  the  next  article. 
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Art.  13. — Longitudinal  Oscillations  of  a  Straight  Bar  of  XTniform 

Section. 

The  complete  solution  of  this  problem  will  not  be 
given,  though  it  may  be  reached. 

Let  the  bar  be  fixed  at  one  end  in  a  vertical  position  and 
let  a  heavy  weight,  W,  act  on  the  other.  Also,  let  the  axis 
of  Jt  be  taken  parallel  to  the  axis  of  the  bar,  whose  imiform 
normal  section  will  be  represented  by  A, 

On  accoimt  of  the  circumstances  of  application  of  the 
external  forces  and  position  of  bar,  the  following  equations 
of  condition  will  exist: 

cos  x'  =cos  p'  =cos  x"  ==cos  p"  '^du"  ^N^^N^ 

=r,=r,=r,=o=F.=z,. 

dv  ^dw 
dt'lt 

du 
will  be  very  small  compared  with  -r-,  hence  they  will  be 

omitted.    P'  is  the  heavy  weight  attached  to  the  free  end 
of  the  bar  divided  by  A ;  consequently 

cos  It'  ^i, 

Eq.  {2)  of  Art.  9  now  reduces  to 

JP'  da'  du' -  {{{eI,  dl,  dx  dy  dz  +  \\\x^ du  dx dy  dz 

The  integrals  are  to  be  extended  throughout  the  whole  of 
the  bar.  Since  strains  and  stresses  are  uniform  for  any  one 
cross-section  of  the  bar,  and  because  Xo  =  m/  =  weight  of  a 
unit  of  volume  of  the  bar  (the  force  of  gravity  is  the  only 
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external  force  which  acts  on  the  mass  of  the  bar),  eq.  (i) 
becomes 

Wdu'-AE^dx+Awudx^jA(^)dx  +  Cdx.  .     (2) 

This  equation  (C  being  a  constant  of  integration)  involves 
the  complete  problem  of  longitudinal  oscillations.  Two 
special  cases,  only,  however,  will  be  treated,  in  which  the 
weight  of  the  bar  is  so  small  compared  with  W  that  it  may 
be  neglected.    This  condition  involves  the  omission  of 


Awu  dx    and 


T^t)-. 


in  eq.  (2),  and  makes  l^  constant  throughout  the  length  of  the 
bar. 

Since  the  equation  must  be  homogeneous,  C  will  repre- 
sent a  quantity  of  actual  energy ;  in  fact,  a  part  of  that  quan- 
tity stored,  at  any  instant,  in  W, 

If  x^  represents  the  length  of  the  bar,  C  may  be  put  eqtial 
to 


W_  (du^Y 

2£X,    \dt/    ' 


Also,  because  l^  is  constant  for  the  whole  bar, 


Introducing  all  these  changes  in  eq.  (2)  and  integrating, 

^Vn'-AE-^=~(^)   +C' (3) 

If  \V  is  suddenly  applied  to  the  bar  while  in  a  state  of 
equilibrium  or  rest,  for  which 

,     dti' 
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C  will  be  zero,  4s  the  equation  shows  by  such  a  substitution. 
For  this  case  eq.  (3)  becomes,  after  omitting  the  primes, 

IWx,  du 


The  limits  of  the  amplitude  are  discovered  by  putting 

du' 

—  (the  velocity)  =  o 

in  eq.  (3),  remembering  that  C  is  also  equal  to  zero.    That 
operation  will  give 

2Wx, 
ti  =  o     and     ti  =    ,  rr  . 
AL 

Putting  these  values  in  eq.  (4)  successively,  and  taking 
the  difference  of  the  results,  the  time  occupied  by  one  oscil- 
lation will  be 


^°>(!fe''^'"^'""'°''>|''       •     •     •     <5) 


in  which  equation 

Wx, 


""^^AE 


IS  the  strain  in  the  bar  caused  by  a  gradual  application  of  W, 
In  the  second  case  to  be  treated  the  bar  is  first  supposed 
to  take  a  vertical  position,  with  the  weight  attached  to  its 
free  end,  in  a  state  of  equilibrium.  An  external  force  then 
depresses  the  free  end  a  distance  Hq*  measured  from  its  po- 
sition  of  equilibrium.    If  the  force  F  is  now  removed,  the 
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weight  will  make  excursions  on  each  side  of  its  position  c  [ 
rest. 

Let  Wj  represent  the  value  o£  u'  corresponding  to  tl.c 
weight  W  alone,  as  in  the  previous  case;  then  let 

u  being  meastired  from  the  position  of  equilibrium  of  ll 
weight  W. 

Eq.  (3)  will  then  take  the  form 

^     AE  .  ^^     W(d{u.+u)\       ^ 

When  u=Uq  the  body  comes  to  rest.    Hence 

AE 
Wiu,  +  u,)--     K  +  Wo)'-=C:.     .     .     .     (7> 

Subtracting  eq.  (7)  from  eq.  (6), 

W(u-u,)-~[2U,iu-u,)  +  u'-u,^=^^(^y,     (8) 
since 

Remembering  that 

^1 


eq.  (8)  may  take  the  form 


^^-^ARjry-.-^ (9) 


du 


.♦.     <=-^J-^^sln-»-. (10) 
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Eq.  (9)  shows  that  the  amplitude  of  a  vibration  is  found 
by  putting 

u^+Uq    or     — Uo. 

Putting  these  values  in  eq.  (10)  and  taking  the  differ- 
ence of  the  results,  the  time  of  a  single  oscillation  is  foimd  to 
be 

T^Tzyj^- (11) 

Eq.  (11)  is  seen  to  be  identical  with  eq.  (5).  In  this 
case  the  amplitude  is  2Wp,  and  the  body  oscillates  through 
its  position  of  rest.  Both  oscillations  are  completely 
isochronous  for  the  same  weight  U^ 

If  w  is  the  obscrv'ed  number  of  oscillations  per  second, 
either  eq.  (5)  or  (ii)  gives 

I     nHVx.        ,r*iy^,  ,     . 

^=T^-Ar'"'~Ag ^"^ 

from  which  E  may  be  computed  if  W  is  very  great  com- 
I)ared  with  the  weight  of  the  bar  or  wire. 


CHAPTER  IV, 
THEORY  OF   FLEXURE. 

Art.  13. — General  Formulae. 

If  a  prismatic  portion  of  material  is  either  supported  at 
iDoth  ends,  or  fixed  at  one  or  both  ends,  and  subjected  to 
the  action  of  external  forces  whose  directions  are  normal 
to,  and  cut,  the  axis  of  the  prismatic  piece,  that  piece  is  said 
to  be  subjected  to  '*  flexure/'  If  these  external  forces  have 
lines  of  action  which  are  oblique  to  the  axis  of  the  piece,  it 
is  subjected  to  combined  flexure  and  direct  stress. 

Again,  if  the  piece  of  material  is  acted  upon  by  a  couple 
having  the  same  axis  with  itself,  it  will  be  subjected  to  "  tor- 
sion.** 

The  most  general  case  possible  is  that  which  combines 
these  three,  and  some  general  equations  relating  to  it  will 
first  be  established. 

The  co-ordinates  axis  of  X  will  be  taken  to  coincide  with 
the  axis  of  the  prism,  and  it  will  be  assumed  that  all  external 
forces  act  upon  its  ends  only.  Since  no  external  forces  act 
upon  its  lateral  surface,  there  will  be  taken 

T,^iV,=Af,=o, 

retaining  the  notation  of  Art.  2.  These  conditions  are  not 
strictly  true  for  the  general  case,  but  the  errors  are,  at  most, 
excessively  small  for  the  cases  of  direct  stress  or  flexure,  or 
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for  a  combination  of  the  two.     By  the  use  of  eqs.  (12),  (21)^ 
and  (22)  of  Art.,  I  the  conditions  just  given  become 

r     (du    dv     dw\     dv  ,  . 

r     (du    dv     dw\     dw  ,  ^ 

dv     dw  .  ^ 

Tz^Ty-"" <3) 

Eqs.  (i)  and  (2)  then  give 

dv     dw 

5^-5^"^ <4> 

In  consequence  of  eq.  (4)  eqs.  (i)  and  (2)  give 

dv  _dw  du 

dy^dz  dx '5) 

By  the  aid  of  eq.  (5)  and  the  use  of  eqs.  (ii),  (13),  and 
(20)  of  Art.  I,  in  eqs.  (10),  (11),  and  (12)  of  Art.  2  (in  this 
case  Xo  =  Fo  =  Zo  =  o),  there  will  result 

d^u      dhi     d*u 

d*u    dy  _ 

dxdy+dx'  ~°'' (7) 

d*u      d'w 
d^z  +  dF^^ W 

Eqs.  (3),  (5).  (6),  (7),  and  (8)  are  five  equations  of 
condition  by  which  the  strains  u,  v,  and  w  are  to  be  deter- 
mined. 
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Let  eq.  (6)  be  differentiated  in  respect  to  x\ 

(Pu        d^u  d^u 

^dx^'^dy'dx'^dz'dx  "■^• 

From  this  equation  let  there  be  subtracted  the  sum  of 
the  results  obtained  by  differentiating  eq.  (7)  in  respect  to  y 
and  (8)  in  respect  to  z: 

d*u        dh)         dht)    ^ 
^l^^dx^'^  dx^dz^^' 

In  this  equation  substitute  the  restdts  obtained  by 
differentiating  eq.  (5)  twice  in  respect  to  x,  there  will  result 


:5P=~5^=° <9) 

This  result,  in  the  equation  immediately  preceding  eq. 
(9)1  by  the  aid  of  eq.  (5)  will  give 

d*v 

»o. 


dx*  dy 


After  differentiating  eq.  (7)  in  respect  to  y,  and  substi- 
tuting the  value  immediately  above, 


d'u 


it) 


dy^  dx       dy^ 


(10) 


Eqs.  (9)  and  (lo)  enable  the  second  equation  preceding 
eq.  (9)  to  give 


<i) 
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Let  the  results  obtained  by  differentiating  eq.  (7)  in 
respect  to  z  and  (8)  in  respect  toy  he  added : 

dx  dy  dz    dx*  dz     dx^  dy  ~ 

The  sum  of  the  second  and  third  terms  of  the  first  mem- 
ber of  this  equation  is  zero,  as  is  shown  by  twice  differentiat- 
ing eq.  (3)  in  respect  to  x.     Hence 


a 


d'H       _      ,^^,    _^ 

dydzdx     dydz 

Eqs.  (9),    (10),    (11),    and    (12)   are   sufficient  for  the 

du 
determination  of  the  form  of  the  function  -r-,  if  it  be  assumed 

dx 

to  be  algebraic,  for 

Eq.    (9)  shows  that  x^  does  not  appear  in  it; 

«»      (10)         ''  *'      y»      '*         "  *« 

««      (11)         **  "       2'      **         **  **  ** 

*'     (12)       "  "     yz     "       *' 

The  products  xz  and  xy  may,  however,  be  found  in  the 
fimction.  Hence  if  a,  a^,  a,,  t,  6„  and  6,  are  constants, 
there  may  be  written 

du 

-j^^a  +  a,z  +  a^  +  x(b  +  b,z  +  b^).  .     .     .     (13) 

Eq.  (5)  then  gives 
dv    dw 
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Substituting  from  eq.  (13)  in  eqs.  (7)  and  (8), 


dx' 


=  -a^-b^\ (15) 


2^--a,-6,^ (16) 

The  method  of  treatment  of  the  various  partial  deriva- 
tives in  the  search  for  eqs.  (13)  and  (14)  is  identical  with  that 
given  by  Clebsch  in  his  **  Theorie  der  Elasticitat  Fester 
Korperr 

It  is  to  be  noticed  that  the  preceding  treatment  has  been 
entirely  independent  of  the  form  of  cross-section  or  direction 
of  external,  forces. 

It  is  evident  from  eqs.  (13)  and  (14)  that  the  constant  a 
depends  upon  that  component  of  the  external  force  which 
acts  parallel  to  the  axis  of  the  piece  and  produces  tension  or 
compression  only.  For  (pages  9,  10)  it  is  known  that 
if  a  piece  of  material  be  subjected  to  direct  stress  only, 

du  ,     dv    dw 

-7-  =  a     and     -r=^-r  ^  —ra\ 

dx  dy     dz  ' 

the  negative  sign  showing  that  ra  is  opposite  in  kind  to  a, 
both  being  constant. 

Again,  if  z  and  y  are  each  equal  to  zero,  eq.  (13)  shows 
that 

du  , 

-J-  =a  +  bx, 
dx 

Hence  bx  is  a  part  of  the  rate  of  strain  in  the  direction  of  x 
which  is  uniform  over  the  whole  of  any  normal  section  of  the 
piece  of  material,  and  it  varies  directly  with  x.     But  such  a 
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portion  of  the  rate  of  strain  can  only  be  produced  by  an 
external  force  acting  parallel  to  the  axis  of  A",  and  whose 
intensity  varies  directly  as  x.  But  in  the  present  case 
such  a  force  does  not  exist.     Hence  b  must  equal  zero. 

The  eqs.  (13),  (14),  (15).  and  (16)  show  that  a^,  b^  and 
a,,  6,  are  symmetrical,  so  to  speak,  in  reference  to  the  co- 
ordinates z  and  y,  while  eqs.  (13)  and  (14)  show  that  the  nor- 
mal intensity  N^  is  dependent  on  those,  and  no  other,  con- 
stants in  pure  flexure  in  which  a  =  o.  It  follows,  there- 
fore, that  those  two  pairs  of  constants  belong  to  the  two 
cases  of  flexure  about  the  two  axes  of  Z  and  V'. 

No  direct  stress  h\  can  exist  in  torsion,  which  is  simply  a 
twisting  or  turning  about  the  axis  of  X. 

Since  the  generality  of  the  deductions  will  be  in  no  man- 
ner  affected,  pure  flexure  about  the  axis  of  Y  will  be  con- 
sidered.    For  this  case 

Making  these  changes  in  (13)  and  (14), 

du 

j-^-a,z  +  b,xz;        (17) 

dv  _dw  du 

dy~d^  ^  ^""dx^  -^^^^r^-^K^^)'  •     •     •     (18) 

.    a    du     dv    dw 
••  *  =  d]^+5^  +  d?=-(^i  +  *i^)(^"-20..     .     (19) 


Also, 


i~2r    '       dx 
.'.  yt-2G(r+i)(a,+b^x)z  =  E(a,-i.b,x)z,      .     (20) 
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since 

Taking  the  first  derivative  of  N^, 

^=E{a,  +  b,x) (21) 

This  important  equation  gives  the  law  o£  variation  of 
the  intensity  of  stress  acting  parallel  to  the  axis  of  a  bent 
beam,  in  the  case  of  pure  flexure  produced  by  forces  exerted 
at  its  extremity.  That  equation  proves  that  in  a  given  nor- 
mal section  of  the  beam,  whatever  may  be  the  form  of  the 
section,  the  rate  of  variation  of  the  normal  intensity  of  stress  is 
constant ;  the  rate  being  taken  along  the  direction  of  the  external 
forces. 

It  follows  from  this  that  A^,  must  vary  directly  as  the 
distance  from  some  particular  line  in  the  normal  section 
considered  in  which  its  value  is  zero.  Since  the  external 
forces  F  are  normal  to  the  axis  of  the  beam  and  direction 
of  AT,,  and  because  it  is  necessary  for  equilibrium  that  the 
sum  of  all  the  forces  N^dy  dz,  for  a  given  section,  must  be 
equal  to  zero,  it  follows  that  on  one  side  of  this  line  tension 
must  exist,  and  on  the  other  compression. 

Let  N  represent  the  normal  intensity  of  stress  at  the 
distance  unity  from  the  line,  b  the  variable  width  of  the 
section  parallel  to  y,  and  let  A  =bdz.  The  sum  of  all  the 
tensile  stress  in  the  section  will  be 

[  Nzd=N[zA. 

Jo  Jo 

The  total  compressive  stress  will  be 

A^r   zd. 
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The  integrals  are  taken  between  the  limits  o  and  the  greatest 
value  of  jj  in  each  direction,  so  as  to  extend  over  the  entire 
section.     In  order  that  equilibrium  may  exist,  therefore. 


^ 


Fto.  I. 


"{^''^.t']-^ 


.'.    I      zA^i 


(22> 


Eq.  (22)  shcrws  that  the  line  of  no  stress  must  pass  through 
the  centre  of  gravity  of  the  normal  section. 

This  line  of  no  stress  is  called  the  'neutral  axis  of  the 
s^rtion.  Regarding  the  whole  beam,  there  will  be  a  sur- 
fp  -"  which  will  contain  all  the  neutral  axes  of  the  different 
sertions.  and  it  is  called  the  neutral  surface  of  the  bent 
beam.  The  neutral  axis  of  any  section,  therefore,  is  the 
li-^e  of  intersection  of  the  plane  of  section  and  neutral  sur- 
face. 

Hereafter  the  axis  of  X  will  be  so  taken  as  to  traverse 
the  centres  of  gravity  of  the  different  normal  sections 
before  flexure.     The  origin   of  co-ordinates  will  then  be 
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taken  at  the  centre  of  gravity  of  the  fixed  end  of  the  beam, 
as  shown  in  Fig.  i. 

The  value  of  the  expression  (a^  +  b^x),  in  terms  of  the 
exteinal  bending  moment,  is  yet  to  be  determined.  Con- 
sider any  normal  section  of  the  beam  located 
at  the  distance  x  from  0,  Fig.  i,  and  let 
OA  =  /.  Also,  let  Fig.  2  represent  the  sec- 
tion considered,  in  which  BC  is  the  neutral 
axis  and  d'  and  d^  the  distances  of  the  most 
remote  fibres  from  BC,  Let  moments  of  all 
the  forces  acting  upon  the  portion  (/  —  x)  of 
the  beam  be  taken  about  the  neutral  axis  BC,  If,  again,  b 
is  the  variable  width  of  the  beam,  the  internal  resisting 
moment  will  be 

f      NM  dz  =  E{a.  +  b,x)  f     z^ .  bdz. 


But  the  integral  expression  in  this  equation  is  the  moment 
of  inertia  of  the  normal  section  about  the  neutral  axis,  which 
will  hereafter  be  represented  by  /.  The  moment  of  the 
external  force,  or  forces,  F,  will  be  Fil  —  x),  and  it  will  be 
equal,  but  opposite  in  sign,  to  the  internal  resisting  moment 
Hence 


F  l-x)  =M=-E{a,  +  b,x)L 


(23) 


(a,  +  b,x)^j^. 


(24) 


Substituting  this  quantity  in  eq.  (16), 


dhv 
dx^" 


M 

E'r 


(25) 
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It  has  already  been  seen  (page  38)  that  eq.  (25)  is  one 
of  the  most  important  equations  in  the  whole  subject  of  the 
**  Resistance  of  Materials." 

An  equation  exactly  similar  to  (25)  may  of  course  be 
written  from  eq.  (15);  but  in  such  an  expression  M  will 
represent  the  external  bending  moment  about  an  axis  par- 
iillel  to  the  axis  of  Z. 

No  attempt  has  hitherto  been  made  to  determine  the 
complete  values  of  «,  v,  and  w,  for  the  mathematical  opera- 
tions involved  are  very  extended.  If,  however,  a  beam  be 
considered  whose  width,  parallel  to  the  axis  of  F,  is  indefi- 
nitely small,  ti  and  w  may  be  determined  without  difficulty. 
The  conclusions  reached  in  this  manner  will  be  applicable 
to  any  long  rectangular  beam  without  essential  error. 

If  y  is  indefinitely  small,  all  terms  involving  it  as  a  factor 
will  disappear  in  m  and  w ;  or,  Uie  expressions  for  the  strains  u 
and  w  will  be  junctions  of  z  and  x  only.  But  making  u  and  w 
functions  of  z  and  x  only  is  eqtiivalent  to  a  restriction  of 
lateral  strains  to  the  direction  of  z  only,  or  to  the  reduction 
of  the  direct  strains  one  half,  since  direct  strains  and  lateral 
strains  in  two  directions  accompany  each  other  in  the  un- 
restricted case.  Now  as  the  lateral  strain  in  one  direction 
is  supposed  to  retain  the  same  amount  as  before,  while  the 
direct  strain  is  considered  only  half  as  great,  the  value  of 
their  ratio  for  the  present  case  will  be  twice  as  great  as  that 
used  on  pages  9  to  12.  Hence  2r  must  be  written  for  r,  in 
order  that  that  letter  may  represent  the  ratio  for  the  unre- 
stricted case,  and  this  will  be  done  in  the  following  equations. 

Since  w  and  u  are  independent  of  y, 

dw    du  dv 

dy^Ty^""^     ^"^     ^^^^di' 

But,  by  eq.  (14), 

V  =  -  2r(ai  +  h,x)zy  +  f{x,  z). 
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By  eq.  (3),  since 

dw 

—  ^^2r(a,  +  b,x)y+^J{x,  z)  «o. 

This  equation,  however,  involves  a  contradiction,  for  it 
makes  f{x,  z)  equal  to  a  function  which  involves  y,  which  is 
impossible.     Hence 

f{x,z)-=o. 

Consequently 

^^^-2r{a^  +  b,x)y, 

which  is  indefinitely  small  compared  with 
•     dv  ,        ,    ^ 

and  is  to  be  considered  zero 
Because  f{x,z)=o, 

dv  , 

^^^2rb,zy. 

This  quantity  is  indefinitely  small;  hence 

Tj  =  —  2Grb^zy 

is  of  the  same  magnitude. 

Under  the  assumption  made  in  reference  to  y,  there  may 
be  written,  from  eqs.  (17)  and  (18), 

x^ 
u^-a^xz  +  b,    z  +  f(z);      ....     (26) 

w^''r(a.^^-\-b,xz^)+f(x).    .     .     .     (27) 
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Using  eq.  (26)  in  connection  with  eq.  (6), 


By  two  integrations, 


/'W  =  — ^*-c'iJ  +  c" (28> 


Using  eq.  (27)  in  connection  with  eq.  (8), 


By  two  integrations, 


The  functions  u  and  w  now  become 

,  x^       b.z*      ,        ,-  ,    , 

u-^a^xz  +  b^—z-'-^-c'z  +  c'^;  .     .     .     (29) 


m; 


«  -  rai^'  -  r&iX2f*  -  6^—  -  -*—  +  c^x  +  (;„.    .     (30) 


The  constants  of  integration  (/,  (f\  etc.,  depend  upon 
the  values  of  u  and  w,  and  their  derivatives,  for  certain 
reference  values  of  the  co-ordinates  x  and  s,  and  also 
upon  the  manner  of  application  of  the  external  forces,  F,  at 
the  end  of  the  beam,  Fig.  i.  The  last  condition  is  involved 
in  the  application  of  eqs.  (13),  (14).  and  (15)  of  Art.  2. 
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In  Fig.  I  let  the  beam  be  fixed  at  O.    There  will  then 
result,  lot  x  =  o  and  2  =  0, 


(du      \ 


(w=o,     and    m;  =  o),«o. 
In  virtue  of  the  last  condition, 

C     =Cj^=0. 

In  consequence  of  the  first, 

c'=o. 
After  inserting  these  values  in  eqs.  (29)  and  (30), 
dii  ,  ^'     ,    , 

dw  .    ,     .  *' 

The  surface  of  the  end  of  the  beam,  on  which  F  is  applied, 
is  at  the  distance  /  from  the  origin  O  and  parallel  to  the 
plane  ZY.  Also,  the  force  F  has  a  direction  parallel  to  the 
axis  of  Z.  Using  the  notation  of  eqs.  (13),  (14),  and  (15)  of 
Art.  2,  these  conditions  give 

cos  /?  =  1 ,     cos  g  =  o,     cos  r  =  o, 

cos  ;r  =  o,     cos  ;i:  =  o,     cos  /?  =  i. 
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Since,  for  ^r-/, 

M-F(/-^)=o, 

eqs.  (24)  and  (20)  give  A^,  =0  for  all  points  of  the  end  sur- 
face.     Eq.  (15)  is,  then,  the  only  one  of  those  equations 
which  is  available  for  the  determination  of  c^. 
That  equation  becomes  simply 

For  a  given  value  of  0,  therefore,  any  value  may  be  as- 
sumed for  r,.  For  the  upper  and  lower  surfaces  of  the  beam 
let  the  intensity  of  shear  be  zero;  or  iov  z^±d  let  r,=o. 
Hence,  by  eq.  (31), 

.'.  T,^^(d^-z^) (32) 

The  constants  a^  and  b^  still  remain  to  be  found.  The 
only  forces  acting  upon  the  portion  (l—x)  of  the  beam  are 
F  and  the  sum  of  all  the  shears  T,  which  act  in  the  section  x. 
Let  Jy  be  the  indefinitely  small  width  of  the  beam,  which, 
since  z  is  finite,  is  thus  really  made  constant.  The  princi- 
ples of  equilibrium  require  that 

r  T^.Jy.dz^Gb,{i+r)r  (d\Jy,dZ''Z\Jy,dz)^F. 

The  first  part  of  the  integral  will  be  2  Jyd^,  and  the  second 
part  will  be  the  moment  of  inertia  of  the  cross-section  (made 
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rectangular  by  taking  dy  constant)  about  the  neutral  axis. 
Hence 

2(;fe.(i+r)/-F.    or    K^-^^jjj—jj'-^j.   .    (33) 


.-.  T,~jjid*-z*) (34) 


If  «-o  in  eq.  (24), 


Thus  the  two  conditions  of  equilibrium  are  involved  in 
the  determination  of  a^  and  b^.  The  complete  values  of  the 
strains  u  and  w  are,  finally, 

**  =  £(4-f-*^^)' <36) 

FA   ,         ,    x'lx^Fd'x  .    . 

-Ei[^rz*-rxz*—^+-)+^^.     .    .     (37) 


w 


These  results  are  strictly  true  for  rectangular  beams  of 
indefinitely  small  width,  but  they  may  be  applied  to  any 
rectangular  beam  fixed  at  one  end  and  loaded  at  the  other, 
with  sufficient  accuracy  for  the  ordinary  purposes  of  the 
civil  engineer.  It  is  to  be  remembered  that  the  load  at  the 
end  is  supposed  to  be  applied  according  to  the  law  given 
py  ^q-  (34) »  a  condition  which  is  never  realized.  Hence 
these  formulae  are  better  applicable  to  long  than  short 
beams. 
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The  greatest  value  of  7,,  in  eq.   (34),  is  found  at  the 
neutral  axis  by  making  z=o\  for  which  it  becomes 

F 

-7  is  the  mean  intensity  of  shear  in  the  cross-section; 

2a 
"hence  the  greatest  intensity  of  shear  is  otce  afui  a  luilj  as 
great  as  the  mean. 

In  eq.  (36),  if  s^o,  w  =0.  Hence  no  point  of  the  neu- 
tral surface  suffers  longitudinal  displacement. 

In  eq.  (37)  the  last  term  of  the  second  member  is  that 
part  of  the  vertical  deflection  due  to  the  shear  at  the  neu- 
tral surface,  as  is  shown  by  eq.  (38).  The  first  term  of 
the  second  member,  being  independent  of  x,  is  that  part 
of  the  deflection  which  arises  wholly  from  the  deformation 
of  the  normal  cross-section. 

The  usual  modification  of  this  treatment,  designed  to 
supply  formulae  for  the  ordinary  experience  of  the  engineer, 
has  already  been  given  in  preceding  articles. 
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ANOTHER    METHOD    FOR    FINDING    PITCH    OP 

RIVETS. 

A  SIMPLE  method  of  finding  the  pitch  of  rivets  piercing 
the  vertical  legs  of  the  flange  angles  and  the  web  plate  of  a 
plate  girder  at  any  section  of  the  beam  may  readily  be  found 
by  using  the  general  but  elementary  expression  for  the  bend- 
ing moment, 

By  differentiating  this  equation, 

IP.dx^Sdx^dM\ 

S  representing  the  total  transverse  shear. 

If  dM  is  the  change  of  bending  moment  for  the  distance 
along  the  flange  represented  by  the  pitch  of  rivets,  /?,  the 
change  of  flange  stress  for  the  same  distance  will  be  found 
by  dividing  dM  by  the  effective  depth  of  the  girder,  h.  If 
the  pitch  of  rivets,  p,  be  placed  in  the  preceding  equation  in 
place  of  dx,  the  corresponding  change  of  flange  stress  will 
represent  the  amount  of  stress  transferred  to  the  flange  by 
one  rivet.  Representing  that  variation  of  flange  stress- by  v, 
the  last  of  the  preceding  equations  may  be  written 

Sp^^hv;   .',  P=  ^' 
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In  this  eqtiation  v  represents  either  the  bearing  capacity 
of  one  rivet  against  the  web  plate  or  against  the  two  flange 
angles,  or  the  double  shearing  value  of  the  same  rivet,  i.e.. 
the  least  of  those  three  values.  Ordinarily  the  bearing  of 
the  rivet  against  the  web  plate  will  be  less  than  either  of  the 
two  other  quantities;  hence  that  bearing  value  would  then 
be  substituted  for  v.  In  general  the  least  of  the  three  pre- 
ceding values  for  one  rivet  is  to  be  substituted  f or  v  in  an 
actual  computation.  The  total  transverse  shear  5  is  always 
known  at  any  section  or  may  readily  be  determined.  The 
preceding  formula  for  the  pitch,  therefore,  is  a  very  simple 
one  and  is  much  employed  at  the  present  time  in  plate-girdei^ 
design. 
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Columns  of  concrete. ' 4«6 

Columns  of  timber 53<>-542 

Columns^  long '3* 

Columns,  long,  wrought  iron  and  steel 477-522 

Combined  bending  and  compression 186-189 

Combined  bending  and  direct  stress. ^7^ 

Combined  bending  and  torsion •  •  •  •    '^4 

Common  theory  of  flexure 33 

Common  theory  of  torsion 23 

Compression 3^5 

Compressive  resistance  of  cast  iron 39^-393 

Compressive  resistance  of  steel 393-39^ 

Compressive  resistance  of  wrought  iron •  386-390 

Compressive  stress. 4 

Concrete  in  compression 400-417 

Concrete  beams •  •  •  606-615 

Concrete-steel,  adhesive  shear ^^ 

Concrete-steel  beams 692-4W6 

Concrete-steel  beams,  design  of 662-666 

Concrete-steel,  coefficient  of  elasticity 631 

Concrete-steel  members 619-666 

Concrete-steel  members,  curves  of  strain 623 

ConcTPte-stcel  theory,  by  common  theory  of  flcrure 653^-644, 64^-652 

Concrete-steel  theory,  by  assumption  of  parabolic  law 644r-6|9 

Connections 69«-73« 

Connections,  pin 733->'''^ 

Cofmf^rtinns,  riveted  joints 698-7.^2 

Cotinpct»ons,  welded  joints 732 

Continuous  beams  in  general. <*3 

Copper,  allovs  of,  in  tension 33»-344 

Copper  and  copper  alloys  at  hi)fh  temperatures 345-347 

Copper  in  compression 39^ 

Copper  in  shearing. 553 

Copper  in  tension 33'-338 

Copper,  under  repeated  stress 348-35© 

Copper  wire 344r3%5 

Creosoted  timber  beams 605 

Criterion  for  greatest  moment 66 
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Crystallization  of  wrought  iroiL 24:? 

Cylinders,  thick  faoUow 19,  895-901 

Cylinders,  thin  hoUow 14,  895,  S96 

Cylinders,  torsion  of 901-941 

D, 

LHrck-tjeam  section. 464 

l>c(iection  due  to  shearing. 109,  1 28 

Deflection  of  beams 105,  loS 

Deflection  of  cast-iron  flanged  beams. 682,  683 

Deflection  of  rolled  steel  beams. 6^2-  694 

Design  of  columns. 5oj?_  ^22 

Diagonal  riveted  joints. j3o 

Diameter  of  rivets 7o8-72<S 

Distribution  of  stress  in  riveted  joints 699- 70H 

Driving  and  drawing  spikes 779-78.^ 

Ductility 204 

Ductility  of  wrought  iron 215-217 

E 

Hffect  of  chemical  elements  on  steel 327-331 

Kffect  of  high  and  low  temperatures  on  steel 307-310 

Kflideucy  of  riveted  joint 726-72« 

l?,lastic  limit 5,  200,  202 

Elastic  timit  of  wrought  iron 2 18,  221 

Elasticity ».  4 

Elasticity,  coefficient  or  modulus  of A,  200 

Hlastidty,  energy  of 94^ 

I^ltiptical  cylinder,  torsion  of 912-915 

Knd  shear  in  bent  beams 49.  52 

Energy  of  elasticity 946-960 

Kquilibriura,  equations  of 868-894 

Kuler's  formula »33.  »34 

r'xpansion  and  contraction  (thermal)  of  mortar,  concrete,  and  stone..  37^37^ 

T^ye-bar  subjected  to  bending  and  tension 173»  ^7^^  *^' 

Rye-bars  of  steel 278,  284,  287,  288,  290.  292 

Kye-bars,  distribution  of  stress  in  head  of 733-73^ 

F. 

Fatigue  of  cast  iron. 269-271 

Fatigue  of  metals 843-856 

Flanged  beams 667-697 
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Flanged  beams  with  equal  flanges 683-697 

Flanged  beams  with  unequal  flanges 669-683 

IHexure  by  oblique  forces 792-798 

Flexure,  common  theory  of 33 

Flexure  of  beams 574-608 

Flexure,  theory  of,  general  formulse 961-976 

Flow  of  solids 857-867 

Flues,  collapse  of 772-776 

Formula  (column)  of  C.  Shaler  Smith  for  timber  columns 533 

Formula;  for  long  columus 427-507 

Fnicture  of  steel 327 

Fracture  of  wrought  iron 241,  242 

F*reezing  cements  and  mortars,  effect  of 374-376 

G. 

General  formulse  of  theory  of  flexure 78,  961-976 

Girders,  design  of  plate 737-763 

Glass  in  compression 399 

Gold,  coefficient  of  elasticity  of 351 

Gordon's  formula 465-507 

Granites  in  compression 428-435 

Graphical  determination  of  bending  moment 137 

Gun-bronze 331 

Gun-metal 338,  346 

H. 

Hardening  and  tempering  of  steel 31^,312 

Hardening,  effect  of 233 

Hollow  cylinders,  thick 19 

Hollow  cylinders,  thin 14 

Hollow  spheres,  thick 941-945 

Tlollow  spheres,  thin 14 

Hooke's  law 3 

I. 

I  beams  as  columns 500,  501,  505 

I  sections 457,  461 

Inclination  of  neutral  surface  of  beam 106, 108 

Influence  of  time  on  strains 853-856 

Intermediate  shear  in  bent  beams 49 

Iron  shapes 241 

Iron  wire 239,  240 
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Jbwb  of  columns^  design  of 5"-5«3 

Joints,  piu  connectioas. 733-73^ 

Joints,  riveted 698-732 

Joints,  Melded. 732 

K. 
Kirkaldy's  conclusionft 354 


L. 

Lateral  strains 9»  10 

I«attice  bars 508-510 

Latticed  column  sections  of  four  angtes 454 

latticed  columns 484-507 

latticed  or  closed  column  sections  of  plates  and  angles 455 

Launhardt's  formuls 849-850 

Law,  Hooke's 3 

Lead 35^.  396 

Lead,  coefficient  of  elasticity 351 

Limestones  in  compression 428-435 

Limit  of  elasticity 200,  201,  202 

Long  columns 131, 385, 445, 446 

Longitudinal  oscillations 955-960 

M. 

Magnesium 341, 342 

Magnesium  alloys 342 

Marbles  in  compression 428-435 

Modulus  of  rupture  in  bending  solid  rectangular  and  circular  beunsw .  586-58S 

Moisture  in  timber,  effect  of 436-438 

Moment,  greatest,  produced  by  concentrations, 64 

Moment  of  inertia  of  angle  sectiotu 455 

Moment  of  inertia  of  angle  section,  oblic|ue  axis 466 

Momftut  of  inertia  of  box  column  of  plates  and  angles. 451 

Moment  of  inertia  of  box  column  of  plates  and  channels 452 

Moment  of  inertia  of  channel  section,  false 454 

Moment  of  inertia  of  channel  section^  true 464 

Moment  of  inertia  of  circular  section 461 

Moment  of  inertia  of  column  of  plates  and  angles,  I  section. 453 

Moment  of  inertia  of  deck  section. 466 
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Moment  of  inertia  of  I  sectipn,  false 459 

Moihent  of  inertia  of  I  section,  true ^  ♦• 4^3 

Moment  of  inertia  of  latticed  columns. 456-457 

Moment  of  inertia  of  Phoenix  columns 462 

Moment  of  inertia  of  rectangular  sections 460 

Moment  of  inertia  of  star  section 459 

Moment  of  inertia  of  tee  section. 458 

Moment  of  single  load  at  centre  of  span. 74 

Moment  of  tmif  orm  load 76 

Mument  produced  by  concentrated  loads 62 

Moment  produced  by  two  equal  weights. 57 

Moments  and  shears  in  bent  beams 45 

Moments  of  inertia  of  column  sections. 446-465 

Moments  tabulated  for  plate  girders 69, 70 

Mortise  holes,  shearing  behind 783-784 

Motion,  equations  of 868-894 

Muntz  metal \ 338, 347-348 


N. 

Neutral  axis. 35i  36 

Neutral  curve  for  continuous  beams. 45, 1 16,  etc. 

Neutral  curve  for  special  cases , no 

Neutral  surface 35 

Nickel  steel 303-307 

O. 

Oscillations,  longitudinal 956-960 

Oscillations,  torsional 935-941 

P. 

Palladium,  coeflficient  of  elasticity 351 

Pendulum,  torsion 939-941 

Permanent  set 204 

Phoenix-columu  section 460 

Phoenix  columns 477-483 

Phosphor-bronze 331,  345, 347 

Phosphor-bronze  wire 344, 345 

Pine,  white,  in  compression 440-443 

Pine,  yellow,  in  compression 436-44.^ 

Pins,  connections  with, 733-736 
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Pitch  of  rivets 709-72N 

Pitch  of  rivets  in  llanges  of  plate  girder 977-97^ 

Plate  and  atigle  column 45 1 

Plate  girder.     Sec  Girder. 

Plates,  bulijin^  of 7«l- 7Q2 

Platinum,  coefficient  of  elasticity ^51 

Portland  cement  and  cement  mortar  in  tension ^^52  -,^7.s 

Portland-cement  ctmcrete  in  compression ^s*) 

Portland-cement  concrete  in  tension 355,  35^>.  .VS7 

Punching,  drilling,  etc.,  of  steel 31  «5_,..5 


Rails,  steel 300-  302 

Reactions  for  bridge  floor  beams 55 

Reactions  under  continuous  beams 93,  105 

Rectangular  cylinders,  torsion  of 91S-93J 

Rectangular  seciion.s,  solid  and  hollow 45>« 

Reduction  of  resistance  between  ultimate  and  breaking  point 253 

Red  brass 345*.  35^* 

Resilience 149. 951-95  ^ 

Resilience  of  cast  iron  in  tension 263,  264 

Resilience  of  flexure 151 

Resilience  of  steel  in  tension 278-3S0 

Resilience  of  tension  and  compression i^ 

Resilience  of  torsion 1 5S 

Resilience  of  wrought  iron 215.  216,  21 7 

Resilience  shearing 154 

Resilience,  total,  due  tu  direct  stresses  and  shearing j^- 

Riveted  joints 69^-732 

Riveted  joints,  butt-joints  with  double  cover-plates,  for  steel 716-710 

Riveted  joints,  distribution  of  stress  in 698-708 

Riveted  joints  for  trusses 728-732 

Riveted  joints,  lap-joints,   and  butt-joints  with  single  butt -strap, 

for  steel 712-716 

Riveted  joints,  tests  for  full-sized 719-728 

Rivet  steel  in  shearing 275,  550 

Rivets,  liearing  capacity  uf 705,  706 

Rivets,  bending  of 704,  70s 

Rivets,  diameter  and  i)itch  of 708-712 

Rivets,  shear  of 71 2-716 

Rivets,  steel 302 


INDEX.  987 

PAGE 

Eollers,  resistance  of 776-779 

Ropes,  iron,  steel  and  hemp 764-769 

S. 

Safety  factor 799 

Sandstones  in  compression 428-435 

Set,  permanent 204 

Shapes  and  plates  of  steel 293-296 

Shear,  first  derivative  of  moment 46 

Shear,  greatest  caused  by  uniform  load 60 

Shearing,  behind  mortise  holes.  . 783-784 

Shearing,  coefficient  of  elasticity 543-546 

Shearing,  greatest  intensity  of 44 

Shearing  stress  in  beams 41 

Shearing  stress  and  strain 5,  543-  558 

Shearing,  ultimate  resistance 546-558 

Shearing  in  neutral  surface  of  timber  beams. 601-603 

Shears,  single  load  located  at  centre  of  span 74 

Shears,  tabulated  for  plate  girders 69,  70 

Shears,  uniform  load  on  span 76 

Shears  in  bent  beams 45. 49 

"Short"  test  specimens 223,  224,  225 

vShort  blocks ! 385 

Silica-sand  cement  concrete  in  compression 405,  406,  407 

Silica  sand,  Portland  cement  and  mortar  in  tension 367,  368 

Silver,  coefficient  of  elasticity 351 

Skin  of  wrought-iron  bars,  influence  of i>2.s 

Specifications  for  cast-iron  pipe 83Q-X42 

Specifications  for  railway  bridges,  American  Bridge  Co 813-824 

Specifications,  Cooper's  General 800-81  -? 

Specifications,  New  East  River  Bridge 837-839 

Specifications,  Pennsylvania  R.R.  Co 824-837 

Spheres,  thick  hollow 941-945 

Spheres,  thin  hollow ?! 

Spikes,  driving  and  drawing 770-783 

Spruce  columns 533.  54 » 

Spruce  in  compression 439-443 

Star  section 1 57 

Steel,  annealing 3  m.  -;  1  s 

Steel  beams 5S->-s86 

Steel  castings 29<)-3oo 

Stool,  change  of  elastic  properties  under  repeated  stresses 326 
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Steel,  coefficient  of  elasticity 371-27S 

Steel,  effect  of  high  and  low  temperatures 307-310 

Steel,  effect  of  punching,  drilling,  reaming  and  shop  processes. 315-3-5 

Steel,  effects  of  chemical  elements 327-331 

Steel,  elastic  limit 274,  278-307 

Steel  eye  bars   <278,  284,  287,  288.  290.  292 

Steel,  fracture  of 3^7 

Steel,  hardening  and  tempering 31 1. 312 

Steel,  in  compression 393-39* 

Steel,  in  shearing 549-55-' 

Steel,  in  torsion 546-567. 57i 

Steel,  nickel 303-30? 

Steel  rails 30o-30i 

Steel,  resilience  of 278-280 

Steel  rivets 275, 302, 550 

Steel,  rolled  flanged  beams. 686-694 

Steel  shapes  and  plates 293-296 

Steel  slag  cement  concrete  in  compreaaiuo 411 

Steel,  ultimate  tensik  resistance 274,  278-307 

Steel  wire 297-299 

Sterro-metal. 338 

Stone  beams 617, 6i» 

Stones,  in  shearing 55* 

Stones,  natural  in  compre&iou 427-^35 

Strain i, 2,4 

Strains,  influence  of  time  on 853-856 

Straight  line  formula  for  columns 4&2-503 

Stress »» 2, 3,4 

Stress,  intensity  of 2, 3 

Stresses  at  any  point  in  beam 141, 142,  etc. 

Stresses,  expressions  for  tangential  and  direct 868-«74 

Stresses  of  tension  and  compression,  resolutien  of . . .  ; 7, 8 

Stretch  limit 7, 20J 

Suddenly  applied  loads 160, 953-^55 

Suddenly  applied  stress 25« 


Tee  section • 45* 

Tees  as  columns 495-505 

Temperature,  effect  of  high 234, 23S 

Temperature,  effect  of  low 236-2,^8 

Temperature,  effect  of  high  and  low,  on  steel 307->^'* 
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Tempering  of  steel * '. . .  31 1, 3' 2 

Tensile  stress 4,  200 

Theorem  of  three  moments 82, 90 

Theory  of  flexure,  general  formulae 7^,  961-976 

Theory  of  flexure,  with  unequal  coefficients  of  elasticity 139 

Tliermal  expansion  and  contraction  of  mortars,  concrete  and  stone.    376-37^ 

Thick  hollow  cylinders 19.  895-9o> 

Thick  hollow  spheres. 941-945 

Thin  hollow  cylinders 14,  895-896 

Thin  hollow  spheres 14 

Timber  beams 591-606 

Timber  columns 53«>-542 

Timber  in  compression. 435-444 

Timber  in  tension 378-384 

Timber  in  torsion 569-570 

Timber  in  shearing 553-556 

Tin 332-339,  396,  397 

Tin,  allo)rs  of 33'-344 

Tobin  bronze 345 

Tobin  bronze  in  compression 399 

Tobin's  alloy 331-333.  336 

Torsion 23,  559-573 

Torsion,  combined  with  bending 164 

Torsion,  general  observations 934 

Torsion,  greatest  shear  in  circular  sections 934 

Torsion,  greatest  shear  in  elliptical  sections 914 

Torsion,  greatest  shear  in  rectangular  sections 929-032 

Torsion,  greatest  shear  in  triangular  sections 917 

Torsion  in  equilibrium 901-935 

Torsion  of  circular  sections 933,  934 

Torsion  of  elliptical  sections 91 2-915 

Torsion  of  rectangular  sections 918-932 

Torsion  of  triangular  sections 915-918 

Torsion,  moment  of,  circular  sections 933 

Torsion,  moment  of,  elliptical  sections 913 

Torsion,  moment  of,  rectangular  sections 925-929 

Torsion,  moment  of,  triangular  sections 916 

Torsion  pendulum 939-941 

Torsion  oscillations 935-94 1 

Tresca's  experiments,  flow  of  solids S^H 

Trescci's  hypotheses,  flow  of  solids 859-861 

Triangular  cylinders,  torsion  of 915-918 
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Ultitnate  resistance * 203 

Ultimate  resistance  affected  by  high  temperature 234,  235 

Ultimate  resistance  affected  by  low  temperature 236,  237,  23S 

Ultimate  resistance  affected  by  repeated  stressing 243- J51 

\  Itiniate  resistance  of  cast  iron  in  tension 264-  2/>s 

Ultimate  resistance  of  steel  in  tension 274,  278-31^7 

Ultimate  resistance  of  wrought  iron 218,  221,  etc. 

W. 

Weyrauch's  formulae 851,  J^52 

White-oak  columns. 53i~54 1 

White  oak  in  compression 439-443 

White-pine  columns 538-54 1 

White  pine  in  compression 440-44  ^ 

Wire,  copper - 336,  344.  ^^45 

Wire,  iron 239,  240 

Wire,  steel 297-299 

Wdhler's  experiments 844-^47 

Wohler's  law 843,  841 

Work  expended  in  producing  strains 946-931 

Wrought  iron 205,  206,  etc. 

Wrought-iron  angles 231 

Wrought-iron  bars. 207,  209,  211,  221,  222,  etc. 

Wrought-iron  bars,  diagram  of  strains 213 

Wrought-iron  beams 579-582, 694-697 

Wrought-iron  bridge-plates 229 

Wrought-iron,  coefficient  of  elasticity 205,  21 1 

Wrought-iron,  ductility  and  resilience  of 215 

Wrought-iron,  fracture  of 241.  242 

Wrought-iron,  in  compression 386-390 

Wrought-iron,  in  shearing 547 

WrouRht-iron,  in  torsion 559-561,  571 

WrouRht-iron,  single  and  double  rolled 227 

Wrought-iron,  ultimate  resistance  and  elastic  limit 218 

Y. 

Yellow-pine  columns. 531-541 

Yellow  pine  in  compression 436-443 

Z. 

Zinc 334-341.  396, 39^ 

Zinc,  alloys  of 331-347 
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EXPLANATORY    NOTE 

There  will  be  found  on  some  of  the  succeeding  pages  a  number  of  cross  ref- 
erences to  matters  printed  on  other  pages  of  the  Cambria  Steel  Company's  Hand- 
book than  those  found  in  the  following  tables.  These  references  do  not  in  any 
way  affect  the  use  of  the  tables,  and  may  be  disregarded  in  every  base.  They 
simply  indicate  other  matters  which  may  be  found  in  the  Cambria  Steel  Com- 
pany's Handbook.  Indeed,  eyery  reader  of  this  book  will  find  much  of  prac- 
tical use  and  convenience  in  that  handbook  which  It  is  scarcely  worth  while  or 
perhaps  suitable  to  publish  in  a  work  of  this  kind. 
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STANDARD  BEAMS  AND  OHANNELB. 
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The  following  data  are  common  to  all  I-Beams  and  Channels,  with 
the  exceptions  stated : 

0  =  1^  Minimum  Web. 

C  =  Minimum  Web  -f  ^  inch. 

s  =3  Minimum  Thickness  of  Web  =  t  Minimum  for   all  Channels 

and  Beams,  except  dO''  I  and  24"  I. 

For  20'f  Standard  I    s  =  .55"    t  Minimum  =  .50". 

For  24"  Standard  I    s  =  .60"    t  Minimum  =  .50". 

For  20"  Special  I       s  =  .65"    t  Minimum  =  .60". 

The  Slope  of  Flange  of  all  Beams  and  Channels  is  16}% 
—  90  _  27'  —  44"  =  2"  per  foot. 
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BXPLANATIONS  OF  THB  TABLBS  OF  PROFBB- 

TIB8  OF  STANDARD  AKD  SPBGIAL  I-BBAMS, 

STANDARD  AND  SPBOIAIj  OHANNELS, 

STANDARD  AND  SPBOIAL  ANQLBS 

WITH  EQUAL  AND  UNEQUAL 

LEQS,  Z-BARS  AND  T  BARa 

PROPERTIES  OF  I-BEAMS. 
Pages  81  to  84  inclusive. 
The  figures  or  values  in  the  various  columns  give  the  section  num- 
bers, dimensions,  weights,  areas  and  properties  of  the  sections  as  noted 
in  the  different  headings. 
The  columns  which  require  special  explanation  are  as  follows : 

Section  Modulus — Columns. 
This  is  obtained  from  the  moment  of  inertia  in  column  7  by  dividing 
it  by  the  distance  from  the  neutral  axis  to  the  most  remote  fibre, 
which  in  this  case  is  one-half  the  depth  of  the  beam. 

Coefficients  of  Strength — ^Columns  18  and  U. 

The  coefficients  of  strength  F  and  F'  have  been  computed  for  fibre 
stresses  of  16000  and  12600  pounds  per  square  inch  respectively,  as 
stated  in  the  headings  of  the  columns,  and  are  the  safe  loads  in  pounds 
uniformly  distributed,  including  its  own  weight  for  a  beam  one  foot 
long.  Thus  the  safe  load  for  any  span  may  be  obtained  by  dividing 
the  proper  coefficient  by  the  length  of  the  span  in  feet 

The  coefficients  of  strength  were  obtained  from  the  following  for- 
mulae: 

F  =  f  X  16000  X  S. 
F'  =  fx  12600  XS 

in  which  S  is  the  section  modulus. 
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Coefficients  op  Deflection — Columns  15  and  16i 

The  coefficients  of  Deflection  N  and  N'  for  uniform  and  center 
loads,  respectively,  were  obtained  from  the  following  formulae : 

7e.8£I  48EI 

in  which 

P  and  W  r=  1  000  pounds. 

1  ^  12  inches. 

£  =  29000000. 

I  =  moment  of  inertia  about  axis  1-1. 

These  coefficients  are  therefore  the  deflections  in  inches  of  a  beam 
one  foot  long  with  a  load  of  1  000  pounds.  The  deflection  of  a  beam 
for  any  load  and  span  may  therefore  be  obtained  by  multiplying  the 
proper  coefficient  by  the  cube  of  the  span  in  feet,  and  by  the  number 
of  1  000-pound  units  in  the  given  load. 


PROPERTIES  OF  STANDARD  AND  SPECIAL  CHANNELS, 
Pages  86  to  88  inclusive. 

The  various  columns  in  the  Tables  of  Properties  of  Standard  Chan- 
nels are  similar  to  those  in  the  Tables  of  Properties  of  I- Beams,  as  ex- 
plained above,  with  the  addition  of  column  11,  which  gives  the  Section 
Modulus  about  an  axis  through  the  center  of  gravity  parallel  to  the  web, 
and  column  18,  which  gives  the  distance  of  the  center  of  gravity  from 

the  outside  of  the  web.     In  this  case  the  Section  Modulus  S'= 

b  —  X 

the  notation  being  as  given  at  the  heads  of  the  columns. 


PROPERTIES  OF  T-BARS. 

A  Table  of  Properties  of  Cambria  T-Bars  is  also  given  on  pages  58 
and  54. 
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PROPERTIES  OF  ANGLES. 
The  values  in  the  Tables  of  Properties  of  Standard  and  Special 
Angles,  with  Equal  Legs,  pages  89  to  44,  are  as  stated  in  the  headings, 
and  those  in  the  Tables  of  Properties  of  Standard  and  Special  Angles, 
with  Unequal  Legs,  on  pages  45  to  52,  are  similar,  but  with  the  addi- 
tion of  values  for  I",  S"  and  r"  about  the  inclined  axis  3-8,  the  posi- 
tion of  which,  in  order  to  give  the  minimum  values,  was  determined 
by  the  formula  on  page  140  for  the  value  of  the  tangent  of  20C.  After 
determining  the  position  of  the  inclined  axis,  the  properties  cor- 
responding thereto  were  obtained  by  the  formula  on  page  140. 

PROPERTIES  OF  Z-BARS. 
The  Tables  of  Properties  of  Z-Bars,  on  pages  55  and  56,  are  sim- 
ilar to  those  for  Beams  and  Channels  with  the  addition  of  values  in 
column  13  for  determining  the  position  of  the  inclined  axis  3-8  to 
give  the  minimum  values  of  the  radius  of  gyration,  as  shown  in 
column  14,  these  values  being  obtained  in  a  manner  similar  to  that 
used  in  calculating  like  quantities  for  the  Tables  of  Properties  of 
Angles  with  Unequal  Legs,  as  explained  above. 

MOMENTS  OF  INERTIA  OF   RECTANGLES. 
A  Table  of  Moments  of  Inertia  of  Rectangles  is  added  on  pages 
57  and  58  for   convenience  in  calculating  the  Momenta  of  Inertia, 
Section  Moduli,  and  Radii  of  Gyration  for  compound  shapes  in  which 
plates  are  used. 

qenebaij  formuij^  for  propebties  and 

FLEXUKE. 

Formulae  for  obtaining  the  Properties  of  Standard  Sections  are 
given  on  pages  140  and  141,  and  for  various  usual  sections  on  pages 
142  to  149  inclusive. 

General  formulae  for  Flexure  of  Beams,  Bending  Moments,  and 
Deflections  for  various  cases  of  loading  are  given  on  pages  184  to  189 
inclusive. 
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BXAMFLBS  OF  AFFEJOATION  OF  THB  TABIiBS 

OF  PROPBRTIBS. 

Example  I. 

What  it  the  proper  size  of  I-Be«in  to  carry  a  load  of  S5  000  pounds 
concentrated  at  the  center  of  a  span  of  25  feet,  the  fibre  stress  not  to 
exceed  16  000  pounds  per  square  inch  ? 

In  the  Tables  of  Properties  of  Standard  I-Beams,the  column  headed 
F  gives  the  coefficient  of  strength  for  a  uniform  load  corresponding  to 
a  fibre  stress  of  16  000  pounds  per  square  inch. 

The  coefficient  of  strength  for  a  concentrated  load  at  the  center  is 
twice  that  for  the  same  load  uniformly  distributed,  hence  the  coefficient 
necessary  to  meet  the  conditions  isS5000x25x2  =  1760  000.  From 
the  Table  of  Properties  of  Standard  I-Beams,  page  84,  column  18,  the 
coefficient  F  for  a  84  inch  80-pound  beam  is  found  to  be  1 856  810. 
The  weight  of  the  beam  itself  is  80  X  85  =  8000  pounds,  which  cor- 
responds to  a  coefficient  of  8000  X  85  ==:  50  000,  which  deducted  from 
1 855  810  gives  a  net  coefficient  of  1 800  810.  A  84-inch  beam  weighing 
80  pounds  per  foot  is  therefore  the  proper  size. 


Example  II. 

What  is  the  deflection  of  the  beam  in  the  preceding  example  under 
the  given  load  ? 

In  the  Table  of  Properties  of  Standard  I- Beams,  pages  81  to  84  in- 
clusive, the  coefficient  of  deflection  for  beams  with  center  loads  is  given 
in  column  15.  To  obtain  the  required  deflection  it  is  only  necessary  to 
multiply  the  coefficient  by  the  cube  of  the  span  and  the  number  of  1 000 
pound  units  contained  in  the  load. 

Thus  for  the  given  example  the  deflection  in  inches  =s 


.0000006  X  85'  X 


85^000 
1000 


=  .888  inch. 
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Example  III. 

What  is  the  safe  load  uniformly  distributed  that  can  be  placed  on 
an  8-inch  standard  channel  weighing  U  25  pounds  per  foot,  with  a 
clear  span  of  16  feet  for  a  maximum  fibre  stress  of  18600  pounds  per 
square  inch,  the  web  to  be  placed  vertically  ? 

From  the  Table  of  Properties  of  Standard  Channels,  page  161,  col- 
umn F^the  coefficient  of  strength  for  the  given  channel  under  the  con- 
ditions  named  is  found  to  be  67  800.  Hence  the  total  load  may  be 
67  800  -^  16  —  4487  pounds,  and  as  the  channel  itself  weighs  160 
pounds,  the  net  superimposed  load  which  it  can  safely  carry  under  the 
given  conditions  is  4818  pounds. 

Example  IV. 

What  is  the  fibre  stress  in  a  6''  x  8'^  angle  weighing  8.2  pounds  per 
foot  if  loaded  at  the  center  with  a  weight  of  1500  pounds,used  as  a 
beam  with  a  span  of  6  feet,  the  6-inch  leg  to  be  placed  vertically? 

The  bending  moment  at  the  center  will  be 

W,l        W,]      1500x72,8.2x6x72      „,,^.    ,  . 

— ^  H ^  = j 1 g =27448  inch  pounds. 

Referring  to  the  Table  of  Properties  of  Standard  Angles,  Unequal 
Legs,  on  page  48,  the  Section  Modulus  for  this  angle,  corresponding 
to  the  axis  2—2,  is  found  to  be  1.89. 

The  maximum  fibre  stress  is  obtained  by  dividing  the  bending 

moment  by  the  section  modulus,  thus:  -7  qq-=-  14  520,  which  is  the 

maximum  fibre  stress  in  pounds  per  square  inch  at  the  point  most 
remote  from  the  neutral  axis,  which  in  this  case  is  the  extremity  of  the 
longer  leg  of  the  angle. 

The  second  term  in  the  above  expression  for  the  bending  moment  is 
that  due  to  the  weight  of  the  angle  itself  and  is  inconsiderable,  so  that 
in  practice  it  might  be  neglected  for  short  spans,  but  should  be  taken 
into  consideration  for  the  longer  ones. 
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PBOPBRTIBS  OF  OOMPOUND  SHAPBS. 

The  momenu  of  inertia,  section  modali  ftnd  imdii  of  gyration  of 
compound  shapes  used  as  beams  or  columns,  composed  of  plates  and 
angles,  channels,  beams,  Z-bars,  T-bars,  or  any  combination  of  these, 
may  be  obtained  with  the  aid  of  the  Tables  of  Properties  as  follows : 

The  first  step  is  to  find  the  center  of  gravity  of  the  proposed  section, 
which  in  the  case  of  symmetrical  sections  is  at  the  center  of  the  figure. 

For  unsymmetrical  sections  the  position  of  the  center  of  gravity  may 
be  determined  by  multiplying  the  areas  of  the  component  parts  by  the 
distances  of  their  centers  of  gravity  from  any  convenient  line,  taken  as 
an  axis,  and  dividing  this  product  by  the  sum  of  the  areas,  which  will 
give  the  distance  of  the  centre  of  gravity  of  the  compound  section  from 
the  assumed  axis. 

The  position  of  the  center  of  gravity  for  all  sizes  of  angles,  channels, 
and  T-bars  is  given  in  the  Tables  of  Properties  for  these  shapes,  and  is 
given  for  various  geometrical  sections  on  pages  142  to  149  inclusive,  in 
connection  with  their  other  properties. 

After  determining  the  position  of  the  center  of  gravity  of  a  compound 
shape  as  explained  above;  the  moment  of  inertia  about  an  axis  through 
its  center  of  gravity  may  be  found  by  taking  the  sums  of  the  moments  of 
inertia  of  each  component  part  about  an  axis  through  its  own  center  of 
gravity  parallel  to  the  axis  of  the  compound  section,  and  the  sums  of 
products  of  the  area  of  each  component  part  by  the  square  of  the  dis- 
tance of  its  center  of  gravity  from  the  axis  of  the  compound  section. 

Having  thus  obtained  the  moment  of  inertia  of  the  compound  section, 
the  section  modulus  may  be  obuined  by  dividing  this  moment  of 
inertia  by  the  distance  from  the  neutral  axis  to  the  most  remote  ex- 
tremity of  the  section. 

The  square  of  the  radius  of  gyration  for  the  compound  section  may 
be  obtained  by  dividing  the  moment  of  inertia  by  the  total  area. 

The  moment  of  inertia  of  a  compound  section  about  any  axis  other 
than  that  through  its  center  of  gravity  may  be  found  in  a  manner 
similar  to  that  above  described. 


TABLES 

OF 

PROPERTIES    OF    COMPOUND 
SHAPES 


81 

OAMBBIA   BTBBI*. 

PBOPBRTIBS  OF  8TAKDARD  IBBAMa 

,  |\       N  /IT  . 

21 

\i 

1 

•  \. 

r 

u 

1 
flMtiw 

8 

T 

d 

8 

4 

6 

6 

7 

8     1   8 

10 

11 

Am 

of 
flMtia. 

t 

▼idtk 

ti 

Ibogt. 

HOMBi 

flMtiw 
iikl-L 

of 

iiii 

1-L 

laiitt 

if 

ar 

Aim 
ML 

A 

b 

,    I 

S 

r 

V 

r' 

Foondi. 

StJnehM 

InehML  iMbii. 

lMh«.« 

Ittata.*  Ittita. 

lBehflL« 

Iiite 

8 

44 
44 

^ 

1.68 

ji 

B 

g 

1.7138 
13  1.18 
13,1.16 

^46 
38 
30 

38 

•1 

4 

44 
44 
44 

10.60 

8i»l 

.10 

d41 

i 

fj 

83' 1.64 
8.6  138 

131 

30 
38 

SI 

B18 

•4 
•« 

8 

44 

x§2S 

14.76 

484 

Jil 
.86 
.60 

m 

18.1 

iS5 

43 

836 

13$ 

138 
1A6 
1.70 

.68 

8 

44 

17i6 

^ 

Ji8 

5? 

8.88 

81.8 

§$2 

¥. 

8.46 

§1? 

ii 

a 

B81 

•4 

2 

44 

1^ 

448 

Ji6 

^1 

^ 

i?5 

18.1 

836 

f% 

•• 
«« 

8 

44 
44 
44 

18U)0 
86i6 

^ 
ik 

400 

m 

i2S,i52 

4.71 

34 

38 
31 
30 

•« 
•« 

8 

44 

44 
41 

1^ 

HI 

10Jd8 

JiO 

.41 

477 

848 

1113 

843  830 

6.16 
6.66 
6A8 

731 

IS 
IS 

B88 

44 
44 
44 

10 

44 
44 
44 

40.00 

10Ji9 
11.76 

.81 

:!§ 

.76 

US 

486 
6.10 

188.1 
16&7 

844  437 
81.7:3.67 

630 

12 

4K) 

B41 

44 
44 

18 

44 

40.00 

10420 
11.76 

.86    6.00 
.66    6!81 

8163 
8^ 

j 

m 

l§ 

B58 

4« 
44 
44 

44 
44 
14 

60.00  1471 
66.00  l&i8 
60.00  17.66 

.41     6.60 
.46    6.66 
.66    6.66 
.66    6.76 

4413 

611J0 
68a6 

713638 

14.68  138 

OAMBBIA    BTBEL. 


88 


PROPHRTIBS  OF  STANDARD  I-BBAMa 
1 


2- 


Id 

18         1          14 

15           1          16 

I- 

iBOrMMOf 

Coelllolent  of  Strengrfh. 

Coefficient  of  Deflection. 

nkknw 

•MkPnuul 
bunm 

rornbnStrai 
of  16000  Fomidt 
perSqumlDtk 

ior  ribn  StrM 
tflBSOOPoaads 
pffSqunliMh 

for 
Bridge 

F' 

Voifim 

Onte 

SmKii. 
Mute. 

f 

F 

N 

N' 

.098 
.074 

.059 
.049 
X>48 

joa7 

JOSS 

J029 

J026 
J020 

17650 

^t8 

81810 
88890 

li§^ 

61590 

§l^§8 

islfg 

110410 
119400 
188560 

801800 

864990 

860470 
886850 
818890 
888580 

^IS8 

487170 

84850 

ilt!8 

89750 
40800 

ISi§8 

60580 

SS§§8 

100480 

i^ll§8 
i2??28 

807080 
808500 

^18 

864480 
841540 

:888i^ 

X)0011500 
.00010868 

.00006417 

:g888§?§l 

.00008561 

:8888S§Si 

.00008148 
X)0001980 
X)0001889 

-.8888iSII 
5888J?48 

X)0000489 

■88888jp 

J00050006 

j888ll^$ 
:888f8SiS 

.00018400 
.00017889 

.00010867 

:8888iiSS 
:8888iliS 

:8888i$S§ 

.00001819 
.00001110 

.00001017 

:88888ISI 

.00O00788 

:88888SS 

X>0000505 

:8888^ 

«« 

a 

B18 

(( 

u 
Ml 

It 

Bf» 

(t 
<( 

B89 

tt 
«• 

B88 

«• 
(« 

B41 

!• 

(« 

(« 
«« 
l« 

88 


OAMBBIA    BTBBIi. 


PROPBRXmS  OF  STANDARD  I-BEAMS. 
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PROPERTIES  OF  SPECIAL  ANGLES. 
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MOMBNTS  OF  INERTIA  OF 1 
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6.51 

6 

4.50 

5.68 
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212.63 

243.00 
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457.71 

549.25 
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1536.00 

1706.67 

84 

818.83 
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3858.75 

44 

1774.67 

2218.33 

2662.00 

3106.67 

3549.33 

8998.00 

4436.67 

46 

2027.83 

2534.79 

8041.75 

3548.71 

4055.67 

4562.63 

5069.68 

48 

2304.00 

2880.00 

8456.00 

4032.00 

4608.00 

6184.00 

6760.00 

50 

2604.17 

8255.21 

8906.25 

4557.29 

6208.83 

5859.38 

6510.42 

52 

2929.33 

8661.67 

4394.00 

6126.33 

6858.67 

6591.00 

7823.33 

54 

32W.50 

4100.63 

4920.75 

5740.88 

6561.00 

7381,13 

8201.25 

56 

3658.67 

4573.83 

5488.00 

6402.67 

7817.33 

8232.00 

9146.67 

58 

4064.83 

5081.04 

6097.25 

7113.46 

8129.67 

9146.87 

10162.08 

CO 

4500.00 

5625.00 

6750.00 

7875.00 

9000.00 

10125.00 

11250.00 

m 

OAMBBIA    BTSBL. 

MOMBNTS  OF  INBHTIA  OF 

1 RBCTTANaiAS. 

WMUi  of  RecUmsle  In 

incslies. 

UpCk 

H 

i 

i-l 

i 

« 

1 

.4t 

.60 

.54 

.58 

.68 

.e7 

2 

1.5ft 

1.69 

1.88 

1.97 

2.11 

2.25 

S 

8.67 

4.00 

4.88 

4.67 

5.00 

5.88 

4 

7.1« 

7.81 

8w46 

9.U 

9.77 

10.42 

5 

12.38 

18.60 

14.68 

15.75 

16.88 

18.00 

6 

19.66 

21.44 

23.22 

25.01 

26.80 

28L58 

7 

29.88 

82.00 

84.67 

87iB 

40.00 

42.67 

8 

41.77 

4.5.56 

49.86 

68.16 

56.96 

60.75 

9 

67.29 

62.60 

67.71 

72.92 

78.18 

88.88 

10 

76.26 

'  83.19 

90.12 

97.05 

108.08 

110.92 

11 

99.00 

10H.00 

117.00 

126.00 

185.00 

144.00 

12 

125.87 

137.31 

148.75 

160.20 

171.64 

183.08 

18 

157.21 

171.50 

186.79 

200.08 

214.88 

228.67 

14 

198.36 

2ia94 

228.62 

246.09 

268.67 

281.25 

15 

284.67 

256.00 

277.33 

298.67 

320.00 

341.33 

16 

281.47 

807.06 

832.65 

858.24 

888.83 

409.42 

17 

884.18 

864.50 

8M.88 

425.25 

455.68 

486.00 

18 

892.96 

428.69 

464.41 

500.14 

585.86 

671.58 

19 

458.88 

600.00 

541.67 

5S3.38 

625.00 

666.67 

20 

580.58 

678.81 

627.05 

675.28 

728.52 

771.75 

21 

610.04 

665.50 

720.96 

776.42 

881.87 

887.38 

22 

697.07 

760.44 

823.81 

887.18 

960.«5 

1018.92 

23 

792.00 

864.00 

936.00 

1008.00 

1060.00 

1152.00 

24 

895.18 

976.56 

1057.94 

1189.32 

1220.70 

1802.08 

25 

1006.96 

1098.50 

1190  (M 

1281.58 

1873.18 

1464.67 

26 

1127.67 

12:J().19 

1332.70 

1435.22 

1537.73 

1640.25 

27 

]2.'>7.e7 

1372.00 

1486.83 

1600.67 

1715.00 

1829.88 

28 

1397.29 

1624.31 

1651.84 

1778.86 

1905.89 

2082.42 

29 

1546.88 

1687.50 

1«28.18 

1968.76 

2109.88 

2250.00 

30 

1877.33 

2048.00 

2218.67 

2389.38 

256a00 

2780.67 

S2 

2251.79 

2456.50 

2')61.21 

2866.92 

8070.68 

8275.33 

M 

2673.00 

2916.00 

8159.00 

3402.00 

8645.00 

3888.00 

86 

8143.71 

8429.50 

8715.29 

4001.06 

4286.88 

4572.67 

38 

8C66.67 

4000.00 

4333.38 

4666.67 

5000.00 

5333.38 

40 

4244.63 

46:)0.50 

5016.34 

6402.25 

5788.18 

6174.00 

42 

4880.33 

5324.00 

5767.67 

6211.83 

6655.00 

7096167 

44 

5576.54 

60s:i.50 

6590.46 

7097.42 

7604.88 

811L88 

46 

6336.00 

0912.00 

7488.00 

80&1.00 

8640.00 

9216.00 

48 

7161.46 

7812.50 

8463.54 

9114.6S 

9765.63 

10416.67 

50 

8055.67 

8788.00 

9520.33 

10252.67 

10985.00 

11717.83 
18122  00 

52 

9021.38 

9841.50 

10661.68 

11481.75 

12301.88 

54 

10061.33 

10976.00 

11890.67 

12805.33 

13720.00 

14684.67 

56 

1117a29 

12194.50 

13210.71 

14226.92 

15248.12 

16250.88 

68 

12375.00 

13500.00 

14625  00 

15750.00 

16875.00 

18000.00 

00 
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FBOFBRTIBS  AND  PRINOIPAL  DIMENSIONS 
OF  STANDARD  T-RAILa 


H :b 


flsotkn 

per  Yard. 

Am. 

Poandi. 

8q.lMi 

602 

8 

0.78 

683 

12 

1.18 

624 

16 

1.67 

625 

20 

2.0 

626 

25 

2.6 

644 

80 

2.9 

646 

85 

8.4 

645 

40 

&9 

649 

46 

4.4 

642 

50 

4.9 

687 

56 

5.4 

688 

60 

6.9 

684 

66 

6.4 

582 

70 

6.9 

629 

75 

7.4 

680 

80 

7^ 

681 

85 

8.8 

685 

90 

8.8 

660 

96 

9.8 

686 

100 

9.8 

689 

160 

14.7 

b         d  k 

DhM.llnahei.   InokM. 


InokM. 


154 
IVb 
2^ 
2% 
2% 


H 

1A| 
lA 


l}4 

2K  J 

2%j    1% 

8     >    3      !     1^ 

8k[  8k:  1% 
9yJ  3X ' 

3H 

3J^ 
4A 


3% 
4/, 


4%l    4^A 

4»'    412 

5 

6A 

6% 

6A 

6% 

6 


2 

2M 
4H  «% 
4/.  I    2&i 

2/, 


il 


li 


2iS 

B      j    2K  I 
6A  I    2A 


il 
A 


65^ 

28-^ 

A 

6A 

8H 

A 

6% 

2?4 

A 

6 

4^ 

1 

Momiiit 
of  Inertia. 


0.76 

0.92 

1.10 

lA 

1.4 

1.4 

1.6 

1.7 

1.8 


A  !    1^ 


I 


2.0 
2.1 

}.'  :    2.1 

H  I    2.8 


2.4 
2.6 
2.6 
2.7 
2.8 
8.0 


inil-l. 


0J2a 

0.66 

1.18 

1.6 

2.4 

&6 

4.9 

6.6 

ai 
lai 

12J3 
14.7 
17.0 

2ao 

2&0 
26.7 
804$ 

88.8 
44.4 
69.3 


lodnlu. 


0.81 

OJiS 

0.99 

lJ2 

1.7 

2.8 

2.9 

8.6 

4J» 

5.1 

5.9 

6.7 

7.4 

SA 

9.1 

lai 

1143 
12.6 
18.8 
16.0 
22.9 


Sections  No.  529  to  537  and  512  to  549  inclusive,  are  Am.  Soc.  C.  £.  Standard. 
For  detail  dimensions  of  Section  No.  539  see  page  18. 
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OAMBBIA  BTBlSIi. 


RADn    OF    GYRATION    FOR   TWO    ANQUSa 

PLACED  BACK  TO  RAOK. 

^OUSa  WITH  BQUAIi  LEQS. 


I^" 


\r. 


tr 


•ni0^'  -ikH  -Hl^"  Ai*-% 

Radii  of  gyration  correspond  to  directions  indicated  by  arrowheads. 


•A45 


*A47 


8^8 

4.88 

6.78 

4.98 

7^8 

lOJOe 

4.88 

8.88 

11.68 

6A4 

8.60 

10.48 

7.88 

9.50 

11.78 

10.18 

14J38 

19w48 

15.60 

19J»8 

88.88 

86.47 

80X)0 

88.47 


XadU  of  ayntioB. 


0.46 
044 
OJM 
OJbl 
a68 
a60 
0U»9 
0.70 
a67 
0.77 
0.75 
a74 
036 
0.84 
038 
0.98 
0.91 
0.88 
1.07 
1.04 
IJ09 
lJd4 
1411 
1.18 
1.40 
1.88 
1.86 
1.56 
1.54 


0.64 
0.67 
a74 
a78 
0.84 
0.86 
0.88 
0.94 
0.97 
1X)5 
IJOJ 
IM 
1.14 
1.16 
1.18 


a78 
a77 
0.88 
0.88 
a98 
0.95 
0.98 
1X>8 
1j06 
1.14 
1.16 
1.19 
IJiS 
1JS5 
1J38 


a78 
0.88 


1JS6  1.84 
1JS8I1.87 
1.8811.41 
1.48  1.5^ 


1.58 
1.55 
1.67 
1.71 
1.75 

1.90 
1.98 
8.09 
8.10 


1.5818.18 
1.87  8.50 
1.84  8.58 


1.81 
8.51 
8^9 


8.57 
8.88 
8.84 


8.4718.86 
8.45 '8.88 
8.44  8.40 
8.48  8.48 


1.61 
1.65 
1.76 
1.80 
1.85 
1.96 
1.99 
8X>1 

8.17 
8.19 
8421 
8.58 
8.68 
8.66 
8.41 
8.48 
8.44 
3.46 
8A8 
8.51 


0.88 
0.98 
0.98 
IJOO 
IJOS 
IJOS 
1.11 
1.19 
1J81 
IJM 
IJiS 
1.80 
1JI8 
1.89 
IA2 
ld46 
1.61 
1.66 
1.70 
1.80 
1.85 
1.89 
8j00 
8X>4 
8U)6 
8438 
8494 
84)6 
8.68 
8.66 
8.70 
&45 
8.47 
8.49 
8.51 
8.58 
8.55 


OJ&a 
0.88 
0.98 
0.98 
1X>8 
1X)5 
IJOS 
1.18 
1.16 
14M 
1436 
1439 
1.88 
1.85 
1.87 
1^48 
1.47 
I4$l 
1.66 
1.71 
1.75 
1.85 
1.89 
1.94 
8X>5 
2J0S 
8.10 
8436 
8438 
8.80 
8.67 

8.71 

8.75  8.85 
&49  8J»8 
8.51  8.60 
8.58  8.68 
SA6  8.64 
8J)7|8.67 
&60  a69 


a94 
0.99 
1.08 
1X>9 
1.18 
1.16 
1.19 
1438 
1427 
1.84 
136 
1.89 
1.48 
lw45 
1-47 

IJil 
1.61 
1.75 
1.81 
1.85 
1.94 
1.99 
8.04 
8.14 
8.18 
8430 

8.85 
8.88 
&40 
8.76 


Angles  marked  *  are  special  sections. 
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RADn   OF   GhTBATION  FOR  TWO  AKGhLBS 

FLAOEQD  BACK  TO  BAOK. 

AlTGhLBS  WITH  UNEQUAL  USQB. 

4-'jL*  ^L^  ''  '*  '» 


Radii  of  gyration  correspond  to  directions  indicated  by  arrowheads. 


lumber. 


*A181 

•A128 
it 

*A125 

t< 

•A127 

(» 

«A161 
t« 

A91 
It 

*A128 

14 
•  t 

*A120 

it 

tc 

A98 

ti 

tt 
•A151 

41 

44 

A85 

41 
44 

A97 


2  .1% 
2  xlK 
2Kx  IK 
2Kx  IK 
2>ix  1% 
2>gx2 

'^"44 
4< 

2%x  IK 

41 

8x2 

44 

44 

9     x2K 

41        "^^ 
44 

8xxa 

44 

BKx  2K 

44 


S 

I 


i 


Am  of 

Two 

lAglat. 

Sq.Ina. 


IJSO 
2J)6 

1JS6 
2^6 

1.84 
2.64 

1.44 
2.72 

1JS4 
2.00 

1.62 
8.10 
4X>0 

1JS4 
2A8 
8.84 

1.82 
2.84 
4X>0 

2.64 
8.86 
6.66 

2.68 
4.48 
6.10 

2.88 
6.60 
7.82 

8.88 
6.68 
9J36 


Badii  of  6  jration. 


0.68 
061 

a68 

aei 

O.80 

a78 

0.80 
0.78 

030 
0.79 

a79 
a77 
a76 

0.89 
0.87 
0.86 

0.97 
0.96 
0.98 

0.96 
0.98 
0.91 

1.18 
1.10 
1X>8 

1.12 
1X>9 
1.06 

1.10 
1X)7 
1X)4 


0JS4 
0^6 

0.69 
a62 

0.44 
0.47 

0.66 
0Ji9 

0.67 
0.68 

a79 
0.82 
0.84 

0.68 
0.66 
0.68 

0.76 
0.76 
0.79 

1.00 
1.02 
1.06 

.72 
.76 
.79 

0.96 
1.00 
1.08 

1J81 
1J25 
1.80 


a62 
0.66 

0.68 
a72 

0.62 
0Ji7 

0.64 
a68 

0.76 
a77 

0.88 
0.91 
0.94 

0.62 
0.66 
0.68 

038 
036 
038 


1J09 
1.11 
1.16 

31 
34 
39 

134 
139 
1.18 

130 
134 
1.40 


0.67 
0.71 

0.78 
0.77 

038 
0.62 

0.69 
0.78 

030 
031 

032 
036 
039 

0.67 
0.70 
0.78 

038 
0.90 
038 

1.18 
1.16 
130 

36 
39 
.94 

1.09 
1.14 
1.18 

136 
139 
1.46 


0.72 
a76 

0.78 
032 

a68 
a68 

0.74 
a78 

036 
036 

037 
1.01 
134 

0.72 
0.76 
a78 

038 
036 
038 

1.18 
131 
136 

30 
34 
39 

1.18 
1.19 
138 

139 

1.44 
130 


038 
038 

038 
038 

0.74 
a79 

034 
039 

0.96 
037 

\^ 

1.16 

032 
036 
039 

1.08 
1.06 
1.09 

138 
1.81 
136 

130 
1.06 
1.10 

138 
139 
138 

lw49 
134 
1.60 


Angles  marked  *  are  special  sections. 
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XlADn 
A 

OF 

PL 

lNOL 

GYRATION   FOR   TWO   ANChLBS 
AOBD  BACK  TO  BAOK. 

BS  WITH  UNBQUAL  LBGKS. 

J.^. 

*.- 

r, 

Li'.,       _'i. 

1-T 

r 

I'lF  i-ir  h-w 

-JU" 

ii                  >  *                  II 

■4H4"                 -Hl^"               -{MK" 

Radii  of  gyration  correspond  to  directiona  indicated  by  arrowheads. 
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'•       't 

'. 

's    1    U 

1 

'. 

A99 

4 

>8 

tt 

It 

i 

4.18 
10.06 

m 

1.17   1J35 
iM    1.80 
1JS5   1.86 

1 

1.80  1.84 
1.84  1.89 
lAO  1A5 

Iw44 
lw49 
14^ 

•A181 

ti 

4 

.8X 

It 

^ 

^ 

1J»2 

1.42   IJK) 

1 

14)5 1 14)9 
14(8  1.68 
1.6011.65 

m 
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t< 

4H«8 

tt 

1 

5.86 

i:§8 
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1.18 

1^ 

1J87 

1.81 

1.81   1.41 

AlOl'  5 
tt 

tt      1 

x8 

tt 
tt 

s 

4«2 
lf.SI 

1.61 
1.58 
1.55 

1.09 
1.18 
1.17 

HI 

1JJ7 

1.82 

1JI7.1.47 

A108,  5 
It 

tt 

x8H 

It 

i 

18.86 

1.60 
1.56 
1.58 

1.84 

1.48 
1.46 
IJil 

1.46 

HI 

1JJ6  1.66 
1.61   1.71 

«A185    5 
tt 

tt      1 

x4 
tt 

tt 

i 

H 

1.59*1.5811.66 
1.57  1.60' 1.68 
1J>5|  1.62  =1.71 

1.75 

1.75  1J85 

A106 

tt 

tt 

6 

x8K 

tt 

il 

6.86 
11.10 
15.10 

1.94*1.26' 1.84 
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1.89 
1.48 
1.49 

lJi8 

us 

1.64 

A107 

« 

6 

x4 

It 

tt 

i 

1^1 

l!90;  1.53,  1.62 
1.86  1J»8   1.67 

1.62 

ill 

m 

13? 

1.86 

•A  109 

tt 

It 
tt 

tt 

7 

II 
tl 

tt 

1^ 

8.82 '2^)6  1.16 
10.00   2Jd5jl.22 
12.86.  2.24  IIJM 

1.80 
1.82 
1.86 
1.40 

1.88 
1.85 
1^7 
1.41 
1.45 

1.88 

IS 
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Angles  m 

arked  *  are  special  sections. 
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lULDH  OF  GYRATION  FOR  TWO  ANGLBS 

PLACED  BACK  TO  BACK. 

ANGLES  WITH  UMEQUAI.  LEGS. 

r, 

IP 

j^j«„^  j^^™^  ,^«^^ 

fcf"^™']'ri 

JU" 

iUt"         -JUi"         -ii*«" 
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^ _.... 
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lumber. 
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'• 

'1 

'• 

'a 

'♦ 

r. 

•A121 

4t 

2     .1% 

S 

0.41 
a88 

0.98 
0.95 

1.01 
1.05 

1.06 
1.10 

1.11 
1.15 

1J28 

.Aias 
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P, 

^g 

0.44 
0.48 
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?S8 

J5I 
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iS8 

•A186 

it 
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^ 

1.84 
8J»4 

0.88 
0.88 

1J31 
1J35 

1.81 
1.85 
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1.40 

1.41 
1.45 

IJil 

iJie 

.A187 

««xlX 

^ 

1.44 

a.7a 

0.48 
0.40 

UZ 

1J26 
1.80 

1.81 
1.85 

1.86 
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1.47 

1.51 
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SXxlJi 

§ 

1.54 
8.00 

0J51 
OJiO 
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1.14 
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IJM 
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1.48 

1.44 

A91 
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it 
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i 
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0.60 
0.58 
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6JI6 

086 
080 
0.88 

8.11 

H? 

in 

831 

SIS 

8.41 

AlOl 
•I 
II 

6 

X  8 

1* 
II 

s 

4.88 

i!:S§ 

030,8.88 

1 

8.48i8A7 
8.47  838 
838  837 

Ui 

^ 

▲  108  6 

II      1 

1 

.8H 
II 

i 

6.10 

9.86 

18.86 

006  836 

8.40  830 

8.45 
8.50 
835 

y§ 

•A185  6 
II 

.I* 

II 

p 

x^ 

130 
1.18 
1.17 

830 

if 

834 

838 

8A1 
8.48 

8.48 

A106  6 
II 

x8H 

•1 

i 

i?58 

10.10 

039 

811 

831 

m 

830 

§:§S 

8.90 

830 
835 
8.10 

839 

§iS 

A107  e 

II 

x4 

II 

II 

1 

ili 

m 

838 

838 
837 

1^ 

8.18 

*A108 
II 
II 
•« 
i« 

7 

.8X 

•  I 
II 

II 

1 

0.90 
0.94 
0.98 

8w40 
8.48 

1^ 

lit 

&00 

til 

8.60 

III 

1 

Angles  n 

larked  •  are  special  sections.                                          1 
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DIMENSIONS  FOR  PLATE  AND  ANGLB 
COLUMNS. 


8i» 
of 


81m 

PUtM. 


GduuL 


Ar«a  of 
ColoBn 


LlMiperrt. 


Sq.Iu. 


3     x2MxK    8x2 


8     x2H''K^0xi^ 
8     x8K>k'i2xV 


8j^xa>^x 


'i7.^p. 


8Hx2Jixii    8xj 


8>ix8)4x^'l8x^ 


4     x8     x^sll4x^ 
<»        it 


'r^'-ps 


84.9 
56.1 

86.6 
60*4 

88.8 
64.6 

80.0 
68.9 

87.4 
78.8 

88.8 
75.9 

30.0 
81.0 

81.7 
86.1 

89.8 
9&6 

41.4 
104.6 

48.5 
110.5 

45.6 
116.5 


6.79 
15.94 

7^9 
17.19 

79 


SJ29 
19.69 

7.50 
81.00 

7.75 
81.75 

8Jd5 
88J»5 

8.75 
84.75 

10.86 
88.44 

11.49 
30.19 

18.11 
81.94 

18.74 
88.69 


8^ 
*^ 

8fs 

*^ 

5y« 

6;^ 

*^ 

5^ 

6;^ 


2?^ 


1^ 


IS 
IS 


2K 


Vi<-  ''.^ 


8?4 


2^   10?i 


1^ 

18 

18A 

!^ 

11 
IXA 

il^ 

its 

itil 


Dimensions  m'  and  c  may  be  varied  to  suit  requirements. 
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DIMSN8IONS   FOR   PULTB   Ain>  ANGLE 
OOIiUMNa 


*( 

UfUi. 

«( 

HUM. 

Odun. 

Am  of 
OoloBn 
Sastka. 

" 

o 

m 

m' 

k        B 

tMte 

tl4« 

ui.r«rt. 

»|.I- 

laAm. 

lBCl«. 

IsakM. 

t»nh»  Ii*» 

S»8Hx|j 

exsxxji 
e.sKx.^. 
ex8Hx'^ 

iex.i 

18  x»^ 

1806 

iSiS 
iSI2 

64JB 
16&8 

66.7 
166.1 

17lS 

178.7 

68.6 
178.7 

86.6 

8a6 
198.8 

91.6 
199.1 

18.86 
87.74 

14.61 
41w49 

48.86 

4183 

18.96 
48XX> 

19.78 
60J00 

1  24.61 
64J00 

26.49 
66.00 

86.40 
680)0 

10|^ 

IS 

11% 

1B?< 

in 
SSft 

Dimensions  m'  and  c  may  be  varied  to  suit  reqnirements. 
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DIMENSIONS  FOB  Z-BAB  OOLUMNS. 


p^u  .-^.-  ^i 


Seotion 
of 


4-8" 
Z-Bm 

and 
1  W«b-pUta 
6%"wid^ 


4-4" 
^Ban 

and 
lW«b-plato 
69i"  vide. 


4-6" 

K-Ban 

and 

1  W«b-pUt< 

7"  vide. 


4-6" 

^Ban 

and 

1  Web-pUte 

7?i"  vid^ 


Inches. 


Inebea. 


^1^ 


1^ 


8^ 


8' 


i 


8«^ 


Inehea. 


Inobea. 


i^ 


»^ 


»<^ 


15< 


1^ 


1% 


»^ 


^ 
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DIMENSIONS  FOR  Z-BAR  AND  FLATS 
OOLUBCNS. 


Oorv  PUtat. 

TkUkBMi 
ofWtb- 

1 

BMlkB 

of 

ttUteud 

1U«k- 

T*n. 

Width. 

nflM. 

t 

V 

Ooluu. 

Incbai. 

InehM. 

iDChte. 

it 

14 

1^ 

it 

::'r 

i 

II 

i! 

Yt 

•i 
II 

14 

(t 

(• 
II 
It 

'^ 

II 
II 

4-6" 

II 

^Btft 

** 

ud 

1  W«b-plat« 

ti 

14 

•':^ 

7%"  wide. 

i« 

^ 

Inn^tt.  Ijifbti.  IjubM. 


i 


14       »^        7 

/  I   I. 


«^ 


i8S 


7^: 

7§    20«H  I 

7^1    20A '     " 


4 


OAMBBIA   STEEIi. 


DIMENSIONS 


FOB  LATnOBD   CHANNEL 
COLUMNS. 


;^ 


Depth  of 

Channel 

and 

▼eight 
per 
Foot 

t 

b 

d 

H 

o 

E 

A 

m 

Section 
lumber. 

Pounds. 

Inohee. 

Inehes. 

Inchii. 

Inehae. 

Inobas. 

Inches. 

Inehei. 

Inches. 

6" 

8.00 
lOU^O 

.82 

8^ 

8 

»tf» 

^C^B 

'4 

2 

tt 

Ift 

C17 

18.00 

.44 

ti 

(( 

Ct 

CC 

l\ 

tc 

16.60 

.66 

ct 

(( 

CC 

CC 

l}n 

CC 

lA 

7" 

0.76 
12Jd6 

Jdl 
.82 

*r* 

^» 

11 

tc 

8^ 

2A 

^' 

1^ 

Ml 

C21 

14.76 
17^6 
10.76 

.42 

K 

«( 

CC 

CC 

1x1 

CC 

1% 

.68 
.68 

(( 
(( 

CC 

CC 
CC 

(t 

CC 

i^ 

CC 

ct 

8" 

llJd6 
18.76 
16.26 

J32 
.81 

*A« 

4 

CC 

18^ 

!^ 

«^ 

IH 

C26 

.40 

(( 

CC 

CC 

CC 

2Q 

tt 

1% 

18.76 

.40 

(1 

CC 

CC 

CC 

tt 

ly 

21.26 

.68 

t( 

CC 

CC 

tc 

nA 

tc 

1^ 

18Jd6 

J38 

».^ 

4X 

ISfi 

4^ 

ti 

8 

1% 

iVe 

9" 

16.00 

J30 

u 

tt 

tl 

tt 

C29 

20.00 

.46 

it 

CC 

ct 

tc 

2>^ 

CC 

lA 

26.00 

.61 

Ci 

ct 

ct 

tt 

CC 

iO" 

^8:88 

J34 
.88 

•^ 

6 

CC 

16^ 

^ 

8 

8^ 

')! 

€88 

26.00 

.68 

(( 

CC 

CC 

CC 

^'4 

tc 

li 

80.00 

.68 

(t 

It 

ct 

CC 

CC 

86.00 

82 

(C 

tc 

ct 

tt 

tc 

as 

13" 

20.60 
26.00 

.28 
.80 

«y 

6 

tc 

18^ 

K^ 

8'^ 

i 

*}{» 

JM 

C41 

80.00 

.61 

i( 

CC 

tc 

tt 

CC 

2 

86.00 

.64 

it 

tt 

ct 

CC 

CC 

i^ 

40.00 

.76 

(i 

CC 

CC 

(C 

CC 

88.00 
86.00 

.40 
.48 

8.^ 

7.^ 

22^ 

6^ 

i 

aj2 

8^ 

1^ 

16" 

40.00 

.62 

i( 

CC 

CC 

CC 

CC 

2 

C68 

46.00 

.62 

CC 

CC 

(C 

CC 

CC 

i 

60.00 

.72 

it 

CC 

ct 

CC 

CC 

66.00 

.82 

(i 

CC 

.  CC 

CC 

4^ 

CC 
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1 

PROPBRTIBS  OF  LATTIOED  OHANNEL  CK>LUMNS. 

StpUofCluiul 

li^i 

ixiil-L 

Ixitt-l 

1 

•a< 

pvFoct. 

■  rf            '        8i0tiOA 

MOMBt 

iMrtia. 

SMtkB 

SmUobIuiW. 

1 

Foudi. 

lMkflL« 

iBflkM.' 

Inekn.^ 

IlMb«.« 

8" 

x8S8 

.<M> 

ISI 

§15 

li 

C17 

13.00 

84.8 

11.5 

85JI 

9.5 

15.50 

89.0 

18.0 

8a7 

10.4 

i§2S 

48J) 

18.1 

44.0 

10^ 

7" 

48.4 

18.8 

50.5 

11^ 

Cdl 

18.75 

54.4 

15.5 

56.4 

18^ 

80.4 

Hi 

61.4 

14.4 

88*4 

66.5 

15.6 

11JI5 

84.6 

16  A 

87.5 

14X> 

8" 
C25 

mi 

800 

75.8 

15.8 

Hi 

ifii 

81.9 

98.8 

88.9 

99.7 

80.8 

ISJ26 

94.6 

81.0 

984 

111 

9" 

15.00 

101.8 

88.6 

100.0 

C2e 

20.00 

181.6 

81.4 

180.1 

88.1 

85.00 

141.4 

189.1 

86.8 

15.00 

188.8 

86.8 

106J8 

18.5 

10" 

80.00 

\IU 

81.5 

158.5 

1^ 

CSS 

85.00 

86.4 

188.8 

30.00 

806.4 

41.8 

805.4 

85.8 

85.00 

881.0 

46J8 

886.0 

89.4 

80.50 

856JS 

So 

856.9 

87.9 

18" 

85.00 

888.0 

C41 

80.00 

S8SJ8 

58.9 

885.8 

49.5 

85.00 

858.6 

59.8 

4^5.7 

54.6 

40X)0 

898.8 

65.6 

59.8 

89  00 

626J2 

88.4 

61&7 

76.1 

85.00 

680.8 

686.1 

15" 

40.00 

695.0 

98.7 

C5S 

45.00 

SSSiS 

100.0 

81M 

50.00 

107.4 

IOOjO 

55.00         860.4    1     114.7 

874.8 

107^ 
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DIMBNSIONS  FOB  PLATE  AND  OHANNEL 
OOLUMNS. 
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DIMENSIONS  70R  FLATS  AND  OHANNBL 
OOLIJMNa 


CAMBBIA  STEEL. 

" 

DIMBNSIONS   FOB 

PIJLTEI  AITD   OHAMMBL       1 

OOLUMNa 

y^ 

orf-o-tJ. 

^ 

1 

tri 

V 

•A^A 

-fm    1 

^  V 

^ 

!  ^N.  I^^» 

L 

^ 

b-4t— b^J^ 

BE 

SIUES  B. 

ajtotrutaL 

Bq>tt 

▼Igkt 

of 

TUok. 

t 

b 

d 

H 

0 

K 

A 

m 

and 

Tiitk. 

&NS. 

8t0tioa 

Inflh«a. 

lMk« 

la 

Pwrndt. 

Iiaka. 

iBflhet. 

iHkK 

InohM. 

laoto. 

InekM. 

Inekai 

InekM. 

8 

8 

1 

•?.o 

11^ 

i^l 

11"     ^* 

11]';    *' 

Sf- 

*? 

\^ 

6" 

10^ 

(( 

•?.« 

It 

ti 

8g 

«.A 

V 

C17 

18.0 

(( 

(1 

■t* 

it 
ti 

«?^ 

\A 

l6Ji 

(C 

cc 

•?.« 

it 
it 

11^:    '^ 

11V>      " 

y» 

»« 

i.f- 

9.78 

H 

1^ 

Jil 

ii 

?^ 

t?! 

13 'v    '' 

8.^ 

^ 

\A 

18^6 

(1 
it 

•f.« 

it 
tt 

4 

13jV     ^^ 
13  ,      - 

w 

i« 

\t' 

cSi 

1*.76 

•1? 

ti 
it 

:3\    '^ 

8tl 

\^ 

17^88 

•?.» 

it 
«« 

13,-,;  - 

13',    ■* 

«f< 

\H 

"vT* 

ii 

.68 

«i 
ii 

ti 

13^      - 

^^ 

\?« 

llJiB 

18 

it 

4 

Ji» 

it 

6 

t^ 

1^1*'  ^?^ 

».fi 

T 

i.5< 

8" 

I8.76 

Ci 

.81 

it 

ii 
ti 

4J| 

i^i^  :: 

8.A 

\f' 

&6 

iej»6 

it 

it 

^ 

.40 

ii 

it 
ii 

4^ 

\ti[  :: 

8.K 

V<« 

18,75 

ii 
if 

^ 

.49 

ti 

it 
it 

w 

15L  '^ 

8^ 

i.J< 

2lJi6 

it 
ti 

'^ 

.58 

ii 

ti 
ii 

ti 

14jj'     *^ 

».^ 

it 
i« 

\A 

18#6 

18 

^ 

•?.» 

«.>« 

m 

16A     •• 

leA    " 
le"    " 

16A|    " 

8|< 

4 

\!< 

9" 
C29 

16^00 

ii 
ii 

i 

•?? 

ti 

t< 

8.t» 

4« 
<fl 

\i' 

86jpO 

It 
tt 
Ii 
II 

.61 
«■ 

ii 
it 
ii 
Ii 

1 

(« 
(( 

1.A 
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DIMBNSIONS  FOR   FLATS   AND   OHAKNEL 
CK>LIJMNa 


Dtptk 
of 


10" 
C88 


12" 
C41 


15" 
C58 


8iM«f  PUtMw 


Widtk. 


16J0 
t« 

800 

(( 

26X> 

«( 

80^ 

•( 

86^ 
c« 

20Ji 

«( 

26X> 

(« 

SOJO 

c« 

85^ 

(i 

40^ 
•« 

88^ 

«( 

86^ 
«( 

40.0 

C( 

46.0 
(( 

60.0 
«« 

66X) 


Tkuk- 

t' 


16 


18 


20 


iBtkM.'  iBflhM. 


I 


1 


i 


J)4 

'.^ 

^8 

Ci 

M 

it 

.68 

(i 

.82 

it 

Jd8 

8 

.89 

.61 

(i 

•?!* 

it 
(i 

•?? 

It 

.40 

10 

.48 

tt 

(( 

.62 

(i 
ct 

.62 

ii 
ti 

•7? 

ii 
It 

•^? 

«i 
ti 

l¥i. 


*?< 


»^ 


«# 


I 


y» 
«.^ 

\?< 

8 

•  « 

li- 
8 

CC 

«^ 
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BZFLAKATION  OF  TABLES  OF  RIVETS 
AND  PINS. 

Rivets. 

In  the  design  of  riveted  joints  the  total  stress  transmitted  is  assumed 
to  be  taken  up  by  the  rivets,  no  allowance  being  made  for  the  friction 
between  the  plates  riveted  together,  and  the  manner  of  failure  of  the 
joint  will  be  by  shearing  of  the  rivet  or  crushing  of  the  plate.  This 
assumes  that  the  rules  given  on  page  812  are  followed  and  failure  by 
tearing  off  the  plate  caused  by  the  rivets  being  too  near  the  edge  is 
thus  prevented. 

In  the  table  of  «  Shearing  Value  of  Rivets  and  Bearing  Value  of 
Riveted  Plates,"  pages  77  and  78,  these  values  are  given  for  all  cus- 
tomary sizes  and  thicknesses  corresponding  to  various  usual  allowable 
unit  stresses. 

For  any  given  size  of  rivet  or  thickness  of  plate  to  be  used,  an  in- 
spection of  the  table  will  show  at  once  if  the  bearing  value  of  the  plate 
or  the  shearing  value  of  the  rivet  is  to  govern  the  design  and  the 
amount  of  stress  that  can  be  transmitted  by  each  rivet 

Plus. 

In  designing  pin-connected  joints  the  points  which  govern  the  design 
are  the  bending  moments  produced  in  the  pin  by  the  bars  or  plates 
connected,  and  the  bearing  value  of  the  plates  themselves.  The  bear- 
ing value  in  the  case  of  eye-bars  of  proper  proportions  is  sufficiently 
ample  and  need  not  be  computed.  Shear  in  pins  need  not  ordinarily 
be  considered,  as  the  bending  and  bearing  stresses  usually  determine 
the  size. 

In  the  table  of  "  Maximum  Bending  Moments  on  Pins,"  pages  79 
and  80,  is  given  the  allowable  bending  moments  on  pins  of  various 
diameters  for  the  usual  allowable  fibre  stresses. 

In  the  table  of"  Bearing  Values  of  Pin  Plates  for  One-Inch  Thick- 
ness of  Plate,"  on  page  818,  is  given  the  allowable  bearing  values  of 
plates  against  pins  of  various  usual  diameters,  corresponding  to  the 
customary  unit  stresses  of  this  character. 

If  the  bearing  value  exceeds  the  allowable  limit  in  any  given  case 
pin-plates  must  be  added,  thus  increasing  the  bearing  value  until  it  is 
reduced  to  a  safe  limit  as  shown  by  the  tables. 
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OOKVJDITIONAL  SIQNS  FOR  BIVBTINa. 

Shot.  FkBij>. 

rw  FuH  Hm4s. 


CoMiitorMali  liitld*  (Panid«)  Md  CMpMd. 


CMiiUrMAlc  OmkAdm  (NMrtid«)  and  CMpp#d. 


CoMil«rMali  both  SidM  aad  Chipped. 


InSIM.  OUTSIDB. 

(Faruob.)    (Nbamidb.) 


Both  Sidbs. 


FtotlMMd  to  H"  titgk  or  Cowtortaiik 


FlBttM«d 


0Q0 

O 


FlaMM«d  to  %"  high. 


This  system,  designed  by  F.  C.  Osborn,  C.E.,  has  for  foundation  the  diagonal 
cross  to  represent  a  countersink,  the  blackened  circle  for  a  field  rivet  and  the  diagonal 
stroke  to  indicate  a  flattened  head.  The  position  of  the  cross,  with  respect  to  the 
circle  (inside,  outtide  or  both  sides),  indicates  the  location  of  the  countersink  and 
similarly  the  number  and  position  of  the  diagonal  strokes  indicate  the  height  and 
position  of  the  flattened  heads. 

Any  combination  of  field,  counterstmk  and  flattened  head  rivets  liable  to  < 
may  be  readily  indicated  by  the  proper  combination  of  above  signs. 


TABLES 

FOR 

RIVETS  AND   PINS 


rt 


OAMBBIA    STBBL. 


SHBARmCh  VALUE  OV  RIVBTS  AKD  BBARINa 

VALUE  OF  BIVETED  PLATES. 

ALL  DIMENSIONS  IN  INCHES. 

_  Shearing  Value  »  Area  of  Rivet  X  Allowable  Shoring  Strew  per  Square  Inch. 


Uaatltf 

of 
Ufft 

Am 

ia 

8qianla«kit. 

8k2at 
6000  Iba. 

DMbto 
Shiar  at 

120001bi. 

% 

.1106 

008 

1886 

H     , 

.1004 

1178 

8860 

H 

.8008 

1841 

8088 

« 

.4418 

8061 

6801 

» 

.0018 

8008 

7810 

1 

.7864 

471S 

0486 

Beariny  Talae  Ibr  DUforent 


A.        I 


11861   1400 


1600,  1876 
18761  8844 
88601  8818 
8086.  ftUl 
8000|  8760,  4600 


10881 
8865 
8818 
8876 
8988 


8086 

"55ffri 

8088 
4604 
6860 


•f 

UTft. 

H 

H 

H 
H 

% 


Am 

in 

SqianlBflhM. 

£2  at 

67S01ba. 

Shiar  at 

135001ta. 

.1106 

740 

1491 

.1004 

1886 

8061 

.8000 

8071 

4148 

<4418 

8088 

6904 

.0018 

4069 

8118 

.7864 

6001 

10608 

B^Ttng  Value  for  Dtflbrent 


i    ^l 


J 


18001  1608  1090 
1088  5^169:  &6Ai|  8968 
8109!  d087!  8104~S57r| 

8681 1  0104  8797  

8968,  8091 1  4480 


4480 

6108 

8876|  4819  6O08  6900 


•f 

BlTtt 

H 

% 


of 
Rlnt 

% 

% 
% 

% 


Ana 

in 
Sqnartlnota. 

7500  Ibi. 

Shiar  at 

150001ta>. 

.1106 

888 

1067 

.1904 

1478 

8946 

.8000 

8801 

4008 

.4418 

8818 

0087 

.0018 

4610 

9080 

.7864 

6891 

11701 

i  Beartngr  Talm  for  Dilferwit 


1400 
1076 


:r 


1768    81091 

isssrssisi  8881 


8844    8980  8616l'4l?SS| 

88ial  8610;  4819    4988 

8881    41081  49881   6748 

8760,   40881  60861   0668 


Ana 

in 

SqoanlnflhM. 

Siagk 

ShMrat 

10000  Ua 

Shtarat 
200001taa. 

.1106 

1106 

8809 

.1904 

1904 

8987 

.8008 

8008 

6180 

.4418 

4418 

0800 

.0018 

0018 

18080 

.7064 

7864 

16708 

1 

Beating  Valne  for  Dtlfwent 


i      tV      i      tV 


18761  88441  88181 

8600|  8186.  87601  4876 

81861  8900  4088'~64S5| 

8760|  40881  6086  0608 

4876;  64091  0608  7660 

6000;  0860  76001  8760 


In  the  above  tables  the  bearing  values  between  the  lower  and  upper 
linea  are  greater  than  single  and  less  than  double  shear  for  the  correspoi 
sions,  so  that  in  case  pf  single  ahear  the  single  shearing  value  governs, 
of  double  shear,  the  bearing  value  governs  the  design. 


Mack 
in 
iac 


OAMBBIA    STBEL. 


78 


SHBARINa  VALUE  OF  RIVBTS  AND  BBARINa 

VALUE  OF  RIVETED  PLATES. 

ALL  DIMENSIONS  IN  INCHES. 

Betting  T«lBe»MEm»tar  of  MTetXThiekawi  of  PUtaXAUowaMeBwtfingSh^ 

Thlckneasea  of  Plate  In  Inchea  at  IgQOO  Ponnda  per  Square  Inch. 


i 

1% 

1 

« 

* 

« 

i 

u 

1 

8000 
1  8760 

4219 

4888 
'  6826 

8188 

8760 
7876 

8681 
9760 

9188 
10600 

9844 
11260 

4666 

6088 
6908 
8760 

6260 

868^ 
7600 

7219 

6000 

8260 

9000 

12000 

Thickneggei  of  Plate  In  Inches  at  13  BOO  Ponnda  per  Square  Inch. 


i 

^ 

-9 

H 

f 

If 

i 

H 

1 

,  8876 
\   4219 

4748 

6278 
8828 

-7555 

8981 
8121 

7694 
8869 

9698 
10989 

10888 

11074 

6088 
6908 

6696 
8846 
7694 

8760 

8488 

9281|10126 

11818 

12868 

18600 

ThIckneAseB  of  Plate  In  Inches  at  IB  OOO  Poonds  per  Sqnare  Inch. 


i 

tV 

i 

« 

* 

H 

i 

H 

1 

8760 
1  4888 

6278 

6869 
7081 

7784 
9028 

8488 
9844 

10884 

11484 
18126 

12806 
14088 

6826 

8688 

8i&68 
9876 

7600 

10818  11260 

12188 

16000 

Thicknesses  of  Plate  In  Inches  at  gP  OOO  Poonds  per  Sqnare  Inch. 


i 

A 

i 

« 

1 

H 

i 

H 

1 

6000 
1  6260 

7081 

7818 
'  9876 

10818 
12081 

11260 

16818 
17600 

18408 
18760 

7600 

8438 

8760 

9844 
11260 

l69d8 
12600 

18126 

14219 
18260 

10000 

18760110000 

20000 

The  bearing  values  above  and  to  the  right  of  the  upp«r  zigzag  black  lines  are 
greater  than  double  shear  for  the  corresponding  dimensions,  ao  that  io  these  cases 
the  shearing  values  govern  the  design. 

The  bearing  values  below  and  to  the  left  of  the  lower  zigzag  black  lines  are  less 
than  single  shear,  so  that  in  these  cases  the  bearing  values  govern  the  design. 
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CAMBRIA   STBSIi. 


MAXIMX7M  BENBING-  MOMENTS  ON  PINS  WITH 
BXTBBMB  FIBRB  STRBSSBS 

VARYING  FROM  15000  TO  25000  POUNDS  PER  SQUARE  INCH. 


of 
Pin  in 


Am«r 

Pin 
iaSinan 


.785 

.9M 

1.227 

1.485 

1.767 
2.074 
2.405 
2.761 

8.142 
8.547 
3.976 
4.480 

4.909 
5.412 
5.940 
6.492 

7.069 
7.670 
8.296 
8.94« 

9.621 
10.321 
11.045 
11.793 

12.566 
13.364 
14.186 
15.033 

15.904 
16.800 
17.721 
18.665 

19.635 
20.629 
21.648 
22.691 

23.758 
24.850 
25.967 
27.109 


Moments  In  Incli-Poandls  for  PIbre 
Stresses  of 


15000UM. 

per 
ftinm  loch. 


1470 
2100 
2900 


4970 
6320 
7890 
9710 

11780 
14130 
16770 
19730 

23010 
26640 


34990 

89730 
44940 
50650 
56610 

63140 
70150 
77660 
85690 

94250 


113050 
123320 

134190 
145690 
157820 
170580 

184080 
198230 
213090 
228680 

245010 
262100 
279960 
298620 


18000  Um. 

par 
SqoArelneL 


1770 
2520 
3450 
4690 

5960 
7580 
9470 
11650 

14140 
16960 
20130 
23670 

27610 
81960 
36750 
41990 

47680 


67940 

75770 
84180 
98190 
102820 

113100 
124040 
135660 
147980 

161080 
174830 


204740 

220890 
237880 
255710 
274420 

294010 
314510 
335950 
358340 


20  000  Lbs. 

per 
Square  Inch. 


1960 
2800 
38:^0 
5100 


8430 
10520 
12940 

15710 
18840 
22370 
26300 


85520 
40830 
46660 

52970 


67400 
75480 


84180 


108640 
114260 

125660 
137820 
150730 
164420 

178920 
194250 
210430 
227490 

245440 
264310 
284120 
304910 


349460 
373280 
896160 


22500Lta>. 

per 
Squralnch. 


2210 
3150 
4310 
5740 

7460 
9480 
11840 
14560 

17670 
21200 
25160 
29590 

84510 
39960 
45940 
52190 

59600 
67410 
75830 
84920 

94710 
105220 
116490 
128o80 

141370 
155040 
169670 
184980 

201290 
218510 
236740 
255920 

276120 
297350 
319640 
343020 

367510 
393140 
419940 
447930 


25  000  Lbs. 

per 
Square  Inch. 


2450 
3490 
4790 
6S80 

8280 
10590 
13150 
16180 

19630 
23560 
27960 


38350 
44400 
51040 


74900 
84250 
94350 

106290 
116910 
129430 
142810 

157080 
1T2270 
188410 
205530 

228650 
242810 
263040 


806800 
830390 
356160 
881180 


466600 

497700 
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MAXIMUM  BENDmO-  MOMENTS  ON  PINS  WITH 
EXTREME  FIBBE  STRESSES 

VARYING  FROM  15  000  TO  25  000  POUNDS  PER  SQUARE  INCH 


of 
Pin  in 


Am  of 
in&iiun 


Homents  In  Incli-Poiiiidls  for  Fibre 
Stresses  of 


15  000  Lbs. 
SqiutnlttoL 


18  000  Lbs. 
Squnlneh. 


20  000  Lbs. 

per 
Sqainlnoh. 


22  600  Lbs. 
per 


25  000  Lbs. 
Sfnsnlneh. 


28.274 
29.465 
80.680 
81.919 

38.183 
84.472 
85.7*5 
87.122 

88.485 
39.871 
41.282 
42.718 

44.179 
45.664 
47.173 
48.707 

50.265 
51.849 
53.456 
55.088 

56.745 
58.426 
60.132 
61.862 

63.617 
65.397 
67.201 
69.029 

70.882 
72.760 
74.662 
76.590 

78.540 
82.516 
86.590 
90.763 

95.033 
99.402 
103.869 
113.098 


818090 
338380 


881580 

401420 
428200 
452900 
478530 

605110 


561180 
590710 

621260 
652850 
685480 
719190 

753980 

789880 
82r.900 
865060 

904370 

»14860 

986540 

1029430 

1073540 
1118900 
1165510 
121»100 

1262690 
1313090 
13«910 
1418090 

1472620 

1585850 
1701740 
1829430 

1960060 
2096760 
22:^9670 
2544690 


381700 
406060 
431430 
457840 

485400 
513840 
54ai80 
574210 

606130 


673420 
708JJ60 


745610 
783410 


904780 
017860 

992280 
1038070 

10852.% 
1133i^30 
118:^830 
1235310 

12882.50 
1^2680 
131\S<>10 
1456080 

1515110 
1575700 
1637900 
1701700 

1767150 
1903020 
2015690 
2195320 

2352070 
2516110 
26-S7610 
3053630 


424120 
451180 
479370 
608710 

639230 
670940 
603870 
638010 

673480 
710210 
748260 
787620 


870460 
913980 
958920 

1005310 
1053170 
1102530 
1158410 

1205830 
12598-20 
1315390 
1372570 

1431390 

1491860 
1551010 
1617870 

1683450 
1750780 
18198S0 
1890780 

1963500 
2114470 
2272990 
2139250 

2613410 
279.»680 
2986230 
3392920 


477130 
607580 
539290 
572300 

606630 
612300 
679350 
717800 

757660 
798980 
841780 
886070 

931890 
979270 
028220 
L078780 

1180970 
1181820 
1240850 
1297590 

1356560 
1417290 
1479810 
1544140 

1610310 
167^340 
1748270 
1820100 


102) 
lO'l 


2047370 
2127130 

2208930 
2378780 
2557120 
2744150 

2010090 
3145140 
3S59510 
3817040 


530140 
663970 
699210 


674080 
713670 
754830 
797560 

841860 
887760 
935310 
981520 

1035440 
1088080 
1142470 
1198650 

1256010 
1316470 
1878170 
1441760 

1607290 
1574770 
1644240 
1715710 

1789240 
1864830 
1012520 
2022340 

2104310 
2188180 
2274850 
2363480 

24M370 
2013090 
2&11240 
S049060 

8266770 
3494600 
3732790 
4241150 


SHORT-TITLE     CATALOGUE 

OF  THB 

PUBLICATIONS 

OF 

JOHN   WILEY   &   SONS, 

New  York. 
LoKDOir:  CHAPMAN  &  HALL,  Limited, 


ARRANGED  UNDER  SUBJECTS. 


Descriptive  ciroularB  sent  on  applieation.  Booka  marked  with  aa  asterisk  are 
sold  at  net  prices  only,  a  double  asterisk  (**)  books  sold  under  the  rules  of  the 
American  Publishers'  Association  at  net  prices  subject  to  an  extra  charge  for 
postage.     All  books  are  bound  in  cloth  unless  otherwise  stated. 


AGRICULTURE. 
Aimiby't  Hanoal  of  Cattte-feeding xamo,  Sx  7S 

PiinciplM  of  Animal  Nutrition 8vo,  4  oo 

Budd  and  Hansen's  American  Horticultoral  Hanaal: 

Part  L— Propagation*  Culture,  and  Inproyemant xamo»   x  50 

Part  XL—SyBtematic  Pomology xamo,   x  50 

Downing**  Fruits  and  Fruit-trees  of  America ^yo,   5  00 

Elliott's  Engineering  for  Land  Drainage xamo,    x  50 

Pxmctical  Farm  Drainage. xamo,   x  00 

Offoen's  Prindpki  of  American  Forestry xamo*  x  50 

Orotenfelt's  Principles  of  Kodem  Dairy  Practice.    (WoU.) xamo,   a  00 

Kemp's  Landscape  Gardening xamo,   a  50 

Haynard's  Landscape  Gardening  as  Applied  to  Home  Decoration. xamo,  x  50  ' 

Sanderson's  Insects  Injurious  to  Staple  Crops. xamo,   x  50 

Insects  Injurious  to  Garden  Crops,    (/n  preparation.) 

Insects  IiUnring  Fruits,    (/ii  preparaium,) 

Stockbridge's  Rocks  and  Sdls. Svo,  a  50 

WoB's  Handbook  lor  Fanners  and  Dairymen , x6mo»  x  50 

ARCHITECTURE. 

Baldwin's  Steam  Heating  for  Buildings lamo,   a  50 

Berg's  Bnildingy  and  Structures  of  American  Bailroads 4to,  5  00 

Birkmhe^s  Planning  and  Conitructfon  of  American  Theatrsa Sro,  300 

Arehitectural  Iron  and  Steel ' .  .Syo,   3  go 

Compound  Rireted  Girders  as  Applied  in  BulkUngs .Sro,  a  00 

Pkuming  and  Construction  of  High  Office  Buildings. • .Sto,  3  50 

Skeleton  Construction  in  Buildings Sto,  3  00 

Brins's  Kodem  Aneriean  School  Buildings Svo,  4  00 

'Carpenter'B  Heating  and  Ventilating  of  Buildings. « Svo,  4  00 

Fre&tag's  Architectural  Engineering,    ad  Edition,  Bewiitten Sro  ,  3  50 

Firepfooling  of  Steel  BuikUngs Svo,  a  50 

French  and  lyes's  Sfesreotomy Svo,  a  59 

Gerhard's  Guide  to  Sanitary  House-inspection x6mo,   x  00 

Theatn  Fires  and  Panics xamo»  x  s» 

HeUy'a  Caipenlsiir  and  Joiners'  Handbook , x8mo,  o  79 

JohaMa'afitatics  by  Algebraic  and  Graphic  Methods 8vo,  a  oa 

1 


r*!  Mp4tfa  Hifh  BxploaivM 8vo.   4  •» 

isfium  aai  tlMir  ApplicatioiM.    (PrMcott) Sto,   j  •• 

n't  IntTDdoetloa  to  ChMBkal  PnpuatioiM.    (Dvala^.) 121110.    i  as 

flMBktf't  Pimctlcal  lartnictloiit  in  QMalltetlvt  AiMying  witk  tho  Blowpipt 

lamo.  morocco,    i  50 

rowlor't  Sowago  Works  AaalyMi laoio.   a  oo 

ftaMolat'i  Haniua  of  QuAttUtiTO  ChomlcAl  AoAljiit.    ( WoUl) 8vo,   s  •• 

HamuaofQiMjitotiToClMnikalAiialyiii.    PartL   J}9§aipdw%,    (WoUa.) 

8vo,  3  00 
0yttom  of  InslnwIloB  in   QoAiitltatiTo  ChomicAl  Analyrit.     (Cohn.) 

2  Tolt. 8fO,  xa  so 

iMrtot't  Water  and  Public  Baalth lamo,    x  5» 

Vasnan't  Xanaal  of  PractlMl  AaiaTlnc 8to,  3  00 

Ottman'a  Furcim  in  PhyaJoa  Chamittry xanM>, 

OUTa  Oaa  and  Fuel  Analysis  for  Bncinsan xaxno,    x  as 

<i»tonfaH^PrinciplsaofModTn  Dairy  Practica,    (WoU.) lamo.  a  00 

Haaunaivton's  Taxt-book  of  Phyalotoffleal  Chamlstry.    (llandaL) ftto*  4  «• 

Halm's' Pilnciplaa  of  HathamaUcalChamistry.    (Mocgnn.) xamo»  x  so 

HMng'tt  Raady  Esfarsnca  TaMas  (Conrwiion  flacton). itfowt  moiocco,  a  9» 

Hindis  Inorganic  Ckamlstry 8to,   3  00 

^      Laboratory  Manual  for  Stadants xamo,       ys 

Hellaman's  Text-book  of  Inorganic  Chamlstry.    (Cooper.) 8vo,   a  so 

Text-book  of  Organic  Chemistry.    (Walker  and  Mott) 8to,   a  so 

Kt '  Laboratory  Manual  of  Organic  (3iemiatry.    (Walker.) xamo,   x  00 

Hopkins's  Oil-chemists*  Handbook ^. 8to.  3  00 

Jackson's  Directions  for  Laboratory  Work  in  Physiological  Chettistry .  .8yo.    x  as 

Kaap's  Cast  Iron ^. 8yo.   a  so 

Ladd'k  Manual  of  Quaatitattfe  Chemical  Analysis xamo.   x  00 

Landauar's  Spectrum  Analysis.    (Tingle.) 8to,  3  00 

LMsar-Cohn's  Practical  Urinary  Analysis.    (Lorenz.) zamo.   z  00 

Application  of  Some  General  Reactions   to   Investigations  in  Organic 
Chemistry.    (Tingle.)    (/n  prei>9) 

Leach's  The  Inspection  and  Analysis  of  Food  with  Spadal  Rafacanco  to  Stote 

ControL    Un  preparation.) 
LOb'sSlectrolysis  and  Electrosyn&ssb  of  Organic  Compottnda.(Lorens.)  zamo,   z  00 
Lodge's  Rotes  on  Assaying  and  Matalhugical  Laboratory  Bxpactmants.    (/n 

pre—.) 
Lunge's  Techno  chemical  Analysis.    (Cohn.)    (Tn  pre—.) 

Mandal's  Handbook  for  Bio-chemical  Laboratory zamo,   z  s* 

o  Martin's  Laboratory  Guide  to  QuaUtoUve  Analysis  with  the  Blowpipe . .  xamo,      do 
Mason's  Water-supply.    (Considered  PrlaclpaUy  from  a  Sanitary  Standpobit.) 

■  '3d  Edition.  Rewritten Svo,   4  00 

Examination  of  Water.    (Chemical  and  BactariotogicaL) zamo,   z  ag 

Mallhaws's  The  Teztile  Fibres.    ilnprm$.) 

Meyar's  Datormiaatton  of  Radicles  in  Carbon  Compounda.    (Tingle.) . .  zamo,   z  oa 

MOIsr^lfannal  of  Assaying zamo,   z  00 
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RAILWAY  BRGIRBBRIRG. 

Baker's  Engineers'  Surveying  Instruments i  amr,  3  00 

BiXby's  Graphical  Computing  Table. ; Paper  zpiX  a4}  inches.  as 

^*  Burr's  Ancient  and  Modem  Bngineerlng  and  the  Isthmian  CanaL    (Postage, 

a?  cents  additional.) 8vo,  not,  3  so 

Comstock's  Field  Astronomy  for  Bngineeri. 8vo,  a  go 

Davis's  Elevation  and  Stadia  Tables 8vo,  i  00 

Blflott^i  Engineering  for  Land  Drainage zamo,  i  90 

Practical  Farm  Drainage. zamo*  1  00 

FohrelTs  Sewerage.    (Designing  and  Maintenance.). 8vo,  300 

Ffoltag's  Architectural  Engineering,    ad  Edition  Rewritten 8vo,  3  go 
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Ottodkva't  MvBlelpal  ImproffMBaali iaao» 

OMtfikhlBconomkDiipoMlofTSow^RtfiiM 8vo, 

Ovtv*!  BlMMBti  of  OoodMf 8vo, 

Hsfford'i  T«it-beok  of  Otoitk  Aotronoiiiy 8to. 

B«taf't  KMdy  XifmaM  TliUM  (Osovwrion  Vtelon). ttfoM,  moroeco, 

Howo'S  lUtalalag  WuSk  for  Borth i  amo, 

JoluMoo'i  Tboory  and  Pncttet  of  Svrvwyliig Small  Svo, 

aiatko  bf  Algtbnk  and  Oraphk  Ibtbodi 8v», 

Xtenttd'tSowagoDitpoial lino, 

Lapkco't  Phllooephlcal  Bawj  on  ProbablUtUa.    (Tntscott  and  Bmorj.)  lamo, 

lUban't  TroaHM  on  Chrll  Bnglnaacinc.    (1873)    (Wood.) Std, 

^      Dtoeriptivo  OooDwiry  8fo« 

D't  Blaowntt  of  Prtdit  Sonnayiof  and  Ooodoaj •vo, 

llamonti  of  Santtafy  Tnglnitring •va* 

I  and  Brooks^  Handbook  for  Sorfayon i6mor  morooea. 

Vvfnt^s  Plana  Sorvoylnc 9w9, 

Ogdaa't  8aw«r  Dfolgn. lamo, 

Patlan'k  Tnatiaa  on  arU  Bnflaaaring 8td  hair  kathar • 

Baad't  Topofimphteal  Dimwlnf  and  Skatchtng 4to. 

RldaaraSawatooAdtiiaBaclailalPaiiflcatioaofSavacB •«•• 

tiabart  and  Biggin's  Modani  8teaa-c«tting  and  Xaaonry Bvo. 

•mith*!  Manual  of  7opogimphteal  Dimwing.    (McKUIan.) 8to. 

iondorlckar't  OfBfhk  Statleat  wim  ApyUcatlona  10  Tnmiu  Boams,  and 

Asthaa. 8vo. 

Tiaylor  and  Thompaon'a  T^raatiia  on  Concrata,PIaln  and  Ralaforead.   (/n  prm: 

*  Trantwlna*!  CItU  Bnglnoar*!  Pockat-book i6mo,  morooco, 

Walt^  Bnglnaaring  and  ArchHactviml  Jvrlapnidanca. 8td» 


Law  of  Optfationa  PnUminaiy  to  Coaotractloa  la  Bnglntaring  and  AreU- 
tactuia 8vob 


Law  of  Contracta 

Wanan's  Staraotomr— Problama  In  Stono-cottlng. 8vo» 

Wobb't  Problana  la  tba  U«a  and  Adioaknant  of  Bnglnaaring  Inatnunanta. 

zomo,  moraoco, 

*  Wtwator*!  Blamantary  Couiaa  of  Civil  Bnglnaaring Svot 

WUMn'a  Topographic  flarraying 8td, 

BRIDOBS  AHD  ROOFS. 
Ballard  Practical  T^raatlaa  on  tha  Conatrnctlon  of  Iron  Highway  Bridgea.  .8vo. 

^        Thamaa  RlTtr  Bridga 4to.  papar, 

Bwr'a  Couiaa  on  tha  0>nam  In  Bridgia  and  Roof  TnuKC,  Arched  Riba,  and 

Soapanrion  Bridgaa. 8to, 

D«  Bote's  Machanka  of  Bnglnaaring.    VoL  H. SniaU4to, 

Voalar'S  Tiaatiia  on  Wooden  TtaaUa  Bridgea 4te« 

Vowlar'S  Coffar-daa  ProcoM  for  Plan ftvo* 

€nana*a  Roof  T^raaMS SfOt 

Bridge  Tmaaea 8*10* 

Arches  In  Wood,  Iron,  and  Stone 8vo» 

Howe'i  Treatiaa  00  Aithea Svo, 

Deaign  of  Simple  Roof-trasaea  in  W«od  and  Steal Svo, 

lahnaon,  Bryan,  and  Tnmaanre'a  Theory  and  Pnctlea  in  tha  Designing  of 

Modem  Flamed  Stractnrea.     8maIl4tOt 

Merriman  and  Jacoby'i  Text-book  on  Roofi  and  Bridges: 

Part  I.    Btreaeea  in  Simple  TnuMi Sro, 

Part  n.— Oraphic  Statica 8to, 

Part  m.— Bridge  Dealgn.    4th  Bdition,  Rewritten 8to. 

Part  IV.— Higher  Stnctnraa. 8vo. 

Mbriaon's  Memphia  Bridge. 4to. 
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Wadd«irt  !>•  Pootibtit, a  Podnl-book  fof  Bridg*  SaffaiMn.. . zteo, moroeco.  j  •• 

SpMiAcatiosisforStMlBrldgM.. lamo.   z  as 

Wood's  TraotlM  on  tho  Thoory  of  tiio  Coostroction  of  BridcM  and  Roofo.Svo.  a  •• 
Wdflifi  Derigning  of  Dnw-oponi: 

Part  I.  -^Plato-girder  Draws 8to,  a  90 

Part  XL— RiToted-tniM  and  Pia-oonnoctod  Long-apan  Draws Sto,  a  fo 

Two  parts  In  ono  Tohimo 8to«  j  fo 

HTDRAULICS. 
BmIb*s  Bzpstinionts  npon  tho  Contractioa  of  tha  Llqvld  Veitt  Issuing  from  an 

Oiiflco.    (Ttautwlno.) 8yo,  a  oo 

Bowy^  Tnatlsa  00  Efdnullos. 8to.  5  oo 

Gkvfdi's  Mochanics  of  Bnglnoering llvo*  6  00 

Diagiaais  of  Moan  Velocity  of  Water  in  Open  Channels paper,   i  5« 

Goffln^  Otaphkal  Solution  of  HydraoUc  Problems x6mo.  morocco,   a  90 

Flatfaor's  Dynamometers,  and  the  ICeasorement  of  Power xamo,   a  00 

FolwelTs  Water-supply  Bnglneering 8to»   4  M 

MseU's  Water-power. 8to,  5  •• 

foertia's  Water  and  PabUc  Health xamo,   1  fo 

Water-flltration  Works xamo.  a  fo 

OaagniUot  and  Kutter'a  General  Formuhi  for  the  Uniform  Flow  of  Water  in 

Risers  and  Other  Channels..  (Hering  and  TMutwine.) Syo,  400 

Haaon's  FUtratlon  of  PobUc  Water-supply 8iro.  3  00 

Haileltarsf  s  Towers  and  Tanks  for  Water-works 8to,   a  50 

Henchors  zis  BzpetfmontB  on  the  Carrying  Capacity  of  Large.  Rhreted,  Metal 

Conduits 8¥o.   a  00 

Haaon's  Water-supply.    (Considered  Principally  from  a  Sanitary  Stand- 
point)   3d  Edition.  Rewritten 8to,  4  00 

Merriman's  Treatise  on  HydrauBca.    gth  Edition.  Rewritten 8to.  s  m 

•  llichie's  Blements  of  Analytical  Mechanics 8vo.   4  00 

Schuyler's  Reservoirs  for  Irrigation.  Water-power,  and  Domestic  Water- 
supply Large  8to.   s  m 

••  Thomas  and  Watf  s  Improvement  of  Riyers.    (Post.  44  c  additional).  4to,  6  00 

Tteneauze  and  RusselTs  Public  Water-suppHes. 8to.   s  00 

Wegmann's  Deslcn  and  Construction  of  Dams 4to.   5  00 

Water-supply  of  the  City  of  KewToric  from  x658to'z8o5 4to,  xo  00 

Weiobach's  Hydraulics  and  Hydraulic  Motors.    (Du  Bois.) Sto.   5  00 

W&son'O  Manual  of  Irrigation  Engineering Small  Sro.  4  00 

WoUTs  Windmill  as  a  Prime  MoTor 8to.   3  00 

Wood's  TuzUnes Svo.   a  90 

Blements  of  Analytical  Mechanics Sro.  3  00 

MATERIALS  OF  SHOIHBERniG. 

Baker's  Tieatise  on  Masonry  Construction 8vo,  5  •• 

Roads  and  Pavements. Svo.  5  00 

Btack's  United  Stotas  Public  Works Oblong  4to.  5  oo 

BoToy's  Strength  of  Materials  and  Theory  of  Structures. Sro.  7  9» 

Burr's  BlasticitT  and  Resistance  of  the  Materials  of  Engineering.    6th  Edi- 
tion. Rewrltlen 8yo.  7  5* 

Byrne's  Highway  Construction Sto,  5  00 

Inspection  of  the  Materials  and  Workmanship  Employodjn  Construction. 

x6mo,  3  00 

Church's  Mechanica  of  Engineering 9wo,  6  00 

Du  Bole's  Mechanics  of  Engineering.    Vol.  I teiall  4to.  7  50 

Johnson's  Materials  of  Construction Large  8to.  6  00 

Keep's  Cast  Iron 8to.  a  50 

Lanza's  AppBod  Mechanics 8¥o.  7  so 

Martens's  Handbook  on  Testing  Materials.    (Henning.)    a  toIs. Sto.  7  80 

MsfrilTfe  Stones  for  Building  and  Decoration 8¥o.  5  00 
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llMriflUtt't  Tnt-book  ra  flit  Ibduuilet  of  M Attfteli tvo»  4^ 

Smiigtfa  of  lUtorUJi. xamo,  i  oo 

■HcAlftSlML    A MunMi] for 9toel-ttMn lamo.  »  00 

Patten's  Practical  TroattM  on  Foundatloiia. 9ro,  s  00 

Uehoy*!  HanMM>ok  for  BvUdinc  SttporinteadoatB  of  CoBilnictkm.    (In  prmt,) 

KoekwoITi  Roada  and  Pawnianti  in  Vtanca ismo,  x  as 

■aWn'a  Indnatiial  and  Aitlsdc  Tachnolonr  of  Painli  anf  TarnUi 9fo,  3  00 

amith'f  Xatoriala  of  Marhinw xamo,  x  00 

•now't  Principal  Spaei«  of  Wood Sro,  3  9^ 

•palding'a  Hydraulic  Camant xamo,  2  oo 

Tazt-book  on  Roada  and  Pavomanit xamo.  a  00 

Tajlor  and  Thompaon'a  Troatiaa  on  Concrata,  Plain  and  Rainfoxcad.      {In 
prfM.) 

Tliaiiton*8  Ifatariala  of  Bnginaarinc.    3  Parta. 8vo,  S  00 

Part  L — Ron-matalBc  Hatariali  of  Sngincarinc  and  HataOorgy 8to,  a  •• 

Part  II.~Iron  and  Staal 8vo,  3  9» 

Part  m.— A  Traatiaa  on  BraaMa,  Bronxai.  and  Othar  AUoya  and  ihair 

ConatitnantB 8to,  a  50 

Thanton'aTazt>book  of  tha  Hatariala  of  Conativctioa 9fo.  5  00 

TIllMn^  Straat  PaTomanta  and  Pavinc  Hatariala 8to,  4  «• 

WaddaD'i  Da  Pontiboa.    (A  Pockat-book  for  Bxidca  Bnglnaaia.) . .  x6mo,  mor..  3  «• 

SpacUcationaforfltaalBridffaa f xamo.  x  as 

Wood'a  Trtatiaa  on  the  Raaiatanca  of  Hatariali,  and  an  Appandlz  on  tlM  Prea- 

arvation  of  Timbar 8vo»  a  •• 

Blamanta  of  Analytleal  Machanica 9vo,  3  00 

Wood'a  Rnatlaat  Coatlnga:  Conoiion  and  Elactrolyaia  of  Ixon  and  Slad. .  .8to»  4  00 

RAILWAY  EKGHIEERniO. 

Andrawa'a  Handbook  for  Straat  Railway  Bnginaaia.    3XS  incbaa.  moracco.  x  as 

Baff'i  Bttildinga  and  Stnscturaa  of  Amarican  Railroada 4toa  s  •• 

Brooka't  Handbook  of  Stiaat  Railroad  Location x6mo.  morocco,  x  5a 

Btttta'i  Ciiril  Bnginaar'a  Fiald-book x6mo.  morocco,  a  50 

Crandall't  Tranaitlon  Cnrra xteio*  morocco,  x  50 

Railway  and  Othar  Earthwork  Tablaa 8fo,  x  90 

DawBon'B  "Sncinaarinc"  and  Elactric  Traction  Pockat-book.   xtoo,  morocco,  5  oa 

Dradft'a  Hiatory  of  tfaa  Pannayhrania  Railroad:  (x879)- P^par,  5  w 

*  Orinkar'a  ToanaUnf ,  Bzplooiva  Componnda,  and  Rock  Dri]la,4to,  half  mor.,  as  m 

Ilahar'aTabIa  of  Cubic  Yarda Cardboard.  as 

Oodwin'a  Railroad  Bncinaaxi' Fiald-book  and  BiplMan'Onlda.....i6mo,mor.,  a  90 

Heward'a  Tranaition  Curra  Flald-book x6mo,  morocco,  x  9a 

Hudaon'i  Tablaa  for  Calculating  tha  Cubic  Contanta  of  Biaivmtioaa  and  Bm- 

bankmanta 8vo,  x  ao 

Motttor  and  Baard'a  Manual  for  Raaldant  Bnginaon x6mo.  x  00 

Vafla'a  Flald  Manual  for  Railroad  BnglnaMS x6mo,  morocco.  3  m 

Philbrick*li  Flald  Manual  for  Bnglnaan x6mo,  morocco,  3  ae 

•tarlaa'f  Ftald  Bncinaarlnc x6aM,  morocco,  3  00 

Railroad  SplraL ••• ••«••.•••««•••■  lomo,  morocco,  x  9a 

Taylor's  Priamoidal  Formula  and  Bartkwork Svo,  x  9* 

*  T^utwina's  Mathod  of  Calculatinc  tha  Cubic  Contonti  of  Bzcairationa  and 

Bmbankmanta  by  tha  Aid  of  Diacrama 8to,  a  •• 

Tha  Flald  Praetka  of  [Laying  Out  Ctrcular  Coivaa  for  Railraadi. 

xamo,  morocco,  a  9* 

Croai^MCtion  Shaat. . . .  > P)Bpcr,  9$ 

Wabb'f  Railroad  Conatruction.    ad  Edition.  Rawiittan i6»o.  morocco*  s  m 

WaOlnclon'a  Bconondc  Thaory  of  tha  Location  of  Rallwaya BrnaB  Svo,  s  m 

DitAwnro. 

Barr*!  Klnematlct  of  Machinary 8fo,  a  5* 

*  Bartlatt'a  Machanical  Drawinc 8vo,  3  ao 

*  "        AbridcadBd. Sro,  x  9> 
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CooHdfft^  HaniiAl  of  Drawliif 8fo,  paptr,  i  eo 

Coottdgs  tad  WimmMn'9  Htmanti  fii  Otntnl  DfiMac  for  Mtrlwnicol  Baci* 
iiMiB.    (In  pnm,) 

]>iirkfy*t  Kinomatict  of  Mochint 9wo,  4  00 

HOrs  T«zt-book  on  Shadtt  and  ttMidowt,  and  PwHiocUfo 8fo»  a  00 

JamiMMi'a  Blemanls  of  Mtehanieal  Drawinc.    (in  pttmJ) 
JoM«^  Kachina  DMiga; 

Put  I. — Kinamatica  of  MaehiiMry 8fo,  t  50 

FutIL'*Ponn,Straiigth,aiidPiopoftloiiaof  Patti 8fo»  a  00 

llaeCord*!  BlamantB  of  DtKf^tiTa  Oaomato  .         Svo,  300 

Kinamatlea;  or,  Pxmctlcal  MachaaluL Sro.  s  00 

Mechanical  Drawinc 4to»  4  00 

Velocity  Diacrama 8to,  z  50 

a  Hahan't  DeecrlptiYe  Geometry  and  Stona-eitttinc 8to,  z  so 

Indvstrial  Drawing.    (Thompeon.) Src^  3  fa 

Mdyer's  DeacriptiTe  Geometry.    (In  prm§.) 

Reed's  Topogniphical  Drawing  and  Sketching 4tOf  5  00 

Iteid'a  Conna  in  Mechenirel  Drawing 8to»  a  00 

Text-book  of  Mechanical  Drawing  and  Blemantary  Machine  Dedgn.  .8to.  3  •• 

Bohineon't  Principles  of  Mechanism. Syo,  3  00 

Smith's  Manual  of  Topographical  Drawing.    (McMOlan.) 8to,  a  9» 

Warren's  Slements  of  Plane  and  Solid  Free-hand  Geometrical  Drawing..  lamo,  z  00 

Drafting  Instroments  and  Operations. zamo»  z  ag 

Manual  of  Blementary  Projection  Drawing. zamo,  z  50 

Manualof  Blementary  Prohloms  in  the  Unaar  Perspectiva  of  Form  and  1 

Sliadow. lamo,  z  00 

Plane  Problems  in  Blementary  Geometry zamo,  z  as 

Primary  Gaomatry zamo*  7S 

Blemants  of  Deecriptl?a  Geometry,  Shadows,  and  Per*pectiva 8vo»  3  9» 

Ganaral  Problems  of  Sbadaa  and  Sfaadowa 8td»  3  00 

Blamants  of  Machine  CouatfucUon  and  Diawlng 8td,  7  So 

Problems, Thaorama» and Baunplea in DascriptiTaGaoaatnr........8Yo,  a  59 

Weisbach's  KlnematlGS  and  the  Power  of  Transmissiop.      (Hennaan  and 

Klein.) Svo,  5  00 

Whelpley's  Practical  Instruction  in  the  Art  of  Latter  BagzaTing zamo,  a  00 

WUBon's  Topographic  Sunreying Sfo,  3  so 

Ftee>hand  PerspectiTe Sro,  a  go 

FMe-hand  Letturing. 8td,  i  ao 

WoolTa  Blementary  Course  in  Descriptire  Geometry. Large  Sro,  3  00 

ELECTRIGITT  AND  PHYSICS. 

Anthony  and  Brtckett's  Text-book  of  Physica.    (Magle.) SmaO  8vo,  3  00 

AatlioBy*s  Lectore-notaa  on  the  Theory  of  BlKlricalMeaaaiamaBts zamo,  z  00 

BenJaaiin'B  HIslDry  of  Blectrlcity 8td,  3  00 

VoMaicCelL 8td,  3  00 

CMssea'S  QoantitatiTe  Chemical  Analysia  by  Blectrolysls.   (Boltwood.).  .Sro,  3  00 

Crahore  and  Sqular^a  Potarizing  Photo-chronognph 8to«  3  00 

Dawson's  "Bncineering"  and  Electric  Traction  Pocket-book. .  i6aio,  morocco,  s  00 
Poletalek's  Theory  of  the  Lead  Accuamlator  (Storage  Battery).    (Ton 

Bade.) Z3mo,*a  so 

Didiem's  Thermodynamics  and  Chemistry.    (Burgess.) Svo,  4  00 

Flather's  Dmamometars,  and  the  Meaanrement  of  Power zamo,  3  00 

OUbcrfs  De  Magnate.    (Motlaky.) 8vo,  a  so 

Hanchetf  s  AHsraatiag  Cvrreata  Bxplaiaadi zamo,  z  00 

Bering's  Ready  Reference  Tables  (CouTersion  Factora) z6mo,  morocco,  a  go 

Hohnan's  Precision  of  Measurements 8to,  a  00 

Tekecopic  Mirror-aeala  Mathod,  Adjuatmanta,  and  Teata.. . .  .Large  Ifvo,  75 
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lantoww^ OpttCriun  Hinlfrti.  (Ilaglt.)...... .gfo,  3M 

Lgfc^aM>U«l|itoMiilimiiiijnHniiic#OilMrtrC>miBMte.  (Lowm.)  i»«o»  x  m 

•  Lyaa^T^eatlw  ooEbf twwaBtii  WiMeamii.    VUkLaailLlNo^MclH  6  •• 

•  Mkhis.    llwiMnti  c#W«f»  Motto  atiMli^t»aB—i«aiI^»t »ro.  4  •• 

Wmdf^BkmMitMyTrtfttliionJPwmi  BaHwlM     (IlriiMdLi lamo,  1  9> 

•RMtnlMii*tSlwlikalBagiBMriiiff.  (TfoMamqii    rinittniMiW.). . ,  .tto,  1  m 

B9M,S«fffli,aadHaihl^BkctrinlllMhlMfy.    VoLL tfo.  s  f« 

ThafHoa't  aiatloBarr  at—m  m^iim •«••  a  ft 

•  ttEbmn*u  Kkm&altuj  Imnm  hi  Htt. •«••  1  ft 

Tory  Mi  Piteh«*t  Manaal  of  Uboftocy  Mifriin 8^01  8f«.  s  00 

mki^o  llodora  moHiulfUt  Copfir  Bolnlng tvo*  3  00 

LAW. 

•  Dovit't  BkmoBti  of  Low 8td,  s  90 

•  Tnotin  00  tbo  MOUory  Low  of  Unltod  aiotoi afo.  700 

•  Shoor.  7  9» 

■omol  for  Coano-mortiol x6aM>»  moroooo,   x  90 

WotfoBaglaooilnfoadAithHoetwtlJ«lopni<oiico 8f«,  600 

Shoot,  6  9* 
Low  of  Oporottono  Pxolfantooiy  to  Coootnicttoii  ha.  ff  mlmwhn  and  AicM- 

toctuco* .•••••■••■•••••■•••••••••••••••••••••••■•••••••    vfOf  S  00 

Shoo9,  5  9« 

Low  of  Coatractt Uro.  3  00 

Wtothrop't  Abridgmont  of  MUitory  Low xamo*  a  90 

KAVUFACTintBS. 

Bomodov't  Bmokilooi  Fowdor— Hitfo-coOolooo  and  llwory  of  fho  CoPalnoo 

Molocnlo xamo,  a  90 

BoOoiid'i  Iron  Fomdor xanOt  a  90 

"  Tbo  Iron  roundor,"  Sotploinoiit xamo*  a  9* 

Bacyclopodk  of  Pooiidhic  and  Diettonorj  of  Fooadry  Tofoii  Uood  1b  tho 

Pnetioo  of  Mbvldhiff xaao,  3*0 

Btadoi'i  Modora  High  BzploolTio 8fo,  4  «• 

BftoBfiBiifyiiioooadtholrApplicatloiii.    (Fkooeott) avo,  3  «• 

FHnwold^  BooteB  MocWnlft x8ibo»  i  oo 

Ford*k  BoOor  MoUoff  for  Bottor  Mokon x8kDO«  x  o» 

BopUaa's  OU-chomioli'  Handbook 8«»«  3  00 

Koop'o  Oaat  Iron. 8td»  a  9> 

Loach's  Tbo  Inopoction  oad  Analyaii  of  Food  with  Spodal  Roforonco  to  Slato 

ControL    (.In  prtporoWon.) 
llatthowa'allioTostiloFlbffii.    {In  pnm.) 

MotcalTa  Stool.    AMonoalforStool-aaari xamo.  a  00 

lfotca]fo*t  Coot  of  Hannfactnroo— And  tho  Admtnlatratloa  of  Worfcahopo. 

Public  and  Prhrato 8td»  5  o» 

Ibyor'a  ModomLoooaiotiTo  Conotractlon 4to«  i«  oo 

MocBo'O  Cakolatlona  vaod  in  Cano  wgar  Ffectorloa. idoM,  aotoooo,  i  9> 

•  Bolsic'a  Ooido  to  Pioco-dyolnc Stob  09  00 

Sabin'a  Indaatxtel  and  ArtMc  Toehaotogy  of  Pahm  and  Yaxnirii Svo,  3  «• 

Smlth'i  Prow  working  of  Motali .Sfo.  3  00 

SpaUlng'O  Hydravlic  Comont xamo*  a  00 

Sponcor*!  Handbook  for  Choaiola  of  Boot-oogar  Pouom idaM>»  morocco*  3  00 

Hoadbook  tor  oogar  Hanvtactnrors  awt  thoir  ChomlMa.. . i6aM>» morocco*  a  •• 
Taylor  and  Thompioa't  'Troatiao  on  Coacrate*  Ptala  aad  Bolafonood.    </• 

proM.) 
Thonton**  Hanval  of  Stoam-boiloxa.  thoir  Dooignot  Conamction  and  Opora- 

tlon 8td,  5  00 
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*Walln'tLMtaniMiBK9loriTM..i afo,  4  «• 

WMt*»  Amerioin  Faii<ry  Practkt lamo,  1  f« 

.    Mooldar^  T«it-beok xsmo,  a  90 

Wbchnaan't  Sogar  AnalyBii Small  8to,  a  f« 

WolflliWfaidiiiillMAPirliMlloTW 8to,  3  oe 

Woodbmy^  Fin  ProtactlMi  of  MUli 8yOt  a  so 

Wood*!  Puitif  Coatta«a:  Oofrorioa  and  BlectiobA  of  Iron  and  Stool. .  .8to,  4  00 

MATHEMATICS. 

Bakot*t  Sniptk  Fonetlono 8to,  1  9^ 

*  Bom's  Slomonli  of  IMflorontial  Calcvlna lamo,  4  os 

BvIbb^  Btemonti  of  Piano  Analftie  Ooomotry xamo,  i  00 

Oomploa't  Manual  of  T>ogafHlifnk  Comyotationa xamo,  x  9^ 

DoTitli  Introdnetfon  to  tbo  Lotte  of  Algobn 8to,  x  50 

^  Dkkaon'aCoUoco  Algobn Largo  xamo,  i  9t 

^      Antwon  to  Dickaon'a  CoUogo  Algobim 8to,  papor,  as 

*  Introdnetlon  to  tho  TI10017  of  Algolvalc  Eqnatlona Laxgo  lamo,   x  as 

Halitod'a  Blomonti  of  Goomotry 8yo.    x  75 

Elemontary  STnthotic  Goomotxy 8yo.  x  so 

Rational  Ooomotry. xamo, 

o  Johnoon's  Thioo-plaoo  Logarithmic  TaUao:   Toot-pockot  riao paper,  xs 

xoo  copMO  for  s  00 

o                                                   Momtod  on  hoavy  cardboard,  8  X  xo  Incheo,  as 

xocopioofor  a  00 

Elemontary  Traatiio  on  tho  Integral  Calcolos Small  8yo,  x  90 

Carre  Tradng  in  Carteaian  Co-ordinates xamo,  x  00 

TroatlM  on  Ordinary  and  Partial  Differential  Equationa Small  8vo,  3  90 

Theory  of  Brxon  and  tho  Kethod  of  Least  Squareo xamo,  x  so 

o       Theoretical  Mechanics xamo,  3  00 

Laplace's  Philooophical  Essay  on  ProbabiUtiea.    (Tmscott  and  Emory.)  xamo,  a  00 
o  Lodlow  and  Bass.    Elements  of  Trigonometry  and  Logarithmic  and  Other 

Tables Sro,  3  00 

Trigonometry  and  Tables  published  separately Each,  a  00 

o  Ludlow's  Logarithmic  and  Trigonometric  Tablea 8to,  x  00 

Maurer's  Technical  Mechanics. 8to,  4  oo 

Merriman  and  Woodward's  Higher  Methomstics 8yo,  s  00 

Morriman's  Method  of  Least  Squares 8yo,  a  00 

Rice  and  Johnson's  Elementary  T^roatise  on  the  Differential  Calculus. Sm..8yo,  3  00 

Differential  and  Integral  Calculus,    a  yoIs.  in  one Small  8yo,  a  so 

Sabinls  Industrial  and  Artistic  Technology  of  Pafaits  and  Vanish. 8to.  300 

Wood's  Elsmonts  of  Co-ordinate  Goomotry Syo,  a  00 

Trigonometry:  Analytical,  Plane,  and  Spherical xamo,  x  oo 

MECHAHICAL  EHCHUBBRIRG. 
MATERIALS  OF  EHOmBBRIHO.  STEAM-EHOIHES  ABD  BOILERS. 

Bacon's  Forge  Practlco xamo,  x  50 

Baldwin's  Steam  Heating  for  Buildings xamo,  a  50 

Barr's  Kinematics  of  Machinery.. 8vo,  a  90 

OBartletfs  Mechanical  Drawing 8to,  3  00 

*  ••  -  ..       AhridgedBd. Sto.  x  90 

Benjamin's  Wrlnklss  and  Recipes xamo,  a  00 

Carpenter's  Biporimental  Engineering 8yo,  6  00 

"^     Heating  and  Ventilating  BuHdlngs Sto,  4  oo 

Oary'i  Smoke  Sopptossion  In  Phmts  using  Bituminous  CoaL     (In  j 


CIsrk'B  Gas  and  Oil  Bngino Small  Syo,  4 

Oooldgo*s  Manual  of  Dimwing Sro,   paper,   x 
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CooMii  and  Fntmaa's  Eknamtt$  of  0«i««l  Dnitbm  for 

ClnMfi.    (hi  pfiM.) 
OremwtU't  TriMtiM  on  Toothtd  OMriag lamo. 

TrsattM  on  Botti  and  PnlloyB. .lanio* 

Owtey'tKlnMUtlGtof  lUchinM ftto, 

flnthtf**  Dyaanomottri  and  tho  MaaauraBunt  of  Fovor lamo, 

Sopo  Drhriag xsme, 

MTto  Oaa  and  tn»\  Analyrii  for  Bnflnoofi ianio» 

■alft  Car  Lubrication xamo. 

HMng^  Roady  lUforonco  Tablao  (ConTonion  Facton) x6nio,  moroeco, 

■«tlon*tThoO«sBQCiao 8f«. 

loMi't  Ifachino  Dooign: 

Part  L — ftnamatlCT  of  MacWnary 8fo, 

Part  n.— Form,  Strtngth,  and  PWfiitloai  of  Parti •va, 

KMit^MMhanlcalBnglnotr'tPockat-book 1600,  moiooeo, 

Korr^f  Pewar  and  Powar  Tranamltrion 8«»» 

looaard't  Kadiiao  Shops,  Tool!,  and  Motkoda.    (Inprma.) 

MacCofd't  Kiaamatka:  or.  Piactkal  Machaaiam. Svo. 

Machanical  Drawing 4ta, 

Velocity  Diagraaa Sva, 

Mahatt'i  Indmtrial  Drawing.    (Tboapaon.) Svo. 

Poola't  Calorific  Powar  of  Fvoli 8vo» 

Baid*i  CouTM  in  Mechanical  Drawing firo. 

Text-book  of  Mechanical  Drawing  and  Blementary  Machine  Deaiga.  .8vo, 

Richards*!  Compreesed  Air xamo» 

Robinaon*t  Principle!  of  Mechaniam 8vo» 

Schwamb  and  Merrill's  Elements  of  Mechanism,    (/n  pr«t«.) 

■mltfa*!  Press-working  of  MeUls 8vo« 

Thorston's  Treatiaa  on  Friction  and   Loot  Work  in   Machinery  and  Mill 
Work Urn, 

Animal  as  a  Machine  and  Prime  Motor*  and  the  lawe  of  Bnergvtks.  lamo, 

Warren's  Blemants  of  Macktaio  Cousliuttlua  and  Drawing Sfio, 

Woiabach's  Kinematics  and  the  Power  of  Trapomlasion.     Herrmann- 
Klein.) «w. 

Machinery  of  TlmwimlMlnn  and  GoTemors.    (Herrmann— Klein.).  .8fo. 

HydranUs  and  Hydimnlic  Motoia.    (Do  Bola.) 8vo, 

WolflTs  Windmill  as  a  Prima  Morer. t?o. 

Wood's  Turbines 8to. 

XAniOALS  OF  BNOIRBSRIRO. 

Bofoy's  Strsngth  of  Meterials  and  Tboory  of  Structures Sro, 

Burr's  Elasticity  and  Rtaiitancs  of  tho  Materials  of  Bngineering.    dthSdiHon, 

Reset Sto. 

Church's  Mechanics  of  Bnglnoorlag Svo» 

Johnson'*  Materials  of  Construction Largo  Sva* 

Kaop^s  Cast  Iron Svo, 

Lanza's  Applied  Mechanics Sro. 

Martsns's  Handbook  on  Testing  Matarialk    (Hennlng.) Sro, 

MoRiman's  Tozt-book  on  the  Mochanlce  of  Materials Svo, 

Strength  of  Matsrals lamo, 

MetcaVs  SteeL    A  Manual  for  Steel-users lamo. 

Sabin's  Industrial  and  Artistic  Technology  of  Paints  and  Vamlsh. Sto« 

iBBlth's  Materials  of  Marhinos 1  anso* 

Thurston's  Matsrials  of  Baglnssring 3  toIb,  Svu> 

Part  n.— Iron  and  Stool Svo. 

Part  m.— A  Treatise  on  Brasses.  Bronna.  and  Other  Alloys  and  their 


Ton-book  of  tho  Materials  of  Constraction,. 

IS 


so 

so 


Wood's  TtMtiM  on  tiM  Rottatenco  of  Xateriik  and  an  Appendix  on  tho 

Prwf?moa  of  Thnbor 8to,  i  •• 

Skmenii  of  Annlyticnl  Mochanka gro*  a  oo 

Wood's  Rnitlaoi  Coatinfs:  Corrorion  and  BlectrobA  of  Iron  and  SteaL . .  8to,  4  00 


STBAM-BKOHrBS  AND  B0ILBR8. 

Cainof  •  lUflactiona  on  tha  Motlia  Powar  of  Boat    (ThaHon.) lamo.  i  5« 

Dawaonli  "Bnginaarinc"  and  Blactrio  Tnetioa  FoclBtt-book..t6nio»  mor.,  5  •• 

Ford's  BoOarllakinff  for  BoUarXakan i8nio,  1  00 

OoasPs  Locomotlva  Sparks 8to,  a  •• 

Bamsnway's  Indicator  Pimctica  and  StsaiA-anc^na  Economy lamo.  a  00 

Hirtton's  Maehanical  Bnflnaarinf  ol  Poirsr  Pknli Sfo,  5  00 

Boat  and  Haat-«iginaa 8fo,  s  oo 

Kanfa  Staam-boUar  Economy 8to,  4  •• 

Xnaaas^  Practies  and  Thoory  of  tha  Injector 8to  i  go 

MacCord's  SUda-valfaa 8to.  a  00 

Meyer's  Modem  LocomotiTe  Coastmction 4to,  10  00 

Peabody's  Manual  of  the  Steam-encine  Indicator lamo,  i  so 

Tabks  of  the  Properties  of  Satnratad  Steam  and  Other  Vapois Sro,  i  00 

Thermodynamics  of  the  Steam-anghie  and  Other  Heat-anginea Svo»  5  00 

Valre-gears  for  Steam-enginea .'.Svo,  a  go 

Peabody  and  Millar's  Steam-boilers Svia,  4  00 

Prey's  Twenty  Tears  with  the  Indicator Larsa  Sro,  a  go 

Pnpin'a  Thermodynamica  of  SaTecsible  Cycles  in  Oaaea  and  Satoratad  Vapors. 

(Oecerberg.) lamo,  z  ag 

■aaganl  Locomoti?ea:  Simple* Compomid, and  Blactrio lama,  a  ga 

Bantgen's  Principles  of  Thermodynamics.    (Da  Bois.) 8vo,  g  00 

SinchUr'e  LocomotiTe  Engine  Rnnntng  and  Management lamo,  a  00 

Smarfa  Handbook  of  Engineering  Labatatoiy  Practice zamo*  a  ga 

Snow's  Steam-boiler  Practice Svo,  3  oa 

Spangler's  Valre-gears Sro,  a  go 

Botes  on  Thermodynamics ..••. lamo,  i  00 

Spangler*  Greene,  and  Marshall's  Blemenia  of  Staam-anginaering Sto,  g  ao 

Thufstoal  Bandy  Tablea 8to,  z  ga 

Manoalof  the  Steam-engina a  yoIb.  Sto*  zo  00 

Part  I«~-HiBlory*  Stmctnea*  and  Theory*  .•..«•••.•••••••••.•...  .Srot  ^  00 

Part  IL— Deaign,  Conatruction,  and  Operation 8vo,  6  00 

Handbook  of  Engine  and  Boiler  Triak.  and  the  Uaa  of  the  Indicator  and 

the Pniny Brake... ^ Sro  g  oa 

Stationary  Steam-enginea , 8to,  a  go 

Steaafr^oiler  Esploalons  in  Theory  and  in  Practice lamo  z  50 

MaanalofSlaaai-boilsff.TheirDeeifna, Conatruction, and  Operation. Sto.  g  00 

Weisbach'a  Beat.  S»sam,  and  Steaat-anginaa.    (Dn  Bois.) 8to,  5  oa 

Whitham'a  Steam  engine  Pjaign •.... 8yo»  5  oa 

Wilaon's  Tiaatlsa  on  Sisank-boilarai    (Fhithar.) z6mo,  a  ga 

Wood's  Thermodynamics  Heat  Motora*  and  Refrigerating  Machines. . .  .8yo»  4  00 


MSCHABICS   ABI)  MACHIBERT. 

Barr'»  Kinematics  of  Machinery Sro,  a  ga 

Bovay's  Strength  of  Materials  and  Theory  of  SUuctufes Sro.  y  ga 

Chaae'a  The  Art  of  Pattern-making tamo,  a  ga 

ChordaL— Bztracta  from  Letlert lamo.  a  aa 

Church's  MechanHa  of  Englnaartng Svo,  6  oa 

Botes  and  Biampiss  in  Maehantoi Svo,  a  an 
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Conploa^  Fint  LMwnt  ia  Mttil-vofldaK ••.•••....... tamot 

Convton  and  !>•  Ofoo4t^l  Tht  8h«4  Utha xaao» 

CnmwtSPM  Tntitim  oa  Toothed  Ooariaf zame, 

T^rtattM  oa  Bolli  mad  Polbft laaio. 

Diaa't  T«zt-book  of  BtoaMatary  Mochanto  f or  tho  Un  of  ColkcM  and 

ffrhffftli laaio 

Magay'i  Machlaary  PattMB  lUklac laaao. 

Ihadft'a  Saeord  of  tha  Tnaaportatloa  Bzhlbila  Baildiaff  of  tha  World*a 

CohmMaa  RapoiHiaa  of  t9n 4i»t  kaJf  smiocco. 

Da  BoM  BaaMBtary  Friadplaa  of  Machaakai 

ToL    L— KlaaaMtIca Svo, 

Vol  n.    atatka Svo. 

VoLIIL^XIaatlca Sio, 

Marhanka  of  Bagtoaarfa^    VoL  L Saull  410, 

TaLIL 9man  4I0. 

DwlBT^  Xiaaaiatka  of  Machtoaa »ro, 

iMachlatot z6bm. 

lofFovar lamo. 

Sepa  DrMng umm. 

Ooaa'a  Looeaotl^  Sparki 8to 

BaVfeCarLnMaatioa laaio. 

BoOy^  Art  of  flaw  Ftti^ iSaM. 

•  Jbkaaoali  Tboofatkal  Maohaaka laaio. 

fliatka  Vy  Otaphk  aad  Alfalrak  Malhada 8td. 

laoaa^  MaaUaa  Daaigai 

Part  L— Kiaoaalka  of  llacklaafy flva. 

Part  IL^Fona,  fltnaith*  aad  Ptoportioaa  of  Parta tfo* 

KaR*f  Powar  aad  Powar  TnaaariHlaB Sto, 

laaaa'a  AppHad  Machaatea flva, 

Laoaarda  Machiaa  8hopa,Tooli,  aadlblhodB.    a«PMMj 

MacCofd'f  KlaaaMtka;  or,  Pnalkal  Machantam fva, 

ValochyDtagraaa 9f. 

Maaiart  Tachakal  Maf  hanifla flva, 

Marriaiaa'a  Taat  baok  00  tha  Machanka  of  Matatiafc 9f» 

•  Mkhto^SlaaMaiaof  Aaalytkalllaalunka Bva. 

Raagan'i  Locoaiottfaat  SJmyk,  Compoaad,  and  Mactria naM. 

«ald*a  Coaiaa  to  Machankal  Diawtof flva, 

Tairt-book  of  Machankal  Drawtog  •«*  Flamanlify  MacMaa  Diriin.  .flva» 

Rkhafdra  CompraaMd  Ak .xaaio, 

aobtoaon'i  Priadpka  of  Machaniaw flva, 

B9aa.irofria.aadHoik*aBkctikal]laclitoary.    VoLI flv^ 

flcbwamb  aad  Mafilirft  BkaMato  of  Marhaniam.    (/a  prtm.) 

fllDctak'a  Locoaiothra  angina  ftaaidnc  aad  Ibaagaaiaal laaM* 

SmlUi'a  Pzaaa-worldnt  of  Matak tva, 

Matariakofllaclilaaa taaM. 

Spaag ler,  Oraaaa,  aad  ManhalTa  BkaMata  of 
llinntoa'i  Traatka  oa  Frictloa  and  Loot  Work  to 

Woik • ••••.•••■•..•••••••••»..••••■.•...  »#vOt 

Aabaalaaalfaclitoa  aad  PriaM  Motor,  aad  tha  Lava  of  BnaiiaCka.  zaaio* 

Waffaa*!  BkaMata  of  Marhhia  Coaatraetloa  aad  Draaiaf flva» 

Wakbach'a   Uaaaiatfca  aad   tha  Powar  of  TraamkJia.    (Hatrnaina— 
KWa.) flf«. 

Ifaahtaary  of  Tianimkrinn  aad  GoiacaonL    (Harrmann    nain,).flTo, 
Wood'a  BkoMata  of  Analytkal  Marhanka 8td» 

iOf 


TbaWocMliCohnabkaBKpoaltloaof  1893 • 4to« 
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MBTALLUSOT. 
lflMloii>8  Mctelhuiy  of  Sttrw,  Gold,  sad  Itacaxy: 

Vol  L— SUirw Swo, 

Vol.  n.— Gold  and  Mtfearj Sro, 

••  Dm's  Load-Miitltiiig.    (Pottago  9  ctnti  ■ddWanal.) z jjno» 

Kmp's  Cait  Iron .8¥0, 

Kanhardf  •  Pnctico  of  On  Drawing  in  Bnxopa 8iro, 

La ChataJiar*a Mgh-tamparatura Maaawiamanla,  (Bondovasd— BQigeaL).zaniOi 

XataUrteStaeL    A  Manual  for  8lMl-«aan zmm, 

Smhh't  Hatarials  of  Marhinai -. . .  .lamo, 

Thnntoa'a  Ifatariak  of  Bnginaarlaf.    In  Thraa  Parti 8to, 

Part  n. — Iron  and  Staal 8to, 

PartnL— A  Xraatiaa  an  Wraain^  Bfonaaa,  and  Othar  AUoya  and  tbelr 

Conatilvanta. 8vo« 

UIka*i  Xodtm  Sloctrolftk  Oofvar  Balinjng 8fo, 

imiERALOOT. 
Bacrtngar^  Daaeriptten  of  Mlnanli  of  CoBBmardal  Valna.    OMeng,  morocco, 

Boyd'a  Rcaouicaa  of  Soathwaot  Yh^jtakt 8vo. 

Hapof  Soothwaat  VlrglnJa. Fockat-bookform. 

Braah'i  Manual  of  Datarmlnatifa  Minaialogy.    (Ptnflald.) 8vo, 

Chcatar*a  Calalogua  of  Minaiali 8fo, 


Dictioaary  of  tha  Hamaa  of  Mfaarala 8vo» 

a'aQyatamof  MInaralagj. Lacga  8fO,  half  kathar,  ; 

ffaat  Appoadte  to  Dana**  Haw  ''Sftlam  of  Minaaakgy.". . .  .Larga  8vo« 

Tait-kook  of  Minawlogy 8to, 

Mlna«ali  and  How  to  Study  Tliaai « iaaio» 

Catalagua  of  Aaarican  l4WiaHHaa  of  Mfaarala Larga  Sfo, 

Manual  of  MInaralagy  and  FiUogiaaphy laao* 

■g^VtelOBacalTBklM. 8vu, 

Iglialon'a  Catalogna  of  Minaiali  and  Synonyma .8vo» 

Haanli's  Tha  Dattfminatlon  of  Rock-forming  Minamlt.    (SmhlL)  Sma08TO, 


*  PnflaU'a  Hotaa  on  DatarminatlTa  Minaralogy  and  Racoid  of  Mlnaral  Taali. 

8to,  paper, 
EoaanbuiGh'fl  Mlcroacopical  Phyalography  of  tha  Rock-maUng  Minarala. 

(Iddinga.) 8to, 

a  TUbnan's  Text-book  of  Important  Minarala  and  Docka 8vo, 

WilHama'a  Manual  of  Lithalogy.  *. 8vo, 

MJBI1I9. 

Baanfa  Vantlkitian  of  Mlnat lamo, 

Boyd'a  Raaouiaaa  of  Sovthwaat  Virginia 9m, 

MapofSovthwaatVlrgkiia Pocka»-book  farm, 

o  Drlnkat^  Tunnaflng*  Xxplaalva  Compounda,  and  Rock  IMlli. 

4to«  half  morocoot  as 

XtalarPa  Modem  High  ftrphMlfw « ^ 890, 

Fowlar'a  Sawago  Works  Inabata laao* 

Ooodyaar^CoaWarinaaafthaWaatetaCaMtadtlMtPgiladaiatia laaM, 

IhlMig'i  Manual  of  Mining 8fo. 

••  Daa*!  Lead-emelting.    (Poataga  gc  additlenaL) lamo, 

Kunhardfa  Practlea  of  Of)t  Droaring  in  Ruropa 8«», 

<n>riMoini  HotM  on  tha  TiaatOMat  of  0«VI  Oiia • 8va» 

•  Walka'a  Lecturaa  on  Bzploalfaa • •fOt 

Witen'a  Cfanida  Proctama. , iMMt 

Chlorinatton  ftaoam. . . . , »«......««......i»nM» 

Hydiaalia  and  Plaoar  Mlahig ....• .iamo» 

TtaatiMonPractiGalaiidThaanClaUlDnaVaatikitlon 1M19. 

15 


50 
50 
50 
50 


50 
50 


50 


9» 


50 

50 


SAHITAST  semes. 

Ooftkad'i  MaaoAl  of  Badariolonr.    (/«  prqMvvtfM.) 

fiBhrairto  8«w«nft.    <l>iilcning,  Comtraetton  and  MalntHiaaci.) Sw,  3  «• 

Water-tBpply  BoffiiiMrinf 810,  4  00 

iMrtM'iWttwaiidPttUkHMlth lano.  t  so 

Wator-aiiimtioa  Worto lano,  »  50 

Oifhiid't  Oitlda  to  ftmltary  Houw  Imptctinn x6aM,  i  00 

Ooodfkh't  Rconomicftl  DI^omI  of  Towii^  RofoM Donqr  Svo,  3  50 

Hotoa't  rUtfatioa  of  Pabik  Wotor  wpyHoi 8vo,  3  00 

Xtentod'fl  Sovaco  XNipOMl taaio,  t  as 

LoMb't  Tho  latpoctloii  and  AnalyBii  of  Pood  wMh  «nclol  RafMVBco  to  Stoto 

ConlroL    (/ii  pnpanUsm.) 
MMoii'f  Wator«i^plF.    (Cootldorod  Mndpallj  from  a  Saahary  Staad- 

polat.)    3d  BditioB*  Rtviittea aro.  4  oo 

Bzaadaatioa  of  Wator.    (Chomical  aad  BactoriologlcaL) xaaio,  i  as 

Marriaiaa't  Slamoati  of  Saaitorf  ffnglmwlm     8to,  a  00 

lielioli'i  Wator-oapply.    (CoMldond  Xatolr  from  a  Chaoycal  aad  Saaitaiy 

Slaadpolat.)    (1883.) 8fo»  2  sa 

Osdoa*»  Stwor  Doiiga xaaM,  a  00 

Pnocott  aad  Wiaslow*!  Elamoata  of  Water  Bactorioloo*  with  Spocial  Rofenaca 

to  Saaitory  Wator  Aaaljals. xamo,  x  as 

*  Pxko'a  Handbook  oa  Sanitottoa xaaio,  x  90 

Kfcharda'a  Coat  of  Food.    A  8t«dy  la  ZNaCailia xaaM,  x  00 

Coot  of  liviag  aa  MndlJIad  hf  Saaitory  Seloaoo laaio,  1  00 

Xkliarda  aad  Woodaiaali  Alr»  Water,  aad  Food  fwai  a  Saaitory  Stond- 

potot. tvo,  a  oa 

•  Richaida  aad  WflMaaa^  Tbo  Ptotary  Compator tva,  190 

RldoaraSowacoaadBactortolParttealtoaofSowaco 8f«.  390 

T^ntaan  aad  RaaaalTi  Public  Wator  aajjilai Sva*  8  00 

Whippla't  Mkroacopy  of  DriaUaf-^wator Svo,  3  90 

WoodbalTa  Rotao  aad  Military  Hygtoaa xfiaio,  i  $a 

mSCSIXAHSOUS. 

Barkar^  Dotp-ota  Soaadiagi Svo,  a  00 

Bauaoaa't  Ooologkal  Oaido-book  of  tbo  Rocky  Moaataia  Bicasiioa  of  tho 

latonatloaal  Congiaai  of  Ooologlato Largo  8fo    i  90 

Parrorc  Popolar  Tiaatlio  oa  tho  Wlada 8fo    4  00 

Ealaaa'S  American  Railway  Managomont xaaio»  a  sa 

ll6tfaCompocMoa,IHg«ottoiaty,aadR«trftlfayahMofPbod.  Mooatad  chart   i  as 

PaUacy  of  tho  Proaoat  Theory  of  Soaad i8aio    x  oa 

RICkatto'a  Blalory  of  Raawilair  Polytochalc  iMtitato,  x8a4-iSM.  aBMfl8vo»  3  •• 

Rathorhaat't  Bmphaalaad  Row  Tcatomont Laagi  8«a»  a  oa 

StooFa  Twatlaaon  tho  Diaaaaai  of  tho  Pog 8f«,  s  9c 

Tottoa'C  Importaat  Qawttoa  la  Matfolagy. . . , 8vo    a  9a 

Tho  World'C  Cotamblaa  BapoMoa  ot  xSm 4to»   t  00 

▼oa  Bohftag'a  Sapscaaaioa  of  Tobcfodoato.    (BoMmo.)    (Inpnm,) 


im  Boapltal  Awhitoaiaia,  with  1 
Hoapltai xaaao.   1  ag 

HBBRBW  AHD  CHALDSB  TSZX^BOOKS. 
OfaoB'a  OraiaflMr  of  the  Habrow  laagaaga 9va»  3  00 


(TngoRoa.)... 
Uttarii^Hobmr  Bible. 
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